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Antitrust Notice

¢ The Casualty Actuarial Society is committed to adhering strictly to the
letter and spirit of the antitrust laws. Seminars conducted under the
auspices of the CAS are designed solely to provide a forum for the
expression of various points of view on topics described in the programs
or agendas for such meetings.

* Under no circumstances shall CAS seminars be used as a means for
competing companies or firms to reach any understanding — expressed or
implied — that restricts competition or in any way impairs the ability of

s to exercise ind d busi jud regarding matters
affecting competition.

* Itis the responsibility of all seminar participants to be aware of antitrust
regulations, to prevent any written or verbal discussions that appear to
violate these laws, and to adhere in every respect to the CAS antitrust
compliance policy.
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Cracking open the data

[veh_value [exposure
106
103]
326/ 0,569472964]

a.14]

[veh,

ggiﬁ“mgvﬁ“v“mgimwgﬁiggvgiﬁwggiﬁ“vﬁ“
FEEFRRRERFEFFFFREFFFFFFRFEFEF R

1311 0405201917




3/23/2011

What is our target?
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Exploring the Data
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Frequency & Severity Component Modeling

—

[veh_ [veh_body|veh,

Frequency Model:
Predicts Likelihood to file
aclaim.

Severity Model:
Predicts size of claim given
aclaim is filed
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Our New Severity Dataset:
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Our Severity Dataset reorganized:
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Variable Exploration (continuous)

log severity by vehicle value
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Variable Exploration (categorical)

Veh Body Gender

Claims __Av Severit Claims _Av Severity
BUS 10/ $ 1,336 M 21050 S 2,093
cONVT 3$ 2,29 F 283§ 1733
couPE 2,503

1,947
Claims _Av Severity
usls 1,754
1021]$ 1,758
1493[§ 1919

54| S 1,739
413[$ 2104
305 $ 2,629

UTE 2,164 Agecat (1is youngest)
Claims _Av Severity
Veh Age (1is newest] 1 529] 2,490
Claims __Av Severity 2 1000) 1,985
1 3 1189| 1,793
2 4 1185| 1810
3 5 64g] 1,638
4 6 390) 1,753
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What is Linear Modeling?




Classical Linear Model; Moving Parts

Y. =B+ B X+

Y, is the (observed) value of response variable in the ith trial

Bo and B, are parameters

X is the (observed) value of the predictor variable in the it" trial
€ is a random error term with mean 0 and variance ¢?

i=1,2,...,n
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4.0

(Xi.%)

EIY] =fo+ B
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(X ¥)

E[Y] = 5o + B

3.0

25

1.0 15 2.0 25 3.0

Y = E[Yxi]+gi




Multivariate Classical Linear Model

E[Y:1= 8, + B X, + BoXi, + B X

Or, in matrix notation:

E[Y]= X
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How does this pertain to insurance

modeling?
Gender
Weight Av Severity Tzizr(:;fsroﬁc:é:friahle requires a two-
M 2105[ $ 2,003 P :
F 2832| $ 1,733

How does this pertain to insurance
modeling?

Gender
This categorical variable requires a two-

Weight Av Severit N del
M 2105 s 21093 parameter moael.
F 2832| $ 1,733

Binary Variable:

Predicted Severity 1 for male, 0 for female
E[Y]= B, + B X
2o T At
/ \
Base (female) Severity Additional Severity for being male




Gender

Weight Av Severity This categorical variable requires a two-
M S 2,093 parameter model.
F 2832/ $ 1,733

E[Y] :ﬂo +ﬁlxl Parameter Estimates

B, =1733
B,= 360
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Let’s add another variable

Area

Weight_Av Severity

Gender A 181 s 1,758
w Av Severit B 1021[$ 1,758

™ Hs 2,093 c 1493 s 1,010
F 28325 1,733 D 52§ 1,739
E 35 2104

F 305[ s 2629

Let’s add another variable

Area
Weight _Av Severit
Gender A usis 1,754
Weight Av Severity 8 1021[ s 1,758
™M c 1493( § 1,919
F D 524 $ 1,739
E 213($ 2,104
F 305 $ 2,629

E[Y1= 5+ BiXi+ Xy + B Xyt B Xy + P Xs + B X

BO: Base severity (female from Area C)
X1: Binary variable (Male = 1, Female = 0) B1: Add’l severity from being male
X2: Binary variable (Area A = 1, else = 0) B2: Add’l severity from Area A
X3: Binary variable (Area B = 1, else = 0) B3: Add’l severity from Area B
X4: Binary variable (Area D = 1, else = 0) B4: Add’| severity from Area D
X5: Binary variable (Area E = 1, else = 0) B5: Add’l severity from Area E
X6: Binary variable (Area F = 1, else = 0) B6: Add’l severity from Area F

Example: Female from Area F E[Y] = ﬁo + ﬂe




Modeling Software Output

[GLM fit: Identity Link Function, Normal Error Structure]

Parameter Number [Name Value _|Standard Error [Standard Error (%) |Weight Weight (%)|
1 Mean 1,769.64 99.14477] 5.6] 4,937] 100
. gender (F) 2,832 57.4)
2 gender ()| 361.864]  100.18706 27.7 2,105] 42.
3 area(A) | -174.419]  135.53147 777 1,181] 23.9)
4 area(B) | -170.408]  141.33498 82.9) 1,021] 20.7]
- area (C) 1,493] 30.2]
5 area(D) | -174.622]  176.69103 101.2] 524 10.6
6 area () 173.704]  193.48309) 111.4] 413] 8.4}
7 area(F) | 707.8558]  218.65201] 30.9 305) 6.2]
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How good is our fit?

Claims Actual Severity Predicted Severity

Gender Gender Gender
Area Area ] F Area ] F
A A $ 1,899 (S 1,641 A $ 1,957 S 1,595
B B $ 1939]$ 1616] |[B $ 1,961 $ 1,599
c c $ 2100)$ 1792 |c $2132|$ 1,770
D D S 1666)5 1,787| | $ 1,957 | $ 1,505
E E $ 25793 1,726] |E $ 2305)5 1,943
F 123] 177] |F $ 338 |5 2082 |F $ 2,839]$ 2,477

Classical Linear Model; Assumptions
Yi =B+ B X +é
Y. = Ly +E

1. Y, is the sum of a constant term and a random term

2. E{Y,} = By + B,X, = “Linear Predictor”
1. This implies a linear relationship between X; and Y,

3. The error terms g, are random variables which;
1. Areindependent
2. Are normally distributed
3. Have constant variance, 2.

4. Therefore, the responses, Y, are also independent normally distributed random variables
with constant variance, 62
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A slightly different scatterplot

: XY
> \
E[Y] =4+ BX;
1.0 15 2.0 25 3.0
X
Outline

I. Introduce our Data

Il. Classical Linear Modeling

Ill. Generalized Linear Modeling
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Linear vs. Generalized Linear Model

Assumption

Linear Regression
Model

Generalized Linear
Model

3/23/2011

Relationship Y is a linear Y is a function of a
between combination of X |linear combination
Xand Y of X
Any distribution
Distribution of Y |Normal from the
Exponential family
Variance of Y Constant Function of the

mean

Flexibility of Relationship between X & Y

« Recall that the Multiple Linear Regression Model can be

written as:

E[Yi]=X

(Or... Y= Bo + BoXiy + BXip*+ - - - + BrXip)

35

Flexibility of Relationship between X & Y

* Recall that the Multiple Linear Regression Model can be

written as:

E[Yi]=XiB

(Or... Yi = Bo + By Xip + B Xip ¥ . .. + ByXiy)

* Generalized Linear Models assume a more general
relationship between X and Y:

E[Y,] = h(Xp)

36
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Flexibility of Relationship between X & Y

» Generalized Linear Models assume a more
general relationship between X and Y:

a(Y) =X
Link Function
Examples:
" Yi=XB (Identity Link)
= In(Yp) = X;B (Log Link)
= In(Yi/(1-Y;)) = xiﬁ (Logit Link)
= Y= XB (Reciprocal Link)

37

Identity Link vs. Log Link

Identity Link:
=Y = Bo + BrXip + BoXip .+ Xy
Log Link:
=In(Y)=Bo + BoXiy + BXip+ . .. + BrXiy
=Y =exp(Bo + BoXiy + BXip+ . . . + BrXip)
=Y, = exp(By) - exp(B:Xiy) - exp(BXp) - - . . -
exp(BnXin)

Identity Link produces additive factors; Log Link
produces multiplicative factors

38

Why choose log link?

« Convenience: match structure of rating
plan/scorecard

 Intuition: Do rating variables have additive or
multiplicative effects on severity?

« Evaluation: We can test the appropriateness of
the link function

39
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Model output: normal error / log link

[GLM fit: Log Link Function, Normal Error Structure]

3/23/2011

Parameter Number [Name ___[Value _|Standard Error [Standard Error (%) |Weight _|Weight (%) [Exp(Value)
1 Mean 7.47] 0.0539 0.7 4,937 100 1,749.90)
- gender (F) 2,832 57.4
2 gender (M) [ 0.2051] 0.05196] 25.3] 2,105 42.6] _1.2277]
3 area (A) -0.0959) 0.07417] 773 1,181 239]  0.9085
4 area (8) -0.0918 0.0774 843 1,021 207] 09123

area (C) 1,493 302
s area (D) -0.1069) 0.09972] 933 524 106 0.8984]
6 'Zrea (E) 0.098 0.09284| 9.7 413 8.4] 1.103]
7 Jarea (F) 0.3303 0.08776] 26.6) 305| 6.2 1.3914]
E[Y] = exp(B,) - exp(B.X,) - exp(BaXy) - - - . - exp(B;X;)
40
Model output: normal error / log link

[GLM fit: Log Link Function, Normal Error Structure]

Parameter Number [Name Value _|Standard Error [Standard Error (%) [Weight [Weight (%) [Exp(Value)
1 Mean 7.47 0.0539] 07 4,937 100 1,749.90
- gender (F) 2,832) 57.4
2 gender (M) | 0.2051 0.0519| 253 2,105 426 12277
3 area (A) -0.0959 0.07417] 773 1,181] 23.9]  0.9089)
4 lareatg) | -0.091 0.0774] 843 1,021] 207 09123
- area (C) ) 1,493 30.2
5 area (D) -0.1069) 0.09972 933 524/ 106]  0.8986)
6 area (E) 0.098 09284 94.7] 413 8.4 1.103
7 area (F) 0.3303 08776] 26.6 305 62 1.3914

For Gender=F, Area=C

E[Y] = exp(By) - exp(B,- 0) - exp(B;- 0) - ... - exp(B; - 0)
= exp(7.47) = 1,749.90

41

Model output: normal error / log link

[GLM fit: Log Link Function, Normal Error Structure]

Parameter Number [Name __|Value _|Standard Error [Standard Error (%) [Weight ight (%) [Exp(Value)
1 Mean 7.47 0.0539 0.7 4,937 100 1,749.90)
2,837 57.4
2 ender ()| 0.2051] 0.0519| 25.3] 2,105 42.6] _ 1.2277]
3 (larea(a) | -0.0959) 0.07417) 773 1,181 23.9 0.9085
4 'E(E)/ -0.0918] 0.0774) 84.3) 1,021 20.7) 0.9123)
larea () 1,493 30.2)
s area (D) -0.1069] 0.09972] 933 524 106 0.8984]
6 area () 0.098 0.09284] 94.7 413 8.4] 1.103]
7 [area (F) 0.3303] 0.08776) 26.6] 30| 6.2] 1.3014]
For Gender=M, Area=A
ELY] = exp(B,) - exp(B, - 1) - exp(Bs- 1) -. . . - exp(B; - 0)
= exp(7.47) - exp(0.2051) - exp(-0.0959)
=1,749.90 - 1.2277 - .9085 = 1,951.78
a2

14
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Do estimates match the data?

Actual Severity

Predicted Severity (additive)

Predicted Severity (multiplicative)

Gender Gender Gender

Area M F Area M F Area M F

A $ 1,809 1641 |A $ 1,957]$ 1,595] |A $ 1,952 |$ 1,590

B $ 1,939 (S 1616 [B $ 1,918 1,59 |8 $ 1,960 | $ 1,59

c $ 2,100 | $ 1,792 C S 2,132($ 1,770 C S 2,148 [ $ 1,750

D $ 1666($ 1,787 |p $ 1,957 1,595 [p $ 1931$ 1573

E $ 2579 (S 1,726 |E $ 23053 1,943] |E $ 2370|$ 1,930

F $ 3,38 [ $ 2082  |F $ 2,839 (8 2477 |F $ 2,989 [$ 2,435
44

Linear vs. Generalized Linear Model

Assumption

Linear Regression
Model

Generalized Linear
Model

Relationship Y is a linear Y is a function of a
between combination of X |linear combination
Xand Y of X
Any distribution
Distribution of Y |Normal from the
Exponential family
Variance of Y Constant Function of the

mean

45|
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Flexibility of Distribution of Y

* Least-squares estimation implicitly assumes
observations come from normal distribution

46
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Histogram of loss
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Histogram of Loss with normal distribution
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Loss (in units of $1,000)
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Histograms of Loss with normal distribution

Area A AreaB AreaC
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Flexibility of Distribution of Y

* Least-squares estimation implicitly assumes
observations come from normal distribution

» Problems with normal distribution assumption

— Severity distributions usually skewed to right

— Higher mean of Y associated with higher
variance

— Values of response may be restricted to
positive

51
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Exponential Family of Distributions

* Ina GLM, Y; may be distributed according to any
member of the Exponential family of distributions

« Two Key Features of the Exponential Family:

— The distribution is completely specified in terms of
its mean and variance

— The variance of Y; is a function of the mean

¢ Familiar Examples: Normal, Poisson, Gamma,

Inverse Gaussian

3/23/2011
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Histograms of Loss with gamma distribution
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Histograms of Loss with inv. Gaussian distributions
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Histogram of Loss with gamma and inv Gaussian
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Loss (in units of $1,000)
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Least Squares vs. Maximum Likelihood

« For each observation (X, Y;), consider the probability
of Y; based on assumed distribution.

« Further, consider the product of the n probabilities.
* The estimators (B) are those values that maximize the
product of the n probabilities.

¢ (If a normal distribution is assumed, maximum
likelihood is equivalent to minimizing sum of squared
errors.)

56

Histogram of Loss with normal distribution

57
Loss (in units of $1,000)

19



Linear vs. Generalized Linear Model

Assumption

Linear Regression
Model

Generalized Linear
Model

3/23/2011

Relationship Y is a linear Y is a function of a
between combination of X |linear combination
Xand Y of X
Any distribution
Distribution of Y |Normal from the
Exponential family
Variance of Y Constant Function of the
mean
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Flexibility of Variance of Y

= The variance of Y; is allowed to vary with the expected
value of Y; ()

= Variance functions link the variability of Y; to the expected
value of Y; ()

Distribution of Y Variance Function

Normal 1 (variance is constant across cells)
Poisson u (variance is proportional to mean)
Gamma ].12 (CVis constant across cells)
Inverse Gaussian (Normal) us

Binomial u(l —p)

More General Case uP (Tweedie ifp<0,1<p<2,p>2)

61
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Error structure Diagnostics

» Deviance residuals against fitted value

— Deviance: in a GLM, more weight given to
differences in fitted vs. actual when variance
function is small

— Deviance residual: square root of an
observation’s contribution to total deviance

— Plotting deviance residual against fitted value
can highlight problems with error structure
assumption

» Histogram of deviance residuals

62

Error structure diagnostics: Normal

Sample 461 Duviance Residusks

63
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Error structure diagnostics: Gamma

Sample 4,574 Devisace Residuals
0

e o o - i
64
Error structure diagnostics: Inv. Gaussian
Sample 4,524 Devisnce Reidusts
* e 1400 180 L L0 20 ) 0 L0 1,000 1200 0 Lo 1.0 4 e
65
Error structure diagnostics: Normal
/.
66
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Error structure diagnostics: Gamma

Deviance Residusts
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Error structure diagnostics: Inv. Gaussian

Daviance Residusts

om  om

68

Model comparison: normal vs. inverse Gaussian

[Log Link, Normal Error Structure]

[Log Link, Inv Gaussian Error Structure]

Parameter | Name Value |Standard Error| Exp(Value) | [ Value [standard Error|Exp(Value)
1 Mean 7.47) 0.0539] _ 1,749.90) 7.49) 0.0507] _1,783.61]
- gender (F)
2 gender (V)| | 0.2051] 0.0519] 122771 | o171 005212 1.1867]
3 area (A) -0.0959) 0.07417] 0.9085| [ -0.0934] 0.06874] __0.9108|
4 area (B) -0.0918] 0.0774 09123 [ -0.0941 0.07155] 09102}
0.09972] 0.8986| | -0.0783 008922 0.9247]
0.09284] 1103 [ 0.0664 010333 1.0687]
0.08776) 1.391 0.2866] 0.12842] 13319

69
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Parameters: Normal and Inv. Gaussian Error

Predimed Valies . speest

e

70
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Common choices for some model types

Link Function

Claim Frequency log Poisson
Claim Severity log gamma
Loss Costs log Tweedie
Probability of Renewal | logit binomial

71

Further modeling
» Explore significance of other variables
» Group levels on our chosen variables
» Add interactions

* (see GLMII)

72
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