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The Hayne MLE Models

= Start with a triangle of cumulative claim data:

d
1 2 3 n-1 n
w 1 |1, c(1,2) c(1,3) ... c(1,n-1) c(ln)
2 | c(2)0) c(2,2) c(2,3) ... c2Zn-1)

3 |3l 32 c(33)

n-1 | cn-1,1)  c(n-1,2)
n | c(n,l)

= For Hayne MLE, we will use the incremental claim data:

d
1 2 3 n-1 n
w1 1q11)  q12)  q(1,3) . qlo-1)  q(n)
2 1910  q22) 93 o q@2n-1)
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n-1 | q(n-1,1) q(n-1,2)
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The Hayne MLE Models

= We can also use an exposure adjustment — e.g., ultimate claim counts:

d
1 2 3 n-1 n u
w 1 [b(LI) b2 b3 b(Ln-1) b(Ln) = b(Lu)
2 |b2,1) b2 b23) b(2,n-1) = b(2,u)
3 [bB1)  bB2)  b33) = b(3,u)
n-1 | b(n-1,1) b(n-1,2) =  b(n-1,u)
n | b(n1) =  b(n,u)
= Adjusting for exposures, A(w,d) :%, we get average claim severity:
d
1 2 3 n-1 n
w 1 [AQLLD) A@2) A@l3) A(l,n-1) A(Ln)
2 |A@QRL) A2 AR3) A(2,n-1)
3 [AGL)  AB2 AGBY)
n-1 | A(n-1,1) A(n-1,2)
n | A(n,l)
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The Hayne MLE Models

* The Hayne MLE formulation is as follows:
A(w,d) = M (0)
E[A(w,d)]= u

Var[A(w,d)] = eKI\fthz;p S A 7 [

Where: 0 =a parameter vector

N (w) = exposures for year w
K =a variance parameter
0 =a variance parameter

= Model includes implicit structural heteroscedasticity for both w and d.
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The Hayne MLE Models

» Five different model structures are defined:
— Berquist-Sherman:
E[A(w,d)] = f(d)xe"®
Where: f (d) = averageincremental by development period
G = constant accident period trend
— Cape Cod:
G(1,1), w=1d =1
G(1,1) xG(w), w>1d=1
G(1,1)x f(d), w=1d>1
GALYxGw)x f(d), w>1d>1
where: G(1,1) = constant or scale
G(w) = exposure year factors

f (d) = development period factors .
7 (@) P P L) Milliman

E[A(W,d)] =




The Hayne MLE Models

= [Five different model structures are defined:

— Chain Ladder:

E[A(w,d)] =+

e

\

G(w)x f (d),

G(W) [1 Zdnl
G(w)x f(d)

Zk n+1-w f (k)
Gw)x[L1- > " £ (d)]

t(d)]

Zk n+l-w f (k)

w=1d<n
w=1d=n

w>1d<n

w>1d=n

where: G(w) = cumulative value for accident period
f (d) = development period factors
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The Hayne MLE Models

= [Five different model structures are defined:

— Hoerl Curve:
E[A(w,d)] = eG(1)+d><f(1)+d2><f (2)+In(d)x f (3)+WxG(2)

Where: G(1) = constant level
G(2) = constant trend by accident period
f (1), f (2), f(3) = factors for developmentlags: d, d?, In(d)

— Wright:
E[A(W, d)] i eG(W)+dxf(1)+d2xf (2)+In(d)x f (3)
Where: G(w) =level per accident period
f (1), f (2), f(3) = factors for development lags: d, d?, In(d)
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The Hayne MLE Models

1)

2)
3)

4)

S)
6)
7)

10

Use Maximum Likelihood to solve for the model parameters,
iIncluding the variance-covariance matrix

Sample new parameters using the multi-variate Normal distribution

Using sampled parameters, calculate sample mean and standard
deviation for each incremental value (whole rectangle)

For each incremental value, generate random sample from mean
and standard deviation for that cell using the Normal distribution

Multiply random sample for each cell times exposures
Sum future values to get total unpaid
Repeat steps 2) to 6) a significant number of iterations
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The Hayne MLE Models

For “Berquist-Sherman” model:

= Here’s a simple example using a 6 x 6 triangle:

11

Cumulative Data

OOl WDN PP

1 2 3 4 5
95 150 170 200 215
110 160 175 205 210
105 165 190 210
120 155 185
130 170
125

Incremental Data

1 2 3 4 5
95 55 20 30 15
110 50 15 30 5
105 60 25 20
120 35 30
130 40
125

O Ul WDN PP

1) Actual Cumulative Data

2) Actual Incremental Data
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The Hayne MLE Models

For “Berquist-Sherman” model :

= Here’s a simple example using a 6 x 6 triangle:

12

Exposures (Claim Counts)

1 2 3 4 5 6 u
1 5 9 11 13 14 15 15.0
2 7 11 13 15 16 171
3 6 10 12 14 16.1
4 8 12 14 18.8
5 6 10 15.9
6 7 18.1
Factors: 1.625 1.190 1.167 1.071 1.071
Average Severity Data
1 2 3 4 5 6
1] 6.33 3.67 1.33 2.00 1.00 0.33
2| 6.42 2.92 0.88 1.75 0.29
3| 6.53 3.73 1.56 1.24
4| 6.40 1.87 1.60
5 8.15 251
6| 6.89

3) “Use” Ultimate Exposures

»
-#

4) “Average” Incremental Data
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The Hayne MLE Models

For “Berquist-Sherman” model :

= Here’s a simple example using a 6 x 6 triangle:

Model Parameters from Maximum Likelihood Estimation 5) Estimate Model Parameters
1 2 3 4 5 6
Mean 6.644 2.889 1.310 1.624 0.653 0.277
Std Dev 0.643 0.312 0.196 0.246 0.189 0.180

Trend K p AIC BIC
Mean  0.005 0.556 0.450 57.71 61.02
Std Dev  0.024 0.439 0.180

Fitted Incremental Values 5) Fitted “Average” Incremental
1 2 3 4 5 6 Future

1[ 668 290 132 163 066 _ 028 | =

2| 671 292 132 164 066 | 028 0.28

3| 674 293 133 165 | 066 028 0.94

4] 678 295 134 | 166 067 028 2.61

5| 681 296 | 134 167 067 028 3.96

6| 685 | 298 135 167 067 029 6.96

14.75
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The Hayne MLE Models

For “Berquist-Sherman” model :

= Here’s a simple example using a 6 x 6 triangle:

14

Fitted Incremental Variances

o Ok WN B

1 2 3 4 6 Future
0.80 0.55 0.39 0.42 028 0.19 -
0.75 0.52 0.36 040 0.26 0.18 0.18
0.78 0.53 037 041 0.27 0.19 0.33
0.72 050 035 0.38 0.25 0.17 0.49
078 0.54 0.38 0.42 0.28 0.19 0.65

074 0.51 0.35 0.39 0.26 0.18 0.80
1.20

Random Parameters
1 2 3 4 5 6
Rand 0.2744 0.3944 0.1414 0.6189 0.8761 0.4298
Mean 6.258 2.711 1.067 1.641 0.852 0.245
Trend K p
Rand 0.9616 0.1284 0.6877
Mean 0.038 0.030 0.651

5) Fitted Incremental “Std Dev”

6) Sample Random Parameters
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The Hayne MLE Models

For “Berquist-Sherman” model :

= Here’s a simple example using a 6 x 6 triangle:

15

Incremental Values from Sample Parameters

o O WN P

o O WN P

1 2 3 4 5 6 Future
6.50 2.82 1.11 1.70 088 0.25 -
6.75 2.92 1.15 177 092 0.26 0.26
7.01 3.04 119 1.84 0.95 0.27 1.23
7.27 315 124 191 0.99 0.28 3.18
755 3.27 1.29 1.98 1.03 0.30 4.59

784 3.40 1.34 2.06 1.07 0.31 8.17
17.44
Incremental Variances from Sample Parameters

1 2 3 4 5 6 Future
0.89 0.51 0.28 0.37 024 0.11 -
0.85 0.49 0.27 036 0.23 0.10 0.10
0.90 0.52 028 0.38 0.25 0.11 0.27
0.85 050 0.27 0.36 0.23 0.10 0.44
09 0.55 0.30 0.40 0.26 0.12 0.57

091 0.53 0.29 0.38 0.25 0.11 0.76
1.09

7) Sample “Average” Incremental

7) Sample Incremental “Std Dev”
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The Hayne MLE Models

For “Berquist-Sherman” model :

= Here’s a simple example using a 6 x 6 triangle:

Sample Random Values

16

o Ol WN P

o 01~ WN B

8) Sample Random Values

1 2 3 4 5 6
0.9974 0.3210 0.6092 0.6171 0.3584 0.8885
0.4619 0.2849 0.4047 0.7240 0.2322 0.1297
0.4338 0.3252 0.2019 0.6761 0.6951 0.7265
0.4406 0.6977 0.8119 0.2503 0.4591 0.9582
0.3158 0.2606 0.4297 0.4608 0.4738 0.6451
0.1455 0.5928 0.6287 0.7430 0.8789 0.6591
Sample Incremental Values 8) Sample Incremental Values
1 2 3 4 5 6 Future
897 258 119 181 080 _ 039 | -
667 264 109 198 075 | 015 0.15
686 280 096 201 | 108 034 1.42
705 341 148 {167 097 046 3.10
710 292 {7124 194 101 034 453
688 | 352 143 231 136 035 8.97
18.16
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The Hayne MLE Models

For “Berquist-Sherman” model :

= Here’s a simple example using a 6 x 6 triangle:

Sample Incremental Values x Exposures 9) Convert to Unpaid
1 2 3 4 5 6 Unpaid
1| 135 39 18 27 12 6 i -
2] 114 45 19 34 13 3 3
3| 110 45 15 32 17 5 22
41 134 64 28 i 31 18 9 58
5| 113 47 i 20 31 16 5 72
6] 125 64 26 42 25 6 183
318

= Repeat steps 6 -9 — 10,000 times!

Simulation Results

Mean Std Dev CoV Min Max 75.0%  99.0% | v

1 - P - o B x R II|

2 4.7 47 100.0%  (31.0) 33.0 8.0 17.0 | ! \

3 15.1 7.4 48.6%  (25.0) 48.0 20.0 33.0 £ \ | [l

4 48.8 12.3 25.2% 2.0 106.0 57.0 79.0 2 i (h

5 63.1 135 21.4% (2.0) 119.0 72.0 96.0 |

6 126.0 20.0 15.9% 56.0 224.0 139.0 175.0 o “H (I ‘M “:f:J; o
TOTAL 257.8 38.5 14.9% 123.0 420.0 283.0 352.0 T e e S e e
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Paper Outline

* Practical Issues (Algorithm Enhancements)
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Tail Extrapolation

* Berquist-Sherman, Cape Cod, Chain Ladder

—~ Usew&a@aaym@;ﬁed%amrama&a)rs to Extrapolate

120
Mean 69 é it d;& é 4ﬁ§ 1521
saoer E.., éiﬁéérad%; liné&t, Io@ﬁrlthrﬁ pdider, Iyno |aI @ 7
Decay Ratios: 122.5% 93.1% 78.2% 63.2% 51.8% 39.1% 61.8% 99.3% 138.3%
oV 5% 6.1% % - 4% 7.5% 9.7% 14.8% 19.9% 28.2% 48.3%
| O e rAIci nt :tsl rve & rl t Tail Extrapolation Implied Tail Factor
Decay Ratio Periods Distribution  PAdjostests Actual
Mean 11.217 0 654 643.9 669 B 45.3% 3 Aganfresod 1.003a 1.0034
Std Dev d 13.7% Dev Period 10
Contlr;;tgﬁ eyelopgent parameters ° ey ;
11
Decay Ratio Analysis:
Parameters:  User Curve Type: Power 3 Least Squares Regression Coefficients: Goodness of Fit Statistics:
x"a -0.3915 R? Statistic 0.710
coefficient 1.1558 Regression Deviation 13.5%
Suggested Decay Parameters:
Mean 45.3%
Standard Deviation 13.7%
Selected Selected Incremental . - .
Periods Decay Ratio Outliers Age Decay Ratio Fitted Factors Berquist & Sherman MLE Decay Ratio Plot [Paid]
12-24 1.225 0 1 1.225 1.156 49
24-36 0.931 0 2 0.931 0.881 ]
36-48 0.782 0 3 0.782 0.752
48-60 0.632 0 4 0.632 0.672 10 1
60-72 0.518 0 5 0.518 0.615 0z 4
72-84 0.391 0 6 0.391 0.573 }
84-96 0.618 0 7 0.618 0.540 06
96-108 0.593 0 8 0.593 0.512
108-120 0.585 0 9 0.585 0.489 %
120-132 0.469 02
132-144 0.452
144-156 0.437 00 ' ' ' ' ' ' ' ' j ' j ' ' ;
0 12 24 36 48 60 72 84 96 108 120 132 144 156 168
19 156-168 0.423 . |(All)  —m—Fi ]
168-180 0.411 Actual (All) Fitted ® Actual (Used)
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