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FOREWORD

Actuarial science originated in England in 1792 in the early days of life insurance. Because
of the technical nature of the business, the first actuaries were mathematicians. Eventually, their
numerical growth resulted in the formation of the Institute of Actuaries in England in 1848.
Eight years later, in Scotland, the Faculty of Actuaries was formed. In the United States, the
Actuarial Society of America was formed in 1889 and the American Institute of Actuaries in
1909. These two American organizations merged in 1949 to become the Society of Actuaries.

In the early years of the 20th century in the United States, problems requiring actuarial treat-
ment were emerging in sickness, disability, and casualty insurance—particularly in workers
compensation, which was introduced in 1911. The differences between the new problems and
those of traditional life insurance led to the organization of the Casualty Actuarial and
Statistical Society of America in 1914. Dr. .M. Rubinow, who was responsible for the Society’s
formation, became its first president. At the time of its formation, the Casualty Actuarial and
Statistical Society of America had 97 charter members of the grade of Fellow. The Society
adopted its present name, the Casualty Actuarial Society, on May 14, 1921.

The purposes of the Society are to advance the body of knowledge of actuarial science
applied to property, casualty, and similar risk exposures, to establish and maintain standards of
qualification for membership, to promote and maintain high standards of conduct and compe-
tence for the members, and to increase the awareness of actuarial science. The Society’s activ-
ities in support of this purpose include communication with those affected by insurance, pre-
sentation and discussion of papers, attendance at seminars and workshops, collection of a
library, research, and other means.

Since the problems of workers compensation were the most urgent at the time of the
Society’s formation, many of the Society’s original members played a leading part in develop-
ing the scientific basis for that line of insurance. From the beginning, however, the Society has
grown constantly, not only in membership, but also in range of interest and in scientific and
related contributions to all lines of insurance other than life, including automobile, liability
other than automobile, fire, homeowners, commercial multiple peril, and others. These contri-
butions are found principally in original papers prepared by members of the Society and pub-
lished annually in the Proceedings of the Casualty Actuarial Society. The presidential address-
es, also published in the Proceedings, have called attention to the most pressing actuarial prob-
lems, some of them still unsolved, that the industry has faced over the years.

The membership of the Society includes actuaries employed by insurance companies,
industry advisory organizations, national brokers, accounting firms, educational institutions,
state insurance departments, and the federal government. It also includes independent consul-
tants. The Society has three classes of members—Fellows, Associates, and Affiliates. Both
Fellows and Associates require successful completion of examinations, held in the spring and
fall of each year in various cities of the United States, Canada, Bermuda, and selected overseas
sites. In addition, Associateship requires completion of the CAS Course on Professionalism.
Affiliates are qualified actuaries who practice in the general insurance field and wish to be
active in the CAS but do not meet the qualifications to become a Fellow or an Associate.

The publications of the Society and their respective prices are listed in the Society’s
Yearbook. The Syllabus of Examinations outlines the course of study recommended for the
examinations. Both the Yearbook, at a charge of $40 (U.S. funds), and the Syllabus of
Examinations, without charge, may be obtained from the Casualty Actuarial Society, 1100
North Glebe Road, Suite 600, Arlington, Virginia 22201.
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SOURCE OF EARNINGS ANALYSIS FOR
PROPERTY-CASUALTY INSURERS

SHOLOM FELDBLUM
Abstract

Source of earnings analysis has long been a staple
of life insurance policy pricing and profitability moni-
toring. It has grown in importance with the advent of
universal life insurance and similar contracts with non-
guaranteed benefits or charges. Statement of Financial
Accounting Standard (SFAS) 97 requires insurers to use
source of earnings analysis for Generally Accepted Ac-
counting Practice (GAAP) reporting of universal life-
type contracts.

Source of earnings analysis is not a specific ratemak-
ing method, like the loss ratio method or the pure pre-
mium method. Rather, source of earnings analysis is a
reporting structure that reveals the sources of gain and
loss on a block of business, highlighting errors in the
pricing parameters, as well as the sensitivity of profit
and loss to various pricing factors, and enabling more
accurate selection of new parameters and factors.

1
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1“Not-taken” business is business that is underwritten and for which an insurance offer
is made but not accepted. The importance of not-taken business for determining fixed
expense provisions by classification is discussed in Feldblum [1996], which deals with
policy pricing. This paper shows the methods to test for variance of actual results from
the pricing assumptions.
2] am indebted to Jill Petker, Ruy Cardozo, and John Conners, for extensive comments

SOURCE OF EARNINGS ANALYSIS FOR PROPERTY-CASUALTY INSURERS

This paper applies source of earnings analysis to
workers compensation and personal automobile insur-
ance. The uncertainty in many casualty insurance pric-
ing factors, such as loss development factors and loss
trend factors, makes source of earnings analysis partic-
ularly important for casualty products.

The paper shows how to use the source of earnings ex-
hibits to better analyze insurance profitability. The pri-
vate passenger auto illustration divides the difference
between actual and expected results between estimation
error, which is within the purview of the pricing actuary,
and random errors, which result from stochastic fluctu-
ations in loss occurrences, inflation rates, or interest
rates.

The workers compensation illustration focuses on the
spread between the earned and credited interest rates,
the solicitation costs for not-taken business," and the
amortization of initial expense and loss costs by policy
year.

Analysis of the variances from previous years’ pre-
dictions is a means of improving next year’s predic-
tions. Sources of earnings analysis provides the needed
postmzortem to judge the accuracy of the pricing assump-
tions.

1. INTRODUCTION

This paper illustrates source of earnings analysis for property-
casualty insurance. Source of earnings analysis is a staple of life
insurance policy pricing. It is mandated by National Associa-
tion of Insurance Commissioners (NAIC) regulations for par-

on an earlier draft of this paper.
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ticipating policies issued by mutual life insurance companies,
and it is required by SFAS 97 for amortization of deferred policy
acquisition expenses on universal life policies and policies with
non-guaranteed benefits or charges.

We discuss source of earnings analysis for private passen-
ger automobile and workers compensation ratemaking. Personal
auto ratemaking is well suited to source of earnings analysis,
since the volume of business is large enough for the effects of
estimation error and random error to be distinguished. In addi-
tion, private passenger automobile has high retention rates and
different acquisition costs for new policies vs. renewal policies,
making profitability highly sensitive to persistency patterns.

Workers compensation retrospectively rated policies are anal-
ogous to universal life insurance contracts in that expected profits
stem from margins in the pricing assumptions. The casualty ac-
tuary prices the components of the retrospectively rated policy,
such as the insurance charge and the excess loss charge, even as
the life actuary prices the components of the universal life policy.

Large commercial policies have high not-taken rates, various
premium payment plans, and much investment income, all of
which require pricing expertise. Comparing total premiums with
total costs may not yield the information needed to improve the
pricing process. Source of earnings analysis is better suited to
identifying the causes of superior and inferior performance.

Structure of This Paper

Section 2 provides a description of source of earnings analysis
as applied to life insurance products, with specific reference to
(i) the calculation of policyholder dividends by means of the
contribution principle for mutual life insurance companies and
(ii) the SFAS 97 accounting for universal life-type products. This
section is background; it may be skipped by readers who are
already familiar with source of earnings analysis or those who
wish to focus on only the casualty applications.
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Section 3 applies source of earnings analysis to private pas-
senger automobile ratemaking. This section explains the differ-
ence between estimation error and process error; the handling
of credibility; and the difference between implicit and explicit
profit margins.

Section 4 applies source of earnings analysis to workers com-
pensation ratemaking for retrospectively rated contracts. This
section discusses static versus dynamic amortization of deferred
policy acquisition costs, and the source of earnings exhibits
showing charged, expected, and actual results.

Section 5 summarizes the implications of the paper for pricing
paradigms and the effects of random variations.

2. CLASSICAL SOURCE OF EARNINGS ANALYSIS

Source of earnings analysis was first used to set policyholder
dividends for participating life insurance sold by mutual insur-
ance companies. Source of earnings analysis is also needed to
amortize the GAAP deferred policy acquisition expenses for uni-
versal life-type contracts (SFAS 97) and for participating policies
sold by mutual life insurance companies (SFAS 120).

Policyholder Dividends

The contribution principle, which is required by the NAIC
model act on policyholder dividends and by the American
Academy of Actuaries Standards of Practice, mandates that the
amount of divisible surplus used to pay policyholder dividends
on a block of business reflect the contribution of that block to
company earnings.> Although simple and elegant, this principle

3See particularly Actuarial Standard of Practice #15, “Dividend Determination and Il-
lustration for Participating Individual Life Insurance Policies and Annuity Contracts,”
and Actuarial Standard of Practice #24, “Compliance with the NAIC Life Insurance
Illustrations Model Regulation.”
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is difficult to apply rigorously, since it requires the actuary to
quantify the long-term contribution to profit from variations in
the pricing assumptions.

The major elements affecting life insurance profitability and
used in source of earnings analysis are persistency rates (or with-
drawal rates), interest earnings, and mortality ratios. Each of
these is also applicable to property-casualty business.

Hllustration—Persistency Rates

Suppose the expected withdrawal rates were 10% for the sec-
ond year of a cohort of permanent life insurance policies, but the
actual withdrawal rates are 15%. The surrender charges and the
takedown of conservative statutory reserves cause an increase in
statutory profits in the second year. But the smaller block of per-
sisting business leads to lower profits in succeeding years. These
lower profits offset the statutory gain from the second year. If the
initial acquisition costs are not fully recovered by the surrender
charges, policyholder dividends may have to be reduced. Source
of earnings analysis helps quantify the equitable change in the
dividend rate.

For casualty products, we use a simpler adjustment for persis-
tency changes. Solicitation costs on not-taken business, as well
as high first year acquisition expenses, are amortized over the
expected policy lifetimes. If withdrawal rates increase, the amor-
tization period is reduced and profitability declines.*

Hllustration—Interest Earnings

Suppose that the expected Treasury bill yield for the second
year of a cohort of permanent life policies was 6% but the ac-
tual yield is 5% per annum. The change in statutory investment
earnings during this year may be slight, since (i) the coupons on
existing bonds have not changed, (ii) bonds are valued at amor-

4Casualty products do not show the temporary increase in statutory profitability from
higher terminations stemming from surrender charges and the release of policy reserves,
so decreased persistency shows a drop in both immediate and long-term profits.
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tized cost in statutory statements, and (iii) invested assets are still
small in the second year of a cohort of permanent life insurance
policies. The change in long-term profitability depends on the
duration and inflation sensitivity of the liabilities. For a guaran-
teed cost block of traditional whole life business, the expected
long-term profitability might drop (since liability durations are
generally longer than asset durations), possibly causing a de-
crease in policyholder dividends.

The effects of changing interest rates are more complex for
casualty products, since inflation affects loss payments and in-
terest rates affect asset returns.> A full source of earnings exhibit
shows the effects of variation in loss cost trends side-by-side with
the effects of variation in the investment yield. The difference is
the net effect on profitability.

Mortality

Variations in mortality ratios highlight the importance of dis-
tinguishing estimation error from process error. Suppose the ratio
of actual-to-expected mortality in the second year of a cohort of
business is 150%. If the higher than expected mortality reflects
random deaths, policyholder dividends paid to the remaining in-
sureds should not be changed. If the higher than expected mor-
tality reflects a poor quality book of business, the policyholder
dividends may have to be reduced.

For casualty business, loss frequency and severity are similar
to life insurance mortality rates. Higher than expected loss fre-
quency or severity may reflect either random loss occurrences or
estimation error. Severe estimation errors call for re-examination
of the pricing assumptions.

Amortization of the Deferred Policy Acquisition Cost (DPAC)

In statutory statements, acquisition costs are written off when
they are incurred. In GAAP statements for traditional life insur-

5See Feldblum [“Investment Strategy,” forthcoming].
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ance policies, deferred policy acquisition costs (DPAC) are ex-
pensed as the premium is earned. For universal life-type policies,
there is no set premium, so one cannot amortize the DPAC asset
in relation to premiums. SFAS 97 mandates that the DPAC asset
be amortized as a proportion of future expected gross profits.°

To illustrate the use of source of earnings analysis in FAS 97
accounting, consider an unexpected increase in the withdrawal
rate from 10% to 15% in the second year of a cohort of policies.
If this cohort consists of universal life-type policies, the DPAC
asset would be amortized in relation to future expected gross
profits. Suppose that originally the second year profits were ex-
pected to be 10% of all future profits. After the withdrawal rate
increase, the actual second year profits increase and the future
expected profits decrease. The second year profits are now higher
than 10% of all profits, and a correspondingly larger amount of
deferred policy acquisition costs is amortized in the second year.”

Extension to Casualty Products

Source of earnings analysis is applicable to any insurance
product whose returns depend on conditions subsequent to policy
pricing. This is true of all property-casualty products, since their
returns depend on random loss occurrences, interest rates, and
inflation rates.

Profitability also depends on the persistency of the busi-
ness, particularly for direct writing insurers (D’Arcy and Do-
herty [1989]). Prospective pricing of products whose profitabil-
ity depends on persistency patterns relies on asset share models;
see Feldblum [1996]. Subsequent monitoring of product perfor-

The term “universal life-type” is the GAAP term for policies with benefits or charges
that are not fixed. Gross profits are profits before the amortization of deferred policy ac-
quisition costs; net profits are profits after the amortization of deferred policy acquisition
costs. The amortization of these costs in relation to expected gross profits, rather than in
relation to premiums, makes sense for all policies, not just universal life. The Financial
Accounting Standards Board (FASB) did not wish to change accounting practice for
existing policies, so the new rules apply only to universal life-type policies.

For a thorough analysis of SFAS 97, along with illustrations of the source of earnings
exhibits, see Tan [1989] and Eckman [1990].



8 SOURCE OF EARNINGS ANALYSIS FOR PROPERTY-CASUALTY INSURERS

mance uses dynamic amortization of the deferred policy acqui-
sition costs by means of multi-year source of earnings exhibits.
We examine the dynamic amortization of solicitation costs for
not-taken business in retrospectively rated workers compensa-
tion policies.

Workers compensation retrospectively rated policies have pre-
miums based on the total exposure, but they provide insurance
coverage for only certain layers of loss. The cost of the cover-
age is based on an insurance charge calculation that considers
premium bounds, loss limits, the risk size, and hazard group.
Profitability depends on implicit margins in the insurance charge
and on the investment income from the underwriting cash flows.
Source of earnings analysis allows the actuary to monitor the
performance of the business in terms of the pricing assumptions.

As these illustrations show, source of earnings exhibits can
deal even with gains and losses that are not generally reflected
in profitability monitoring. But the primary benefits of source of
earnings analysis are more general. Source of earnings analysis
serves as a postmortem of previous reviews, evaluating the ac-
curacy of the assumptions, and uncovering the causes of poor
performance.

3. PRIVATE PASSENGER AUTOMOBILE

The structure of the source of earnings analysis depends on
the factors affecting the rates for each line of business. Most life
insurance products use a four-factor analysis, focusing on with-
drawal rates, mortality ratios, interest rates, and expense ratios.
For property-casualty products, mortality ratios are replaced by
loss assumptions, such as loss development and loss trend, or
loss frequency and loss severity.

There are three levels of the source of earnings analysis: in-
dividual factor, policy year, and policy cohort:

e The individual factor level shows the application of source of
earnings analysis to each earnings factor. For private passen-
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ger automobile, we examine loss severity trends in this paper,
differentiating between estimation error and process error. For
workers compensation, we examine several earnings factors:
non-ratable losses, acquisition costs, and interest earnings.

e The source of earnings exhibits for a single policy or a single
policy year combine the earnings factors but do not consider
policy persistency (retention rates). These exhibits are appro-
priate for blocks of business with (i) low persistency rates,
(i1) little difference between first year and renewal year loss
and expense costs, and (iii) low solicitation costs for not-taken
business.

e The source of earnings exhibits for a cohort of policies con-
siders both the new writings and all the renewals. These are
the standard exhibits required for universal life-type policies
and for participating policies issued by mutual life insurance
companies.

Maintenance expenses are not discussed in this paper. Mainte-
nance expenses are generally stable, and they are more easily
analyzed by direct examination than by source of earnings ex-
hibits.

Individual Factor Level: Estimation Error and Process Error

We illustrate source of earnings analysis with loss cost trend
adjustments. For private passenger automobile, whose exposure
base (car-years) is not inflation sensitive, trend factors are critical
for rate adequacy.

Actual results frequently differ from expected results. Source
of earnings analysis relates this difference to the underlying earn-
ings factors (or “sources”). For each factor, there are two poten-
tial reasons for the difference: estimation error and process error.

e Estimation error is the difference between the forecast and the
true expectation.
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e Process error is the difference between the true expected result
and the actual realization.

These errors emerge over time, from the date of the rate review
to the final settlement of claims. Estimation error can often be
controlled by the pricing actuary, whereas process error is an
unavoidable element of insurance operations.®

The personal auto trend illustration here uses an experience
period of accident year 20X4 to set rates for annual policies
written in 20X6. Thus the trend period is 2.5 years (7/1/20X4
to 1/1/20X7). Suppose the projected trend rates estimated from
countrywide fast track data are +7% severity and +1% fre-
quency.’

Errors may result from three sources:

1. predicting future countrywide loss trends based on his-
torical fast track experience,

2. applying countrywide trends to a particular state, and

3. using loss trend estimates to predict the changes in actual
losses incurred.

Estimation Error: Suppose that several months after the pol-
icy year expires, the source of earnings analysis shows that the
actual fast track trend rates were +8% for severity and +2% for
frequency. The fast track estimates, which we used as a proxy for
the actual loss trends, were too low. This is estimation error.!?

8Separating estimation error from process error is not always easy; see the comments in
footnote 9.

9Numerous data sources are available for trend estimates. The illustration in the text
assumes that the pricing actuary uses countrywide fast track data to estimate trend factors,
since this allows a clear demarcation between estimation error and process error. The
same two sources of error exist when one extrapolates future trend factors from the
company’s historical statewide experience, though it is harder to separate the two sources
of error.

10The concepts are important, not the mechanics. Conceive of this illustration as an initial
derivation of a 7% annual trend by fitting an exponential curve to 1996—1999 experience.
Two and a half years later we retrospectively find that the actual fit was an 8% annual
trend.
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TABLE 1

ESTIMATION ERROR AND PROCESS ERROR

Estimated Fast ~ Actual Fast Loss Cost
Track Track Change
Loss Severity +7% +8% +5%
Loss Frequency +1% +2% +4%

State Differences: Differences between countrywide and
statewide trends are not easily discerned. When there is no
change in state compensation systems or other exogenous fac-
tors, no difference would be expected. When there is a change
in compensation systems or in other exogenous factors (such as
attorney involvement in insurance claims), trend differences can
be significant. To simplify the presentation, we do not analyze
countrywide-statewide differences.!!

We examine the average loss severities and frequencies in
the experience period and in the new policy period. Our initial
numbers are estimates, since (i) the figures for the new policy
year are immature, and (ii) even for the experience period the loss
severities are not yet final. We won’t have actual loss severity and
loss figures for the new policy period until all the policies have
expired, and these figures will change further as the losses are
settled. For the first source of earnings exhibit, we use a mix
of actual data and revised estimates. For subsequent source of
earnings exhibits, the actual data are more complete.

Suppose the new loss severity and frequency figures show a
change of +5% for severity and +4% for frequency, as shown
in Table 1.1

I'The 1991 compensation system changes in Massachusetts showed the effect of struc-
tural changes on expected loss frequency and loss severity; see Marter and Weisberg
[1992]. On the importance of these regional differences as private passenger automobile
cost drivers, see Conners and Feldblum [1998].

12Table 1 refers to the observed change as the “loss cost change” expressed as an annual
trend. An observed change in the statewide average loss cost per claim of +12.97% over
the 24 period is shown as a +5.0% actual annual change (1.050>> = 1.1297).
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We underestimated loss severity by 1 percentage point (+7%
versus +8%), and we underestimated loss frequency by 1 per-
centage point (+1% versus +2%). For a 2.5 year trend pe-
riod, this causes the rates to be inadequate by 4.9% [((1.08 x
1.02)/(1.07 x 1.01))>3]. This is the estimation error.

The actual loss severity change was +5% per annum, and
the actual loss frequency change was +4% per annum. We do
not call this the actual trend, since it may be influenced by ran-
dom losses. Lacking other information, we presume that the true
severity trend is +8% per annum, and the true frequency trend
is +2% per annum. The low observed severity trend may stem
from unusually large claims in the experience period or a lack
of large claims in the new policy period. Similar random effects
may account for the large change in claim frequency.

If compensation system changes and structural changes are
not explicitly considered, they are subsumed under the process
risk component of the source of earnings exhibits. For instance,
there may be an influx of nuisance claims in the new policy
period that are settled for small amounts.!3

We group the various explanations of the difference between
the observed patterns in the state and the “hindsight” trend ob-
served in the fast track data as the process error in the trend
estimate. This term is not ideal, since not all of the causes of the
observed difference result from process error. We simply mean
that the observed difference does not stem from misestimating
the expected trend.

As the new policy year develops and actual data replaces es-
timates, the observed loss trends may change. The changes can
be large until the new policy year is fully earned, followed by
smaller changes as losses are settled. For a single policy year,
the first few years of the source of earnings exhibits are most

13The phenomenon has plagued private passenger automobile insurance for the past
twenty years, and it must always be considered when the frequency change is large and
the severity change is small.
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TABLE 2

PRIVATE PASSENGER AUTO LOSS SEVERITY (ONE YEAR)

Valuation
Date Projection Estimation Process Total
Initial Implicit Revised Estimation Actual Change Process  Total
Projection Profit Estimate  Error (Annualized) Error  Variance
12/20X7  +7% $0 +8%  —$250K +5% +$750K +$500K

valuable. For a cohort of business whose profitability depends (in
part) on persistency, the year-by-year source of earnings exhibits
are more important.

Extending the Exhibits

To analyze the sensitivity of profits to trend errors, we convert
the estimation and process errors into dollar amounts. Assuming
$10 million of annual losses and using the figures above, we
begin the source of earnings exhibits, as shown in Table 2.

The figures are simplified for ease of presentation. We assume
a 2.5 year trend period, so a 1% understatement of the trend
causes a loss of $250,000 on a $10 million book of losses.!4
Some estimation error is unavoidable; some estimation error re-
flects poor work and can be corrected by better pricing tech-
niques. The conscientious actuary examines past estimation er-
rors to check for biases in the rate review.

The $0 profit in the initial projection of +7% severity trends
means there is no implicit profit margin in this pricing assump-

14For clarity’s sake, we use rough numbers. “Book of losses” is not an ideal measure of
volume, since the size of the losses depends on the trend factors. The gain or loss is the
difference in profits under the two trend assumptions. In this analysis, we use nominal
losses for the trend figures, and we separately quantify the gain or loss from investment
earnings. When an increase in trend stems from higher inflation that is associated with
higher interest rates, the loss from trend may be offset in part by a gain from interest;
see the discussion below in the text.
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TABLE 3

PRIVATE PASSENGER AUTO LOSS SEVERITY (MULTIPLE YEARS)

Valuation
Date Projection Estimation Process Total

Initial Implicit Revised Estimation Actual Change Process  Total

Projection Profit Estimate  Error (Annualized) Error  Variance
12/20X7  +7% $0 +8%  —$250K +5% +$750K +$500K
12/20X8  +7% $0 +8% —$250K +6% +$500K +$250K

tion; contrast the workers compensation source of earnings ex-
hibits in the second half of this paper.

The analysis of process error is important for two purposes:

1. The management of an insurance company must know
whether differences of actual results from expected arise
from misestimation of future costs or random loss fluc-
tuations. Random differences may mean the business
is unstable, but systematic differences indicate possible
ratemaking biases.

2. Analysis of process error may uncover effects of exoge-
nous factors, such as changes in compensation systems
and in attorney involvement.

Full source of earnings exhibits use a multi-year format. Sup-
pose that by 12/31/20X8, the actual severity increase is +6%,
stemming from adverse development on reported claims. A sec-
ond line would be added to the source of earnings exhibit as
shown in Table 3.

Estimation error is the difference between projected and re-
vised; process error is the difference between revised and actual.
The projection is the original pricing assumption. Since the trend
assumption has no implicit margin, the original “gain or loss” is
$0. The projection columns do not change as additional years
are added.
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The revised estimate shows the actual trend rate in fast track
data. The estimation error is the difference between the actual
trend rate and the projected trend rate translated into dollars
of gain or loss. In this example, the actual fast track trend is
1 percentage point per annum greater than the projected trend
rate. For a trend period of 2.5 years and a $10 million book of
losses, the estimation error is a loss of $250,000.

To keep the exposition simple, the actual fast track trend does
not change from 20X7 to 20X8."> When the first row of the
exhibit is completed before final fast track data are available (as
is true in this example), the estimation error may change between
the first and second rows.

The “actual change (annualized)” shows the actual severity
change in the company’s ratemaking data for that state. If no
exogenous changes affect loss severity trends in this state, the
difference between the fast track trend and the actual severity
change stems from random loss occurrences in either the experi-
ence period or the policy period. The average severity in both the
experience period and the policy period may change as the losses
mature, so the difference stemming from process error changes
as years are added to the exhibit.

Revisions stem from both actual data and revised estimates
of the future. Consider the first row in Table 3. The “projec-
tion” column shows the estimated trend for 7/1/20X4 through
1/1/20X7 at the time of the rate analysis. The fast track trend
is a mix of actual and expected figures: if the rate analysis is
done in the middle of 20X5, the fast track trend for 7/1/20X4
through 12/31/20X4 may be actual and the remaining trend is an
estimate. A revised analysis at a valuation date of December 31,
20X6, might use actual data for 7/1/20X4 through 6/30/20X6
and a revised estimate for 7/1/20X6 through 12/31/20X7.

The source of earnings exhibits trace the replacement of prior
assumptions by actual data and revised assumptions. We need

I5December 20X7 and December 20X8 are the valuation dates; at each valuation date,
the fast track trend refers to the same period (July 1, 20X4 to January 1, 20X7).
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not wait for final data to form the exhibits. For instance, if the
actual fast track trend is higher than the projected trend for the
first half of the trend period, we might expect that it will be
higher for the second half of the trend period as well.

Distinguishing Sources of Error

Distinguishing estimation error from process error is not easy.
For personal auto, with high frequency low severity losses, the
actual fast track trend is a reasonable estimate of true loss trend.
Other insurance coverages are more complex. When estimating
hurricane loss costs for Homeowners, we may never know the
true expected losses, since hurricane frequency and severity are
difficult to predict.

The postmortem analysis used in source of earnings analysis
works best for lines with high claim frequency and little variabil-
ity in the size of loss distribution. Examples are life insurance,
medical insurance, private passenger automobile, and workers
compensation. It is more difficult when loss are large and highly
variable, as is true for excess of loss reinsurance, commercial
property, and catastrophe coverages.!®

Credibility

Unlike casualty ratemaking, life insurance pricing does not
use credibility adjustments. Source of earnings exhibits are more
complex when credibility is used.

For other pricing assumptions, actual values are known after
the policy expires and the experience is mature. For credibility,
there is no actual value. The source of earnings analysis does
not compare the initial credibility assumption with a subsequent
(revised) value. Rather, the credibility value is used to adjust the
initial assumptions.

16Even for the more stable lines, separation of estimation error from process error relies
somewhat on actuarial judgment.
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We focus here on statewide credibility factors. The credibility
factors adjust the past experience to be a better proxy for the true
expected losses in the experience period.!”

Hllustration: Suppose the underlying pure premium during
the experience period of accident year 20X4 was $500 per car,
based on a rate filing effective January 1, 20X3, and intended to
be in effect for one year. The current rate review has an effective
date of January 1, 20X6, and is intended for policies written in
20X6. Because of administrative problems, no rate changes were
filed between January 1, 20X3, and January 1, 20X6.

Suppose the pure premium trend is 10% per annum, the ex-
perience (indicated) pure premium during accident year 20X4
is $600, and the credibility for the experience pure premium is
50%. The pure premium used in ratemaking is an equal weight-
ing of the trended experience pure premium and the trended un-
derlying pure premium. We adjust the source of earnings exhibits
to reflect the 50% credibility factor.

The trend factor is the same whether it is applied to the ex-
perience pure premium or to the underlying pure premium. The
credibility factor implies that the true expected loss during ac-
cident year 20X4 is a 50:50 average of the information from
the accident year 20X4 experience and the rates underlying the
accident year 20X4 writings.

Since the $500 rate was intended to be adequate for 20X3,

the adequate rates underlying the accident year 20X4 losses are
$500 x 1.10%° = $524.40.

17Statewide credibility factors are traditionally applied to the developed and trended expe-
rience loss ratios, perhaps giving the impression that credibility adjusts the development
factors, the trend factors, or the future expected values. This is not correct. Separate cred-
ibility factors may be applied to trend and development factors. The statewide credibility
factors adjust the actual data to be a better proxy of the expected experience in the past.

The discussion here is based on the “greatest accuracy” justification for credibility.
Venter [1992] argues that the justification for classical credibility is to limit rate fluctu-
ation and that the Bayesian-Buhlmann credibility procedure is designed to optimize rate
accuracy. Mahler [1997] argues that even traditional credibility procedures improve rate
accuracy; see also Mahler and Dean [2001].
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The credibility weighted average experience rates are ($600 +
$524.40)/2 = $562.20.!% On the source of earnings exhibits, this
is reflected in the actual loss cost change. The initial trend as-
sumption is 10% per annum. The actual trend rate based on hind-
sight is whatever the trend index reveals. The actual loss cost
change is the change between $562.20 and the observed pure
premium during the new policy year (20X4).

In sum, the source of earnings analysis accepts the credibility
adjustment and tests the loss cost change; it does not test the
credibility value itself.!”

Implicit and Explicit Profit Margins
Actuaries may use implicit or explicit profit margins.

e For explicit profit margins, best-estimate assumptions (for de-
velopment, trend, investment income) are used in the ratemak-
ing process and a full profit margin is included in the rates.

e For implicit profit margins, conservative assumptions are used
in the ratemaking process and a lower explicit profit margin is
included in the rates.

To illustrate the difference, we contrast trend factors with dis-
count factors.

e Trend Factors: Suppose that fast track data imply a loss sever-
ity trend of +5% per annum. This estimate is uncertain, not
only because it is a future projection but also because the fast
track data may not be comparable to the ratemaking data (dif-

18The $500 rates were intended for policies written in the 12-month period from Jan-
uary 1, 1998, through December 31, 1998. The losses on these policies extend from Jan-
uary 1, 1998, through December 31, 1999, for an average loss date of January 1, 1999.
The average loss date in the experience period of accident year 1999 is July 1, 1999, or
half a year later than the average loss date expected in the filing. For a more complete
exposition, see Feldblum [1998: discussion of “The Complement of Credibility”].
19This is not to imply that credibility procedures are impervious to empirical testing.
Mahler [1990] gives three methods for testing the accuracy of credibility estimators.
However, Mahler tests the accuracy of the credibility estimator; one cannot test the ac-
curacy of a particular credibility factor. There is no such thing as the variance between
the actual credibility and the assumed credibility.
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ferent companies, different states, accident year versus calen-
dar year, closed claims versus incurred claims, and so forth).
We presume the trend rate is between 4% and 6% per annum.

The explicit profit method would use a +5% trend and a
full explicit profit margin. The implicit profit method might
use a +6% trend and a lower profit margin. Some actuaries
prefer the use of explicit profit margins to better monitor the
adequacy of the rates; other actuaries prefer the use of implicit
profit margins to prevent overly aggressive pricing.?’ Rate fil-
ing exigencies sometimes compel companies to use lower ex-
plicit profit margins offset by conservative assumptions.

e Discount Factors: Suppose that losses are discounted to
present value at the expected risk-free interest rate in a dis-
counted cash-flow pricing model. The estimate of future inter-
est rates, based on an analysis of the current yield curve and
of any mean-reverting tendencies in the assumed interest rate
paths, is 5% per annum. This estimate is uncertain because
we are projecting a future rate and because the interest rate
model may itself be flawed. We might presume that the future
interest rate will probably be between 4% and 6% per annum.

The explicit method would use a 5% assumed interest rate
with a full explicit profit margin. The implicit method might
use a 4% assumed interest rate with a lower profit margin.?!

20See Benjamin [1976], page 238: “The explicit method seems natural and right in con-
trast to the implicit method which appears to have no good or credible foundation. But
in life insurance actuaries have come down very strongly in favor of the implicit margin
method.” See also Anderson [1959], page 368: With the inclusion of specific contingency
margins and profit objectives, it is proposed that other assumptions necessary to calculate
gross premiums be introduced on the basis of “best estimates” rather than “conservative
estimates.”

2IThe use of an implicit profit margin in the interest rate is not the same as a risk
adjustment to the discount rate. For example, Myers and Cohn [1987] use a CAPM-
based risk-adjusted loss discount rate that reflects the covariance of loss returns with
market returns, following procedures used by Fairley [1979] and Hill [1979]. The CAPM-
based risk adjustment is intended to reflect the true present value of the loss payments,
not “conservatism” or an implicit profit margin. Similarly, Butsic [1988] uses a risk
adjustment to the loss reserve discount rate to estimate the true economic value of the
loss reserves.
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Investment Income

The expected investment income on the assets supporting the
book of business is an important component in pricing. Banks
and life insurance companies often model the interest rate spread
on assets versus liabilities.

e The pricing of universal life and variable life products uses
the spread between the earned rate on invested assets and the
credited rate in the policy.

e Annuity writers model the spread between interest earned on
the policyholder’s account balance and the accrual rates stip-
ulated in the contract.

e Depository institutions (commercial banks, savings and loans,
credit unions, thrifts) monitor the spread between the yield on
loans and the interest paid on deposits.

The source of earnings analysis considers the difference be-
tween the spread assumed in the pricing analysis and the spread
that is actually achieved.

Illustration: Suppose the benchmark investment yield (the
casualty equivalent of the credited interest rate) used in policy
pricing is 7%, and the company expects to earn 7.5% per annum
on its invested assets (the projected earned rate). The actual in-
vestment yield varies with market interest rates and capital gains
or losses.

The source of earnings exhibits use three sets of figures:

1. the investment yield originally assumed for the future
pricing period (assumed earned interest rate), or /Y;

2. the credited interest rate (CR), or the investment yield
used in the pricing model; and

3. the actual investment yield during the period that re-
serves are held, or 1Y,
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The actual investment yield includes dividends, interest, rents,
and capital gains and losses. For investment management pur-
poses, the source of earnings exhibits differentiate market yields
from realized plus unrealized capital gains and losses.

The interest spread is most important for the long-tailed lines
of business. We estimate the invested funds for each year (/ E).zz

The source of earnings analysis quantifies the implicit profit
margin in the investment yield assumptions and the subsequent
unfolding of the actual profit margin. Each year’s implicit ex-
pected profit margin is the invested funds times the difference
between the expected investment yield and the investment yield
used in pricing, or IF, x (IY, — CR). The total profit is the sum
of the annual profits discounted at the cost of capital.??

Hlustration: Suppose we are analyzing a $10 million book
of business, with average invested funds of $3 million during
the policy year, $4 million the next year, and declining by $1
million a year until all losses are settled.>* The company expects
an investment yield of 8% per annum, and it prices the business
assuming an investment yield of 7% per annum and a 12% cost

22Most casualty pricing models estimate the invested funds by projecting premium col-
lection patterns, loss payment patterns, and expense payment patterns. Life actuaries use
the term “account balance” instead of invested funds. In life insurance and annuities,
the account balance belongs to the policyholder and may be withdrawn on demand,
sometimes with a surrender charge deducted or a market value adjustment. In casualty
products, the policyholder does not own the funds used to support the reserves. The term
invested funds refers to the assets supporting the unearned premium and loss reserves.
23This formula assumes that I Y, is the pricing assumption for all future years; that is,
the actuary assumes a constant future investment yield.

24This progression of the invested funds reflects a policy year of writings. With a pre-
paid acquisition expense ratio of 20%, a net premium of $8 million collected up-front on
some policies and by installment plans on others, and some losses paid during the policy
year, the average invested funds during the policy year are about $3 million. The invested
funds peak about 12 months after inception of the policy year, since premiums have been
collected but losses remain in reserves. During the next 12 months, the invested assets
remain relatively constant, as the remaining premium is collected and some losses are
paid. The invested funds decline to zero as losses are settled. To keep the illustration
simple, we use an expected policy lifetime of four years; actual lifetimes for long-tailed
lines of business are longer.
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TABLE 4

SOURCE OF EARNINGS ANALYSIS FOR INTEREST SPREAD AT
PoLIcy INCEPTION

Invested Expected Credited Interest Rate Interest Rate PV of

Year  Funds  Invest Yield Interest Rate  Spread Margin Margin
0 3,000,000 8% 7% 1% 30,000 30,000.00
1 4,000,000 8% 7% 1% 40,000 35,714.29
2 3,000,000 8% 7% 1% 30,000 23,915.82
3 2,000,000 8% 7% 1% 20,000 14,235.60
4 1,000,000 8% 7% 1% 10,000 6,355.18
Total 110,220.89

of capital.”® The implicit profit margin in the investment yield
assumption is shown below. The present values are taken to the
middle of the initial policy year (year 0) as shown in Table 4.

Illustration: Average investable funds in year 3 are
$2,000,000. With a 1 point spread, the interest margin is $20,000.
Discounting to the middle of year O at the 12% cost of capital
gives $20,000/1.120% = $14,235.60.

Between initial pricing and final settlement of claims, several
items may change.

1. Interest rates may change, causing immediate (unreal-
ized) capital gains or losses in GAAP statements and
market values (though not in statutory accounting) and
revised investment yields in future years.

2. The amount of invested funds may differ from the initial
assumption.

25To keep the arithmetic simple, we ignore federal income taxes in this paper. In practice,
they must be considered, particularly since different investments have different tax rates
(see Feldblum and Thandi [2003]). For prospective pricing, one often assumes that the
present value of future investment income does not depend on the type of investment;
see Derrig [1994]. In contrast, the source of earnings analysis focuses on the defaults
and market value changes of risky investments.
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TABLE 5
SOURCE OF EARNINGS ANALYSIS FOR INTEREST SPREAD AFTER
ONE YEAR
Invested Investment Credited Interest Interest  Capital PV of
Year  Funds Yield Interest Spread Margin Gain/Loss Margin
0 $2,500,000 9.5% 7% 25%  $62,500 —$50,000 $12,500.00
1 $3,500,000 10% 7% 3.0% $105,000 $0 $93,750.00
2 $3,000,000 10% 7% 3.0%  $90,000 $0 $71,747.45
3 $2,000,000 10% 7% 3.0%  $60,000 $0 $42,706.81
4 $1,000,000 10% 7% 3.0%  $30,000 $0 $19,065.54
Total $239,769.81

3. There may be unexpected capital gains or losses for rea-
sons other than interest rate changes.

The new entries in the source of earnings exhibits are a mix of
actual figures and revised estimates.

Illustration: In Table 5, the investment yield rises to 10% per
annum between the rate review and the end of the policy year.
Year 0 shows a 9.5% average actual yield, and years 1 through 4
show 10% as the revised (estimated) yield. More insureds used
installment payment plans; the actual investable assets in year 0
and the estimated investable assets in year 1 are reduced.

The investment yield increase from 8% at the rate review date
to 10% by the end of the policy year causes the $50,000 capital
loss in year 0. Since most of the investment yield increase oc-
curred before assets were bought, the capital loss is small and
the greater future investment income more than offsets it.?

Inflation Rates and Interest Rates

The full effect of interest rate changes requires a combined
analysis of assets and liabilities. If inflation rates rise along with
interest rates, loss severity increases. The revised expected loss

261f the investment yield increase occurs after fixed income assets are bought, the capital
loss may more than offset the higher reinvestment rate for coupon payments.
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ratio exceeds the target loss ratio, but this loss may be offset by
the rise in the investment yield (see Butsic [1981]).%7

Inflation rates and interest rates are correlated, but they do
not move in lock step. The source of earnings exhibits provide a
year-by-year analysis of the gains and losses from inflation and
interest, allowing a better analysis of net profitability.

Illustration: Interest rates and inflation rates rise shortly be-
fore the inception of the policy year. Losses are larger than ini-
tially projected, but investment income is greater than initially
projected as well; the net profit variance shows the combined
effects of both. This analysis is particularly important for ret-
rospectively rated workers compensation policies and large dol-
lar deductible policies, since inflation has a leveraged effect on
losses above the deductible. Equal increases in interest rates and
inflation rates generally reduce the net profits on this business.

Persistency

Of the four life insurance earnings factors—mortality, main-
tenance expenses, interest, and persistency—persistency is the
least well understood but often the most important. Mortality
rates change slowly over time; maintenance expenses are equally
stable. Interest earnings come from the spread between earned
rates and credited rates. Although the earned rates may vary from
year to year, many companies try to keep the spreads stable.

Persistency rates can only be estimated. Differences of actual
from expected persistency can be large, and they strongly affect
profitability; see Tan [1989] and Eckman [1990].

Persistency patterns greatly affect property-casualty prof-
itability as well. For a variety of reasons, casualty actuaries have
not always given persistency patterns the attention they deserve.

2T Traditional profitability measures of loss ratios and combined ratios can be misleading.
Statutory measures of total profitability, as reflected in the investment income allocation
procedure in the Insurance Expense Exhibit, are distorted by the use of portfolio invest-
ment yields and amortized values of fixed income securities; see Feldblum [1997].



SOURCE OF EARNINGS ANALYSIS FOR PROPERTY-CASUALTY INSURERS 25

e Acquisition expense differences between new business and re-
newal business are not as great for property-casualty insurance
as for life insurance. First-year commissions for permanent life
insurance may exceed the annual premium; for casualty prod-
ucts, commissions are rarely more than 25% of the premium.

e Life and health insurers must renew their permanent policies
as long as the policyholder pays the premium. They have more
incentive to quantify the effects of persistency on product prof-
itability. A property-casualty insurer may cancel the policy or
decline to renew it.

e For companies using the independent agency distribution sys-
tem, the agent owns the renewals, and commissions are level
from year to year. Persistency patterns are not under the control
of the company, and they have less effect on expense ratios.

e Rating bureaus, which set the traditional workers compensa-
tion ratemaking procedures in the twentieth century, have less
interest in persistency patterns than competitive insurers have.
Life and health insurers do not use rating bureaus.

Ideally, persistency patterns are incorporated in prospective
ratemaking by asset share pricing models. The source of earnings
analysis evaluates the profits achieved from a cohort of policies.

Illustration: A personal auto direct writer has had a 90% re-
tention rate in past years. The retention rate drops to 80% for the
new policy year. Acquisition expenses are 20% for new business
and 5% for renewal business. The expected loss ratio is 80% for
new business and 70% for renewal business. The total spread
between new and renewal business is 25% of premium.

The drop in the retention rate reduces profitability. The de-
cline in profitability may be estimated as the reduction in renewal
business times the spread between new and renewal business, or
(90% — 80%) x 25% = 2.5% of premium each year.

The traditional premium, loss, and expense exhibits show
higher than expected loss and expense ratios. But neither ex-
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pense costs nor loss costs have changed.?® If the pricing actu-
ary did not consider persistency effects, the source of earnings
analysis is all the more necessary to tease apart the underlying
sources of profit or loss.

We illustrate below one way of amortizing acquisition expenses.
Traditional property-casualty ratemaking combines acquisition
expenses with on-going maintenance expenses and treats the sum
as either an additive factor (fixed expenses) or a multiplicative
factor (variable expenses). This obscures the effects of expense
items. In the illustration here, acquisition costs and solicitation
costs on not-taken business are treated separately and amortized
over the expected lifetimes of the insurance policies.

4. RETROSPECTIVELY RATED POLICIES
Policy Economics

Pricing and accounting should reflect the underlying eco-
nomics of the insurance product. The FASB introduced SFAS
97 to make the accounting for universal life and variable life
contracts consistent with their economic structure. This section
applies the FASB’s distinction between traditional whole life and
universal life policies to prospectively priced private passenger
automobile versus retrospectively rated workers compensation.?’

For a traditional whole life policy (SFAS 60), the premium
due is an income statement revenue and the increase in the pol-
icy reserve plus any death benefit in excess of reserves is an in-
come statement expense. For casualty products, earned premium
is the revenue and incurred losses are the expense. Greater earned
premium reflects additional profits and greater losses reflect de-
creased profits. The pricing actuary sets the premium rate (the

28The business growth illustration in Feldblum [1996, “Personal Automobile”] analyzes
these profitability effects.

29Qver the past decade, many insurers have shifted much of their retrospectively rated
workers compensation business to large dollar deductible policies. The money paid by
the employer to cover losses below the deductible is termed an assessment, not a pre-
mium, and it is generally paid shortly before or after the benefits are paid. In most states,
premium taxes and involuntary market burdens are not levied on assessments. The dis-
cussion in the text applies to both retrospectively rated contracts and to large dollar
deductible contracts.
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revenues) based on estimates of the ultimate losses and expenses
(the income statement expenses).

When a universal life policyholder pays premiums, the money
belongs to the policyholder, not to the life insurance company.
The insurance company is a financial intermediary, investing the
policyholder’s money. It deducts a management fee for invest-
ment services and specified charges for underwriting protection,
such as the mortality charge and the maintenance expense charge.
Premiums are a deposit, not a revenue.

e The policy charges plus the investment income earned on the
account value are revenues.

e Benefit payments in excess of the account value, interest cred-
ited to the account value, and expenses paid are expenditures.

A workers compensation retrospectively rated policy is similar
in substance. The insurer uses the policy premium to pay losses
and to cover the various charges, such as the insurance charge
and the other components of the basic premium. If the losses
do not materialize, the insurer returns part of the premium to
the insured. If actual losses exceed the original expectations, the
insurer collects additional premium.3?

For retrospectively rated policies, additional incurred losses
lead to additional retrospective premiums, with the net effect
depending on the premium sensitivity (Teng and Perkins [1996],
Feldblum [1997], Bender [1994], Mahler [1994]). A change in
losses or in premiums does not by itself signal higher or lower
profitability. Traditional exhibits of premiums and losses are not
always an appropriate means of monitoring the profitability of
this business.

30The various charges in a universal life policy, such as the mortality charge, asset man-
agement charge, surrender charge, and expense charge, are noted in the policy and in
periodic reports to the policyholder, particularly if the asset accumulation rate is tied to
external investment indices. For the retrospectively rated workers compensation policy,
the pricing actuary knows the individual charges, but the insured may not be aware of
them.
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Retro Policies vs. Universal Life

The source of earnings analysis for workers compensation ret-
rospectively rated policies has two differences from the analysis
for universal life-type policies.

1. The insurance charge takes the place of the mortality
charge, and non-ratable losses takes the place of policy-
holder benefits in excess of the account value. The mortal-
ity charge in a universal life policy pays for policyholder
benefits in excess of the account value; the insurance
charge in the retrospectively rated workers compensa-
tion policy pays for non-ratable losses.3!

2. SFAS 97 amortizes deferred acquisition costs in relation
to expected gross profits, with a year-by-year unlocking
of assumptions as actual experience emerges. We use a
simpler amortization procedure here but the amortization
schedule is still dynamic, so that persistency is reflected
in the source of earnings exhibits.

Evaluation of Results

Pricing for retrospectively rated policies depends on four
sources of earnings: (a) investment income, (b) non-ratable
losses, (c) expense levels, and (d) retention rates.

Standard reports of premiums and losses do not show the ex-
pected profits on retrospectively rated policies stemming from
these earnings factors or the variations in profit caused by
changes in these factors. The reports do not show if the ratemak-
ing assumptions accurately reflect the expected experience on the
book of business.

If profits are unexpectedly low, we do not know if the cause is
(i) higher than anticipated non-ratable losses, (ii) lower than ex-
pected investment income, (iii) excessive expenses, or (iv) higher
than anticipated lapse rates or not-taken rates.

31Non-ratable losses are losses above the loss limit or losses that would cause premium
above the maximum.
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Amortization of Deferred Acquisition Costs

For two reasons, the amortization of deferred policy acquisi-
tion costs is essential for monitoring universal life profitability.

e Deferred acquisition costs are as much as 50%—60% of gross
profits for many universal life contracts.>? In the first one or
two policy years these products show large statutory losses
from acquisition costs and low investment income, since (i)
first year agents’ commissions are high (often 100% of the
annual premium), and (ii) invested assets from policyholder
funds are zero in the initial policy year and low in the first
renewal year. There is little profit from the interest spread in
these years.

e Retention rates greatly affect long-term profitability. Statutory
accounting distorts the effects, since only the surrender charge
(a gain) is shown for the current calendar year. Dynamic amor-
tization of deferred policy acquisition costs reveals the effects
of retention rates on long-term profitability.

The capitalization and amortization of acquisition and issue
costs is also important for retrospectively rated policies. First
year agents’ compensation, initial underwriting, workplace in-
spection, loss engineering, and policy issue costs are the major
expenses for retrospectively rated policies.>3

For large account retrospectively rated business, not-taken
rates can be high. There are a limited number of large work-
ers compensation accounts, with $2 million or more of annual
premium. The risk manager of each insured might put the ac-
count out to bid every five years or so. Developing the bids is
costly, but each bid may have only a 10% to 20% chance of
being accepted, leading to an 80% to 90% not taken rate.

32«Gross profits” are the present value of lifetime profits from the block of business
before consideration of prepaid acquisition costs; see SFAS 97.

33 This is especially true for direct writers, with large first year commissions and low
renewal commissions.
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The costs of not-taken policies must be included with acquisi-
tion costs. Some companies spread these costs over related books
of business, thereby raising the apparent profitability of the book
being priced and lowering the profitability of the related books.
For instance, some companies spread the costs of not-taken busi-
ness over the entire workers compensation line of business.>*

The high acquisition expense costs—including the cost of not-
taken policies—must be amortized over the policy lifetimes. It
is tempting to overestimate persistency rates and underestimate
not-taken rates. Source of earnings analysis with dynamic amor-
tization of policy acquisition costs counteracts this temptation.

Static vs. Dynamic Amortization

Static amortization schedules, like static depreciation sched-
ules, do not change with the passage of time. The rate of amorti-
zation or depreciation may vary over time, as with double declin-
ing balance depreciation schedules, but the amortization schedule
is not re-estimated as more is learned about the business.

Static amortization schedules distort profitability analyses if
actual persistency rates or investment yields differ from those
assumed in pricing. Dynamic amortization allows for revision of
the schedule as actual experience becomes known and as future
expectations change.’>

DPAC amortization schedules use an implicit interest rate, so
that the present value of the expenses amortized equals the de-
ferred expenses incurred. To simplify the illustrations here, we
use pro rata amortization with a 0% amortization interest rate.

34This leads to incorrect pricing and marketing decisions. There may be strategic reasons
for this practice, such as a desire to break into the large account market. More often this
practice stems from data limitations that hamper the allocation of expense costs.

35For the universal life-type policies covered by SFAS 97, the deferred policy acquisi-
tion costs are amortized in proportion to future expected gross profits. The amortization
schedule is revised whenever actual experience or future expectations differ from as-
sumptions for any of three items: persistency rates, investment yield, and expected or
actual gross profits.
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Lllustration—Static Amortization: If all policies are expected
to persist eight years, one eighth of a policy’s deferred policy
acquisition costs is amortized each year (assuming a zero inter-
est rate for amortization). If after two years of experience, the
average policy lifetime is expected to differ from eight years, the
amortization schedule is not changed.

Hllustration—Dynamic Amortization: Suppose the excess of
first year over renewal acquisition costs on a $100 million block
of business is 20% of premium, and the solicitation cost for not-
taken business is 10% of the not-taken premium. The pricing
actuary assumes an 8 year average policy lifetime and a 20%
not-taken rate.

Computation: The excess acquisition costs in the first year
are $20 million. The not-taken rate is 20%, so the premium
solicited but not taken is $100 million x (20%/(1 —20%)) =
$25 million. The solicitation costs for not-taken business are
$25 million x 20% x 50% = $2.5 million. The total acquisition
expenses are $22.5 million. Since policies last an average of 8
years, the annual cost is $22.5 million/8 = $2,812,500.

The assumptions used for the amortization schedule are un-
certain, though they become known with the passage of time.
The not-taken rates and the solicitation costs for not-taken busi-
ness are known once the new policies are written. The average
policy lifetime is re-estimated two or three years after the expira-
tion of the initial policy year (by projecting from early retention
rates).

If these figures are revised after the policies are written to
an average lifetime of 5 years and a not-taken rate of 60%, the
annual acquisition cost is revised as well as shown in Table 6.3°

36Table 6 is simplified. If the anticipated not-taken rate is 20% and the actual rate is 60%,
the insurer has written about $125 million x (1 —60%) = $50 million of premium. The
dollar amortization figure in the exhibit is overstated, but the ratio of the amortization
amount to the premium is correct.
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TABLE 6

DPAC DYNAMIC AMORTIZATION SCHEDULE: SOLICITATION
CosTS FOR NOT-TAKEN BUSINESS

Assumptions

Initial Revised
A. Premium $100,000,000  $100,000,000
B. Excess acquisition costs $20,000,000 $20,000,000
C. Not-taken rate 20% 60%
D. Not-taken premium [= Ax C/(1 -C)] $25,000,000  $150,000,000
E. Not-taken acquisition costs [= % x D x 20%] $2,500,000 $15,000,000
F. Total acquisition costs [= B + E] $22,500,000 $35,000,000
G. Average policy lifetime 8 years 5 years
H. Annual amortization [= F/G] $2,810,000 $7,000,000

Invested Capital

The SFAS 97 source of earnings exhibits for universal life
policies do not consider invested capital. Before the advent of
risk-based capital requirements, this approach was reasonable, at
least for GAAP statements.

o Little capital is embedded in the policy reserves, which do not
much exceed the account balance.

e Deferred policy acquisition costs are amortized on GAAP
statements, so the initial underwriting loss is small.

e Little surplus was needed to satisfy regulatory requirements.
Even with the advent of risk-based capital requirements, the
surplus requirements for life insurance products are lower than
for casualty products.

The capital contributed by investors is much smaller than the
policyholder premium.

In contrast, the capital invested for workers compensation is
large. Much investors’ capital is embedded in undiscounted loss
reserves and gross unearned premium reserves. Additional capi-
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tal is needed to meet the NAIC’s risk-based capital requirements
or rating agency capital formulas. The investment spread in the
source of earnings analysis applies to the investment income on
both policyholder-supplied funds and investors’ funds.3’

Charged, Expected, and Actual

For the private passenger automobile source of earnings anal-
ysis, we showed three values for the loss severity trend factors:

1. initial (ex ante) trend factors,
2. revised (ex post) trend factors, and

3. the actual loss cost change.

The change from estimated trend to actual trend is estimation
error; the change from actual trend to actual loss cost change
is process error. The same three-level analysis applies to loss
development factors, loss frequency trends, and other ratemaking
items.

Judging the adequacy of the insurance charge is more diffi-
cult. The insurance charge is based on size of loss distributions
developed from a large volume of industry experience. The ac-
tual policy-year experience tells us the actual non-ratable losses,
not the proper insurance charge. The credibility of the excess
loss experience for a given block of business is hard to measure.

Personal auto policies are sold for a single premium. The un-
derwriter does not assemble a policy for a given insured with
separate charges for development, trend, and expenses. In con-
trast, a retrospectively rated policy is assembled by the under-
writer or sales agent, given values for the insurance charge, the
excess loss charge, and other plan parameters. For each earnings

3TFor source of earnings analysis applied to financial pricing models, see E. Schirmacher
and S. Feldblum [forthcoming].



34 SOURCE OF EARNINGS ANALYSIS FOR PROPERTY-CASUALTY INSURERS

TABLE 7A
RETROSPECTIVE RATING COSTS—CHARGED, EXPECTED,
ACTUAL
Expected Actual Variance
Insurance Non-Ratable Expected Non-Ratable (Actual from Actual
Date Charge losses Gain losses Expected) Gain

1/20X1 $500,000  $450,000  +$50,000 — — —

element there are three values:3®

1. the amount charged in the pricing analysis,
2. the expected cost at policy inception, and

3. the actual (realized) cost.

Hllustration: A policy is issued on January 1, 20X1, with an
insurance charge (including the excess loss charge) of $500,000,
and with expected non-ratable losses of $450,000.%° The initial
report at policy inception is shown in Table 7A.

On December 31, 20X1, at the expiration of the policy,
the estimated non-ratable losses (including bulk reserves) are
$470,000. The variance of actual from expected is —$20,000,

38The charges for the various pricing components do not sum to the policy premium,
since much of the policy premium serves as a deposit to pay ratable losses. Compare
universal life policies, much of whose premium is an investment designed for tax-deferred
accumulation, not for insurance protection.

39Some actuaries use an insurance charge equal to the expected non-ratable losses along
with a separate profit provision. Other actuaries use a more conservative insurance charge.
The insurance charge minus the expected non-ratable losses is an implicit profit margin.
Life insurance pricing often uses implicit mortality and interest margins, or conservative
mortality tables and a spread between the earned interest rate and the credited interest
rate. Similarly, the exhibits here use conservative assumptions and implicit profit margins.
A company that uses explicit profit margins with no spreads in the pricing components
would show zeroes as the initial profit from each source. The gains and losses are shown
here as dollar amounts. In pricing the policies, many of these items—such as the insurance
charge—are shown as percentages of standard earned premium.
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TABLE 7B

RETROSPECTIVE RATING COSTS—CHARGED, EXPECTED, ACTUAL

Expected Actual
Insurance Non-Ratable Expected Non-Ratable Actual
Date Charge losses Gain losses Variance Gain

12/20X1 $500,000  $450,000  +$50,000  $470,000 —$20,000 +$30,000

TABLE 7C

RETROSPECTIVE RATING COSTS—CHARGED, EXPECTED, ACTUAL

Expected Actual
Insurance Non-Ratable Expected Non-Ratable Actual
Date Charge losses Gain losses Variance Gain

1/20X1 $500,000  $450,000  +$50,000 — — —
12/20X1 $500,000  $450,000  +$50,000  $470,000 —$20,000 +$30,000
12/20X2 $500,000  $500,000  +$50,000  $515,000 —$65,000 —$15,000

and the actual gain is +$30,000.4C Table 7B shows the entries
for December 20X1.

Actual non-ratable losses increase to $515,000 by December
31, 20X2, and Table 7C shows the updated figures.

We comment on each source of earnings in this table.

Insurance Charge

The insurance charge illustrates the difficulty in assigning
gains and losses to sources. Ideally, we should separate the dif-
ference between (i) actual and expected excess losses and (ii) the
earnings from interest. But the insurance charge is stated in nom-
inal dollar terms, not in present value terms, whereas the actual
excess losses are paid many years after the premium is collected.
A zero dollar initial variance is an implicit profit margin.

40The term variance is used in the accounting sense, meaning the difference between
expected and actual.
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Disentangling the insurance charge from the time value of
money is a general problem in retrospective rating. Retrospec-
tively rated policies can be priced in several ways:

1. In theory, the insurance charge should reflect the present
value of excess losses, though since the loss limit and the
maximum and minimum premiums are stated in nominal
dollars, present values are rarely used.

2. The insurance charge is based on the ultimate values
of losses, but it is reduced for the expected investment
income on the excess losses. Some actuaries presume
that this is done implicitly, since the insurance charge
is a percentage of standard premium, whose profit pro-
vision considers the expected investment income. The
resultant insurance charge may be less than the expected
(nominal) excess losses. But this assumes that the loss
payment pattern for excess losses is similar to that for
ratable losses. In fact, excess losses have slower pay-
ment patterns, leading to an implicit profit margin in the
insurance charge.*!

3. The insurance charge is based on ultimate losses, and
a separate investment income factor calculated from all
insurance cash flows reduces the basic premium.

For simplicity, this illustration uses a single policy. Actual
source of earnings analyses use blocks of policies, such as all
large account business written by a particular sales office in
policy year 20XX. Since non-ratable losses have great random
fluctuation, a report showing variances is more meaningful on a
block of business basis. The subsequent examples are for policy
year blocks of business.

#I'The explanation in the text is simplistic: the consideration of investment income in the
underwriting profit provision has no mathematical relation to the lag between collection
of the insurance charge and the payment of excess losses.
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TABLE 8

SOURCE OF EARNING ANALYSIS FOR RETROSPECTIVELY RATED
PoLIcIES ($000)

Valuation Non-Ratable Interest Maintenance Explicit  Total
Date Losses Earned Persistency Expenses Profit Profit
1/1/20X1 $2,000 $2,500 —$1,500 $750 $1,250  $5,000
12/31/20X1 $1,400 $3.400 —$2,500 $750 $1,100  $4,150
12/31/20X2 $2,100 $3,600 —$2,900 $750 $1,100  $4,650
Expenses

Expenses are divided into two components:

1. underwriting and acquisition expenses, including solici-
tation costs for not-taken business, and

2. policy maintenance expenses, including unallocated loss
adjustment expenses.

The effect of acquisition and underwriting expenses on prof-
itability depends on the difference between expected and actual
(i) not-taken rates and (ii) renewal rates. We speak of these as
earnings from persistency. Maintenance expenses are rarely a
material source of gain or loss, and they are not discussed fur-
ther here.

Combining the Earnings Factors

The first row in Table 8 shows the profit from each factor
in the pricing assumptions. Subsequent rows show the variance
resulting from actual data and revised estimates.

Pricing Assumptions

At January 1, 20X1, the inception of the policy year, the fig-
ures show the implicit and explicit profit margins. Most of the
expected profit ($3.75 million out of $5 million) is embedded in
the pricing assumptions.
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e The insurance charges exceed the expected non-ratable losses
by $2 million.

e The company expects an average lag of about one year be-
tween premium collection and loss payment, with a small
spread between the interest earned and the interest credited
to policyholders in the pricing assumptions.*> The actual in-
vestment income is expected to exceed the investment income
assumed in pricing by $2,500,000.

e The company expects actual maintenance expenses (including
unallocated loss adjustment expenses) to be $750,000 below
the amount assumed in pricing.*?

e The company loses money from solicitation costs on not-taken
business. Some of this money is recouped from acquisition
expense charges in the basic premium. The amount that is not
recouped is a negative implicit profit margin of $1,500,000.4*

e The company builds an explicit profit component of $1,250,000
into the rates.

Underwriting

The first row shows the pricing assumptions at the inception
of the policy year. Rarely are all pricing assumptions realized.
The second row shows the revised values at the end of the policy
year. The variances from expected profits stem from two causes:

e If the sales price differs from the actuarial indications, the
charges embedded in the policy components may differ from
those anticipated by the actuary. For instance, the indicated

“2Incurred loss retros may have long lags between premium collection and loss payment;
paid loss retros and large dollar deductible policies have short lags. The one-year lag is
an average.

43We include unallocated loss adjustment expenses (ULAE) with underwriting expenses
because both reflect operating efficiency.

41t is hard to persuade policyholders that they should reimburse the costs of soliciting
other business, and the company does not expect to recover all the costs from expense
charges in the premium.
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insurance charge may be $25,000, but the company may use
only a $15,000 charge.

e Fluctuations in losses or interest rate changes affect the costs.
Even if the company uses the $25,000 insurance charge, a
large loss may eliminate the expected profit.

In the illustration, interest rates have risen and the marketplace
has softened, but the underwriters have adhered closely to the
pricing recommendations.

e The rising interest rates lead to greater excess losses, since in-
flation has a leveraged effect on higher layers of loss, reducing
the implicit profit from non-ratable losses by $600,000.

e A few insureds are given premium credits, reducing the ex-
plicit profit margin by $150,000.

e Because of the soft market, not-taken rates increase, leading
to an additional $1 million loss from unfulfilled solicitation
Costs.

e Interest rates rise before the company invests the premiums,
leading to $900,000 additional implicit profit from the interest
spread.®

Actual Experience

Subsequent revisions arise from random loss occurrences and
from interest rate changes. For instance, the 12/31/20X2 row
shows an increase in the expected profits from non-ratable losses.
By December 31, 20X2, all policies have run their course, and
there have been fewer large losses than expected. This may result
from stringent underwriting or random loss fluctuations.*®

43The pricing actuary must take care to reflect the higher interest rate, and the potentially
higher inflation rates, in the insurance charge. If this is not done, the implicit profit margin
from non-ratable losses may be overstated.

46Because the claim severity distribution is highly skewed, most years show fewer large
losses than expected, offset by a few years with more large losses than average.
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The December 31, 20X2, figures are a combination of actual
figures and estimates:

e The investment yield in 20X1 and 20X2 is known.

e The effect of acquisition costs on policy profitability still de-
pends somewhat on future persistency rates.

e The ultimate amount of large losses may remain uncertain for
years.

The source of earnings exhibits are updated until most of the
losses have been settled or until subsequent changes in estimated
earnings are not material.

Non-ratable losses: When pricing retrospectively rated con-
tracts, some actuaries rely on aggregate industry figures, such as
NCCI Table M data. Individual company data may not be con-
sidered sufficiently credible for revising Table M figures, and the
needed adjustments for inflation and for changes in the size of
loss distribution are complex.

Ideally, Table M charges should be reviewed periodically to
ensure their adequacy. The source of earnings analysis provides a
hindsight view of the adequacy of the insurance charges that can
be especially valuable for the pricing actuary. The challenge for
the pricing actuary is to discern from the emerging experience
how much of the variance stems from estimation error and how
much stems from process error.

Interest: The earnings from interest depend on the invest-
ment yield received versus that used to price the policy and the
collection dates for premium and losses. Large accounts often
want customized cash flow plans to retain more of the invest-
ment income. For these accounts, the expected earnings from
interest may be determined on a plan-by-plan basis.

The interest earnings factor troubles some practicing actuar-
ies, who say:
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This analysis presupposes an investment yield assump-
tion in the rate analysis. But that is not how we de-
velop rates. We price to a target combined ratio, or a
target underwriting profit provision. This target is set
by company management, not by the pricing actuary
doing the rate review. The target combined ratio may
have been set by an internal rate of return model or
a discounted cash flow model. Even in these models,
there may be no simple interest assumption. Our pric-
ing procedure does not fit into the source of earnings
mold.

This criticism is dismaying. It has been more than twenty
years since actuaries began using financial pricing models for
casualty insurance products. The parameters of these models—
such as the assumed investment yield, the target return on capital,
the surplus requirements, and the implied equity flows—greatly
affect the final premiums. Yet some actuaries who are expert in
other pricing issues cannot figure out what their pricing model
says. They can tell you the effect of a one-point increase in the
trend factor, but they can’t tell you the effect of a one point
increase in the investment yield.

The source of earnings analysis compares the investment in-
come actually received with the investment income assumed in
pricing. The analysis of this difference, along with related inter-
est rate changes and capital gains, helps the practicing actuary
understand the implications of the financial pricing model.

Persistency: For large account retrospectively rated business,
the solicitation costs for not-taken business and the persistency of
insured business greatly affect overall profitability.*” The source

4TThe full effects of interest rate changes and persistency changes take several years to
play out. Some pricing actuaries disclaim responsibility for interest rate changes, not-
taken rates, and persistency rates, since traditional ratemaking procedures do not deal with
these items. The common disclaimer is that “the investment yield is the responsibility of
the Investment Department; we simply use the projections that they provide us.” Similarly
one hears that “the persistency rate, or the not-taken rate, is the responsibility of the sales
force; we simply use the projections that they provide us.” This retort is disingenuous.
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of earnings analysis ensures that pricing actuaries incorporate
these effects in the ratemaking formulas.

Combined Effects

Implementing source of earnings analysis requires some
means of dealing with combined (non-linear) effects.

Hllustration: Suppose the developed and trended losses are
$100 million. The source of earnings analysis shows that the
loss development factor should have been 10% higher and the
loss trend factor should have been 10% higher. A simple source
of earnings exhibit might show a (negative) gain of —$10 million
from development and a similar —$10 million from trend. But
the total variance is —$21 million, not —$20 million.

The allocation of the extra $1 million to earnings sources
is problematic. When there are multiple non-linear factors, the
problem is more complex. We may use three types of solutions:

1. Assign the linear component of the variance to the indi-
vidual factors, and assign the non-linear components to a
“combined” bucket.

2. Compute the variances by the order of application of the
ratemaking factors. This solution is arbitrary, since there
is no inherent order to the calculations. For example,
either loss trending or loss development may precede
the other.

3. Spread the non-linear components over the individual fac-
tors on a formula basis. This method is the most sophis-
ticated, but it is the most complex.

The mathematics of source of earnings analysis is not as sim-
ple as one might infer from the example in this paper, partic-

The source of earnings analysis does not bring investment policy or marketing philosophy
under the purview of the actuary. Nevertheless, just as the reserving actuary does not rely
solely on the claims department’s loss estimates, the pricing actuary cannot rely solely
on others’ estimates for the pricing assumptions.
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ularly when multi-year persistency effects are considered. The
appendix shows more realistic source of earnings exhibits for
retrospectively rated workers compensation business. When the
total variance is small, the non-linear components (or the
“second order” components) are small enough that they do not
affect the analysis. When the total variance is large, one of the
above procedures may be used for the non-linear components.

5. CONCLUSIONS

Two topics run through this paper: the unbundling of the in-
surance contract, and the differentiation between estimation error
and random fluctuation. We summarize the two topics below and
their implications for practicing actuaries.

Pricing Paradigms

A premium-loss pricing paradigm now dominates casualty ac-
tuarial ratemaking. The actuary determines policy premiums to
cover expected losses and expenses.

With the life insurance policy revolution of the 1980s, life
actuaries moved to a credit-charge paradigm. The new interest-
sensitive policies were unbundled into their components. The ac-
tuary determines charges and credits for the policy components,
which may be rearranged into full policies to meet customer
needs.

The flexibility of the credit-charge paradigm makes it ideal
for large account workers compensation pricing. The employer
purchases a customized policy with specialized components:
deductibles, premium payment plans, retrospective rating, loss
engineering services, claims handling services, self-insured re-
tentions, excess coverage, and so forth.

The actuary prices the components, which are assembled by
the underwriter into the policy. For instance, the actuary deter-
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mines the appropriate insurance charge for a set of plan param-
eters, or the appropriate interest credit for a given plan type and
premium payment pattern. Source of earnings analysis enables
the actuary to monitor the adequacy of the charges and credits.*8

The shift from a premium-loss pricing paradigm to a credit-
charge pricing paradigm brought “universal” contracts to the life
insurance industry. We may conceive of universal policies as
retrospectively rated contracts where the premium adjustment
depends on the investment yield achieved, not on the loss ex-
perience.*

By unbundling the policy into its components, the casualty in-
surer can offer varied product designs, such as universal policies
for lines with long term claim payments. The actuary sets the
investment spread; the actual premium for the coverage varies
with the investment income actually earned. Such policies may
be particularly attractive to large accounts seeking aggressive in-
vestment returns and reluctant to pay the premium before the
losses come due.

Random Variations

Actuaries often attribute differences between expected and ac-
tual results to random loss fluctuations, to unforeseeable changes
in inflation, or to unanticipated market pressures on underwrit-
ers and agents. The work pressures on actuaries are so great,
and the potential causes of adverse results are so diverse, that
many pricing actuaries never examine the variances in past re-

48 An analogy with computer manufacturing is instructive. IBM once built machines in
pre-set models. Dell builds machines to consumer desires, with the price based on the
components that are included. Insurers used to offer pre-determined policies to all in-
sureds. Now insurers offer flexible policy design to large commercial accounts. Actuarial
pricing must be equally flexible, so that the customized policies are priced by sound eco-
nomic principles.

49There are differences, of course. Universal life policies allow more management dis-
cretion in setting the credited interest rate; workers compensation retrospectively rated
policies have contractually determined premium adjustments. Universal life contracts de-
pends on the insurer’s investment yield or on an external interest index; retrospectively
rated policies depend on the individual insured’s loss experience.
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sults. Some actuaries believe that their time is too valuable to be
spent re-examining their past analyses.

In truth, efficient examination of past results is a requisite
for accurate prospective pricing. The source of earnings exhibits
enable the actuary to quantify the contribution of each earnings
factor to changes in profitability and to differentiate between
estimation errors and process errors within the earnings factors.
This “policy postmortem” may reveal biases in earnings factors
or unstable pricing procedures.

Actuarial Productivity and Alice’s Rabbit

Practicing actuaries are busy, busier than Alice’s White Rab-
bit. These busy actuaries are forever computing things, crunching
numbers, forming exhibits. There is never time to review previ-
ous work, since current tasks are pressing.

All too often, actuaries are computing numbers that do not
get used, because they do not accurately reflect the values that
they purport to measure. The busy actuaries do not realize this,
because they do not have time to evaluate the accuracy of their
work.

This is the actuary’s destiny: the incessant computation of
complex exhibits that bewilder the audience and sometimes en-
trap even the actuary, so that when errors creep in and lead the
results astray, no one can distinguish right from wrong.

Source of earnings analysis is crucial to good actuarial work.
Source of earnings analysis asks whether the assumptions are
borne out by actual results. Some assumptions, like trend fac-
tors, development factors, credibility factors, seem trivial. One
wonders: “How can one get these factors wrong?”” But as actuar-
ial procedures get more sophisticated, the work on trend factors,
development factors, and credibility factors may lead to erro-
neous results, unbeknownst to the actuaries. Source of earnings
analysis enables the practicing actuary to examine the accuracy
of the efforts.
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Other assumptions are more elusive. The pricing actuary’s
rate indications rely on investment income assumptions, persis-
tency patterns, acquisition cost assumptions, and loss discount
rates. Sometimes the assumptions are explicitly worked into the
underwriting profit margin or the underwriting expense ratio;
sometimes the assumptions are implicit in the actuary’s target
loss ratio or target combined ratio. Year after year these implicit
assumptions are repeated in the rate reviews. Rarely—if ever—
does the actuary examine the validity of the assumptions.>®

The practicing actuary may object that it is difficult to imple-
ment the source of earnings analysis for a particular factor, such
as the interest earnings factor or the persistency factor. What the
actuary is saying is that it is hard to determine whether the fac-
tors being used are correct. Let us rephrase this: if it is hard to
determine whether the factors are correct, then it is quite possible
that the factors are not correct. If the factors are not correct, then
not only has the actuary wasted time computing these factors,
but the actuary has wasted more time performing the analyses
that rely on these factors. Source of earnings analysis is not an
impediment to productivity; it is crucial to making the actuarial
time become more productive.

Data Availability

A common complaint about source of earnings analysis is
that the data are not available. Regarding retrospectively rated
policies, the pricing actuary might say:

“We don’t have the data needed for the analysis of
expenses. We don’t keep track of our not-taken rates,

50Two examples illustrate the questionable paths along which actuarial science has pro-
gressed. (i) Casualty actuaries have produced a plethora of financial pricing models,
some of which are at odds with financial theory. With no way of checking their validity,
rate makers use these models over and over again. (ii) Auto pricing actuaries churn out
rate indications in state after state, repeating the cycle year after year. Yet the incessant
work may miss the true cost drivers of auto insurance losses; see. Conners and Feldblum
[1998]. Source of earnings analysis forces the actuary to rethink the pricing assumptions.
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we don’t quantify the solicitation costs for the not-
taken business, we don’t separately evaluate the first
year acquisition costs, and we don’t keep records of
policy persistency.”

One wonders: “If you don’t know your expenses, how do you
price the business?”

The pricing actuary adds:

“We don’t have the data needed for the analysis of
the interest factor. We track loss cash flows, but not
premium cash flows. We have incurred loss retros and
paid loss retros, and we have all sorts of premium pay-
ment patterns; we don’t know when the average pre-
mium comes in. We don’t know when the expenses are
paid; all we have are aggregate calendar year figures.
We estimate our new money rates, but we don’t know
how much we actually earn on a given book of busi-
ness. We don’t have the data to quantify the interest
we actually earn.”

One wonders: “If you don’t know your interest earnings, how
do you price the business?”

The answer to these questions is straightforward: “We price
the business as well as we can, using estimates and guesses when
we don’t have data.”

If an assumption is not material, then it can be ignored in
the source of earnings exhibits. An example is maintenance ex-
penses, which are ignored in this paper.

If an assumption is critical to the pricing analysis, such as
the acquisition expense assumption or the interest earnings as-
sumption, then it cannot be ignored in the source of earnings
analysis. But it cannot be ignored in the original pricing analy-
sis either. The source of earnings analysis tells the actuary the
work that must be done. One wonders: “Why do some pricing
actuaries credibility weight loss development link ratios that are
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computed to three decimal places while they are oblivious of the
acquisition expenses or the interest earnings on their book of
business?”

Actuarial Rates and Market Prices

Some readers have commented on an earlier draft of this pa-
per that the actuarial indications are not the only problem. An
additional problem is that the sales force or the underwriters cut
the prices below the indications, either to meet peer company
competition or to retain valued customers.

The source of earnings analysis explicitly incorporates such
price adjustments. A market decision to change the price is an
adjustment to the explicit profit provision.

Illustration: If the underwriting profit margin, after incorpo-
ration of investment income, is 8% of premium, and the under-
writer grants a 10% premium reduction, the revised explicit profit
provision is a negative 2.2% [= 1 — (1 —8%)/(1 — 10%)].>!

One critique of this analysis is that price-cutting is not done ar-
bitrarily. The 10% rate reduction may have been offered to retain
market share or to keep a valued customer who may turn more
profitable in subsequent years. The source of earnings analysis
does not tell us if the 10% rate reduction is justified.

This is correct. A single policy year perspective is not suffi-
cient. Both pricing and profitability measurement must be done
using “lifetime” methods. This does not mean that we must wait
several years to measure profitability. On the contrary, source
of earnings analysis enables us to examine long-term profitabil-
ity reasonably quickly, since we can examine whether original
pricing assumptions are validated by experience.

51We should adjust for expenses that vary directly with premium. If the variable ex-
pense ratio is 15%, expenses are reduced by 1.5% of the original premium, and the new
underwriting profit margin is —2.2% + 1.5% x 10/9 = —0.5%.
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Ratemaking is prospective; we price next year’s business, not
last year’s business. The pricing actuary succeeds by peering into
the future, not by looking back.

Yet our ratemaking procedures are not infallible. Sometimes
our methods are defective and our predictions are erroneous.
Ever afraid of looking back, we try to outrun the errors.

‘We cannot outrun our errors. If we never look back, we never
know the causes of our errors. We never learn if a variance of
actual from expected results from random loss fluctuations or
from improper ratemaking assumptions.

Our actuarial expertise is built on our past efforts. By exam-
ining our past efforts, we strengthen our current work.
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APPENDIX
SOURCE OF EARNINGS ILLUSTRATION

Prepared by

Ernesto Schirmacher

INTRODUCTION

This appendix focuses on three aspects of the source of earn-
ings exhibits.

e [t presents the source of earnings exhibits in sufficient detail
that the practicing actuary can implement the procedure.

e It outlines the deferral and amortization of acquisition costs
over the life of the business, in contrast with the standard
GAAP amortization for property-casualty contracts over one
year.

e [t shows the effects of renewal rates in the book of business.

ASSUMPTIONS

The model assumptions are summarized in Table 9, Table 10
and Table 11.

e All policies have January 1 effective dates.

e At the end of each year, some policies lapse and some policies
renew.

e Acquisition costs are amortized over the lifetime of the poli-
cies. The profitability of the business depends on the acqui-
sition costs. The income reported in each accounting period
depends on the amortization schedule for these costs.

e Loss costs are higher on new business than on renewal busi-
ness, but they do not vary by renewal year.
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TABLE 9

NEW BUSINESS ASSUMPTIONS

Expenses

Loss Adj.

Time Premium Acq.+ UW  Not-Taken Expenses Losses
0
1 1500 —200 -50
2 —-12.50 —100
3 —18.75 —150
4 —31.25 —250
5 —43.75 —350
6 —18.75 —-150
TABLE 10
RENEWAL BUSINESS ASSUMPTIONS

Expenses .

Loss Adj.
Time Premium Acq.+UW  Not-Taken Expenses Losses

+1 1500 -50 0

+2 —10.00 —80
+3 —15.00 —-120
+4 —25.00 —200
+5 —35.00 —280
+6 —15.00 —120

Investment income is 8% of the assets required at the begin-
ning of the year. The required assets are the discounted value of
the reserves at year-end, using the investment yield of 8% as the
discount rate.

Some of the policies lapse each year. The lapse rate assump-
tions are summarized in Table 11. The lapse rate times the in-
force number of policies is the number of policies that leave the
cohort at the end of the year.

Illustration: The cohort contains 100 policies in year one,
with lapse rates of 1/10, 1/9, 1/8, 1/7, and 1/1 in years 1 through
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TABLE 11

LAPSE RATE ASSUMPTIONS

Time 1 2 3 4 5+

Lapse rate 1/10 1/9 1/8 177 1

5. Ten policies lapse at the end of year 1, and 90 continue into
year 2. Ten more policies lapse at the end of year 2, and 80
continue into year 3. At the end of year 5, the remaining 60
policies all lapse. The abbreviated amortization schedule simpli-
fies the exhibits in this appendix. In practice, a 15 or 20 year
amortization schedule would be used.

DEFERRED ACQUISITION COSTS (DAC)

The deferrable first-year acquisition costs are 16.6% of the
first-year premium. We amortize these costs over the five year
expected lifetime of the cohort of policies.

The Expected DAC Schedule

The illustration in the text of this paper amortizes the acqui-
sition costs over a fixed number of years with a 0% valuation
rate. The actual GAAP amortization schedule for deferred pol-
icy acquisition costs differentiates between FAS 60 policies and
FAS 97 policies.

e FAS 60: Deferrable expenses for long-duration contracts are
amortized at a constant percentage of premium income.

e FAS 97: Deferrable expenses for universal life type contracts
are amortized against gross profits (see below). The amount
amortized each year is a constant percentage of book profits.

Two concepts underlie the DAC schedule.



SOURCE OF EARNINGS ANALYSIS FOR PROPERTY-CASUALTY INSURERS 57

1. The amortization percentage equals the ratio of the
present value of deferrable expenses to the present value
of the amortizing stream.

2. The amortization schedule takes into account the time
value of money by considering the present value of the
expenses written off each year.

For these exhibits, the DAC valuation rate, or the discount rate
for computing the present value of book profits and deferrable
expenses, is the 8% investment yield. Book profits are premium
plus investment income less expenses, paid losses, and the in-
crease in loss reserves.

Mechanics of The DAC Schedule For One Policy Year

We determine the DAC schedule for one policy year. The
DAC schedule for a book of business is the sum of the DAC
schedules over all policy years.

First, we determine which expenses are deferrable and sepa-
rate them from other expenses. We then project book profits for
each policy year.

Next, we compute the present value of book profits (PVBP)
and the present value of deferrable expenses (PVDE). The ratio
PVDE/PVBP =k is the percentage of book profits that we use
to amortize the DAC in each year. A k value larger than one
implies that book profits are not sufficient to pay for the deferred
acquisition costs.

The DAC amortization proceeds in three steps.

1. Deferrable expenses in the current year are added to the
DAC balance at the end of the previous year.

2. The new DAC balance is accumulated for interest for
one year.
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3. The accumulated DAC balance is reduced by the product
of k and the book profits for the year.

Algebraically,
DAC, = {DAC,_; +DE,} x(1 +r)—k xBP, for t=1,2,3,...,
where

DAC, is the deferred acquisition cost asset balance at the end
of year ¢,

DE, is the deferrable expenses in year ¢,
BP, is the book profit for year t.

The DAC balance at year zero is defined to be zero.

THE INCOME STATEMENT

The income statement has two components: book profits and
the charge due to the amortization of the DAC.

1. Book profits equal premium plus investment income less
expenses, paid losses, and the increase in nominal re-
serves.

2. The charge due to amortization of the DAC is the dif-
ference in the DAC balance at two adjacent valuation
dates. Table 12 shows the income statement, along with
symbols that we use further below.

SOURCES OF EARNINGS

We track five sources of earnings: premium, investment in-
come, expenses, incurred losses, and persistency.52 A reduction
in the persistency rate, or a higher than expected lapse rate, re-
duces the profitability of the business by forcing the initial ac-
quisition costs to be spread over a smaller number of policies

2The text of the paper does not include premiums as a source of earnings, since most
of the illustrations in the text do not include variances in the lapse rate.
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TABLE 12

INCOME STATEMENT

Income Statement Item Symbols
Profit = Premium + Premium(t) +
Investment Income — Investment Income(t) —
Acquisition & UW expenses —  Expenses Acq & UW(¢) —
Not-taken costs — Expenses NT(¢) —
Loss Adjustment expenses — Expenses Loss Adj(?) —
Losses — Paid Losses(t) —
Change in Loss Reserve — [Nominal Reserve(t) —
Nominal Reserve(r — 1)] —
Amortization of DAC [DAC(t — 1) — DAC(1)]
TABLE 13

ANALYSIS OF SOURCES

Variation in ...

Actual profit(f) =  Expected profit(s) +

[actual premium — expected premium] + Premium
[actual investment income

—expected investment income] + Investment income
[actual expenses — expected expenses] + Expenses
[actual losses — expected losses] + Losses
[actual change in reserves

—expected change in reserves] + Change in Reserves
[actual DAC amortization

—expected DAC amortization] DAC amortization

or policy years. This is true even if other pricing assumptions
remain valid.

The source of earnings exhibits measure the deviation
between actual results and initial expectations, as shown in
Table 13.

We divide the variation between expected and actual results
into two components.
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1. The variation between expected and “accumulated past
experience”

2. The variation between “accumulated past experience”
and actual results.

We focus on two aspects of the source of earnings analysis:

1. The revision of the pricing assumptions for future years
based on information gathered up to now.

2. The division of the variances into those stemming from
past year events and those arising from current year
events.

TRACKING ACTUAL EXPERIENCE

We record experience as it emerges and adjust the DAC sched-
ule based on the new information.

At inception of the cohort, we project expected results for all
future years based on the pricing assumptions. This benchmark
projection does not change as actual experience comes in.

Analysis of sources of earnings is a continuous process with
the following steps:

1. Projection of results for the current year, taking into ac-
count all past events.

2. Analysis of deviations between the initial benchmark
projection and the projection from step (1). We call these
deviations “variation due to past accumulated experi-
ence.”

3. Capturing actual experience over the current year.
4. Recalculating the DAC schedule.

5. Analysis of deviations between the projection from step
(1) and the actual results. These deviations are called
“variation due to current year experience.”
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As a final step, we project the results for the upcoming val-
uation date, incorporating all available information from accu-
mulated past experience and any new estimates for future years.
This projection is the best estimate of actual experience over the
next valuation period. Since this projection incorporates more
information, it may differ substantially from the pricing bench-
mark. These deviations are “deviations due to past accumulated
experience.”

As the new year’s experience emerges, there may be addi-
tional “deviations stemming from current experience.” These are
deviations between the projected experience at the beginning of
the year and the actual experience that emerges.

We separate these two sources of deviation to better under-
stand their causes. The sum of the two sets of deviations gives
the total deviation between the pricing benchmark and the actual
results.

The deviations show the dollar differences between pricing
assumptions and actual experience. Analysis of the deviations
enables the pricing actuary to refine the ratemaking procedure
and the pricing assumptions.

The recalculation of the DAC schedule is the most complex
part of the analysis. The DAC is amortized in proportion to book
profits in each year. As actual experience emerges, the book prof-
its change, and the percentage of book profits used to amortize
the DAC changes as well.

At each valuation date, we recalculate the remaining DAC
schedule. The calculation for the DAC ratio is the same as in the
first year except that we have a non-zero previous DAC balance.
The DAC ratio is equal to the ratio of:

1. the previous DAC balance plus present value of remain-
ing deferrable expenses, to

2. the present value of remaining book profits.
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TABLE 14

INTTIAL DAC SCHEDULE AND BOOK PROFITS

Book DAC
Time Profit Balance
1 88.9 120.2
2 81.5 75.0
3 66.7 36.2
4 44 .4 9.2
5 14.8 0.0
6 0.0 0.0
TABLE 15

REVISED BOOK PROFITS

Book DAC
Time Profit Balance

88.9 120.2
81.5 75.0

| 56.7

444
14.8
0.0

(o R S

Hllustration: The book of business has the stream of book
profits and the DAC schedule shown in Table 14. The first two
periods reflect actual results. The remaining periods are projected
results based on all information available at the end of period
two.

The expected book profit in period three is 66.7. The expected
DAC balance at the end of period three is 36.2. There are no
additional deferrable expenses in period 3 through 6.

Adverse loss experience in period 3 alters the book profit from
66.7 to 56.7, as shown in Table 15.

The new DAC ratio equals 75.0/102.31 = 73.31%
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TABLE 16

REVISED DAC SCHEDULE

Book DAC
Time Profit Balance

1 88.9 120.2
2 81.5 75.0
3 56.7 394
4 44 .4 10.0
5 14.8 0.0
6 0.0 0.0

e The numerator is the sum of the previous DAC balance of 75.0
and the present value of remaining deferrable expenses, which
are zero.

e The denominator is the present value of remaining book profits
(i.e., 56.7, 44.4, 14.8). The present values are computed at an
8% discount rate.

The DAC balance at the end of period three equals 75.0 x
1.08 —73.31% x 56.7 = 39.43. The remaining amortization sched-
ule is shown in Table 16. The depressed book profits in period
3 increases the DAC ratio from the original 67.25% to 73.31%
and changes all remaining values.

CHANGES IN INVESTMENT INCOME AND INCURRED LOSSES

We track the evolution of a hypothetical example with exhibits
and commentary. The initial assumptions are the same as those
described above. Table 17 shows the pricing actuary’s projection
for the block of business.

Table 9, Table 10 and Table 11 show the pricing assumptions
for a cohort of business. Premium, expense, and expected loss
ratio assumptions are provided by the pricing actuary. Table 17
shows the new business plus four renewal years. To simplify the
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TABLE 18

PREMIUM CALCULATION

First Second Third Fourth Total

Time First Year Renewal Renewal Renewal Renewal Losses
0
1 1500 1500.0
2 1500 1350.0
3 1500 1200.0
4 1500 1050.0
5 1500 900.0
6 0.0
7 0.0
8 0.0
9 0.0
10 0.0

Persistency factors (based on lapse assumptions)

1 0.9 0.8 0.7 0.6

illustration, we assume that all remaining policies lapse at the
end of the fifth year. Years 6 through 10 show the run-off of
the remaining reserves. In practice, the table would show policy
renewals and run-off of reserves until the figures were not ma-
terial. For a book of workers compensation business, this would
be about 30 years.

Before proceeding with the analysis of deviations, we docu-
ment the procedures used to create the projection for the block
of business. The projection includes the initial year of produc-
tion plus four years of renewals. Of the original number of
policies, only a fraction renew into the first year. Similarly, of
those policies in-force during the second calendar year, only a
fraction renew into the third year. Table 18 below shows the
premium per policy that is collected for the first year of pro-
duction and each renewal year. The last column of Table 18
shows the total premium collected for each calendar year. The
bottom row shows the fraction of the original polices that are
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TABLE 19

TotAaL Loss CALCULATION

First Second Third Fourth Total

Time First Year Renewal Renewal Renewal Renewal Losses
0
1 0 0.0
2 —100 0 —100.0
3 —150 —-80 0 -222.0
4 —-250 —120 -80 0 —422.0
5 -350 -200 —-120 -80 0 —682.0
6 —150 —280 —-200 —120 —80 —-694.0
7 —-120 —280 —-200 —120 —544.0
8 —120 —-280 —200 —412.0
9 —120 —280 -252.0
10 —120 -72.0

Persistency factors (based on lapse assumptions)

1 0.9 0.8 0.7 0.6

in-force through the various renewal years. The total premium is
equal to the sum of each row times the appropriate persistency
factor. For example, the total premium at time 3 equals 1 x 0 +
0.9x0+0.8x1500+0.7x0+0.6 x0=1,200.

The same procedure is applied to expenses, loss adjustment
expenses, and losses. Table 19 shows the total losses, in each
calendar year, for this block of business. The losses shown
is the first 5 columns are on a per policy basis. For the first
year, the entries come from Table 9. For the renewal years they
come from Table 10. The total loss of —682 at time 5 is equal
to

(—350) x 1 +(—200) x 0.9 + (—120) x 0.8
+(—80) x0.7+0x 0.6 = —682.

The calculations necessary to obtain the total nominal reserves
are more complex. The total nominal reserve is equal to the to-
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TABLE 20

TorAL LoOSS RESERVE

First Second Third Fourth  Total Loss
Time First Year Renewal Renewal Renewal Renewal Reserve

0
1 1000 1000.0
2 900 720 1620.0
3 750 648 640 2038.0
4 500 540 576 560 2176.0
5 150 360 480 504 480 1974.0
6 0 108 320 420 432 1280.0
7 0 0 96 280 360 736.0
8 0 0 0 84 240 324.0
9 0 0 0 0 72 72.0
10 0 0 0 0 0 0.0

Persistency factors (based on lapse assumptions)

1 0.9 0.8 0.7 0.6

tal loss reserve plus the total loss adjustment expense reserve.
To calculate the total loss reserve we first compute the nominal
reserves for the first year of production and each renewal year.
Table 20 shows the nominal reserves for each year and the grand
total.

For example, the nominal reserve of 750 for the first year
(see the second column of Table 20) at time 3 is equal to the
persistency factor for the first year times the sum of losses (from
Table 19) at time 4, 5, 6, and so forth. That is,

750 = 1 x (250 + 350 + 150).

The nominal reserve for the second renewal year at time 5 is
equal to
480 = 0.8 x (200 + 280 + 120).

The total loss reserve for the book of business is the sum of
the rows. For instance, at time 7 the total loss reserve equals
96 + 280 + 360 = 736.
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TABLE 21

ToTtAL LoOSS ADJUSTMENT EXPENSES

First Second Third Fourth  Total Loss
Time First Year Renewal Renewal Renewal Renewal Adj Exp

0

1 0.0 0.0
2 —-12.5 0.0 —-12.5
3 —18.8 —10.0 0.0 —27.8
4 -31.3 -15.0 —-10.0 0.0 -52.8
5 —43.8 —25.0 —15.0 —10.0 0.0 —85.3
6 —18.8 -35.0 -25.0 —15.0 —10.0 —86.8
7 —15.0 -35.0 —25.0 —15.0 —68.0
8 —15.0 -35.0 -25.0 —51.5
9 —15.0 —35.0 -31.5
10 -15.0 -9.0

Persistency factors (based on lapse assumptions)

1 0.9 0.8 0.7 0.6

The second component of the nominal reserve is the loss
adjustment expenses reserve. Table 21 and Table 22 show the
derivation of the loss adjustment expense reserve.

The total loss reserve (Table 20) plus the total loss adjustment
expense reserve (Table 22) equals the total nominal reserve. Ta-
ble 23 shows the nominal reserve and the change in the reserve.
This change in nominal reserve is also shown in Table 17.

We now begin the analysis. First year expenses are assumed
to be 200/1,500 = 13.3% of premium. Solicitation costs for not-
taken business are 25% [= 50/200] of first year expenses.

Loss adjustment expenses are assumed to be 12.5% of paid
losses. Since the payout schedule for loss adjustment expenses
differs between allocated and unallocated expenses, a more re-
fined schedule would be used in practice.

For simplicity, we assume that the loss cost trend is 0% per
annum and that no premium changes are expected over the five-
year span of the table. In practice, the appropriate trend rates
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TABLE 22

ToTtAaL LOSS ADJUSTMENT EXPENSE RESERVE

First Second Third Fourth  Total Loss

Time First Year Renewal Renewal Renewal Renewal Adj.

Reserve

0
1 125 125.0
2 113 90 202.5
3 94 81 80 254.8
4 63 68 72 70 272.0
5 19 45 60 63 60 246.8
6 0 14 40 53 54 160.0
7 0 0 12 35 45 92.0
8 0 0 0 11 30 40.5
9 0 0 0 0 9 9.0
10 0 0 0 0 0 0.0

Persistency factors (based on lapse assumptions)

1 0.9 0.8 0.7 0.6

for premiums, losses, and expenses should be included. For the
heuristic purposes of this illustration, the simplified model shows
the workings of the exhibits without excessive refinements.

The nominal reserves are the sum of future loss and loss ad-
justment expense payments on this block of policies. The ex-
pected loss and LAE ratio is 1,125/1,500 = 75%. Since the pre-
vious year reserve is zero, the change in the reserve equals the
reserve at the end of the year.

Investment income equals the investment yield of 8% times
the required assets at the start of the year. Required assets are
defined as the discounted value, at the investment rate of return,
of the year-end nominal reserves. For year 1, investment income
equals 83.3 = 8% x 1,125/1.08.3°

53We use the present value of the year end reserve to illustrate the standard life actuarial
use of these exhibits. The traditional property-casualty perspective would use the nominal
value of the year end reserve.
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TABLE 23

TotAaL NOMINAL RESERVE AND THE CHANGE IN RESERVE

Total

Nominal Change in
Time Reserve Reserve
0
1 1125.0 1125.0
2 1822.5 697.5
3 2292.8 470.3
4 2448.0 155.3
5 2220.8 —-227.3
6 1440.0 —780.8
7 828.0 —-612.0
8 364.5 —463.5
9 81.0 —283.5
10 0.0 —-81.0

Book profit is equal to premium plus investment income less
expenses, paid losses, and the change in nominal reserve. For
year 1,

208.3 = 1,500 + 83.3 —200 — 50 — 1,125.

At inception of the cohort of policies, the DAC ratio is the present
value of deferrable expenses divided by the present value of all
future book profits.

e The present value of the deferrable expenses is 250.

e At inception, the projected book profits are 208.3, 75.0, 62.5,

41.7, and 12.5. Their present value at an 8% investment yield
is 345.9.

e The DAC ratio = 72.27% = 250/345.9.

The DAC balance accumulated to the end of year one equals
250 x 1.08 = 270. The DAC expenses amortized in year 1 are
72.27% x 208.3 = 150.5. The DAC balance at the end of year
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one equals
250 x (1 + 8%) —72.27% x 208.3 = 119.5.

Since the previous DAC balance is zero, the change in DAC
equals 119.5. The net profit for year one equals the sum of the
book profit and the change in the DAC balance

327.8 =208.3 +119.5.

Years 2 through 5 show the combination of new and renewal
business and the use of changes in the nominal reserves. We doc-
ument the entries for year 3. The first year premium is 1,500, and
the lapse rates for year one and two are 1/10 and 1/9. We expect
(1-1/10) x (1 —1/9) = 80% of the policyholders to renew into
year three. The expected premium in year 3 is

1,200 = 1,500 x 80%.

Underwriting and acquisition costs are 40 = 50 x 80%. The loss
adjustment expenses of 27.8 stem from policies written in years
1 and 2 (see Table 21 time 3 row):

27.8=18.8x1+10x (1 —-1/10).

The first term on the right hand side reflects the loss adjust-
ment expenses from the first year of writings and the second
term reflects the loss adjustment expenses from the first renewal
year.

Similarly, the losses of 222 in row 3 are the sum of paid losses
from two underwriting years (see Table 19 time 3 row):

222 =150 x 1+ 80 x (1 —1/10).

The nominal reserve at the end of year three is the sum of all
future loss and loss adjustment expense payments from the first
three years of writings. Table 20, Table 22, and Table 23 show
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the calculation of the total nominal reserve
2,292.8 = {250 + 31.25 + 350 + 43.75 + 150 + 18.75}
x 1+ {120 + 15 + 200 + 25 + 280 + 35 + 120 + 15}
x (1 —1/10) + {80+ 10 + 120 + 15 + 200 + 25 + 280
+35+ 120+ 15}
x (1 —=1/10) x (1 —1/9).

The nominal reserve at the end of year two of 1,822.5 is calcu-
lated in the same fashion. The change in the nominal reserve at
the end of year three is equal to

470.3 =2,292.8 — 1,822.5.

The investment income of 169.8 equals 8% x 2,292.8/1.08. The
book profit is

609.7 = 1,200 + 169.8 — 40 — 27.8 — 222 — 470.3.
The DAC balance at the end of year two equals
83.3 ={119.4 x 1.08 —72.27%75.0}
+ {45 x 1.08 — 7.211%>* x 555.0}.

The DAC balance at the end of year three equals
48.6 = {74.8 x 1.08 —72.27% x 62.5}
+{8.6 x 1.08 — 7.211% x 54.0}

+ {40 x 1.08 — 7.211% x 493.3}.

54For each renewal year we calculate the appropriate DAC ratio. Since all of the renewal
years are identical, up to a proportionality factor, the DAC ratios are equal for all the
years. The calculation of the renewal DAC ratio is performed as follows:

e The present value of deferrable renewal expenses for the first renewal year is 45.
e The projected book profits for the first renewal year are 555.0, 54.0, 45.0, 30.0, and
9.0. Their present value at a discount rate of 8% is 624.1.
e The DAC ratio, for renewal years, equals 7.211% = 45/624.1.
The entries of 45 and 555.0 in the second summand of the equation above represent
the deferrable expenses and the book profit for the first renewal year at time two.
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Here the entries of 8.6 and 54.0 in the second summand represent
the DAC balance at time 2 and the book profit at time 3 for the
first renewal year. In the third summand, the entries of 40 and
493.3 are the deferrable expenses and book profit, respectively,
for the second renewal year.

The change in the DAC balance is —34.7 = 48.6 — 83.3. The
profit for year three equals the book profit of 609.8 plus the
change in DAC balance of —34.7; hence, the profit is 575.1.

At the inception of the block of business we project the results
for the upcoming year (year one). In this illustration, we assume
there is no new information between the pricing of the block and
the actual issuing of policies.” Table 24 presents the projection
based on past accumulated experience.

Over the course of the year we tabulate actual experience.
This illustration assumes that actual first year experience exactly
matches the initial projections, and all variations are zero (see
Table 25, Table 26 and Table 27).

As the final step of the first evaluation, we project the results
for the upcoming year, taking into consideration all available
information. Table 28 shows the projections for year two.

In year two, actual results do not exactly match expectations
(see Table 29). The pricing assumptions project year two loss
payments of 100 units; actual year two loss payments are 120
units. This change necessitates a recalculation of the DAC sched-
ule as well.

The variation due to past accumulated experience is zero (see
Table 30) because at the start of year two there are no past vari-
ances.

55The illustration assumes all policies are written at the start of the year. In practice,
policy year writings are spread over the year. As the first policies are issued, we might
learn more about the expected experience and thereby alter the projection.
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Variation due to current year experience (Table 31) shows an
increase in paid losses of 20 units and a variation in the DAC
balance of 9.4 units. The variation in paid losses is the 20 unit dif-
ference between projected and actual loss payments. The change
in the DAC balance arises because the book profits change.

The additional 20 units of paid losses depress the book profits
in year 2. This increases the DAC ratio, which is the ratio of the
present value of total deferred expenses to the present value of
total book profits. Since the projected book profits in subsequent
years have not changed, the relative book profits in year 2 decline
as a percentage of total book profits. Similarly, the amount of
DAC amortized in year 2 declines as a percentage of the total
DAC as well as in dollar terms.

The general principle is that a change in book profits in a sin-
gle year is partially offset by a change in DAC amortization. This
principle is not applicable to changes in book profits that affect
multiple years, as is true for changes stemming from investment
yields or retention rates.

Year three shows no deviations from experience expected at
the beginning of the year, though there are deviations stemming
from past experience. Table 32 shows the projection at the be-
ginning of the year, taking into account all previous deviations.

The actual experience for year three in Table 33 is identical
to the projected experience at the beginning of the year. The
variances based on past experience and current experience are
shown in Table 34 and Table 35.

The DAC schedule changes from the initial projections be-
cause of the additional paid losses in year two. 9.4 units less of
DAC are amortized in year two and 4.9 units more of DAC are
amortized in year three.

For year four, we assume that actual experience equals the
projected experience (see Tables 36 and 37). During year five,
three events occur.
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. Paid losses are less than expected.

. The investment department reports that invested assets

will generate more investment income than had been an-
ticipated for year five and for subsequent years (see Table
38).

. A revised loss reserve analysis raises the estimate of un-

paid losses.

These three events have partially offsetting effects on total
profitability. The source of earnings exhibits enable us to tease
apart the effects of each event.

Analysis of Table 38 and Table 39 leads to the following
conclusions:

1.

Changes from projected experience occur only in years
2 and 5 (see Table 39).

The column for “Investment Income” has non-zero en-
tries for year 5 in Table 39 (variation stemming from
current experience) and for years 6 through 9 in Table
38 (variation stemming from past accumulated experi-
ence). The changed investment yield in year 5 causes
increased investment income in that year and the four
subsequent years.

. The column “A (Nominal Reserve)” in the current year

variation table (Table 39) shows the revised reserve es-
timate of +50 in year 5.

. The DAC balance changes for year 5 from current expe-

rience Table 39 and in years 6 through 9 from past accu-
mulated experience Table 38. Events that change book
profits or deferrable expenses change the DAC schedule
for the current year and all subsequent years.>®

36To fully separate the effects of the three events, one could attribute the non-zero en-
tries in the DAC balance column to the various sources (premium, investment income,
expenses, paid losses, and change in reserves).
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CHANGES IN RETENTION RATES

The previous example has no variance of actual retention rates
from projected retention rates. The following example (Table 40)
shows the effects of changes in retention rates.>’

We start with the same block of business as in the previous
example. At inception of the cohort, we assume that 10% of the
policies will lapse at the first renewal date. Actual experience at
the end of year two shows the following:

Variances occur in several of the columns, as shown in
Table 41.

The corresponding variation in premium and first year ex-
penses suggests a change in the lapse rate.

e The year 1 premium is 1,500 and the projected lapse rate at
the end of year 1 is 10%, giving the year 2 projected premium
of 1,350.

e The actual year 2 premium is 1,335, implying a lapse rate of
11%.

The variance of —15 implies an excess lapse rate of 1% [=
15/1,500].

The expenses show the same effect. The underwriting and ac-
quisition cost expense ratio in renewal years is 3%% of premium.

e For a premium of 1,500, the expenses equal 3%% x 1,500 =
50.0.

e For a premium of 1,335, the expenses equal 3%% x 1,335 =
44.5.

The half unit variance (Table 41) in the expense column reflects
the 1% excess lapse rate.

57Life actuaries and casualty actuaries use a variety of terms: retention rates or persistency
rates for the percentage of policies that renew and lapse rates or termination rates for the
percentage of policies that do not renew.
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The calculations shown above for premiums and expenses are
more complex when applied to investment income and nominal
reserves. A lapse rate deviation in one year affects the number
of policies in-force for all future years, thereby changing the
reserves and the dollars of investment income (see Tables 42
and 43).

2

Table 45, “variation due to current year experience,” shows

variations in year four as well.

Both premiums and expenses have similar deviations, suggest-
ing a change in retentions. Table 42 indicates that expected pre-
mium collections were 1,038.3 but actual collections were only
1,008.7, for a variance of 29.7 (see Table 45). The benchmark
pricing lapse rate for year three is 12.5%. If everyone had re-
newed, the collected premium would have been 1,038.3/0.875 =
1,186.7, so the excess lapse rate is 29.7/1,186.7 = 2.5%.

The underwriting and acquisition cost expense deviation is
1.0. The projection based on past accumulated experience indi-
cates that expenses should have been 34.6 (see Table 42) for a
renewal rate of 87.5%. If everyone had renewed, the expenses
would have been 39.5 (= 34.6/0.875). The indicated excess lapse
rate is 1.0/39.5 = 2.5%.

The total profit deviation, or the sum of all entries in the last
columns of Table 44 and Table 45, is —53.9.

NOTATION AND FORMULAE

The formulae underlying the exhibits in this appendix are
listed below. Policy years are denoted as superscripts and cal-
endar years as subscripts. For example,

DACEY

represents the DAC balance at the end of calendar year CY for
policy year PY.
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The total calendar year value is the sum over all policy years.
We denote this total by omitting the policy year superscript. For
example, the DAC balance at the end of calendar year CY for all
policy years is given by

DAC¢y = Y DACEY.
PY=1

Premium

For simplicity, premium is assumed to be paid at the beginning
of the year, and there are no subsequent audits or retrospective
adjustments. Premiumg; represents the premium collected. If PY
does not equal CY, the premium is zero. When PY = CY, the

premium is an input parameter from the pricing actuary.

The total premium for the book of business depends on the
number policies in-force in each year. Policies In Forcecy de-
notes the number of policies in-force at the beginning of calen-
dar year CY. The total premium at the start of a calendar year
equals

Premium,y = Premium&Y - Policies In Forcey

Expenses

Expenses are paid at the start of the year. Expenses are clas-
sified as:

1. Underwriting and acquisition expenses: Expenses Acq
PY
& UWey

2. Solicitation costs for not-taken business: Expenses NTAY,

3. Loss adjustment expenses: Expenses Loss Adjg{,

Expenses Acq & UW?; and Expenses NTg are zero if PY
does not equal CY. For simplicity, we have assumed that no
losses or loss adjustment exgenses are paid until the policy term
expires. Expenses Loss Adjc§ is zero when PY = CY and non-
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zero when CY > PY up to a certain point in time. Once all losses
are paid, it is again zero. These quantities are per policy and are
an input from the pricing actuary.

Expensel} is the sum of the three expense categories. The

total expenses in calendar year CY is

o0
Expensecy = » . Expensegy - Policies In Forcepy.
PY=1

Losses

Paid Lossesé? denotes the amount of losses paid per policy
for a given policy year PY and calendar year CY. We sum over
all policy years and multiply by the number of policies in-force
to get the total losses paid in the calendar year

oo
Paid Lossescy = Z Paid Lossesqy - Policies In Forcepy.
PY=1

A (Nominal Reserve)

The nominal reserve is the sum of future losses and loss ad-
justment expenses. For a given policy year PY and calendar year
CY the reserve equals

o0
Nominal Reserveb), = Z (Paid Losses! ¥ + Expense Ref")
i=CY+1
- Policies In Forcepy.

The total reserve for calendar year CY is the sum over all policy
years:

oo
Nominal Reserve,y = Z Nominal Reserve-y.
PY=1

The change in the nominal reserve equals
A(Nominal Reservery) = Nominal Reserve,y

— Nominal Reservecy_;.
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Investment Income

The investment income is the product of the investable assets
at the start of the calendar year and the investment yield. The
investable assets at the start of the year is the nominal reserve
at the end of the year discounted to the beginning of the year.’?
This assumption is consistent with traditional source of earn-
ings exhibits for permanent life insurance products. For property-
casualty products, a more refined calculation based on the loss
payment pattern would be used in practice. The investment in-
come is

Investment Income?Y, = Nominal Reservel - Discount Factor,y

-Investment Returncy.

The total investment income for calendar year CY is the sum
over all policy years

oo
Investment Income.y = Z Investment Income’? .
PY=1

Book Profit
The book profit for a given calendar year CY equals
Book Profity = Premium,y + Investment Incomey
+ Expense.y + Paid Lossesqy

— A(Nominal Reserve.y).

A (DAC Balance)

The deferred acquisition cost (DAC) balance is calculated for
each policy year. DAC?{/ denotes the balance at the end of calen-

58For simplicity, we do not estimate the amount of non-investable assets supporting
the nominal reserves. For workers compensation, these include premiums receivable,
expected audits, accrued retrospective premiums, and deferred tax assets. For most com-
panies, the amounts are material.
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dar year CY for policy year PY. The DAC balance for the entire
book of business is the sum over all policy years

DACy = i DACHY.
PY=1
The recursive formula for DACLY,; is given by
DACHY . = (DACEY,, | + Deferrable Expenseby ., )
-(1 + Interest Ratepy, ;) —k - Book Profith? .

for i greater than or equal to zero. We define DACLY | = 0. The
change in DAC is

A(DACCy) = DACCY — DACCY*I .
Profit

The net profit for the book of business takes into account the
amortization of the deferred acquisition cost asset. It is given by

Profitt}, = Book Profithy + A(DACEY,
and

oo
Profit.y = Z Profithh.
PY=1



DISTRIBUTION-BASED PRICING FORMULAS ARE NOT
ARBITRAGE-FREE

DAVID L. RUHM
Abstract

A number of actuarial risk-pricing methods calculate
risk-adjusted price from the probability distribution of
future outcomes. Such methods implicitly assume that
the probability distribution of outcomes contains enough
information to determine an economically accurate risk
adjustment.

In this paper, it will be shown that distinct risks having
identical distributions of outcomes generally have differ-
ent arbitrage-free prices. This is true even when the out-
comes are completely determined by the same underlying
contingent events. Risk-load formulas that use only the
risk’s outcome distribution cannot produce arbitrage-
free prices and, in that sense, are not economically ac-
curate for risks traded in markets where arbitrage is
possible. In practice, most insurance underwriting risks
are not traded in such markets. Distribution-based pric-
ing usually does not carry a direct arbitrage penalty for
insurance and can reflect an insurer’s risk preferences.

A ratio is used to measure the implicit discount or
surcharge for risk that is present in a price: the ratio of
price density to discounted probability density. This ratio
can be used to identify the qualitative nature of a risk
as investment or insurance: a risk discount factor less
than unity indicates investment, whereas a risk surcharge
factor above unity indicates insurance.
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1. INTRODUCTION

Risk, in a financial context, can be considered exposure to po-
tential financial loss. Pricing for risk is a central problem in casu-
alty actuarial science. Casualty actuaries have developed several
mathematical pricing methods intended to compensate for risk
equitably and adequately.

Recently, a number of authors have sought to make actuarial
pricing methods consistent with Black-Scholes options pricing
theory, or (more generally) arbitrage-free pricing theory, notably
Wang [4] and Venter [3]. This is an appealing goal, since such
methods would price a variety of risks in a consistent, “univer-
sal” way, regardless of whether the risk arose from insurance or
from a financial market. For both insurance risk and capital risk,
such methods would produce the correct charge, based on the
philosophy that “risk is risk,” irrespective of context.

A second benefit of actuarial pricing that is consistent with
arbitrage-free pricing is integrity. In an ideal market, an option’s
price would have to be the arbitrage-free price, otherwise an
arbitrage opportunity would exist. In such a market, arbitrage
opportunities would not exist for any appreciable length of time,
so market forces would actually drive the market price to the
arbitrage-free price. This lends an integrity to arbitrage-free pric-
ing that is not found in other risk-pricing methods. In this sense,
arbitrage-free pricing is the “natural” risk-adjusted price. Fur-
thermore, no additional assumptions about the cost of risk are
needed, other than the market’s implicit pricing of risk in the
security.

Several actuarial methods for pricing risk use only the proba-
bility distribution of the risk’s economic outcomes to determine
the risk charge. In this paper, the Black-Scholes options pricing
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formula is used to price some derivatives that have simple out-
come distributions. A surprising result of the analysis is that two
risks with identical outcome distributions generally have differ-
ent Black-Scholes prices, even when they are both derivatives of
the same security. The reasons that underlie this phenomenon are
discussed. The result is shown to be true in general: arbitrage-
free pricing cannot be produced by any formula that uses only
the distribution of economic outcomes.

2. DEFINITIONS AND TERMINOLOGY

Throughout this paper, the term “security” will be used to
refer to a hypothetical ideal stock that satisfies the hypotheses
of the Black-Scholes model. This security will be the basis for
most of the theoretical development that follows.

Also, the term “derivative” refers to any financial instrument
whose value at some fixed time in the future is a function of
the security’s price at that time. The term “option” refers to a
European call or put option. All options discussed in this paper
have the same expiration date, which can be any date. “Price,” as
applied to an option or portfolio of options, refers to the Black-
Scholes formula price.

The variable p represents the current price of the security, and
X denotes the future price of the security on the options expira-
tion date. From the Black-Scholes hypotheses, X is a lognormal
random variable. The positive number line (0, 00) contains X and
can be thought of as the space of possible expiration prices.

To facilitate the analysis, special derivatives will be con-
structed from call options. These derivatives, which will be re-
ferred to as “binary risks,” are worth one unit at expiration if X
is in a specified price range and zero if X is outside of the range.
Note that the expected value of a binary risk at expiration equals
the probability that X will be within the specified price range.



100 DISTRIBUTION-BASED PRICING FORMULAS ARE NOT ARBITRAGE-FREE

3. BACKGROUND

Define R, the return on the security at the options expiration
date, by the formula:

R=(X/p)—1.

Then, since X is lognormal and p is a constant, (1 + R) also
has a lognormal distribution. A lognormal variable can be pa-
rameterized in terms of its expectation and sigma parameter, SO
the distribution of R is completely determined by the expected
return £ = E[R], and the return volatility o:

In(1 + R) ~ N(uug,0%),  and
pg =1n(l + E) —02/2.

Note the absence of a time variable. Many options pricing
formulas define the volatility parameter with respect to an annual
time horizon, and then apply a square-root time factor to adjust
for the time to expiration. In this formulation, the time factor is
implicitly included within the volatility parameter for notational
convenience.

The distribution of X can be expressed in terms of current
price, expected return, and volatility of return:

X =p(l+R),
In(X) = In(p) + In(1 + R), and
In(X) ~N(u,0%),  where
1= 1n(p) + pip = In(p) + In(1 + E) — 0% /2.

The Black-Scholes price of an option is equal to the option’s
discounted expected value, under a risk-neutral lognormal den-
sity function that is parameterized by p* and o*:

pw'=p—In[(1+E)/(1+r)], and

*
o =o0,
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where 1 and o are the parameters given above in the probability
density function of X, E is defined as above, and r is the risk-free
return for the time period to expiration. This risk-neutral density
will be referred to as the “price density” function. Arbitrage-free
pricing implies price additivity, which means the price density
function can be used to price derivatives that are equivalent to
combinations of options.

Using the formula given above for pu, the risk-neutral distri-
bution’s p* parameter is given by:

p* =1In(p) + In(1 +r) —02/2.

The graph of a call option’s value at expiration is shown in
Exhibit 1. The call’s value is zero when the security’s expiration
price is below the strike price. Above the strike, the call’s value
increases linearly with a slope of one.

By buying one call and selling another call, an investor can
create what is commonly known as a “spread.” For example,
the investor could buy a call option with a December expiration
and a strike price of 50 and sell a call option with a December
expiration and a strike price of 60. In this example, the expiration
date is the same for both calls, and the purchased call has a lower
strike price than the sold call. The graph of this spread’s value
at expiration is shown in Exhibit 2. The value starts at zero for
expiration prices at or below 50, then increases dollar-for-dollar
from 50 to 60, and finally remains constant at 10 for expiration
prices above 60. With a few arithmetic calculations, the reader
can verify that the graph accurately represents the spread’s value
at expiration as a function of X, the security’s expiration price.

This spread would commonly be referred to as a “bull spread,”
because the spread’s value at expiration is positively related to
the underlying security’s price. Bull spreads can be constructed
from either call or put options; a consequence of arbitrage-free
pricing is that the price of the spread is the same under either
construction. A bull spread is a combination of options (one long
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and one short), so its price is found by calculating its discounted
expected value at expiration using the price density function.

4. THEORETICAL DEVELOPMENT

In the following sections, pricing theory is developed for par-
ticular derivatives. This will provide the basis for comparisons
between derivatives and games of chance.

4.1. Rays

As defined earlier, X represents the future price of the secu-
rity on a specific options expiration date. For the purpose of the
construction that follows, it is assumed that call and put options
are available for all strike prices and in any amount, including
fractional amounts. Let A(s,e) denote a position consisting of
(1/e) bull spreads from expiration prices s to (s + ¢). For exam-
ple, A(50,10) represents 0.10 bull spreads on the expiration price
range [50,60]. Then the value at expiration of A(s,e) is:

0, when X <s;
Value[A(s,e)] = ¢ (X —s)/e, when X € [s,5+e];
1, when X >s+e.

As the variable e approaches zero, A(s,e) converges pointwise
to a limiting bull spread, denoted by A*(s), which has a binary
payoff at expiration:

0, when X <s, and

Value[A* =
A7 ®)] {1, when X >s.

In other words, A*(s) pays one unit if X € (s,00), and zero
otherwise. In this way, A*(s) can be viewed as corresponding
to the set (s,00). The graph of (s,00) on a number line is a ray
with open endpoint at s, extending to the right. In this paper, the
limiting bull spread A*(s) will be referred to as a “ray,” after its
geometric representation.



DISTRIBUTION-BASED PRICING FORMULAS ARE NOT ARBITRAGE-FREE 103

A ray can be thought of as a gamble. A*(s) is effectively a bet
on whether the future expiration price will be higher than the
strike price, X > s. If X <, then A*(s) is worth nothing and the
purchase price is lost, just as a wager can be lost in a bet. The
price of A*(s) is the amount wagered. If X > s, then A*(s) is worth
one unit, which has present value v = 1/(1 + r). This amount can
be decomposed into two parts: the return of the purchase price
(the wager), plus a “payoff” of v minus the purchase price:

v = (return of purchase price) + (payoff of v — purchase price).

This wager perspective makes it possible to compare prob-
abilities and payoffs for rays with those for games of chance,
which creates some surprising results discussed below.

A*(s) is worth either O or 1 at expiration, so it is a binary risk.
The expected value of A*(s) at expiration equals the probability
that X > s (the “Value” operator on A*(s) is omitted for notational

convenience):
E[A*(s)] = P(X > s).

Since X is lognormal, the “payoff probability” P(X > s) can
be expressed in terms of the cumulative normal distribution func-
tion:

P(X > s) = P(In(X) > In(s))
= 1 - B[(In(s) — p)/o] = B[(u — In(s))/o].

The 1 parameter was given previously in the density function

for X:
p=1n(p) +In(1 + E) — 0?/2.

Substituting yields the formula for payoff probability and
E[A*(s)]:
E[A*(s)] = P(X >s) = ®[In(p(1 + E)/s) /o — 0 /2].
As discussed above, the price of A*(s) equals the discounted

expected value under the price density function. The price den-
sity has the same formula as the probability density with the p*
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parameter in place of . With v = 1/(1 + r), the risk-free discount
factor:

Price[A"(s)] = v®[(1* — In(s))/0],
' =In(p) +In(1 +r)—0?/2,  and
Price[A*(s)] = v®[In(p(1 +r)/s)/o — o /2].

An example will illustrate how these formulas can be used.
Suppose the following:

p = Current price of underlying security = 100,

R = Expected return on underlying security = 10%,
o = Volatility of return = 30%,

r = Risk-free rate = 4%,

v=1/1+r)=(1.04)"',  and

s = Strike price = 120.

Then, the price of A*(120) and the payoff probability can be
calculated:

Price = v®[In(p(1 +r)/s)/o — o /2];

Price = (1.04)~'®[In(104/120)/0.30 — 0.15];
Price = 0.2551.

Probability = ®[In(p(1 + E)/s)/o — 0 /2];
Probability = ®[In(110/120)/0.30 — 0.15];
Probability = 0.3300.

A*(120) has about a 1/3 chance of paying one unit, and about
a 2/3 chance of zero payment. Suppose a gambler purchases 100
units of A*(120) and views it as a bet. Then the amount wagered
is $25.51 (the purchase price, which is the amount placed at risk),
the odds of winning are 33%, and the payoff at present value is:

Payoff = $100(v) — Wager = $96.15 — $25.51 = $70.64.
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This is a gamble with better-than-breakeven prospects. The
amount of the advantage can be quantified by calculating ex-
pected return. Since the value of A*(120) at expiration is one or
zero, the expected return equals the ratio of the probability to the
price, minus unity:

Expected Return[A*(120)]

= [($100)(.3300) + ($0)(.6700)]/$25.51 — 100%:;
Expected Return[A*(120)]

=0.3300/0.2551 — 100% = 29.33%.

An interpretation of this result is that the A*(120) derivative
is riskier than the underlying security, and therefore commands
a higher expected return: 29.33% versus 10%.

The high expected return for A*(120) implies that the price of
A*(120) contains a large discount beyond risk-free discounting.
The implicit discount factor is the price divided by the risk-free-
discounted expected value (which equals the discounted proba-
bility):

Discount Factor = Price/Discounted Probability
=0.2551/0.3300v,
Discount Factor = 80.41%.

This factor can be interpreted as a “risk discount” within the
price of 80.41%. For an even gamble with no statistical advan-
tage, the price would be equal to the discounted expected value
of the payoff, so that the expected net outcome at present value
would be zero. This 80.41% risk discount factor is the extent
to which A*(120) deviates from an even gamble—the derivative
A*(120) sells for 80.41% of the even-gamble price.

As it turns out, A*(s) is never an even gamble, except for one
particular value of s. By calculating prices and probabilities for
various values of s, one finds a wide range of gambles, with both
positive and negative expected net outcomes.
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The risk discount factor is inversely proportional to the ex-
pected return:

Risk Discount Factor = (1 +r)/(1 + Expected Return).

The right-hand-side expression is the inverse of the risk pre-
mium in the derivative’s expected return, expressed as a ratio.

The risk discount factor will be used frequently in the discus-
sion below. For convenience, it will be denoted by w:

w = Risk Discount Factor

= Price/Discounted Expected Value at Expiration.
When applied to binary risks, this reduces to:

w = Price/Discounted Payoff Probability.

4.2. Segments

Just as A*(s) represents a derivative that corresponds to a ge-
ometric ray, we can construct a derivative that corresponds to a
line segment. As before, let A(s,e) represent a portfolio consist-
ing of (1/e) bull spreads from s to (s + e). Then, define a “seg-
ment” derivative D(s,?) as the limit of a long position in A(s,e)
and a short position in A(z,e), where s < t, as e approaches zero.
Informally, a segment is the difference of two rays:

D(s,1) = A*(s) — A* (1), when s<t.
It is easily verified that the value at expiration of a segment is
binary:
1, when X € (s,f], and

Value[D(s,1)] = {0 when X ¢ (s,1]

In other words, D(s,t) pays one unit if the expiration price of
the security is contained in the segment (s,¢], and zero otherwise.
Geometrically, D(s,t) corresponds to the half-open line segment
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(s,t]. Like a ray, a segment is a binary risk with expected value
equal to its probability.

Just as the ray A*(s) can be thought of as a bet on the set of
events X > s, the segment D(s,t) is effectively a bet on X € (s,7].
If X <sor X >t,then D(s,t) is worth zero and the purchase price
is lost. If X € (s,7] then D(s,¢) is worth one unit at expiration.

Each segment has a payoff probability and a price. In the
section above, the price and probability were calculated for the
ray A*(120):

Price[A*(120)] = 0.2551,  and
Probability[A*(120)] = 0.3300.

These values implied a risk discount factor for the ray:

w[A*(120)] = Price/Discounted Probability = 0.2551/0.3300v;
w[A*(120)] = 80.41%.

Continuing with this example, we can calculate the price and
probability for the ray A*(150), and then subtract the results to
calculate values for the segment D(120,150):

Price[A*(150)] = v®[In(p(1 + ) /5) /o — o /2];
Price[A*(150)] = (1.04) ' ®[In(104/150)/0.30 — 0.15];
Price[A*(150)] = 0.0819.

Probability[A*(150)] = ®[In(p(1 + E)/s)/c — o /2];
Probability[A*(150)] = ®[In(110/150)/0.30 — 0.15];
Probability[A*(150)] = 0.1182.

Values for the segment can now be found by subtracting val-
ues for the rays:

Price[D(120,150)] = 0.2551 —0.0819 = 0.1732;
Probability[D(120, 150)] = 0.3300 — 0.1182 = 0.2117.
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D(120,150) has about a 21% chance of paying one unit, and
about a 79% chance of expiring worthless. If a gambler pur-
chased 100 units of D(120,150) and viewed it as a bet, the
amount wagered would be $17.32 (the purchase price), the odds
of winning would be 21.17%, and the payoff at present value
would be:

Payoff = $100(v) — Wager = $96.15 — $17.32 = $78.83.

In comparison with A*(120), this gamble has lower odds of
winning, but also has a lower wagered amount and a higher
payoff.

As with a ray, the segment’s statistical advantage can be quan-
tified by calculating expected return. Since the expected value at
expiration equals the payoff probability:

Expected Return[D(120,150)] = 0.2117/0.1732 — 1 = 22.25%.

The risk discount factor for the segment can also be calcu-
lated:

w[D(120,150)] = 0.1732/0.2117v = 85.07%.
This segment’s calculated price is 85.07% of the price that

would offer an even gamble. It is not as strongly discounted as
the ray A*(120), so it has a lower expected return.

5. CONSTRUCTING A ROULETTE WHEEL FROM SEGMENTS AND
RAYS

Using the pricing theory developed in the previous section, it
is now possible to directly compare the performance of deriva-
tives with the results from a roulette gamble.

5.1. The Game of Roulette

Roulette is a casino game that uses a wheel with a ring around
its perimeter. The ring is evenly divided into 38 spaces, numbered
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“00” and O through 36. Players can bet on any numbered space
except 0 and 00, or on several spaces at once. After bets are
placed, the wheel is spun and a winning number is determined.
The payoff for betting on the winning number is 35:1, meaning
that the bettor’s wager is returned plus a payoff from the casino
of 35 times the wager. Wagers on losing numbers are lost to the
casino.

Roulette does not offer an even gamble—the casino has a
constant advantage. For the gambler, $1 bet on a number returns
$36 total in the event of a win, which has probability 1/38, or
zero in the event of a loss, which has probability 37/38. The
gambler’s expected net outcome is therefore —2/38:

Expected Net Outcome = E[Outcome] — Wager
=36(1/38) +0(37/38) -1 =-2/38.

The term “binary risk” was defined earlier as a financial in-
strument that pays either zero or one at expiration. Rays and
segments were shown to be examples of binary risks. A roulette
wager of 1/36 on a numbered space is also a binary risk. The
player is effectively paying the casino a “price” of 1/36 in the
form of a bet, and receives either zero if the wager is lost, or one
(return of amount bet, plus payoff) if the wager is won.

The “expiration date” for a roulette spin is the time at which
the outcome is finalized, the moment at which the wheel’s spin
is completed and the winning number is determined. Since this
occurs only seconds after the wager, a time value factor of one
can be used with no significant loss of accuracy.

The risk discount factor for a roulette gamble from the gam-
bler’s perspective can be calculated:

Risk Discount Factor = Price/Discounted Probability
=(1/36)/(1/38) = 105.56%.
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Since this factor is greater than one, it is actually not a discount
but rather a 5.56% surcharge to the gambler for the entertainment
value of assuming the gambling risk.

The risk discount factor can also be calculated from the
casino’s perspective. The “price” is the amount that the casino
might have to pay the gambler, which is 35/36. The probability
of the casino winning is 37/38. When the gambler bets 1/36, it
is the same as if the casino pays the gambler 35/36 up front,
spins the wheel, and collects 1 from the gambler if he loses, or
nothing if he wins. The casino’s “price” is thus 35/36 and the
success probability is 37/38. Then,

Risk Discount Factor = Price/Discounted Probability
= (35/36)/(37/38) = 99.85%.

This discount represents a small edge for the casino, but more
than sufficient given the frequency of play. It is interesting that
the casino’s discount is far smaller than the gambler’s surcharge,
even though these are just opposite sides of the same gamble.
The reason is that the casino’s expected return on the amount it
places at risk is small but positive; the gambler’s expected loss
is a much larger percentage of the amount risked.

All numbered spaces on the wheel have the same probability
(1/38), and the same payoff ratio (35:1). In regard to probability
and payoff the spaces are completely identical to each other.
The bettor’s expected net outcome has the same value (—2/38)
for every space; the gambler’s prospects are the same no matter
which space he chooses to bet.

5.2. Mapping Expiration Prices onto the Roulette Wheel

Recall that a ray A*(s) is equivalent to a bet on whether
X € (s,00), and a segment D(s,?) is equivalent to a bet on whether
X € (s,t]. As such, rays and segments are similar to bets on
roulette numbers, just with different probabilities and payoffs. A
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correspondence between these derivatives and the roulette wheel
can be constructed as follows:

The space of all possible expiration prices is the positive num-
ber line (0, 00). Segments and rays will be referred to collectively
as “sections.” Partition this space into 38 sections, consisting of
37 segments and 1 ray:

(0,s;]
(51,521
(82,831

(837, +00),

where the s, are specifically chosen so that each section has a
1/38 probability of containing the expiration price for the se-
curity. Then, each of the 38 sections has the same probability
distribution as a space on a roulette wheel: 1/38 probability of
payoff, 37/38 probability of no payoff. Taken as a group, these
sections cover the entire space of expiration prices (0,00) with
no overlap, like the 38 spaces that cover the roulette wheel. The
space of expiration prices (0, c0) can thus be viewed as a roulette
wheel, divided into these 38 section-spaces. Just as a roulette spin
produces a single winning number, exactly one of these sections
will contain the expiration price and will have a value of one on
the expiration date. In summary, purchasing one of these sec-
tion derivatives is almost exactly like making a bet on a roulette
number.

The major difference between this roulette-like partitioning of
(0,00) and an actual roulette wheel is the payoff ratio. A roulette
bet pays 35: 1 regardless of which space is selected. A bet of
1/36 produces a payoff of 1 for winning. The 38 sections on the
space (0,00) have equal probabilities (1/38) and equal payoffs
(1 unit), but they have varying prices. This means that one can
“bet” at a discount or a surcharge, depending on which “space”
one selects.
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To demonstrate this tangibly, let’s consider the example used
earlier. As before, the parameters are:

p = Current price of underlying security = 100,

R = Expected return on underlying security = 10%,
o = Volatility of return = 30%,

r = Risk-free rate = 4%, and

v=1/1+r)=(1.04)""

Exhibit 3 shows roulette spaces mapped to sections on (0, co)
for this example. The mapping starts with the “00” space, which
corresponds to the segment D(0,58.80). Next is the “0” space
representing the adjacent segment D(58.80,64.68), and so on up
to the “36” space representing the ray A*(188.08).

Probabilities and prices for each space are shown in the ex-
hibit. These are calculated by using the probability and price
formulas for rays and segments derived above. Each space has
the same 1/38 probability of a one-unit payoff at expiration. The
prices vary by space, decreasing for the higher numbered spaces
that correspond to higher prices for the security. Expected returns
and corresponding risk factors (both discounts < 100% and sur-
charges > 100%) are also shown.

As the exhibit indicates, some section-spaces are more favor-
able than others. On a wheel of derivatives such as this, each
number has a different payoff ratio even though all numbers are
equally likely. The right-hand column, “Ratio to Roulette Pay-
off,” shows what the payoffs are compared to a real roulette
wheel. For example, the “00” space has an equivalent roulette
payoff of 69%, meaning that buying the “00” segment is like
placing a bet on a roulette number and receiving just 69% of the
usual payoff in the event of a win. The “36” space is the best
choice on this wheel of derivatives, since it pays 165% of the
standard roulette payoff if you win.
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Two of the spaces are of particular interest. Space “12” has
a risk factor of 105.33%, which is approximately equal to the
105.56% factor for an actual roulette wager. Purchasing the “12”
segment D(93.08,95.08) is about equivalent to placing an actual
roulette bet. This is also shown in the “Ratio to Roulette Payoff”
column, where a value of 100% appears for space 12.

The other interesting space is “16,” which is the segment
D(101.07,103.10). The risk factor for “16” is 100.11%, mean-
ing that this segment is approximately an even gamble. Note that
all spaces numbered less than “16” are disadvantageous, while
those numbered higher than “16” offer an advantage. Space “16”
is located just above the current security price (100) on a nominal
basis, but since strike prices represent future values at expiration,
it is actually just below the current price at future value (104).

In summary, all 38 sections are identically distributed, and
their outcomes are determined by the same underlying event, but
they have different risk factors. Higher spaces have stronger risk
discounts, meaning that there is a positive risk load paid to the
purchaser for accepting the distribution of outcomes (the “risk™).
Lower spaces have risk surcharges, meaning that the purchaser
actually pays a charge to assume the risk.

6. PROBABILITY DISTRIBUTION, RISK LOAD, AND EXPECTED
RETURN

The results of the roulette mapping are somewhat counterin-
tuitive, but some conclusions can be drawn about distributions,
risk load, and return from the roulette analysis.

6.1. Probability Distribution Does Not Imply Risk Load in an
Arbitrage-Free Environment

The surprising result of the roulette wheel mapping is that
the 38 risks have different risk loads under arbitrage-free Black-
Scholes pricing, even though their distributions are identical and
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their outcomes are completely determined by the same under-
lying event (the expiration price of the underlying security). It
is therefore not possible to price these risks with any pricing
formula that uses only the probability distribution of outcomes.
This result can be generalized to other derivatives of a security
in an arbitrage-free market. The principal result is that, if the risk
load for any of a security’s derivatives can be calculated from
the probability distribution of the derivative’s outcomes, then it
must be the trivial risk load and the price must be the deriva-
tive’s discounted expected value. The formal reasoning is as
follows.

Let F be the cumulative distribution function of the under-
lying security at expiration, with F(x) =0 for x <0 and F(x)
smooth on [0, 00). For E C [0,00) define ((E) = [, dF (x). Given
any measurable function g:[0,00) — (—00,00), let p(g) =the
price of the derivative with payoff function g. We assume that
p(e) is a linear operator, and that A(x) > j(x) for all x implies
p(h) > p(j) (the arbitrage-free condition). Let v = p(h), where
h =1 on [0,00). (The constant v represents the present value of
one unit certain at expiration.) If p(g) is completely determined
by the probability distribution of the payoff values {g(x)} for

any g, then p(g) =v [ gdF.

The proof is in three parts:

A) If g(x) = Xg(x), where E C [0,00) is measurable and Xj
is the indicator for E, then p(g) = vi(E) =v [ gdF.

B) If g(x) is a linear combination of indicator functions (i.e.,
if g is a simple function), then p(g) =v [ gdF.

C) p(g) =v [gdF for measurable g(x).

Proof of “A”  First, the result is shown for u(E) =27",n > 0.
If n = 0, then by the definition of v, p(g) = v = viu(E). By induc-
tion on n, assume that the result is true for n = k. If (E) = 2-*+D
then w(E€) = 1 —2-%+D > 2-k+D)_Gjpce F is smooth and there-
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fore continuous, there exists x such that u(E€N[0,x)) = 2-*+D
(with x = 0o if k = 0). Let E, = E°N[0,x). Then, u(E) = 2=*+D
and (E UE,) = 27K, since E and E, are disjoint. Since the values
of X and X;_have the same distribution function (0 with proba-
bility 1 —2~®+D and 1 with probability 2=*+D), p(X,) = p(Xg)-
Let G =EUE,. Then, by linearity of p(e), p(X;) = p(Xg) +
p(Xg,) = 2p(Xg). By the induction hypothesis, p(X;) = v27%, so
p(Xgp) = (1/2)(v27%) =v2=*+D = y(E), completing the induc-
tion.

Next, if w(E) =0, then letting F =E¢, p(Xg)+ p(Xp) =

p(Xg + Xp) = p(Xgp) = v. Since (F) = 1—w(E) =1, p(Xp) =
v and p(Xg) =0 = vi(E).

If 0 < u(E) < 1, then for any € > O there exist positive integers
k,n such that 27" <¢/v and k27" < (E) < (k+1)27" < 1. By
continuity of F(x), there exist {x;}, 1 <i <k, such that p([0,x;) N
E) =i27" (withx; = oo if (E) = k27"), and y such that ;([0,y) N
E) = (k+ 1)27" — u(E). Defining xo =0, let D, . = [x;_1,x;)NE
for each i. Then, the D; . are mutually disjoint subsets of E, with
p(D; ) =27" for all i. Define D_ = UD; . and let F. = (E\D,)U
([0,) NE®). Then, u(D,) = k2, u(F.) = (W(E) —k27") + ((k +
27" —w(E)) =27", and D.NF. =@. Therefore, u(D.UF.) =
WD) + w(F.) =(k+1)27". Also, D. CE C (D.UEF.), so by in-
clusion, X, (x) < Xg(x) < Xp_p)(x) for all x. Because this price
functional is arbitrage-free, we also know that p(X, ) < p(Xg)
<pXp.ur)y) or vk27" < p(Xg) <v(k+1)27". From above,
RT"<wE)Y<k+1)2™" and vk27" <vu(E) < vk +1)27",
so |p(Xg) —vu(E)| <v27", the length of the interval containing
both quantities. As 27" <¢/v, |p(Xg) —vu(E)| < e, and since ¢
is arbitrarily small, p(Xz) = vi(E) =v [ gdF.

Proof of “B” This follows immediately from “A,” as p(e) is
a linear operator.

Proof of “C” For any ¢ >0, let h.(x) be a simple func-
tion such that |g(x) —h.(x)| <e for all x. (For example, let
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h.(x) = X,z (ie)X; .(x), where X; .(x) is the indicator function for
the set g~ {[ic,(i + 1))}.) Then, — < g(x) — h.(x) < ¢ for all x.
By the absence of arbitrage, p(—¢) < p(g — h.) < p(¢) and, equiv-
alently, —ve < p(g) — p(h.) <ve. Therefore, |p(g) — p(h.)| < ve.
As h_ is simple, p(h.)=v [h.dF, so |p(g)—v [h.dF|<ve.
Also, |v[gdF —v [h.dF|=1v[(g—h.)dF|<v[|(g—h.)|dF <
v [edF = ve. Applying the triangle inequality, |p(g) — v [ gdF| =
l[p(g)—v [h.dF]—[v[gdF —v [h.dF]| <2ve. Since ¢ is arbi-
trary, p(g) = v [ gdF.

This proof relies on the continuity of F(x). A counterexam-
ple for discontinuous F(x) is as follows: F(x) =0 on (—o0,1),
F(x)=0.2 on [1,2), F(x) = 1.0 on [2,00). In other words, the
underlying security’s future value is 1 with probability 20% and
2 with probability 80%. Then, suppose v = 1, p(Xy;;) = 0.30 and
P(X12y) = 0.70. For this example, the price-integral equality does
not hold; yet the probability distribution of any derivative’s out-
comes uniquely determines its price, and there is no arbitrage
possibility.

In general, methods that calculate risk loads based only on
the probability distribution of outcomes will produce prices that
are not arbitrage-free. Offering such prices could produce eco-
nomically disadvantageous transactions in an ideal arbitrage-free
market, through a process akin to adverse selection.

6.2. The Insurance Risk Load in the Form of Negative Expected
Real Return

In the “roulette wheel” construction above, the surcharges are
most punitive for the bets on low expiration prices, and the most
advantageous discounts are available for bets on high expira-
tion prices. It can be shown that this is the case for any security
with positive expected real return, and it applies to options on
stocks as well: high-strike calls sell at a discount to expected
present value, while low-strike puts sell at a surcharge to ex-
pected present value.
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This suggests a question: Why would anyone purchase one
of the lower-numbered spaces or lower-strike put options that
offers a negative expected real return?

High-numbered spaces and high-strike calls, which have
strong risk discounts and corresponding high expected returns,
are speculative purchases. With their high expected returns, they
would be attractive to speculators, even some who are mildly
risk-averse.

The lower-numbered spaces and low-strike puts, which carry
a charge for their purchase and have expected returns below the
risk-free rate, are hedges that function like insurance. A buyer
would purchase such a derivative only in order to hedge risk,
not to speculate. Even the most extreme risk-seeking gambler
would never pay a premium for a lower-numbered space, when
a higher-numbered space offers identical odds and a better payoff
ratio.

Consider investors in a company. Shareholders own both the
expected positive return and the risk of loss. They have two pos-
sible transactions with external parties to reduce risk: 1) Purchase
some form of insurance against the possibility of an adverse out-
come, and 2) Sell participation in any or all favorable outcome
possibilities.

For either transaction, any risk-averse external party will re-
quire a fee for engaging in the transaction and assuming risk to
their own capital. For insurance, the shareholders will have to
pay a surcharge above discounted expected value for the deriva-
tives that pay off in the event of an adverse outcome. They might
be willing to do so in order to reduce their loss exposure. On the
investment side, the owners will have to offer participation in the
favorable outcomes at a discount to expected present value. They
might be willing to, since funds from the derivatives’ sale will
offset loss in the event of an adverse outcome, again reducing
risk.
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In summary, gambles in the direction of capital growth will be
priced at a discount by the owners of the capital, and by the po-
tential investors. Gambles in the direction of capital loss will be
priced at a surcharge by the same parties. In general, instruments
with E[R] < r, which is a risk surcharge, are insurance. Instru-
ments with E[R] > r, which is a risk discount, are investments in
the broad sense of the word (some are very speculative).

This explains why the distribution of a derivative’s outcomes
does not imply the risk load for the derivative. The distribu-
tion contains information only about variations in future value
for that derivative. It provides no information about the relation-
ship between that particular derivative’s outcomes and the risk
to investments in the underlying security. The correspondence
between the future value of the derivative and the future value
of participants’ total capital could be the most significant factor
in determining the risk load that will be set by the parties to the
risk transfer.

6.3. Insurance Can Still be Priced with Distribution-Based Risk
Loads

These results still do not invalidate distribution-based pricing
of insurance risks, for the following reasons.

Insurance protects assets against loss from specific destruc-
tive perils. Insurance does not generally respond to a decline in
the value of the insured asset, unless the decline is specifically
attributable to a covered peril. In particular, it does not respond
to a decline in the market value of an asset the way that a put
option does.

In general, the value of an insurance policy on an asset is very
different than the value of a derivative on the asset’s market price.
The value of the insurance is determined by the stochastic pro-
cess of the covered perils; the value of the derivative is driven
by the stochastic process of the asset’s market price. If insur-
ance could be thought of as a derivative at all, it would be as
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a derivative of hurricane occurrence and severity, auto accident
occurrences and severities, etc.

Insurance almost never covers asset-event combinations that
are traded in a liquid market. Those insured assets that are some-
what liquid (such as property and vehicles) do not usually have
traded derivatives. Even if they did, the derivatives would cor-
relate with insurance only on losses due to covered perils, pro-
viding a very incomplete hedge. As vulnerability to arbitrage
does not exist for insurance, formulas that are theoretically not
arbitrage-free can be used to price insurance risks without con-
sequent economic penalty.

While a formula that uses only the outcome distribution can-
not produce arbitrage-free prices, such a formula can accurately
represent the risk evaluation of a market participant, such as an
insurer in an insurance market. The potential for correlations
among risks within the insurer’s portfolio would still have to
be handled, possibly through limiting the aggregate accumu-
lation of particular risks or by using an additional covariance
load.

7. THE RISK DISCOUNT FUNCTION

We can follow the construction used in the roulette exam-
ple above to partition the space of expiration prices into more
than 38 sections. In the limit, this leads to a continuous function
that shows the variation in the implicit risk discount for equally
probable events.

Choose a large positive integer M and partition the positive
number line (0,00) into M adjacent sections (M — 1 half-open
line segments and one ray), so that the probability of any given
section containing the expiration price is 1/M. Each of the M
sections has a corresponding binary derivative with expiration
value of one, if the section contains the expiration price, and
zero otherwise.
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Each of these M section-derivatives has a risk discount or sur-
charge factor, which can be calculated using the formulas derived
earlier:

Risk Factor = Price/Discounted Probability.

For a segment D(s,t), the price is given by:
Price[D(s,1)] = Price[A*(s)] — Price[A*(¢)];
Price[A*(s)] — Price[A*(t)] = v®[In(p(1 +r)/s)/c — o /2]
—v®[In(p(1 +r)/t)/o — 0 /2];
Price[D(s,1)] = v{®[In(p(1 +r))/o —In(s)/o — /2]
—®[In(p(1 +r))/o —1In(t)/o — 0 /2]}.

For sufficiently large M, the difference in cumulative proba-
bilities (shown in braces) is approximated by the normal density
function times the interval width:

Price[D(s,t)] = vg[In(p(1 + r))/o —In(s) /o — o /2]
-[In(¢) — In(s)] /o,
where g represents the standard normal density. Similarly,
Probability[D(s,1)] = ®[In(p(1 + E))/o —In(s)/o — 0 /2]
— ®[In(p(1 + E))/o —In(t)/o — /2],  and
Discounted Probability[D(s,)]
~vglin(p(1 + E))/o —In(s)/o — 0/2] - [In(r) — In(s)] /0.
Then,
Risk Factor ~ g[In(p(1 +r))/o —In(s)/o — 0 /2]/
glin(p(1 + E))/o —In(s)/o — 0 /2].

As M becomes infinitely large, the risk factor approaches this
ratio of the normal densities for price and probability, the “risk
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discount function” w(s):

w(s) = glIn(p(1 + ) /o —In(s)/o — 0/21/
glin(p(1 + E)) /o — In(s)/o — 0 /2].

Substituting the standard normal density for g(x), this expres-
sion can be simplified greatly, so that w(s) is found to be a mono-
mial (derivation given in Appendix A):

w(s) = (s/ sn)’k, where
k=[In(1 +E)—1In(1 +7r)]/o?,  and

s, = the “neutral” strike price satisfying w(s,) = 100%.

This function w(s) represents the risk discount for betting
on the event X =s. The risk discount function is equivalent to
Buhlmann’s “pricing density” [1]. The graph of w(s) is shown in
Exhibit 4 for the parameters used in the examples. As the graph
indicates, the risk surcharge factor increases without bound as
the strike price approaches zero. As the strike price increases, the
risk discount factor decreases toward zero but at a very gradual
rate: for a strike price of 212, the risk discount is still relatively
mild, at 63%. This strike price is just above the 99th percentile
of the future price distribution for the security, where one might
expect a more substantial discount.

The graph of w(s) (Exhibit 4) also shows that the continuum of
expiration price events splits into discount and surcharge zones.
Strike prices below s, (which is 102.25 in this example) can be
considered within the “insurance zone” of potential outcomes,
while prices above 102.25 are in the “speculation zone.”

Any derivative’s risk discount factor can be calculated by av-
eraging w(s) against probability density times expiration value:

Derivative’s Risk Discount Factor

= / w(s)p(s)x(s)ds / / p(s)x(s)ds,
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where x(s) is the expiration value of the derivative as a function
of the underlying security’s price, and p(s) is the probability
density of the expiration price.

For almost any finite payoff density function, one can con-
struct an unlimited number of distinct derivatives having the
same specified payoff density and different prices.

8. CONCLUSION

The probability distribution of a risk’s outcomes does not im-
ply the price of the risk under arbitrage-free pricing in an ideal
market. Distinct, identically distributed risks generally have dif-
ferent arbitrage-free prices. In practice, this result does not in-
validate distribution-based pricing for most insurance risks, but
it should be considered when insurance pricing is related to fi-
nancial theory involving arbitrage-free prices.

It is possible for a formula to produce arbitrage-free prices
from a risk’s probability distribution, if the formula contains an
adjustment parameter that varies by risk. In one recent theory,
this adjustment parameter indicates the correlation (in the general
sense) between the underlying security’s risk and overall market
risk [5].
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APPENDIX A

DERIVATION OF THE w(s) FORMULA

From the text,
w(s) = glln(p(l +r))/o —In(s)/o —o/2]/
glin(p(1 + E))/o —In(s)/o — /2],

where g(x) = (2m)~!/2exp(—x?/2), and E = E[R], the expected
return on the security. Then,

w(s) = 2m) Y2 exp(—b2/2)/(2m) 2 exp(—c?/2),

where b and c are the respective arguments of g in the w(s)
formula above:

b = [In(p) + In(1 +r) —In(s) —0?/2]/o,  and
¢ = [In(p) + In(1 + E) — In(s) — 0% /2] /0.
Simplifying:
w(s) = exp[(c? —b%)/2],  and
w(s) = exp[(c — b)(c + b)/2].
Evaluating,
c—b=[In(l +E)—In(1+r)]/oc =AE/o,

where AE =1In(1 + E) —In(1 +r) is a measure of the risk pre-
mium in the security’s expected return. Next,

(c+b)/2
= [In(p) + (1/2)In(1 + E) + (1/2)In(1 + r) — In(s) — 62 /2] /0.
Define s, = p[(1 + E)(1 +)]'/?/exp(c?/2). Then,
(c+b)/2 =[In(s,) — In(s)]/o.
Substituting yields:
w(s) = exp{(AE/o)[In(s,) — In(s)] /o }.
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Note that w(s,) = 1. Finally,
w(s) = exp{(—AE/az)[ln(s/sn)]};

w(s) = (s/sn)(*AE/”z).
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EXHIBIT 1
CALL OPTION VALUE
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EXHIBIT 2
SPREAD VALUE
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EXHIBIT 3
DERIVATIVES CORRESPONDING TO ROULETTE WHEEL SPACES

Roulette Roulette  Ratio to
Wheel  Derivative Lower Upper Payoff Expected Risk Risk Roulette
Space Type Strike (s) Strike (1) Probability Price Return Factor Surcharge  Payoff

00 Segment 0.00 58.80 0.0263 0.0384 —31.54% 151.91% 105.56%  69%

0 Segment  58.80  64.68 0.0263 0.0346 —23.91% 136.68% 105.56%  77%
1 Segment 64.68 68.84 0.0263 0.0330 —20.21% 130.35% 105.56%  81%
2 Segment  68.84 7223 0.0263 0.0319 —17.46% 126.00% 105.56%  84%
3 Segment  72.23 75.17 0.0263 0.0310 —15.18% 122.61% 105.56%  86%
4 Segment  75.17 77.83  0.0263 0.0303 —13.19% 119.81% 105.56%  88%
5 Segment  77.83 80.29 0.0263 0.0297 —11.40% 117.38% 105.56%  90%
6 Segment 80.29 82.61 0.0263 0.0292 -9.74% 115.23% 105.56%  92%
7 Segment  82.61 84.82 0.0263 0.0287 —8.19% 113.27% 105.56%  93%
8 Segment 84.82 86.95 0.0263 0.0282 —6.71% 111.48% 105.56%  95%
9 Segment  86.95 89.03  0.0263 0.0278 —5.29% 109.81% 105.56%  96%
10 Segment 89.03 91.07 0.0263 0.0274 —3.92% 108.24% 105.56%  98%
11 Segment  91.07 93.08 0.0263 0.0270 —2.58% 106.75% 105.56%  99%
12 Segment 93.08 95.08 0.0263 0.0267 —1.26% 105.33% 105.56% 100%
13 Segment  95.08 97.07 0.0263 0.0263  0.03% 103.96% 105.56% 102%
14 Segment  97.07 99.06 0.0263 0.0260  1.32% 102.64% 105.56% 103%
15 Segment 99.06 101.07 0.0263 0.0256  2.60% 101.36% 105.56% 104%
16 Segment 101.07 103.10 0.0263 0.0253  3.89% 100.11% 105.56% 105%
17 Segment 103.10 105.16 0.0263 0.0250 5.18% 98.87% 105.56% 107%
18 Segment 105.16 107.26 0.0263 0.0247  6.49% 97.66% 105.56% 108%
19 Segment 10726 109.42 0.0263 0.0244  7.81% 96.47% 105.56% 109%
20 Segment 109.42  111.64 0.0263 0.0241  9.16% 9527% 105.56% 111%
21 Segment 111.64 113.93 0.0263 0.0238 10.55% 94.08% 105.56% 112%
22 Segment 11393 11631 0.0263 0.0235 11.97% 92.88% 105.56% 114%
23 Segment 11631 118.81 0.0263 0.0232 13.44% 91.68% 105.56% 115%
24 Segment 118.81 121.43 0.0263 0.0229 14.97% 90.46% 105.56% 117%
25 Segment 121.43 12421 0.0263 0.0226 16.57% 89.21% 105.56% 118%
26 Segment 12421 127.18 0.0263 0.0223 18.26% 87.94% 105.56% 120%
27 Segment 127.18 130.38 0.0263 0.0219 20.06% 86.62% 105.56% 122%
28 Segment 130.38 133.87 0.0263 0.0216 21.99% 85.25% 105.56% 124%
29 Segment 133.87 137.73 0.0263 0.0212 24.09% 83.81% 105.56% 126%
30 Segment  137.73  142.08 0.0263 0.0208 26.41% 82.27% 105.56% 128%
31 Segment 142.08 147.11 0.0263 0.0204 29.03% 80.60% 105.56% 131%
32 Segment 147.11 153.10 0.0263 0.0199 32.05% 78.76% 105.56% 134%
33 Segment  153.10 160.64 0.0263 0.0194 35.69% 76.65% 105.56% 138%
34 Segment  160.64 170.96 0.0263 0.0187 40.36% 74.09% 105.56% 142%
35 Segment 170.96 188.08 0.0263 0.0179 47.16% 70.67% 105.56% 149%

36 Ray 188.08 Infinity 0.0263 0.0162 62.93% 63.83% 105.56% 165%




EXHIBIT 4
RISK DISCOUNT AS A FUNCTION OF STRIKE PRICE
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ADDRESS TO NEW MEMBERS—MAY 19, 2003

ALBERT J. BEER
Thank you, Gail, for that most gracious introduction.

But most importantly, thank you for giving me an opportunity
to give a little something back to the CAS today.

It’s hard to believe, but it has been twenty-five years since I sat
out there...pumped up with the confidence borne out of my new
CAS designation and frightened out of my mind contemplating
what the rest of my career would bring!

And if you can stand my ramblings for a few minutes, I'd
like to share with you what I have learned about life during this
last quarter of a century.

But, first, let me begin by personally congratulating all our
new Fellows for their significant accomplishment.

That said, however, I would be terribly remiss if I didn’t take
a moment to acknowledge those people who have provided the
tireless, behind-the-scenes support that has proven to be invalu-
able in your quest for the FCAS designation. Please join me in
a raucous round of applause honoring the spouses, children, and
parents of our New Fellows.

Now...indulge me for a few moments while I share with you
some personal and professional “secrets” of success.

In this era of Enron-like scandals, insatiable greed and cor-
porate misgovernance, it is easy to question the very existence
of ethics and morality in the business world. To me, these and
other recent aberrant behaviors are clear signs of a culture unsure
of its definition of success. Therefore, this a perfect moment in
your career, as you are setting future goals, to spend some time
establishing parameters you can use to identify “success.”
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Looking back over my career, I’'m reminded of the metaphor
“Success is a journey, not a destination.” Misdirected goals mis-
takenly measured by the amount of your compensation, the lofti-
ness of your title, or the number of people reporting to you
should never be confused with success. Rather, the manner in
which these things were attained and how they are put to use are
much better indications of a productive life.

For example, I’ve been very fortunate to have experienced
quite a bit during my career and have had the privilege of meeting
some real “movers and shakers” around the world. However,
you might find it interesting to learn that, without any doubt,
the most successful person I have ever known was not a “Titan
of Industry.” In fact, my role model worked for the New York
City Transit Authority for thirty-five years, never earned more
than $40,000 a year and yet still was able to support a family
and inspire a very incorrigible son. My father could never be
accused of being “rich,” but he left an invaluable inheritance
of honesty, laughter, and love. The “richness” in his quality of
life was evident every day to everyone with whom he came in
contact and that richness could never be measured by the IRS.
I learned very early that, whether your career is associated with
white collars, blue collars, or any color in between, you should
never be ashamed of living a life that cherishes integrity, hard
work, and dedication to family. External recognition is gratifying
but, at the end of the day, self-respect and self-satisfaction are the
most important metrics of a successful life. So my first piece of
advice to you would be to set absolute ethical standards and have
them guide you without compromise throughout your personal
and professional lives.

Now please don’t infer that I believe ambition and career de-
velopment are evil. Coasting through life without really testing
the boundaries of your talents will lead to a very unfulfilling
existence. I was blessed early in life to learn that your personal
life and your career do not have to be two diametrically opposite
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forces, repelling each other and forcing daily “either/or” deci-
sions. I have clearly found that, in general, people who are able
to enjoy their personal life tend to also perform extraordinarily
well in their business life. Of course, there will always be pushes
and pulls between the two. Forgive the mathematical reference,
but anyone who has studied the solution of simultaneous equa-
tions realizes that an optimal solution is rarely the one associated
with setting one variable to its maximum and letting all the oth-
ers go to zero. I often feel as though learning from experience is
simply nothing more than living through these iterative attempts
at finding the right balance along this optimal “Frontier.” God
knows it’s not easy. Sometimes it means taking the red-eye to
make it home for that parent/teacher conference or rescheduling
the dinner with that important client just to be there for that spe-
cial anniversary. You should never be ashamed or embarrassed to
do the right thing. Remember, no one has ever seen a gravestone
that said, “I wish I had spent more time in the office!”

I realize that it may be an unfair characterization, but it seems
to me that professionals, particularly those in financial services,
are unusually prone to stressing monetary rewards. Clearly you
have invested thousands of hours of your life to get to this point
today and it would be wasteful not to reap the benefits accorded
those with your skills and training. However, remember that,
while promotions and titles may describe “Whar” you are, it is
your adherence to ethical behavior that will ultimately determine
“Who” you are.

In many ways, I envy this new class of Fellows. You find
yourself at a point in time that offers unprecedented opportuni-
ties to effect an enormously positive influence on your industry
and your profession. It is belaboring the obvious to say that the
recent financial performance of the property/casualty industry
has been abysmal. And don’t think this is our little secret! My
son was finishing up his MBA two years ago and the class was
reviewing “Profitability” among various industry segments. He
approached me uncomfortably one day to innocently ask why,



ADDRESS TO NEW MEMBERS 133

over the decade of the nineties, the average annual return on
equity for diversified financial services was 17.4 percent while,
over the same period, the ROE for property/casualty insurers was
7.5 percent. The only thing more embarrassing to me than an-
swering that question was that I felt obligated to begin, “Kevin,
you first have to understand that the 7.5 percent for the P/C in-
dustry was overstated!”

That story doesn’t end there. A year later Kevin called to tell
me that he had just passed his second CPCU exam. After congrat-
ulating him, I reminded him of the ROE discussion and asked, in
light of the obvious differences, why had he chosen to enter the
insurance business. His answer provided me with a perspective
on our industry that I have since shared with every actuary, un-
derwriter, agent, and client that will listen. Kevin looked sheep-
ishly at me and said, “Dad, I hope you’re not offended...but I
was looking for the best career opportunities and it just doesn’t
look like the sharpest knives in the drawer are in the insurance
industry.”

Now, actuaries can timidly hide behind vacuous arguments
such as “We couldn’t control what the underwriters charged” or
“Management made all the decisions regarding what was held
in reserves” but the bottom line is the actuarial profession must
accept a significant share of the responsibility for the horrendous
financial results of the past few years.

Today, our Industry is in desperate need of discipline, courage
and leadership. Our Profession is ideally suited to drive sound fi-
nancial management and yet we still hide under the blanket of
“providing information” instead of driving change and forcing
objective decision-making. I challenge each of you in the CAS to
help stop our industry from mindlessly accepting the inevitability
of “the Cycle.” Seize this moment to fight the lemming mental-
ity of “we are only as smart as our dumbest competitor.” We
must influence senior management to develop strategies, create
sound long-term business plans, and implement realistic metrics
to assure that we ultimately achieve results of which we can all
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be proud. Your Fellowship is merely a license to practice. Your
behavior will determine whether you are really a professional.
Your generation has the chance to lead this change...don’t pass
up this important opportunity.

Finally, I urge you to give back to your profession. You are
now members of one of the most elite organizations in the world.
Although you have personally worked hard, a large part of the
esteem in which you are now held is derived from the accom-
plishments of all those actuaries who came before you. They
gave generously of their time to help create a profession, which
is arguably the most respected in our industry. You have now
been given the very serious responsibility of passing that legacy
untarnished on to succeeding generations.

I honestly don’t think I have told you anything this morning
that you didn’t already know. Sometimes you just need to be
reminded of what you really feel. To prove that point, I’d like to
leave you with three simple questions:

If you were told you had only five minutes left in your life
and you could make only one phone call:

#1. “Who would you call?”

(By the way, if anyone out there answered, “Check my
e-mail,” I’m afraid I’ve been wasting my breath on you for the
past ten minutes!)

So, #1. “Who would you call?”
#2. “What would you say?” and,

#3. “What are you waiting for?”—Speak to that person today
and tell them how you feel!

See, you’ve got your priorities straight. Now make sure you
live them!

Good luck and thanks for your attention.



MINUTES OF THE 2003 SPRING MEETING
May 18-21, 2003
MARCO ISLAND MARRIOTT RESORT, GOLF CLUB & SPA
MARCO ISLAND, FLORIDA
Sunday, May 18, 2003

Registration was held from 4:00 p.m. to 6:30 p.m.

New Associates and their guests were honored with a special
presentation from 5:30 p.m. to 6:30 p.m. Members of the 2003
Executive Council discussed their roles in the Society with the
new members.

A reception for all meeting attendees followed the new Asso-
ciates reception and was held from 6:30 p.m. to 7:30 p.m.

Monday, May 19, 2003

Registration continued from 7:00 a.m. to 8:00 a.m.

The 2003 business session, which was held from 8:00 a.m.
to 9:15 a.m., started off the first full day of activities for the
2003 Spring Meeting. Gail M. Ross introduced the CAS Exec-
utive Council, the Board of Directors, and CAS past presidents
who were in attendance, including Albert J. Beer (1995),
Ronald L. Bornhuetter (1975), Charles C. Hewitt Jr. (1972), M.
Stanley Hughey (1974), Steven G. Lehmann (1998), and
Michael A. Walters (1986).

Ms. Ross also recognized a special guest in the audience:
Mareb del Rosario, President, Academia de Actuarios de Puerto
Rico and John P. Ryan, Representative, Institute of Actuaries
and General Insurance Board of the U.K. Actuarial Profession.
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Thomas G. Myers announced the 38 new Associates and
Christopher S. Carlson announced the 30 new Fellows. The
names of these individuals follow.

Robert D. Bachler
Andrew W. Bernstein
Raju Bohra

Jennifer A. Charlonne
Robert E. Davis
Michael Devine

Kyle A. Falconbury
John D. Ferraro
Kevin M. Finn
William M. Finn
Greg Frankowiak

Danielle L.
Bartosiewicz
Lisa K. Buege
Suejeudi Buehler
James Chang
Christian J. Coleianne
Matthew P. Collins
David C. Coplan
Keith R. Cummings
Nicholas J. De Palma
Timothy M. Devine
Robert C. Fox
Jeffrey J. Fratantaro

NEW FELLOWS

Patrick P. Gallagher
Matthew R. Gorrell
Christopher J. Grasso
Serhat Guven
Ung Min Kim
Laurie A. Knoke
Jonathan D. Levy
Matthew Kevin Moran
Matthew P. Nimchek
Michael Robert
Petrarca

NEW ASSOCIATES

David S. Futterleib
Joel D. Glockler
Melanie T. Goodman
Ann E. Green
Jonathan M. Guy
Joseph Hebert

Scott R. Jean
William Brian Johnson
Kyewook Gary Kang
John J. Karwath
Jonathan David Koch
Damon T. Lay
Christopher A. Najim

Lester Pun

Jeremy D. Shoemaker

Anthony A. Solak

Michael William
Starke

Matthew D. Trone

Brian A. Viscusi

Bethany R. Webb

Patti West

Yingjie Zhang

Kee Heng Ng

Wade H. Oshiro
Robert A. Painter
Christopher A. Pett
Monica L. Ransom
Joseph L. Rizzo
Julie Clarisse Russell
Paul Silberbush
Douglas E. Smith
Beth M. Sweeney
Joseph S. Tripodi
Natalie Vishnevsky
Nicholas J. Williamson
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Ms. Ross then introduced Albert J. Beer, a past president of the
Society, who presented the Address to New Members.

Mr. Carlson spoke to the meeting participants about the high-
lights of this meeting and what was planned in the program.

Ms. Ross then began the presentation of awards. She explained
that the Charles A. Hachemeister Award was established in 1993
in recognition of Charles A. Hachemeister’s many contributions to
Actuarial Studies in Non-Life Insurance (ASTIN) and his efforts
to establish a closer relationship between the CAS and ASTIN.
Ms. Ross presented the 2002 Charles A. Hachemeister Award to
Nicholas E. Frangos and Spyridon D. Vrontos for their paper,
“Design of Optimal Bonus-Malus Systems with a Frequency and
a Severity Component on an Individual Basis in Automobile In-
surance.”

Ms. Ross then presented the CAS Harold W. Schloss Memorial
Scholarship Fund. This award benefits deserving and academi-
cally outstanding students in the actuarial program of the Depart-
ment of Statistics and Actuarial Science at the University of lowa.
The student recipient is selected by the Trustees of the CAS Trust,
based on the recommendation of the department chair at the Uni-
versity of lowa. Ms. Ross announced that Biou Xu is the recipient
of the 2003 CAS Harold W. Schloss Memorial Scholarship Fund.
Xu will be presented with a $500 scholarship.

Ms. Ross, Mr. Donald F. Mango, and Mr. Michael J. Miller
then held a panel discussion and update on Mutual Recognition.

Ms. Ross then concluded the business session of the Spring
Meeting.

Ms. Ross next introduced the featured speaker, Mike
Abrashoff, who, at 36, became the youngest commanding officer
in the Pacific Fleet.

After a refreshment break, the first general session was held
from 10:45 a.m. to 12:15 p.m.
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“How Can the Insurance Industry Make Money?”’

Moderator:

Panelists:

Jeanne M. Hollister
Consulting Actuary
Tillinghast-Towers Perrin

Jay Cohen

First Vice President of Research
Merrill Lynch

Leonard R. Goldberg

President

Alea North America Insurance Company
Gary K. Ransom

Managing Director

Fox-Pitt, Kelton

Mark D. Shapiro

Director

McKinsey & Co., Inc.

After a luncheon, the afternoon was devoted to presentations of
concurrent sessions. The concurrent sessions presented from 1:30

p.m. to 3:00 p.m. were:
1.

Determining Reserve Ranges and Variability of Loss

Reserves

Moderator/
Panelist:

Panelist:

Roger M. Hayne
Consulting Actuary
Milliman USA

Rodney E. Kreps

Managing Director
Guy Carpenter & Company, Inc.

An Overview of Florida’s Workers Compensation Market

Moderator:

Thomas L. Gallagher
Consulting Actuary
Tillinghast-Towers Perrin
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Anthony M. DiDonato

Vice President and Actuary
National Council on Compensation
Insurance

Tom Stewart
Senior Vice President Commercial Lines
Accordia

James D. Watford
Actuary
Florida Insurance Department

3. Pay As You Drive

Moderator:

Panelists:

Gregory L. Hayward

Actuary

State Farm Mutual Automobile
Insurance Company

Patrick J. Crowe

Vice President and Actuary,

Market Research

Kentucky Farm Bureau Mutual Insurance
Company

Edmund M. Coe

Program Analyst

United States Environmental Protection
Agency

Randall Guensler

Associate Professor

Georgia Institute of Technology

4. Risk-Based Capital Developments

Moderator/

Panelist:

Glenn G. Meyers

Chief of Actuarial Research and Assistant
Vice President

1ISO
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Panelist: Robert F. Wolf
Principal
Mercer Risk, Finance & Insurance
Consulting

Volunteerism—The Essential Energy Driving the CAS

Moderator: Regina M. Berens
CAS Committee on Volunteer Resources
Chairperson
Actuary
Employers Reinsurance Corporation

Panelists: Carol Blomstrom
Actuary
Liberty Mutual Group

James B. Rowland
State Manager
Allstate Insurance Company

Louise Francis
Consulting Principal
Francis Analytics and Data Mining, Inc.

6. Actuaries’ Responsibility to Users of Their Work Products

Moderator: Chad C. Wischmeyer
Managing Director and Southeast Practice
Leader
Mercer Risk, Finance & Insurance
Consulting

Panelists: Cara M. Blank
Vice President and Regional Actuary
OneBeacon Insurance Companies
Mary D. Miller
Actuary
Ohio Department of Insurance



MINUTES OF THE 2003 SPRING MEETING 141

Thomas M. Mount
Managing Senior Financial
Analyst/Actuary

A. M. Best Company

7. An Overview of Asbestos Claims Liabilities

Moderator/
Panelist:

Panelists:

Michael E. Angelina
Consulting Actuary
Tillinghast-Towers Perrin

Stephen J. Carroll
Senior Economist
RAND Institute for Civil Justice

Trish Henry
Vice President
ACE/INA Government Affairs

After a refreshment break, presentations of concurrent sessions
continued from 3:30 p.m. to 5:00 p.m. Certain concurrent sessions
that had been presented earlier were repeated. Additional concur-
rent sessions presented were:

L.

Geographical Spatial Analysis in Personal Lines
Territorial Ratemaking

Moderator:

Panelists:

Extreme Events

Moderator:

Claudine H. Modlin

Senior Consultant

Watson Wyatt Insurance & Financial
Services

Duncan Anderson

Partner

Watson Wyatt LLP

Geoffrey T. Werner

Executive Director

United Services Automobile Association

John J. Kollar
Vice President
1ISO
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Panelists: David A. Lalonde
Senior Vice President
AIR Worldwide
Thomas A. Weidman
Senior Vice President and Chief Actuary
XL America

3. Do Exclusive Remedies Work?

Moderator: David F. Mohrman
Consulting Actuary
Tillinghast-Towers Perrin

Panelists: Richard A. Hofmann
Principal and Consulting Actuary
Epic Consulting, LLC
Anne E. Kelly
Chief Casualty Actuary
New York State Insurance Department

Donald D. Palmer
Manager-Actuarial Services
Manitoba Public Insurance Company

4. Financial Pricing and Performance Measurement
Moderator/ Sholom Feldblum

Panelist: Vice President
Liberty Mutual Group
Panelist: Neeza Thandi
Actuary
Liberty Mutual Group

5. The Changing Philosophy of Underwriting—Increased
Emphasis on Exposure Accumulation

Moderator: Gregory M. Wacker
Vice President and Actuary
Fireman’s Fund Insurance Companies

Panelists: John G. Aquino
Executive Vice President
Aon Re Services
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Bill Tuttle

Vice President

Product Marketing

Risk Management Solutions

A reception for new Fellows and their guests was held from
5:30 p.m. to 6:30 p.m., and the general reception for all members
and their guests was held from 6:30 p.m. to 7:30 p.m.

Tuesday, May 20, 2003

Registration continued from 7:00 a.m. to 8:00 a.m.

The general sessions presented from 8:00 a.m. to 9:30 a.m.
were:

“Government Involvement and Uninsurable Exposures”

Moderator: Steven F. Goldberg
Senior Vice President
Benfield Group
Panelists: Karen M. Clark
President
AIR Worldwide
Andrew J. Kaiser
Managing Director
Goldman, Sachs & Co.
Tim Richison
Chief Financial Officer
California Earthquake Authority
Terrie Troxel
President and CEO
American Institute of CPCU and
Insurance Institute of America
“Use of Credit Scoring”

Moderator: Jonathan White
Assistant Vice President and Actuary
The Hartford
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Panelists:
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Wesley Bissett

Vice President of State Relations and
State Government Affairs
Independent Insurance Agents and
Brokers of America

John Fitts
Deputy General Counsel
Progressive Casualty Insurance Company

J. Robert Hunter Jr.
Director of Insurance
Consumer Federation of America

Michael J. Miller
Consultant
EPIC Consulting, LLC

Lisa M. Smego

Senior Policy Analyst - Policy and
Legislative Affairs

Washington Insurance Department

After a refreshment break, presentation of concurrent sessions
continued from 10:00 a.m. to 11:30 a.m. A concurrent session pre-
sented earlier was repeated. Additional concurrent sessions pre-

sented were:

1. Finite Reinsurance Discussion and Demonstration

Moderator:

Panelists:

James M. Kelly
Vice President and Actuary
American Re-Insurance Company

John G. Aquino
Executive Vice President
Aon Re Services

Douglas A. Carlone
Senior Vice President
Swiss Re Financial Services Corporation
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Industry Reserve Adequacy

Moderator:

Panelists:

Michael E. Angelina
Consulting Actuary
Tillinghast-Towers Perrin
John J. Kollar

Vice President

ISO

William M. Wilt
Research Analyst
Morgan Stanley Dean Witter

CAS Examination Process

Moderator/
Panelist:

Panelists:

Thomas G. Myers

CAS Vice President—Admissions

Vice President Auto Product Management
Prudential Property & Casualty Insurance
Company

Mary D. Miller

CAS Examination Committee Member
Actuary

Ohio Department of Insurance

Julia C. Stenberg
CAS Exam Part Chair
Actuary

Travelers Insurance

Edward C. Stone

CAS Syllabus Committee Chairperson
Principal

Mercer Risk, Finance & Insurance
Consulting

4. ARIA Prize Paper, “Capital Allocation for Insurance

Companies”

Authors:

Stewart C. Myers
MIT Sloan School of Management
The Brattle Group
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James A. Read Jr.
The Brattle Group

Moderator: Stephen P. D’ Arcy
Professor
University of Illinois

Presenter: Stewart C. Myers
MIT Sloan School of Management
The Brattle Group

5. Building Communication Skills through Improvisation
Moderator/ Robert C. Morand
Panelist: Partner
D. W. Simpson and Company
6. Changes in the Florida Market

Moderator: Sean R. Devlin
Chief Pricing Actuary-Property
Employers Reinsurance Corporation
Panelists: Joe Mawhinney
Senior Vice President of Actuarial
Services
First Professional Insurance Company
John W. Rollins
Chief Actuary
Florida Farm Bureau Insurance
Companies
James C. Santo
Actuary
First Floridian Auto & Home

Various CAS committees met from 12:00 p.m. to 5:00 p.m.

Concurrent sessions presented from 2:00 p.m. to 3:30 p.m.
were:
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Do’s and Don’ts in Dealing with the Media

Moderator: Robert F. Wolf
Principal
Mercer Risk, Finance & Insurance
Consulting

Panelist: John W. Rollins
Chief Actuary
Florida Farm Bureau Insurance
Companies

Hachemeister Prize Paper, “Design of Optimal
Bonus-Malus Systems with a Frequency and a Severity
Component on an Individual Basis in Automobile
Insurance”

Authors: Nicholas E. Frangos
Athens University of Economics and
Business

Spyridon D. Vrontos
Athens University of Economics and
Business

Moderator: Paula L. Elliott
Principal
Mercer Risk, Finance & Insurance
Consulting

ARIA Prize Paper—Discussion Call

Moderator: Philip E. Heckman
Senior Consultant and Actuary
Aon Risk Consultants, Inc.

Discussion Paul Brehm and Kyle Vrieze
Call Paul Kneuer
Respondents: Donald Mango and David Ruhm
Glenn Meyers
Stephen Mildenhall

Gary Venter
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4. Pricing for Terrorism

Moderator: Samir Shah
Consultant
Tillinghast-Towers Perrin

Panelists: George Burger
Assistant Vice President
ISO

Jeftrey Eddinger

Actuary

National Council on Compensation
Insurance

All members and guests enjoyed dinner and entertainment from
6:00 p.m. to 9:00 p.m.

Wednesday, May 21, 2003

Certain concurrent sessions presented earlier during the meet-
ing were repeated this morning from 8:00 a.m. to 9:30 a.m. Addi-
tional concurrent sessions presented were:

1. Toward a CAS Centennial, or Maybe Not

Moderator: Michael A. Walters
Consulting Actuary
Tillinghast-Towers Perrin

Panelists: Clive L. Keatinge
Associate Actuary
ISO

Steven G. Lehmann

Principal

Pinnacle Actuarial Resources, Inc.
David J. Oakden

Principal

Tillinghast-Towers Perrin
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2. Enterprise Data Strategies

Moderator: Peter A. Marotta
Principal
ISO

Panelists: Beth Grossman

Assistant Vice President
ACORD

Gary Knoble

Vice President

The Hartford

Randy Molnar

Senior Analyst
NCCI Holdings

The Proceedings papers presented during this time were:

1. “Source of Earnings Analysis for Property-Casualty
Insurers”

Author: Sholom Feldblum
Liberty Mutual Group

2. “Distribution-Based Pricing Formulas Are Not
Arbitrage-Free”

Author: David L. Ruhm
The Hartford

After a refreshment break, the final general session was held
from 10:00 a.m. to 11:30 a.m.:

“The State of the Property/Casualty Insurance Market—
A Consumer Town Hall Meeting”

Moderator: Michael G. McCarter
Vice President, Industry and Regulatory
Affairs
AlIG

Panelists: Frederick Cripe
Vice President
Allstate Insurance Company
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future CAS meetings.

J. Robert Hunter Jr.
Director of Insurance

Consumer Federation of America

Gail M. Ross officially adjourned the 2003 CAS Spring Meet-
ing at 11:45 a.m. after closing remarks and an announcement of

Attendees of the 2003 CAS Spring Meeting

The 2003 CAS Spring Meeting was attended by 290 Fellows,
110 Associates, and 52 Guests. The names of the Fellows and As-
sociates in attendance follow:

Mark A. Addiego
Ethan D. Allen
Brian M. Ancharski
Mark B. Anderson
Paul D. Anderson
Lawrence J. Artes
Peter Attanasio
Guy A. Avagliano
Craig Victor Avitabile
Richard J. Babel
Timothy J. Banick
W. Brian Barnes
Bruce C. Bassman
Patrick Beaudoin
Nicolas Beaupre
Albert J. Beer

Jody J. Bembenek
Regina M. Berens
Andrew W. Bernstein
Cara M. Blank
Daniel D. Blau
Barry E. Blodgett

FELLOWS

Carol Blomstrom
Michael J. Bluzer
Neil M. Bodoff
Raju Bohra

Mark E. Bohrer
LeRoy A. Boison
Steven W. Book
Ronald L. Bornhuetter
Peter T. Bothwell
Pierre Bourassa

Erik R. Bouvin
Douglas J. Bradac
Paul Braithwaite
Lisa J. Brubaker
David C. Brueckman
George Burger

Mark W. Callahan
John E. Captain
Douglas A. Carlone
Christopher S. Carlson
Benoit Carrier
Michael J. Cascio

Bethany L. Cass
Michael J. Caulfield
Todd D. Cheema
Michael Joseph
Christian
Michael A. Coca
JoEllen Cockley
Hugo Corbeil
Francis X. Corr
Frederick F. Cripe
Alan M. Crowe
Patrick J. Crowe
A. David Cummings
Jonathan Scott Curlee
Kenneth S. Dailey
Guy Rollin Danielson
Stephen P. D’ Arcy
Renee Helou Davis
Robert E. Davis
John Dawson
Jeffrey F. Deigl
Michael Brad Delvaux
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Germain Denoncourt
Sean R. Devlin
Anthony M. DiDonato
Michael C. Dolan
Kevin Francis Downs
Denis Dubois

Judith E. Dukatz
Tammi B. Dulberger
Louis Durocher
Tammy L. Dye
Jeffrey Eddinger
Dale R. Edlefson
Bob D. Effinger
David M. Elkins
Paula L. Elliott
Dianne L. Estrada
Kyle A. Falconbury
Weishu Fan

Dennis D. Fasking
Richard I. Fein
Sholom Feldblum
Vicki Agerton Fendley
John D. Ferraro
Kevin M. Finn
William M. Finn
Ginda Kaplan Fisher
Feifei Ford

Richard L. Fox
Louise A. Francis
Greg Frankowiak
Sara Frankowiak
Patrick P. Gallagher
Thomas L. Gallagher
Andrea Gardner
James J. Gebhard

Charles E. Gegax
Bradley G. Gipson
Gregory S. Girard
Leonard R. Goldberg
Steven F. Goldberg
Annette J. Goodreau
Matthew R. Gorrell
Francis X. Gribbon
Linda M. Groh
Serhat Guven
Nasser Hadidi
DawnMarie S. Happ
Christopher L. Harris
Jeffery Tim Hay
Stuart J. Hayes
Roger M. Hayne
Gregory L. Hayward
Christopher Ross Heim
Scott E. Henck
Daniel F. Henke
Dennis R. Henry
Kirsten Costello
Hernan
Charles C. Hewitt
Jeanne M. Hollister
Robert J. Hopper
Deborah G. Horovitz
M. Stanley Hughey
Sandra L. Hunt
John Robert Hunter
Susan Elizabeth Innes
Ronald W. Jean
Charles B. Jin
Daniel Keith Johnson
Eric J. Johnson

Kurt J. Johnson
Brian A. Jones
Kenneth R. Kasner
Janet S. Katz

Clive L. Keatinge
Anne E. Kelly
James M. Kelly
Ung Min Kim

Paul J. Kneuer
Laurie A. Knoke
John J. Kollar

Gary I. Koupf
Rodney E. Kreps
Andrew E. Kudera
Howard A. Kunst
David A. Lalonde
D. Scott Lamb
Dean K. Lamb
Robin M. LaPrete
Gregory D. Larcher
James W. Larkin
Aaron M. Larson
Pierre Guy Laurin
Thomas V. Le
Joseph R. Lebens
P. Claude Lefebvre
Steven G. Lehmann
Bradley H. Lemons
Aaron S. Levine
John N. Levy
Jonathan D. Levy
Sally Margaret Levy
Richard A. Lino
Edward P. Lotkowski
Daniel K. Lyons
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Rimma Maasbach
Donald F. Mango
Donald E. Manis
Joseph O. Marker
Dee Dee Mays
Michael G. McCarter
Robert D. McCarthy
Sean P. McDermott
Stephen J. McGee
William T. Mech
Christian Menard
Glenn G. Meyers
Stephen J. Mildenhall
Mary D. Miller

Paul W. Mills
Claudine H. Modlin
David F. Mohrman
David Molyneux
Richard B. Moncher
Matthew Kevin Moran
Nancy Diane Mueller
Jarow G. Myers
Thomas G. Myers
Gary V. Nickerson
Matthew P. Nimchek
Peter M. Nonken
Andre Normandin
James L. Nutting
David J. Oakden
Randall William Oja
Rodrick R. Osborn
Wade T. Overgaard
Donald D. Palmer
Joseph M. Palmer
Jennifer J. Palo

Sylvie Paquette
Michael A. Pauletti
Jordan J. Pitz

Brian D. Poole
Kathy Popejoy
Virginia R. Prevosto
Mark R. Proska
David S. Pugel
Kenneth Quintilian
Gary K. Ransom
Kiran Rasaretnam
Ralph L. Rathjen
Peter S. Rauner
Yves Raymond
Daniel A. Reppert
Ellen J. Respler
Elizabeth M. Riczko
Hany Rifai

Brad M. Ritter
Rebecca L. Roever
John W. Rollins
Gail M. Ross

James B. Rowland
Seth Andrew Ruff
David L. Ruhm
James C. Santo
Gary Frederick Scherer
Parr T. Schoolman
Annmarie Schuster
Peter R. Schwanke
Stuart A. Schweidel
Kim A. Scott
William Harold Scully
Terry Michael Seckel
Vincent M. Senia

Harvey A. Sherman
Ollie L. Sherman
Jeffrey Shirazi
Jeremy D. Shoemaker
Allison Michelle
Skolnick
Douglas W. Stang
Michael William
Starke
Julia Causbie Stenberg
Carol A. Stevenson
Michael J. Steward
Edward C. Stone
Christopher M. Suchar
Susan T. Szkoda
Neeza Thandi
Richard D. Thomas
Laura Little Thorne
Michael J. Toth
Cynthia Traczyk
Philippe Trahan
Matthew D. Trone
Theresa Ann
Turnacioglu
James F. Tygh
Jeffrey A. VanKley
Gary G. Venter
Ricardo Verges
Brian A. Viscusi
William J. VonSeggern
Kyle Jay Vrieze
Sebastian Vu
Gregory M. Wacker
Claude A. Wagner
Joseph W. Wallen
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Michael A. Walters
Bethany R. Webb
Thomas A. Weidman
Geoftrey Todd Werner
Jean P. West

William B. Westrate
Jonathan White

Anthony L. Alfieri
Michael E. Angelina
Nancy L. Arico
Mohammed Q. Ashab
Danielle L.
Bartosiewicz
Esther Becker
David James Belany
Christopher David
Bohn
Donna M. Bono
John P. Booher
Thomas S. Botsko
Stephanie Anne Bruno
Lisa K. Buege
Suejeudi Buehler
Michael E. Carpenter
James Chang
Donald L. Closter
Howard S. Cohen
Christian J. Coleianne
Matthew P. Collins
David C. Coplan
Keith R. Cummings
Nicholas J. DePalma
Kiera Elizabeth Doster

William M. Wilt
Chad C. Wischmeyer
Michael L. Wiseman
Robert F. Wolf
Richard G. Woll

Run Yan

Gerald Thomas Yeung

ASSOCIATES

Wendy A. Farley
Robert F. Flannery
Ross C. Fonticella
Sean Paul Forbes
Robert C. Fox
David S. Futterleib
Lynn A. Gehant
Keith R. Gentile
Joel D. Glockler
Melanie T. Goodman
Ann E. Green
Donald B. Grimm
Jonathan M. Guy
Aaron M. Halpert
Ia F. Hauck
Joseph Hebert
Philip E. Heckman
Richard A. Hofmann
Bernard R. Horovitz
Scott R. Jean
Richard W. Johnson
William Russell
Johnson
William Brian Johnson
John J. Karwath
Martin T. King

Vincent F. Yezzi

Yingjie Zhang

Alexander Guangjian
Zhu

Ralph T. Zimmer

Theodore J. Zubulake

Diane L. Kinner
Jonathan David Koch
Bobb J. Lackey
Douglas H. Lacoss
Damon T. Lay
Richard Lebrun
Stephen E. Lehecka
Philip Lew
Sharon Xiaoyin Li
David J. Macesic
Neil L. Millman
Gregory A. Moore
Michael W. Morro
Robert John Moss
Thomas M. Mount
Christopher A. Najim
Prakash Narayan
John D. Nolan
James L. Norris
Jill Elizabeth O’Dell
Kathleen Frances
O’Meara
Wade H. Oshiro
Robert A. Painter
Rosemary Catherine
Peck
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Jeremy Parker Pecora

Christopher A. Pett
Robert C. Phifer
Matthew H. Price
Monica L. Ransom
Brenda L. Reddick
Marn Rivelle
Joseph L. Rizzo
Kim R. Rosen
Frederick Douglas
Ryan
John P. Ryan
Larry J. Seymour
Paul Silberbush

Douglas E. Smith
David C. Snow
John H. Soutar
Scott T. Stelljes
Jayme P. Stubitz
Gary A. Sudbeck
C. Steven Swalley
Beth M. Sweeney
Shantelle Adrienne
Thomas
Andrea Elisabeth
Trimble
Joseph S. Tripodi
Joel A. Vaag
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Phillip C. Vigliaturo
Natalie Vishnevsky
Jerome F. Vogel
Keith A. Walsh
Douglas M. Warner
James D. Watford
Robert G. Weinberg
Russell B. Wenitsky
Scott Werfel
Michael W. Whatley
Nicholas J. Williamson
Bonnie S. Wittman
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THE STANARD-BUHLMANN RESERVING PROCEDURE:
A PRACTITIONER’S GUIDE

SHOLOM FELDBLUM
Abstract

The Stanard-Bithlmann reserving method, commonly
used by reinsurance actuaries, combines the stability of
expected loss methods with the adherence to empirical
data that is characteristic of the chain ladder method.
This paper is a teaching guide for the reserving actuary:
it explains the intuition for the Stanard-Buhlmann re-
serving method, shows an algebraic derivation from the
Bornhuetter-Ferguson reserving method, uses a series of
illustrations to explain the needed premium adjustments,
and compares the Stanard-Buhlmann reserving method
with the Bornhuetter-Ferguson and chain ladder meth-
ods.

1. INTRODUCTION

An ideal loss reserving method would rely primarily on ob-
served data but not be subject to random loss fluctuations. The

155
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chain ladder reserving method relies entirely on historical loss
triangles, but it is sensitive to random loss fluctuations in the
most recent years. The Bornhuetter-Ferguson expected loss re-
serving method sometimes provides more stable reserve indica-
tions, but it requires an a priori estimate of the expected losses.
The Stanard-Buhlmann reserving method has the stability of an
expected loss method, yet it draws all the needed information
from the observed experience.

The Stanard-Buhlmann procedure has been a major advance
in actuarial loss reserving methods. It has proved especially use-
ful for reinsurers lacking the pricing data to use other expected
loss methods. Primary companies may benefit equally from this
technique, particularly if the reserving actuary does not have a
good estimate of the expected loss ratio.!

This paper explains the intuition for the Stanard-Buhlmann re-
serving method. We begin with the assumption underlying most
reserving techniques—that historical patterns may be repeated in
the future—and we differentiate among the patterns that chain
ladder and expected loss methods use. We provide two deriva-
tions of the Stanard-Buhlmann method: an algebraic derivation
from the Bornhuetter-Ferguson expected loss method and an
intuitive derivation based on the speed of “processing” premi-
ums. Finally, we explain the premium adjustments made in the
Stanard-Buhlmann method and we give illustrations for several
scenarios.

1.1. Patterns of Stability

Most actuarial reserving techniques assume that certain loss
reporting patterns or loss settlement patterns remain relatively
stable over time. The observed patterns, adjusted (if necessary)
for changes in the insurance environment and company claims
practices, are a reasonable predictor of future experience.

I'The Stanard-Biihlmann technique is also called the “adjustment to total known losses”
(Stanard [1985]). Patrik [2002] provides a general introduction to this method.
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TABLE 1.1

Development Months 0-12 12-24 24-36 3648 48-60

Incremental Paid Losses $100,000 $200,000 $150,000 $75,000 $25,000

[llustration: Most formulations of the stability principle are
chain ladder relationships, such as

e Reported losses as of 24 months since inception of the accident
year are expected to be 50% higher than reported losses as of
12 months for that accident year.

e Cumulative paid losses as of 48 months since inception of the
accident year are expected to be 20% higher than cumulative
paid losses as of 36 months for that accident year.

The format of the two statements above is that the cumulative
losses (of whatever type) as of development period i + 1 are X%
greater or lower than the same cumulative losses as of develop-
ment period i. This is the chain ladder format; the format differs
for expected loss reserving methods.

Suppose $550,000 of accident year losses were paid over a
five-year period as shown in Table 1.1.

We formulate the observed pattern:

A. Incremental Development: Losses paid between 12 and
24 months are twice the losses paid between 0 and 12 months.
Losses paid between 24 and 36 months are three quarters of the
losses paid between 12 and 24 months.

B. Cumulative Development: The cumulative losses paid
from O to 24 months are three times the cumulative losses paid
from O to 12 months. The cumulative losses paid from 0 to 36
months are one and a half times the cumulative losses paid from
0 to 24 months.
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TABLE 1.2
Development Months 0-12 12-24 24-36 3648 48-60
Incremental Paid Losses $100,000 $200,000 $150,000 $75,000 $25,000
Cumulative Paid Losses $100,000 $300,000 $450,000 $525,000 $550,000
Incremental Ratio 2.000 0.750 0.500 0.333
Cumulative Ratio 3.000 1.500 1.167 1.048
Loss Development Factor 5.500 1.833 1.222 1.048

Incremental Portion of Ultimate 0.182 0.364 0.273 0.136 0.045
Cumulative Portion of Ultimate 0.182 0.546 0.819 0.955 1.000
Future Portion of Ultimate 0.818 0.454 0.181 0.045 0.000

C. Percentages of Ultimate: Of the $550,000 total paid
losses, 18.2% are paid in the first 12 months, and 36.4% are
paid in the next 12 months.

These patterns differ in their measurement bases. The patterns
are shown in Table 1.2.

For the expected losses, the different bases can be converted
into one another. Given the incremental ratio pattern, we can
derive the cumulative ratio and the percent of ultimate.

The chain ladder method uses cumulative ratios. The paid
loss link ratio from 36 to 48 months is the 1.167 in the 36 to
48 months column of the Cumulative Ratio row. The cumula-
tive product of the link ratios from a given development date
to ultimate is the ultimate loss development factor. The loss de-
Veloprglent factor from 36 months to ultimate is 1.167 x 1.048 =
1.222.

The Incremental Portion of Ultimate row is used for expected
loss methods. The Bornhuetter-Ferguson factor is the sum of
the portion of ultimate figures from a given development date
forward. For instance, the factor from 36 months to ultimate is
0.136 + 0.045 = 0.181. The Bornhuetter-Ferguson factor equals
1 — (1/the link ratio). In this example, 0.181 = 1 —(1/1.222).

2The chain ladder and expected loss reserving methods are described in Wiser [2001],
Salzmann [1984], Peterson [1981], and Feldblum [2002].
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The portion of ultimate factor used in the Stanard-Buhlmann
method is the complement of the Bornhuetter-Ferguson factor.
The portion of ultimate factor at 36 months is 1 —0.181 = 0.819.

1.2. Estimated Ultimate Losses

The Bornhuetter-Ferguson method needs an estimate of the
ultimate losses. For primary companies, the pricing actuary esti-
mates ultimate losses to set premium rates. The reserving actuary
can use the estimate provided by the pricing actuary.

The estimate of ultimate losses is the premium times the ex-
pected loss ratio. This estimate is suitable when the premium
charged is the indicated premium. It must be adjusted if the man-
ual premium differs from the indicated premium or if underwrit-
ers provide schedule credits and debits to individual insureds.
These adjustments demand business acumen, but a knowledge-
able actuary can often make a reasonable estimate of the ultimate
losses.

The reinsurer’s reserving actuary may not have this under-
writing information. The reinsurer’s reserving book of business
may consist of disparate pieces with different expected loss ra-
tios. The reinsurer may not have the information to adjust for the
adequacy level of the primary premiums or for schedule credits
and debits provided by the primary underwriters. This is also
true for primary insurers if the reserving actuary does not have
access to the pricing actuary’s estimates, to manual deviations
from indicated rates, or to the underwriters discretionary price
modifications. This is often the case for large commercial lines
insurers.

James Stanard and Hans Buhlmann provided a solution to this
quandary. If we have sufficient past experience, they argued, we
do not need to know the expected loss ratio. We simply adjust all
premiums in the historical period to the same level of adequacy,
so the expected loss ratios are the same in each year. We first
provide the intuition underlying their method, and then we show
the premium adjustments.
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TABLE 1.3
Development Percent Development Percent
Date Reported Date Reported
12 months 30% 72 months 85%
24 months 50% 84 months 90%
36 months 65% 96 months 94%
48 months 75% 108 months 97%
60 months 80% 120 months 99%

1.3. Derivation

We first derive the Stanard-Buhlmann method from the
Bornhuetter-Ferguson method, which is better known to many
readers; we then proceed to the intuition for the method. The
Bornhuetter-Ferguson method defines the bulk reserve® as

adequate premium x expected loss ratio x percentage unreported.

Ilustration: Tables 1.3 and 1.4 show the expected loss re-
porting percentages from inception of the accident year and the
premiums and losses by accident year at year-end 20X9. A slow
reporting pattern is common for casualty excess-of-loss reinsur-
ance, products liability, and professional liability.

We explain the derivation of the Adjusted Premiums after ex-
plaining the reserving method.

If the premiums are at the same adequacy level, then the mul-
tiplicative factor needed to arrive at the expected losses is the
same for all accident years. For instance, if the premiums are all
20% inadequate, then the expected losses in each accident year
equal

premium x 1.200 x expected loss ratio.*

3The bulk reserve, or the actuarial reserve, covers the emergence on unreported claims
and adverse development on reported claims.

4The terms “premium adequacy” and “expected loss ratio” have numerous interpretations.
When used in a pricing context, premium adequacy generally has an economic mean-
ing: premiums are adequate if they provide a reasonable return to the insurance enter-
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TABLE 1.4

AMOUNTS AS OF 20X9

Accident Adjusted Reported Accident Adjusted Reported
Year Premiums Losses Year Premiums Losses

20X0  $200,000,000 $150,000,000 20X5  $300,000,000 $185,000,000
20X1  $220,000,000 $155,000,000 20X6  $320,000,000 $205,000,000
20X2  $240,000,000 $200,000,000 20X7  $340,000,000 $155,000,000
20X3  $260,000,000 $175,000,000 20X8  $375,000,000 $185,000,000
20X4  $280,000,000 $215,000,000 20X9  $400,000,000  $75,000,000

Let Z = the expected loss ratio times the factor needed to bring
premiums to adequate levels.

Let Y; = the bulk reserves for year i.
Let Y = the total bulk reserve; that is, ¥ = >"Y.

The index i ranges from O to 9, corresponding to accident
years 20X0 through 20X9.

The Bornhuetter-Ferguson expected loss method defines the
bulk loss reserves as

adequate premium x expected loss ratio x percentage unreported.

For year 20XO0, the expected percentage already reported is
99%, so the Bornhuetter-Ferguson estimate of the bulk reserves
is $200,000,000 x Z x (1 —99%) =Y. Similarly, for the 20X9
accident year, the estimate is $400,000,000 x Z x (1 —30%)
=Y. We sum all 10 equations to get Z x [$200,000,000 x
(1-=99%) + --- + $400,000,000 x (1 —30%)] = > Y, =Y.

If the expected loss ratio is accurate, the total reported losses
plus the total bulk reserves should be close to the total expected

prise. Statutory reserving uses undiscounted losses. By “premium adequacy” and “ex-
pected loss ratio” in this paper we mean figures such that ultimate (undiscounted) losses
equal adequate premiums times the expected loss ratio.
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losses. We write the equation for this statement as
[$150,000,000 + - -- + $75,000,000] + Y
= Z % [$200,000,000 + - - - + $400,000,000].

We have a pair of simultaneous linear equations. We compute
the sums in these equations.

e The sum of the adjusted premiums is $2,935,000,000.
e The sum of the reported losses is $1,700,000,000.

e The sum of the adjusted premiums x (1 — percentage reported)
is $817,500,000. Then

Z x $817,500,000 = Y.
$1,700,000,000 + Y = Z x $2,935,000,000.

We need to find Y, the total bulk reserve. We eliminate Z by
substituting Z =Y /$817,500,000.

$1,700,000,000 +Y =Y x $2,935,000,000/$817,500,000.
$1,700,000,000 x $817,500,000 =Y x $2,117,500,000.
Y = $1,700,000,000 x $817,500,000/$2,117,500,000

= $656,320,000.

1.4. Intuition

First, we explain the intuition for the chain ladder reserving
method versus the Stanard-Buhlmann reserving method. Con-
sider year 20X9. The adjusted premium is $400,000,000. By
12 months from the inception of the accident year, 30% of the
adjusted premium, or $120,000,000, has been processed into
reported losses. The other 70% of the adjusted premium, or
$280,000,000, has not yet been processed into reported losses.

The word processed warrants explanation. The adjusted pre-
mium does not become reported losses. Rather, think of the verb
process as connoting emergence or development or settlement. It
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denotes the relationship between the premium collected and the
loss activity.

There is some relationship between the $400,000,000 of
premium and the ultimate reported losses. At 12 months of
development, 30% of the losses should have been reported.
$120,000,000 of premium has the same relationship to the losses
that have already been reported as the other $280,000,000 of pre-
mium has to the losses that are yet to be reported.

The chain ladder reserving method uses this relationship for
each accident year. Let X be the bulk reserve. Then

$75,000,000 X
$120,000,000 ~ $280,000,000°

We solve for the bulk reserve:
X = $75,000,000 x $280,000,000/$120,000,000, or
X = $175,000,000.

This is the chain ladder reserving method. The bulk reserve
for the chain ladder technique is directly dependent on the losses
that have been reported so far. If the reported losses at 12 months
were twice as high, $150,000,000 instead of $75,000,000, the
bulk reserve would be twice as large. We verify this by writing

$120,000,000/$150,000,000 = $280,000,000/X, or

X = $350,000,000.
If LDF is the loss development factor, the bulk reserve in the
chain ladder technique is the reported losses times (LDF — 1). In
the equation above, the bulk reserve equals the reported losses
times (1 — portion of ultimate)/(portion of ultimate). The loss lag

is the reciprocal of the loss development factor. We rewrite the
expression above:

(1 — portion of ultimate)/(portion of ultimate)

=(1-1/LDF)/(1/LDF) = LDF — 1.
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The Stanard-Buhlmann reserving method argues that losses are
volatile, and that we may not want to give too much credence
to the $75,000,000 of losses that have been reported as of
12 months for accident year 20X9. Instead, we combine the
processed premium from each year, and we combine the re-
ported losses from each year. The total processed premium is
$2,117,500,000. The total reported losses are $1,700,000,000.
The total premium that remains to be processed is $817,500,000.
We form the equation

$1,700,000,000 X
$2,117,500,000 ~ $817,500,000°
We solve for X, the total bulk reserve, as
X = $1,700,000,000 x $817,500,000/$2,117,5000,000
= $656,300,000.

2. ADJUSTED PREMIUMS

The premium adjustments differ for dollars of loss versus
number of claims. We explain the premium adjustments by
means of a series of illustrations. The experience period con-
sists of two accident years, 20X1 and 20X2, with premium of
$100,000,000 in 20X1 and $120,000,000 in 20X2. For simplic-
ity, all policies are effective on January 1, and all rate changes
occur on January 1; we relax these assumptions at the end of
Section 2.1. In each illustration, we adjust the earned premiums
to the same adequate level. Unless specified otherwise, text and
formulas apply to dollars of loss, not the number of claims.

lllustration 1: Rate Change

Earned premium is $100,000,000 in 20X1 and $120,000,000
in 20X2. On January 1, 20X2, there was a +10% rate change.
The exposure base is not inflation-sensitive. There is no loss
trend: neither a loss severity trend nor a loss frequency trend.
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A. If the 20X1 premiums are exactly adequate, the 20X2
premiums are 10% redundant. To bring the premiums to
the same adequacy level, we divide the 20X2 premiums
by 1.100.

B. If the 20X2 premiums are exactly adequate, the 20X1
premiums are deficient by a factor of 1/1.100. To bring
the premiums to the same adequacy level, we multiply
the 20X1 premiums by 1.100. These two scenarios give
the same result in the Stanard-Buhlmann technique. Mul-
tiplying the numerator of a ratio by a constant has the
same effect as dividing the denominator of the ratio by
the same constant.

C. There are a variety of other possibilities. The 20X1 pre-
miums might be deficient by 5% or they might be redun-
dant by 5%. They all lead to the same Stanard-Buhlmann
result.

Given the various possibilities, which should we choose? The
actuarial convention is to leave the most recent year unadjusted
and to adjust prior years to the level of the most recent year.> We
multiply the 20X1 premium by unity plus the January 1, 20X2,
rate change amount.

These various scenarios give the same result in the Stanard-
Buhlmann technique. If all premiums are at the same adequacy
level, we can multiply all premiums by a constant Z to convert
premiums into expected losses. Suppose the expected loss ratio
is 70%, the 20X1 premiums are exactly adequate, and the 20X2
premiums are 10% redundant.

1. If we multiply the 20X1 premium by 1.100, the premi-
ums in both years are 10% redundant. The value of Z

5This is a general actuarial convention. The readers of the reserving actuary’s report
may not understand the Stanard-Buhlmann technique. In most situations, other company
personnel believe that the current year is “correct.” It is easier to explain an adjustment
of prior years to the adequacy level of the current year than to explain an adjustment of
the current year to the adequacy level of past years.
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is 70%/1.100. In combination, we have multiplied the
20X1 premium by 1.100 x 70%/1.100 = 70%. We have
multiplied the 20X2 premium by 70%/1.100.

2. If we divide the 20X2 premium by 1.100, the premi-
ums in both years are exactly adequate. The value of Z
is 70%. In combination, we have multiplied 20X1 pre-
mium by 70%. We have multiplied the 20X2 premium
by 70%/1.100.

Hllustration 2: Loss Trends

The loss severity trend is +10% per annum. There have been
no rate changes, and the exposure base is not inflation-sensitive.

A. If the 20X1 premium is adequate, the 20X2 premium
is deficient by 10%, since losses increased by 10% per
exposure unit in 20X2 and there was no rate change. We
multiply the 20X2 premiums by 1.100 to bring them to
an adequate level.

B. If the 20X2 premium is adequate, the 20X1 premium
was redundant, since the 20X2 losses were 10% higher
per exposure unit and there was no rate change. We di-
vide the 20X1 premiums by 1.100 to bring them to an
adequate level.

C. The absolute premium adequacy level does not affect the
result. By convention, we adjust prior years’ premiums
to the adequacy level of the most recent year.

In general, we determine the loss cost trend factors to bring prior
years’ losses to the level of the most recent year, and we divide
the prior years’ premiums by the trend factors.

Hlustration 3: Rate Changes and Loss Trends

The loss severity trend is +10% per annum. A rate change of
+10% was effective on January 1, 20X2. The exposure base is
not inflation-sensitive.
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Both premium rates and losses increased by 10% between the
two years. The premiums are at the same adequacy level. Using
the general rules, we multiply the 20X1 premium by 1.100 for
the rate change, and we divide the 20X1 premium by 1.100 for
the loss trend. The net adjustment is no change.

Hllustration 4: Exposure Trends

The loss severity trend is +10% per annum. The exposure
base is inflation-sensitive, and the exposure trend is 10% per
annum. No rate changes were taken.

The exposure trend of +10% offsets the loss cost trend of
+10%. We conceive of an exposure trend as the reciprocal of a
loss cost trend. The net trend is 0% per annum.

2.1. General Rules

Premiums: The illustrations above assume January 1 effec-
tive dates for rate changes and policies. That is not necessary.
Rather, we determine calendar year on-level factors to bring the
earned premium in each calendar year to the current rate level.®

The loss severity trend is 0%. Policies are written evenly
through the year. We took a rate change of +10% on July 1,
20X1. The exposure base is not inflation-sensitive.

The calendar year on-level factors are 1.075 for 20X1 and
1.025 for 20X2. We multiply the 20X1 premium by 1.075 and
the 20X2 premium by 1.025.

Losses: We trend all losses to a common date with the net
trend factors. The net trend equals the loss frequency trend times

6The Stanard-Buhlmann technique is commonly used by reinsurance actuaries. Most
excess-of-loss reinsurance treaties are effective on January 1, and reinsurance rate
changes are effective on January 1 as well. The underlying policies written by the ced-
ing company may be written evenly during the year, and the ceding company’s rate
changes may have occurred during the year. The on-level factors are taken into account
to determine the reinsurance rate changes; they need not be recomputed for the reserve
estimate.
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the loss severity trend divided by the exposure trend. However,
we adjust the premiums, not the losses, so we divide the premi-
ums by the net trend factors.

2.2. Claim Counts

The Stanard-Buhlmann technique can be used with claim
counts in place of dollars of loss. Suppose claims are reported
quickly but claim severities are highly variable and may remain
uncertain for many years. The reserving actuary may project ul-
timate claims by a development procedure and the average claim
severity by a trend procedure.

[llustration: Workers compensation permanent disability
claims are reported quickly, though it may take years before the
severity of the injury is clear. The claims are paid over the re-
maining lifetime of the injured worker. Both the indemnity (loss
of income) benefits and the medical benefits extend over decades,
and they are difficult to estimate.

The reserving actuary may project ultimate claim counts by
a development year procedure and ultimate claim severities by
an accident year trend. Suppose we are estimating accident
year 20X9 workers compensation reserves for permanent dis-
ability claims. Within a year or two after the expiration of the
20X9 accident year, we have a preliminary estimate of the ul-
timate claim count. Since we have only a year or two of pay-
ments on these claims—each of which may extend for 20 or
30 years—we cannot estimate claim severities from the 20X9
data.

Instead, we estimate ultimate claim severities for the more
mature accident years, such as 20X0 through 20X7. We use
the workers compensation loss cost trend factors derived from
shorter-term injuries to extend the claim severity trend through
20X9. This procedure is suited for excess-of-loss reinsurance
reserving, since most of the claims are permanent injuries.
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Hllustration 5: Claim Frequencies

When we deal with reported losses, the ratio of reported losses
to unreported losses is set equal to the ratio of processed pre-
mium to unprocessed premium. The unreported losses are the
bulk reserve. When we deal with reported claims, the ratio of
reported claims to unreported claims is set equal to the ratio of
processed premium to unprocessed premium.

Premium is $100,000,000 in 20X1 and $120,000,000 in
20X2. Policies are effective on January 1, there have been no
rate changes, and the exposure base is not inflation-sensitive.
The loss severity trend is +10% per annum. We use the Stanard-
Buhlmann technique to estimate ultimate claim counts.

We comment on the meaning of premium adequacy with re-
spect to claim counts. If the expected claim frequency is 100
claims for each $1,000,000 of premium in 20X1, then 20X2 has
the same level of premium adequacy if the expected claim fre-
quency is still 100 claims for each $1,000,000 of premium.

In Illustration 5, there were no rate changes in 20X1 or 20X2.
If there were no changes in expected claim frequency, the pre-
miums in 20X1 and 20X2 are at the same level of adequacy with
respect to claim frequency.

If the average loss severity rose by 10% from 20X1 to 20X2,
the premiums in the two years are not at the same level of
adequacy with respect to dollars of losses. For the Stanard-
Buhlmann method, we use a premium adjustment if we are deal-
ing with reported losses. We make no premium adjustment in
this case if we are dealing with reported claims.

Lllustration 6: Frequency and Severity Trends

The loss cost trend is +10% per annum, consisting of 7.8%
claim severity trend and a 2.0% claim frequency trend. There
have been no rate changes, and the exposure base is not inflation-
sensitive.
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To estimate ultimate losses, we use the total loss cost trend of
+10% per annum. To estimate ultimate claim counts, we use the
claim frequency trend of 2.0% per annum.

Pricing actuaries have learned to be wary of claim frequency
trends. In most lines of business, claim frequency does not follow
simple exponential growth patterns. Econometric modeling of
claim frequency has generally been disappointing. One might
wonder how useful the claim frequency trends would be for the
Stanard-Buhlmann reserving technique.

The pricing actuary and the reserving actuary use the trend
factors for different purposes. The pricing actuary is projecting
future claim frequency; most trend estimates have been poor pre-
dictors. The reserving actuary is quantifying the change between
two past years. The claim frequency is a historical figure; it is
not better or worse than the historical loss cost trend.

1. If we are given both claim frequency trends and claim
severity trends, we use the product of these trends when
we deal with dollars of loss. When we deal with claim
counts, we use only the claim frequency trends.

2. If we have a single loss cost trend, we use the claim fre-
quency portion of the trend. If we do not know the claim
frequency portion, we might estimate the claim sever-
ity portion from other indices and “back out” the claim
severity portion to derive the claim frequency portion.

3. The loss frequency trends in the historical data may re-
flect shifts in the mix of business, not real changes in
claim frequency. Such trends may not be used in pricing,
though they may be appropriate for aggregate reserving
analyses.

4. For some lines of business, the exposure trends largely
offset the loss severity trends, and the net trend is not
material. When we are dealing with claim counts, we
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ignore loss severity trends but we still include exposure
trends to calculate the premium adjustments.

Mlustration:  Payroll in 20X1 is $100,000,000. The workers
compensation premium rate is 2% of payroll, giving a premium
of $2,000,000. Employment stays the same for 20X2. Wage in-
flation is 10% per annum, so payroll is $110,000,000 and pre-
mium is $2,200,000. If nothing has changed in the physical plant,
we expect the same number of claims. We increase the 20X1 pre-
miums by +10% to bring them to the adequacy level of the 20X2
premiums.

3. CLAIM COUNTS VS. LOSS DOLLARS

We illustrate the Stanard-Buhlmann method’s premium ad-
justments by calculating first an IBNR claim count and then
an IBNR loss reserve. In Table 3.1, all policies have effective
dates of January 1, and all rate changes occur on January 1. We
consider two separate problems: one using the column Reported
Claims (Scenario A) and the other using the column Reported
Losses (Scenario B).

For clarity, the loss dollars are $1,000 times the claim count in
each year; only the premium adjustments differ between the two
scenarios. The processed premium differs for each year because
only the losses have a trend, not the claim counts. These are
“either-or” columns for two different scenarios; they are not the
claim counts and losses in a single scenario.

Annual loss trends and rate changes are shown in Table 3.2
(Scenario A). There is no exposure trend.

There are two premium adjustments: one for rate changes and
another for trend. We bring all premiums to the same rate level,
and we divide by the appropriate trend factors.

Because all policies are effective on January 1, the rate change
on January 1, 20X1 affects all years equally. In Table 3.3 we set
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TABLE 3.1
Reported Reported
Cal./Acc. Pure Reporting Claims at Losses at
Year Premium Percentage 12/31/20X5 12/31/20X5
20X1 $40,000 38% 9 $9.000
20X2 $44,000 28% 8 $8,000
20X3 $40,000 18% 8 $8,000
20X4 $45,000 9% 5 $5,000
20X5 $50,000 2% 1 $1,000
TABLE 3.2
Loss Severity Trends Rate Changes
20X0 to 20X1 15.0% 1/1/20X1 30.0%
20X1 to 20X2 12.5% 1/1/20X2 10.0%
20X2 to 20X3 10.0% 1/1/20X3 —10.0%
20X3 to 20X4 10.0% 1/1/20X4 0.0%
20X4 to 20X5 10.0% 1/1/20X5 5.0%
TABLE 3.3
Date Rate Change Rate Level Index On-Level Factor
1/1/20X1 30.0% 1.0000 1.0395
1/1/20X2 10.0% 1.1000 0.9450
1/1/20X3 —10.0% 0.9900 1.0500
1/1/20X4 0.0% 0.9900 1.0500
1/1/20X5 5.0% 1.0395 1.0000

the 20X1 rate level to a rate level of 1.000, and we use the other
rate changes to bring premiums to the current rate level.

Scenario A—Number of Claims: The rate level index is the
cumulative downward product of the rate changes. (When the
policy effective dates are distributed through the year and the
rate changes occur on different dates, the rate level index is the
average rate level during the year.) The on-level factor is the
current rate level index divided by the rate level index for the
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TABLE 3.4

Processed  Unprocessed
Cal./Acc. Pure On-Level Adjusted Reporting Premium at  Premium at
Year Premium Factor Premium Percentage 12/31/20X5  12/31/20X5

20X1  $40,000 1.0395  $41,580 38.0% $15,800.40  $25,779.60

20X2  $44,000 0.9450  $41,580 28.0% $11,642.40  $29,937.60
20X3  $40,000 1.0500  $42,000 18.0% $7,560.00 $34,440.00
20X4  $45,000 1.0500  $47,250 9.0% $4,252.50 $42,997.50
20X5  $50,000 1.0000  $50,000 2.0% $1,000.00 $49,000.00
Total $40,255.30  $182,154.70

accident year under consideration. We multiply the premiums by
the on-level factors to put all premiums on the same adequacy
level. The loss trend is a severity trend; we assume that the claim
frequency trend is zero. We use the severity trend adjustment
when dealing with loss dollars, not claim counts.

In the claim amount scenario in Table 3.4, 31 claims are re-
ported by December 31, 20X5. We determine the total processed
premium and the total unprocessed premium.

The claims expected to emerge in the future are 31 x
$182,154.70/$40,255.30 = 140.

The reserve indication has great uncertainty. From 31 claims
that have been reported so far, we are estimating future emer-
gence of 140 claims. The volatility of the reported claim counts
can be seen by a comparison of accident years 20X1 and 20X3.
As of December 31, 20X5, the processed adjusted premium for
20X1 is $15,800 and 9 claims have been reported, while the pro-
cessed adjusted premium for 20X3 is $7,560 and 8 claims have
been reported.’

Scenario B—Dollars of Loss: In Table 3.5 we adjust for the
loss severity trend by forming an index of relative loss costs,

TThe reserve indication is for five accident years only. For the oldest year in the experi-
ence period, only 38% of claims have been reported so far. If the company had business
in preceding years, we would still expect much claim emergence for these older years.
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TABLE 3.5
Period Loss Trend Index Value Trend Factor
20X0 to 20X1 15.0% 1.0000 1.497
20X1 to 20X2 12.5% 1.1250 1.331
20X2 to 20X3 10.0% 1.2375 1.210
20X3 to 20X4 10.0% 1.3613 1.100
20X4 to 20X5 10.0% 1.4974 1.000
TABLE 3.6

Processed Unprocessed
Cal./Acc. Pure On-Level Trend Adjusted Reporting Premium at Premium at
Year Premium Factor Factor Premium Percentage 12/31/20X5 12/31/20X5

20X1 $40,000 1.0395 1.497 $27,776 38% $10,554.71  $17,220.84
20X2 $44,000 0.9450 1.331 $31,240 28% $8,747.11  $22,492.56
20X3 $40,000 1.0500 1.210 $34,711 18% $6,247.93  $28,462.81
20X4 $45,000 1.0500 1.100 $42,955 9% $3,865.91  $39,088.64
20X5 $50,000 1.0000 1.000 $50,000 2% $1,000.00  $49,000.00

Total $30,427.66 $156,276.85

using 20X1 as the base year. The loss trend from 20X0 to 20X1
affects all years equally. The index value for 20X1 is unity, the
index value for 20X2 is 1.125, and so forth. The trend factor is
the index value for the most recent year divided by the index
value for the year under consideration. If we adjust losses to the
current level, we multiply by these trend factors. Since we are
adjusting premiums here, we divide by the trend factors.

In the claim count scenario, $31,000 of losses are reported
by December 31, 20X5. The premium adjustment factors are
the on-level factors calculated for rate changes divided by the
trend factors. We determine the total processed premium and
total unprocessed premium in Table 3.6.

The bulk loss reserve is $31,000 x $156,276.85/$30,427.66 =
$159,216.40.
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3.1. Calendar Year Emergence

So far we have examined the future emergence of losses, both
new claims + adverse development on known claims = bulk re-
serve, and the future payment of losses, or the total (case + bulk)
reserve. The reserving actuary may be asked to show the ex-
pected emergence and payment of losses by development period
(i.e., by calendar period) subsequent to the valuation date. The
emergence and payment patterns have several uses.

1. Reserving: The loss emergence and loss payment in the
next calendar period provide a check on the accuracy of
the reserve indication. It is difficult to judge the loss re-
serve indication itself, since the losses may not emerge
or settle for many years. By comparing the actual emer-
gence or settlement in the next calendar period with the
estimates implied by the reserve indication, one gets a
better feel for the accuracy or bias in the indication.

2. Investments: The expected emergence and settlement
of claims is necessary for asset/liability management.
The insurer’s investment department seeks expected li-
ability cash flows in the coming months to optimize its
investment strategy. Many insurers structure their invest-
ment portfolio in accordance with their insurance liabili-
ties, selecting security types, fixed-income durations, and
investment quality to best manage their overall risk. The
reserving actuary provides the settlement patterns for the
loss reserve portfolio.

e The bulk reserve as of December 31, 20XX, equals the losses
expected to emerge in calendar years 20XX+1 and subsequent
for accident years 20XX and prior.

e The expected emergence in 20XX+1 equals the losses ex-
pected to emerge in calendar years 20XX+1 for only accident
years 20XX and prior.
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TABLE 3.7
Adjusted Earned Difference in Premium
Cal./Acc. Year Premium Percent Reported Processed in 20X6
20X1 $41,580 10.0% $4,158
20X2 $41,580 10.0% $4,158
20X3 $42,000 10.0% $4,200
20X4 $47,250 9.0% $4,253
20X5 $50,000 7.0% $3,500
20X1-20X5 $20,269

We illustrate the method using Table 3.7. We calculate the
number of claims expected to emerge for accident years 20X1
through 20X5 during calendar year 20X6.

We estimate the adjusted premium that will be processed in
20X6. For any accident year, the adjusted premium that will be
processed in 20X6 is the adjusted premium for that accident year
times the difference in the report lag between that accident year
and the previous year. For example, the 20X?2 adjusted premium
processed in 20X6 is $41,580 x (38.0% — 28.0%) = $4,158.

We do not know the difference between the reporting per-
centage as of 60 months and 72 months. For the other figures in
Table 3.7, we estimate this difference as 10%.

The adjusted premium for 20X1 through 20XS5 processed in
20X6 is $20,269. The estimated claim emergence in 20X6 is
31 x $20,269/$40,255 = 16 claims.

4. RESERVE ASSUMPTIONS: CHAIN LADDER VS. EXPECTED LOSS

Chain ladder reserving methods work better in some situations
and expected loss methods work better in others. We examine
the perspective of each type of method, so that we may judge
when a Stanard-Buhlmann reserving method is most appropriate.
Brosius, following Hugh White’s discussion of the Bornhuetter-
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Ferguson paper, explains the differing philosophy of the chain
ladder versus the expected loss reserving methods.?

e The chain ladder method assumes that unusually high or low
cumulative paid losses to date are indicative of similar high or
low paid losses in future development periods.

e The Bornhuetter-Ferguson method assumes that unusually
high or loss cumulative paid losses to date reflect random loss
fluctuations. They are not indicative of unusually high or low
paid losses in the remaining development periods.

As Brosius points out, the truth is generally in between these
two alternatives. Yet the extreme cases interest us, because cer-
tain attributes of the insurance scenario argue for one or the other
of these cases.

e When losses are very immature, or when loss severity is large
but loss frequency is low, or when the variability of losses
is unusually great, the Bornhuetter-Ferguson expected loss
method may be favored.

e When losses are mature, or when loss severity is low but loss
frequency is high, or when the variability of losses is small,
the chain ladder method may be favored.

Excess of loss reinsurance has the former attributes, so many
reinsurance actuaries are inclined to use expected loss reserving
procedures. Since the reinsurance actuary may not have a good
sense of the expected loss ratio, the Stanard-Buhlmann method
is often used.

4.1. Accident Year Weights

James Stanard [1985] provides another perspective on the
Stanard-Buhlmann method (which he refers to as the “Ad-
justment to Total Known Losses Method” or the “Cape Cod

8See Bornhuetter-Ferguson [1972] and Brosius [1993]. Brosius presents a statistical pro-
cedure for selecting the base that allows for multiple bases, such as 60% of one base
plus 40% of another base, and he determines the optimal percent of each.
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Method”). The Stanard-Buhlmann method estimates the ex-
pected losses from the historical data. There is a simpler method
of doing this, but a comparison with the Stanard-Buhlmann
method shows one of the latter’s advantages.

Given the historical data, the chain ladder method estimates
the total losses for each accident year. If there is no trend or ex-
posure change from year to year, we can estimate the expected
losses as the simple average of the estimated incurred losses for
each accident year and then use a Bornhuetter-Ferguson loss re-
serving method. The Stanard-Buhlmann reserving method does
the same, except that it uses a weighted average, where the
weights are the reporting percentage for each accident year. This
gives more weight to older accident years, for which the total
incurred loss is more certain.’

We use two illustrations. Scenario A has actual losses equal
to expected losses in each year; the chain ladder, Bornhuetter-
Ferguson, and Stanard-Buhlmann reserving methods give the
same reserve indication. Scenario B switches the actual losses
between the oldest accident year and the most recent accident
year. The total actual losses remain the same, but more than ex-
pected occur in the most recent accident year and fewer than
expected occur in the oldest accident year.

e The chain ladder method treats each accident year indepen-
dently. The most recent accident year has the largest loss de-
velopment factor, so shifting more of the actual losses in that
year increases the reserve indication.

o If we use a straight average of the indicated reserves by acci-
dent year as the expected losses for the Bornhuetter-Ferguson
method, the expected loss for each accident year is higher than
in Scenario A. But because the Bornhuetter-Ferguson gives

91f the exposures differ by accident year or if there is a loss trend, the accident years
must be put on equal cost and exposure bases before taking an average. Exposures are
known for each accident year. Placing accident years on the same cost level is discussed
in Section 2. For simplicity we do not repeat these adjustments here.
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TABLE 4.1

DETERMINATION OF BULK RESERVE—CHAIN LADDER METHOD

Adjusted Pure  Reporting Reported

Chain Ladder Premium Percentage Losses LDF -1 Bulk Reserve
20X1 $100,000 80% $80,000 0.25 $20,000
20X2 $100,000 50% $50,000 1.00 $50,000
20X3 $100,000 20% $20,000 4.00 $80,000
Total $300,000 $150,000 $150,000

less leverage to the actual losses in determining the reserve,
the indicated reserve is lower than the chain ladder indication.

e The Stanard-Buhlmann reserving method weights the chain
ladder reserve indications by the reporting percentage in each
accident year. If reported losses do not change, the estimated
ultimate losses do not change.!”

[llustration—Scenario A: In Table 4.1 suppose the adjusted
pure premiums are $100,000 in each of three accident years.
The reporting percentages are 20%, 50%, and 80% as of 12, 24,
and 36 months from inception of the accident year. The reported
claims in the past three accident years are $80,000, $50,000, and
$20,000 at the end of the most recent accident year.

There are no loss trend or exposure changes from year to year.
The chain ladder, Bornhuetter-Ferguson, and Stanard-Buhlmann
methods give the same reserve indication of $150,000.

For the chain ladder method, the loss development factor
equals the reciprocal of the reporting percentage. The incurred
loss is the reported loss times the loss development factor, and
the bulk reserve is the reported loss times (LDF — 1).

190ne Review team member of the CAS Committee on Review of Papers noted that
“in SB the exact relationship by year of reported losses to adjusted premiums does not
matter. That may be considered an advantage or disadvantage of the method.”
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TABLE 4.2

DETERMINATION OF BULK RESERVE—
BORNHUETTER-FERGUSON

Bornhuetter- Adjusted Pure  Reporting Reported Expected

Ferguson Premium Percentage Losses Loss Bulk Reserve
20X1 $100,000 80% $80,000 $100,000 $20,000
20X2 $100,000 50% $50,000 $100,000 $50,000
20X3 $100,000 20% $20,000 $100,000 $80,000
Total $300,000 $150,000 $150,000

TABLE 4.3

DETERMINATION OF BULK RESERVE—STANARD-BUHLMANN

Stanard- Adjusted Pure  Reporting Reported Processed Unprocessed
Buhlmann Premium Percentage Losses Premium Premium
20X1 $100,000 80% $80,000  $80,000 $20,000
20X2 $100,000 50% $50,000  $50,000 $50,000
20X3 $100,000 20% $20,000  $20,000 $80,000
Total $300,000 $150,000 $150,000 $150,000

The chain ladder method estimates the total incurred loss
for all three years as $150,000 (reported loss) + $150,000 (bulk
reserves) = $300,000.

The Bornhuetter-Ferguson bulk reserve is the expected loss
times the complement of the reporting percentage (see Table 4.2).

The Stanard-Buhlmann indicated reserve is $150,000 x
$150,000/$150,000 = $150,000 (see Table 4.3).

Illustration—Scenario B: In Table 4.4 we switch the re-
ported losses in 20X1 and 20X3. The chain ladder method bases
the reserve for each accident year directly on the reported losses
in that year. Since the most recent year has the highest loss devel-
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TABLE 4.4

DETERMINATION OF BULK RESERVE—CHAIN LADDER METHOD

Adjusted Pure  Reporting Reported
Chain Ladder Premium Percentage Losses LDF—1 Bulk Reserve

20X1 $100,000 80% $20,000 0.25 $5,000

20X2 $100,000 50% $50,000 1.00 $50,000

20X3 $100,000 20% $80,000 4.00 $320,000

Total $300,000 $150,000 $375,000
TABLE 4.5

DETERMINATION OF BULK RESERVE—
BORNHUETTER-FERGUSON

Bornhuetter- Adjusted Pure  Reporting Reported Expected

Ferguson Premium Percentage Losses Loss Bulk Reserve
20X1 $100,000 80% $20,000 $175,000 $35,000
20X2 $100,000 50% $50,000 $175,000 $87,500
20X3 $100,000 20% $80,000 $175,000 $140,000
Total $300,000 $150,000 $262,500

opment factor, it has the most leverage, and the reserve indication
is higher.

The Bornhuetter-Ferguson method smooths the effects of ran-
dom loss fluctuations among the years. If we use a straight aver-
age of the chain ladder estimates of ultimate losses as the estimate
of the expected losses, the Bornhuetter-Ferguson reserve indica-
tion increases, though not as much as the chain ladder indication
does (see Table 4.5).

The Stanard-Buhlmann reserving method weights the esti-
mated losses in each accident year by the reporting percentage
in that year to get its estimate of expected losses. The chain lad-
der estimated losses above are $25,000 for 20X1, $100,000 for
20X2, and $400,000 for 20X3. Weighting these estimates by the
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TABLE 4.6

DETERMINATION OF BULK RESERVE—STANARD-BUHLMANN

Stanard- Adjusted Pure  Reporting Reported Processed Unprocessed
Buhlmann Premium Percentage Losses Premium Premium
20X1 $100,000 80% $20,000  $80,000 $20,000
20X2 $100,000 50% $50,000  $50,000 $50,000
20X3 $100,000 20% $80,000  $20,000 $80,000
Total $300,000 $150,000 $150,000 $150,000

percentage reported (80%, 50%, and 20%) gives estimated ex-
pected losses of $100,000. Changes to reported losses by year are
divided by the percentage reported to estimate the change in ulti-
mate losses. The ultimate losses are weighted by the percentage
reported, so, if the changes to reported losses in different years
offset one another, there is no change to the estimated expected
losses (see Table 4.6).

5. SUMMARY

The Stanard-Buhlmann reserving technique is a simple, intu-
itive procedure that works well even in situations that don’t lend
themselves to easy estimates, such as reserving for high layers of
loss. It is most useful for recent accident years in lines of busi-
ness where random loss fluctuations preclude the use of chain
ladder reserving methods but uncertainty about the excess loss
ratio precludes the use of a Bornhuetter-Ferguson expected loss
reserving method.

Illustration: Losses may not be reported on casualty excess-
of-loss reinsurance treaties until several years after the accident
date, so a chain ladder reserving method is not appropriate for
the most recent two or three accident years. In a chain ladder
method, we apply the loss development factors to the reported
losses for that accident year. If the loss development factors are
very high (say, more than 10.000) and the expected reported
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losses at a early maturity are very low, a change of $1,000,000
in the reported losses causes a change greater than $10,000,000
in the estimate of incurred losses.

But the Bornhuetter-Ferguson expected loss reserving method
may also be inappropriate. If the reinsurer is not sufficiently
familiar with the book of business and the underwriting practices
of the ceding company, the reserving actuary may not know the
expected loss ratio to determine expected losses.

Reinsurance actuaries often use a Stanard-Buhlmann reserv-
ing method in this situation. If the reinsurer has enough years
of historical data, the Stanard-Buhlmann method derives the ex-
pected loss ratio from the actual experience. This practitioner’s
guide should encourage the use of the Stanard-Buhlmann reserv-
ing method by primary company actuaries for volatile lines of
business, in addition to its current use by reinsurance actuaries.
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APPENDIX A
PATTERNS AND PROJECTIONS

This appendix discusses patterns of stability in the historical
data. It is geared to the student, though even the experienced
reserving actuary may find the review useful.

A.l. Weighted vs. Unweighted Averages

The prospective future pattern is based on the observed pat-
terns. One may use either unweighted or weighted averages of
historical observations. There are two reasons for using weighted
averages: shifting risk parameters and credibility considerations.

Shifting Risk Parameters: If a more recent year is a better
predictor of future experience than an older year, more recent
accident years should receive more weight than older accident
years. This approach is most important when trends appear in
the columns of age-to-age factors.

The consideration of shifting risk parameters is particularly
applicable to loss reserving, since the covariance matrix can be
estimated from the experience; see Mahler [1990, 1998]. In many
scenarios, a broad range of credibility values is close to optimal.
A weighting system may be selected one year and used for sub-
sequent reviews as well.

Credibility: The experience years should be weighted in pro-
portion to the real volume of business. The loss amounts in each
year differ for two reasons: (i) the real dollar amount of losses
may differ, and (ii) inflation causes the nominal amount of losses
to differ.

Ideally, one should use weighted averages of the observed
link ratios, where the weights are the deflated dollars of loss. If
deflated triangles are used in the reserve analysis, weighted aver-
ages based on dollars of loss at the earlier of the two development
periods should be used. If nominal loss triangles are used, the
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TABLE A.1
Accident Year At 12 months At 24 months Link Ratio
20X1 $10,000,000 $15,000,000 1.500
20X2 $20,000,000 $25,000,000 1.250
20X3 $30,000,000 $60,000,000 2.000
Total $60,000,000 $100,000,000 (see text)

following rule is a reasonable guide. When the dollar amount of
losses is consistent with monetary inflation, one should use un-
weighted averages. When the dollar amount of losses is consider-
ably different from monetary inflation, one should use weighted
averages, with an adjustment to offset monetary inflation.

When the weights are the same as the measurement base (e.g.,
the weights are the losses at the start of the period for the chain
ladder link ratios) the weighted average may be computed by
summing the losses for several years as the numerators and de-
nominators of the link ratios.

[llustration: Cumulative paid losses in deflated dollars are
shown in Table A.1.

The unweighted average of the link ratios is (1.500 + 1.250 +
2.000)/3 = 1.583. The weighted average is most easily deter-
mined as the sum of losses at 24 months divided by the sum of
losses at 12 months: $100,000,000/$60,000,000 = 1.667.

Suppose that the covariance matrix to determine optimal
weights based on shifting risk parameters gives weights of 20%—
30%—-50%. If there were no changes in the volume of business
by year, the weighted link ratio would be 20% x 1.500 + 30% x
1.250 + 50% x 2.000 = 1.675. In the scenario given above, where
the deflated losses are increasing, the weighted link ratio
is (20% x 15 4+ 30% % 25 + 50% x 60)/(20% x 10 + 30% x 20 +
50% % 30) = 1.761.

Nominal Dollars: If the dollars in the table above are not
adjusted for inflation, and the loss cost trend is 10% per annum,
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the weighted average (not adjusted for shifting risk parameters) is
(10 x 1.500 +20/1.100 x 1.250 + 30/1.100% x 2.000)/(10 + 20/
1.100 +30/1.100%) = 1.648.

A.2. Inflation

Changing inflation rates may bias the projected pattern. The
effects of inflation are most significant for the long-tailed com-
mercial casualty lines of business.

[llustration: We are using a paid loss development method
for workers compensation (WC) medical benefits. The work-
ers compensation medical benefits severity trend has been 8%
per annum during the experience period. Medical inflation has
recently risen, and we expect the future workers compensation
medical benefits severity trend to be 12% per annum.

In the company’s book of business, WC medical benefits are
paid about three years after the accident date (on average). How-
ever, many medical cases close early. The time until payment
for the medical loss reserves is five years, on average. We as-
sume that medical benefits are affected by inflation through the
payment date; see Butsic [1981].

The change in the medical severity trend raises the reserve
indication by (1.120/1.080)° = 1.199, or about 20%. If no ad-
justment to the reserving procedure is made to account for
the change in the inflation rate, the reserve indication may be
severely understated.

To correct for changes in the inflation rate, one may deflate
the historical triangle for past inflation, perform the actuarial
analysis on “real dollar” figures, and project forward with future
expected inflation or stochastic inflation rate paths.!!

"Hodes, Feldblum, and Blumsohn [1999] use an interest rate generator and a stochastic
inflation model with a probability distribution of loss realizations in future calendar
years. Feldblum [2002] summarizes the procedure, with an application to Schedule P
loss reserve monitoring.
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A.3. Trend, Outliers, and Credibility

Trend: When the insurance environment is changing, one
might trend the historical figures. Examples are changing at-
torney involvement in private passenger automobile claims and
changing claims management practices in workers compensation
insurance.!?

Outliers: To eliminate outliers, one might use averages that
discard the high value and the low value. When discarding out-
liers, one must be careful not to introduce additional bias.

o If the distribution of link ratios is skewed, eliminating outliers
gives a biased average.

e The chain ladder reserving method may have an inherent bias;
see Stanard [1985]. The elimination of outliers may offset
some of this bias.

Credibility: For small insurers, one might weight company
averages with industry averages, or state averages with country-
wide averages; see Graves and Castillo [1990].

A.4. Stability Patterns: Derivation vs. Application

The derivation of the stability pattern is similar for all re-
serving methods. Once we determine any one pattern, we have
determined the other patterns as well. One sometimes hears that
chain ladder methods and expected loss methods both start with
the observed link ratios. We could equally well say that the meth-
ods start with the observed percentages of ultimate.

It is in the application of the patterns that the reserving meth-
ods differ.

e Chain ladder methods apply the factors to the cumulative paid
or reported losses for each experience year. We do not use the
estimated ultimate losses.

12Feldblum [2005] discusses trends in workers compensation loss development factors
in the 1980s and 1990s.
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e Expected loss methods apply the factors to the estimated ul-
timate losses. We do not use the cumulative paid or reported
losses for each experience year.

In the example in Section 1 (Table 1.2), the paid losses in
the first 12 months equal 18.2% of the estimated ultimate paid
losses. Suppose we are using this historical pattern to estimate
the needed reserves for a more recent accident year. What if the
paid losses in the first 12 months of this accident year equal
25% of the estimated ultimate losses, not 18.2% of the ultimate
losses?

e A chain ladder method says: “Use the cumulative paid losses
in the first 12 months; ignore the estimated ultimate losses.”

e An expected loss method says: “Use the estimated ultimate
losses; ignore the cumulative paid losses in the first 12
months.”

A.5. Determining the Pattern

If we determine the incremental ratios or the cumulative ra-
tios, we know the percentages of ultimate. Conversely, if we
determine the percentages of ultimate, we know the incremental
ratios and the cumulative ratios. We ask: “Which is the easiest
pattern to determine?” not “Which pattern do we want to use?”

If we try to determine the percentages of ultimate, we can’t
use all the data at our disposal. In particular, we can’t use the
most current data. If we try to determine the incremental ratios
or the cumulative ratios, we use all the historical data, including
the most recent data.

If we try to determine the percentages of ultimate directly,
we can use only mature accident years that have developed to
ultimate. The patterns may have changed in the intervening years,
as the social, economic, and insurance environments changed.

If we use incremental ratios or cumulative ratios, we can use
all accident years, including even the most recent calendar year
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information in each accident year. This was the advance in ca-
sualty loss reserving theory that gave rise to the chain ladder
method.!3

We still must choose between the incremental ratios and the
cumulative ratios. At early development periods, neither method
is clearly superior. At later development periods, the incremental
losses are relatively small. Small figures in the numerators of
the link ratios do not distort the estimation procedure. But small
figures in the denominator cause ratios that may be unrealistically
large, reducing the accuracy of the results and adding significant
bias.

[lustration: Table A.2 shows reported loss development in
thousands of dollars from ten years to twelve years. Table A.2,
Part 1 has five accident years and five columns, showing

e cumulative reported losses at ten years of development,

e incremental reported losses in year eleven,

e cumulative reported losses at eleven years of development,
e incremental reported losses in year twelve, and

e cumulative reported losses at twelve years of development.

The age-to-age link ratio from year eleven to year twelve is
stable when using cumulative reported losses but is not stable
when using incremental reported losses (Table A.2, Part 2).

This is the rationale for the method of determining the pat-
tern. All three reserving procedures discussed in the text—chain
ladder, Bornhuetter-Ferguson, and Stanard-Buhlmann—begin by
estimating link ratios (or cumulative age-to-age factors). Loss de-
velopment factors are determined as the cumulative products of
the link ratios.

13Health actuaries often use “claim completion percentages,” which are chain ladder paid
loss development factors that rely on mature years only. Since medical claims are settled
quickly, the reliance on mature experience periods is not onerous; see Bluhm [2000],
chapter 30. For a typology of reserving procedures, see Salzmann [1984].
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TABLE A.2
PArT 1
Reported Incremental Reported Incremental Reported
Accident  Losses at Losses in Losses at Losses in Losses at
Year Ten Years Year Eleven  Eleven Yrs.  Year Twelve Twelve Yrs.
(D 2 3) 4 ) (6)
20X0 100,000 100 100,100 1,100 101,200
20X1 110,000 1,100 111,100 0 111,100
20X2 120,000 0 120,000 1 120,001
20X3 130,000 —100 129,900 1,100 131,000
20X4 140,000 1 140,001 100 140,101
TABLE A.2
PART 2
Accident Age-to-Age Factor using Age-to-Age Factor using
Year Cumulative Reported Losses Incremental Reported Losses
(1) (7 =(6)/4) ) =(5)/(3)
20X0 1.011 11.000
20X1 1.000 0.000
20X2 1.000 00
20X3 1.008 —11.000
20X4 1.001 100.000

The reporting percentage is the percent of ultimate losses

that are expected to have been reported by the development

date.

e The paid loss percentage is the percent of ultimate losses that
are expected to have been paid by the development date.

e The percentage of ultimate equals the reciprocal of the loss
development factor.

e The Bornhuetter-Ferguson factor is the complement of the per-
centage of ultimate.
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TABLE A.3
Development Months 12-24 24-36 3648 48-60 60-Ult.
Link Ratio 1.500 1.250 1.100 1.050 1.020
TABLE A4
Development Months 12 24 36 48 60
Link Ratio 1.500 1.250 1.100 1.050 1.020
Loss Development Factor 2.209 1.473 1.178 1.071 1.020
Loss Lag 0.453 0.679 0.849 0.934 0.980
B-F Factor 0.547 0.321 0.151 0.066 0.020

[llustration: Reported loss link ratios for a block of business
are shown in Table A.3. We compute the loss development fac-
tors, percentages of ultimate, and Bornhuetter-Ferguson factors.

The loss development factors are the cumulative products of
the link ratios. The loss development factor from 12 months to
ultimate equals

1.500 x 1.250 x 1.100 x 1.050 x 1.020 = 2.209.

The percent of ultimate at 12 months equals 1/2.209 = 0.453.
The Bornhuetter-Ferguson factor at 12 months equals 1—
0.453 = 0.547 (see Table A.4).

A.6. Actuarial Present Values

The Stanard-Buhlmann reserving method adds premiums and
losses from different accident years. Adding dollars from two
different years is problematic. In an inflationary economy, a dol-
lar from year X is worth more than a dollar from year X + 1.

In theory, we ought to use present values. We can add present
values of dollars that have been discounted or accumulated to
the same date. If we know the present value of 20X1 premiums
as of a given date and the present value of 20X2 premiums as of
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the same date, we can add them to determine the present value
of the combined premiums as of that date.

Calculating present values is not always easy, particularly for
reported loss reserving methods. Case reserves are ultimate val-
ues, not present values. The reported losses in an accident year
may be paid over a dozen years. In some lines of business, such
as workers compensation and private passenger automobile no-
fault, even individual claim benefits are paid periodically over
months or years. Similarly, the premiums may be collected over
the policy term, and audit premiums may be collected several
months later.

If the Stanard-Buhlmann reserving method were dependent on
calculating present values, it would not be practical. But we don’t
always need the present values. We are comparing premiums to
losses. We require only that the change in premiums from year
to year should equal the change in expected losses from year to
year. Two conditions suffice for this:

i. The expense ratio stays constant from year to year, and

ii. The premiums are at the same level of adequacy from
year to year.

The adjustments to premium ensure the adequacy level re-
mains constant from year to year. The constancy of the expense
ratio is rarely an issue. Expense ratios don’t change much from
year to year, and we may assume that they stay constant. A sig-
nificant change in expense ratios would necessitate additional
premium adjustments, but such changes are not common.

We said above that “we don’t always need present values.”
We might rephrase this to say that

since we are comparing premiums to losses, we can
get away with adding nominal amounts from different
years. We are not adding apples and oranges; we are
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adding golden delicious apples with McIntosh apples.
It’s not perfect, but it’s a practical solution. The cost
of getting present values is greater than the improved
accuracy we may obtain.



THE MINIMUM BIAS PROCEDURE:
A PRACTITIONER’S GUIDE

SHOLOM FELDBLUM AND J. ERIC BROSIUS
Abstract

The minimum bias classification ratemaking proce-
dure, introduced by Robert Bailey and LeRoy Simon in
1960, determines rate relativities simultaneously for two
or more classification dimensions. This paper summa-
rizes the minimum bias procedure for the practicing ac-
tuary and provides the intuition for several bias func-
tions: balance principle, least squares, x-squared, and
maximum likelihood. The exposition is structured around
a series of illustrations using a two-dimensional private
passenger automobile classification system: male/female
and urban/rural.
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1. THE MINIMUM BIAS PROCEDURE

Introduction

This paper is geared to the practicing actuary or actuarial stu-
dent seeking to optimize classification relativities. It provides
the intuition underlying the minimum bias procedure along with
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simple illustrations to show the computations required for each
method.

Background

The minimum bias procedure was first introduced in a 1960
Proceedings' paper by Robert Bailey and LeRoy Simon, “Two
Studies in Automobile Insurance.” Bailey and Simon examined
models with two types of arithmetic functions (multiplicative and
additive), two types of bias functions (balance principle and x-
squared), and two data types (loss costs and loss ratios).

Bailey and Simon used their procedure (i) to judge the mer-
its of an additive versus a multiplicative classification model
for Canadian private passenger automobile business and (ii) to
choose optimal rate relativities.> They discuss the rationale for
the minimum bias procedure, the characteristics of a suitable rat-
ing model, and the rating scenarios that fit the various types of
models. The authors concluded that: (i) the additive model fits the
Canada private passenger automobile data better than the mul-
tiplicative model, and (ii) the y-squared function is the optimal
bias function. The first conclusion was based on a goodness-
of-fit test; the second conclusion was based on the credibility
assigned by the y-squared function.

In a 1963 Proceedings paper, “Insurance Rates with Minimum
Bias,” Robert Bailey summarized the minimum bias theory, out-
lining the considerations that support the use of the balance prin-
ciple as the bias function and explaining when loss ratios serve
better than loss costs. This paper was on the CAS examination
syllabus for many years.

In a 1988 Proceedings paper, “Minimum Bias with General-
ized Linear Models,” Robert Brown expanded the minimum bias

IReferences to the Proceedings are to the Proceedings of the Casualty Actuarial Society.
2The minimum bias procedure deals with loss cost relativities, which we refer to here as
pure premium relativities. In practice, actuaries determine rate relativities. The two types
of relativities may differ if expenses are not a fixed percentage of premiums.
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method to use two additional types of bias function. Brown re-
tained the balance principle and y-squared functions from the
Bailey and Simon papers. He added a least squares function
(similar to the y-squared function) and a maximum likelihood
function, which assumes certain distributions of claim frequency
or claim severity in the insured population. Brown also examined
generalized linear models (GLM), which have potential statistical
advantages and may accomplish the same objectives as the mini-
mum bias procedures, though he did not find that they produced
more accurate results.> For the Canadian private passenger auto-
mobile business, Brown found the multiplicative model superior
to the additive model.

In 1990, Gary Venter introduced several extensions of the ex-
isting procedures in a discussion of Brown’s paper, along with an
analysis of credibility consideration and other modeling issues.
Brown’s Proceedings paper, along with Venter’s discussion, was
placed on the CAS actuarial syllabus in the mid-1990s.

These papers have proved difficult for practicing actuaries
to understand and for actuarial candidates to master. The au-
thors wrote for experienced actuaries who were familiar with
the ratemaking issues and proficient with the statistical models.

This paper combines the theory of the original actuarial papers
with the teaching material prepared by the authors and used to
teach the minimum bias procedure to several hundred actuarial
candidates since 1995. It explains the rationale for the proce-
dure and shows its applications. It presents the method to new
actuaries and gives them the background to read the original
Proceedings papers.

The title of this paper is the “Minimum Bias Procedure,” since
that name is now common in the U.S. actuarial profession. The
subject of this paper should more properly be described as the de-
velopment of multidimensional classification systems. This sub-

30n generalized linear models, see Feldblum et al. [forthcoming].
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ject is broad. The paper covers part of this subject, of which one
component is the minimum bias procedure and the alternative
methods discussed here.

This paper does not cover generalized linear models, which
are commonly used in the United Kingdom and in continen-
tal Europe for multidimensional classification ratemaking; see
instead the companion paper by S. Feldblum, D. Anderson,
E. Schirmacher, D. Schirmacher, and N. Thandi [forthcoming],
“Generalized Linear Models: A Practitioner’s Guide.”

2. CLASSIFICATION MODELS
Introduction

Before Bailey and Simon introduced the minimum bias pro-
cedure, classification relativities were determined one dimension
at a time. This is suitable for a single-dimensional classifica-
tion system. Workers compensation, for example, uses industry
as the only classification dimension within each state. Insurers
are now examining other classification dimensions for workers
compensation; the minimum bias procedure and generalized lin-
ear models may prove valuable in this analysis.

The minimum bias procedure becomes useful when the clas-
sification system has multiple dimensions. In this paper, we use
examples with two dimensions; the extension to three or more
dimensions is straightforward, but the arithmetic and display are
cumbersome.

We define the minimum bias terms, explain the statistical pro-
cedures, and review the intuition underlying each method. It is
hard to grasp the intuition until one has a working knowledge of
the methods. We provide the explanations alongside a series of
heuristic illustrations.

The illustrations form the backbone of this paper. The basic
illustration has two dimensions with two values in each dimen-
sion. This prevents the intuition from getting submerged under
tedious mathematics. In practice, the minimum bias procedure
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is most useful for multidimensional classification systems with
many entries in each dimension.

We show the computations for one iteration in each illustra-
tion, followed by the series of values until convergence. The
illustrations here converge in a few steps. In practice, more iter-
ations are needed for convergence of larger models. The work is
tedious by hand but elementary with current spreadsheet appli-
cations. Some spreadsheets have built-in iterative functions, such
as “goal-seek” and “solver” in Excel. Some software packages,
such as SAS, have built-in routines for GLMs. Once the intuition
is clear, the programming is not difficult.

The Multiplicative Model

We are setting pure premiums; we do not deal with expenses
or profit by classification or with gross premiums. We base the
pure premiums upon the empirical observations in each cell of
an array. For a two-dimensional classification system, this means
each cell in a matrix. The observations can be average loss costs,
loss frequencies, or loss ratios. In practice, the data would con-
sist of losses and exposures (for loss costs), claim counts and
exposures (for loss frequencies), or losses and premiums (for
loss ratios).

Hllustration 1: A classification system for private passenger
automobile insurance has two dimensions: (i) urban versus rural
and (ii) male versus female. A company insures exactly four
drivers, one in each cell, with the following observed loss costs:*

Urban Rural
Male $600 $200
Female $300 $100

We determine pure premium relativities. We first compare all
males with all females, or $800 for two exposures compared to

4We deal with unequal cell populations later in the paper.
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$400 for two exposures. This gives a pure premium relativity of
male to female =2 to 1.

We do the same for urban versus rural, and we get a relativity
of 3 to 1. We arbitrarily choose “rural female” as the base class;
by convention, the lowest cost class or the class with the largest
number of exposures is often chosen as the base class. We get
the following relativities:

Male: 2.00 = s Urban: 3.00 =1
Female: 1.00 =5, Rural:  1.00 =1,.

The indicated pure premium for a male urban driver is the base
pure premium times the urban relativity times the male relativity,
or $100 x 2.00 x 3.00 = $600. More generally, the pure premium
in cell (7,7) is $100 x s5; x 1.

In this illustration, the indicated pure premiums exactly match
the observed loss costs. The minimum bias method is not needed
for this case.

The Additive Model

The indicated pure premiums may differ from the observed
loss costs because the model structure may be incorrect or be-
cause random loss fluctuation may affect the observed loss costs.
We treat the first reason, the model structure, in this section.

Illustration 2: The observed loss costs for four drivers are
shown below.

Urban Rural
Male $700 $500
Female $400 $200

We begin in the same fashion as before, using rural females as
the base class. We compare all males to all females, giving a pure
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premium relativity of $1,200 to $600, or 2 to 1. We compare all
urban to all rural, giving a pure premium relativity of $1,100 to
$700, or 1.571 to 1.

The indicated pure premium relativities no longer match the
observed loss costs. The indicated pure premium for rural males
is $200 x 2.000 = $400, but the observed loss cost is $500. The
indicated pure premium for urban females is $200 x 1.571 =
$314, but the observed loss cost is $400. The differences are
significant.

No multiplicative factors work perfectly. In urban territories,
the relationship of male to female is $700 to $400, or 1.75 to 1.
In rural territories, the relationship of male to female is $500 to
$200, or 2.50 to 1. A male-to-female relativity appropriate for
the urban territories is not optimal for the rural territories.

Similarly, the urban-to-rural relativity is $700 to $500, or 1.4
to 1, for male drivers, and $400 to $200, or 2 to 1, for female
drivers.

The discussion in the paragraphs above assumes that the rating
model is multiplicative; in this illustration, an additive model
works better. We add or subtract a dollar amount for each class
instead of multiplying by a factor. We choose rural females as
the base class, and we use the relativities below:

Male: +$300 Urban: +$200
Female: +$0 Rural: +$0.

The pure premium for any cell is the base pure premium plus
the male/female relativity plus the urban/rural relativity. The in-
dicated pure premiums now match the observed loss costs. Rural
male = $200 + $300 + $0 = $500; urban male = $200 + $300 +
$200 = $700; urban female = $200 + $0 + $200 = $400. The ad-
ditive method provides an exact match to the observed loss costs
because the dollar differences are the same in each row ($200)
and in each column ($300).
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Additive and Multiplicative Intuition

Some actuaries implicitly assume that pure premium relativi-
ties should be multiplicative, not additive. If urban male drivers
have twice the accident frequency that rural male drivers have,
urban female drivers should have twice the accident frequency
that rural female drivers have. This assumption is most persua-
sive when class dimensions are independent, that is, when the
high accident frequency of urban drivers is not correlated with
the high accident frequency of male drivers.> Most multidimen-
sional class systems for the casualty lines of business use multi-
plicative factors.

Regulators sometimes harshly criticize insurers for using mul-
tiplicative factors that compound increases in the rates for high-
risk insureds. This criticism is often—but not always—political.
When two or more dimensions of the classification system are
correlated, multiplicative systems are often biased. For some
types of insurance, multiplicative systems may be biased even
when classification dimensions are not correlated.b

Hllustration 3: 'The 1960 Bailey and Simon paper discusses
two rating dimensions: (i) class group and (ii) merit rating class.

1. Class group refers to the driver characteristics, such as
age, sex, and marital status, and use of the vehicle, such
as pleasure use or business use.

2. Merit rating class refers to the number of immediately
preceding accident-free years, ranging from O to 3 or more.

>This assumption is rarely tested, and the independence of classification dimensions
does not necessarily imply a multiplicative model. The authors’ impressions from private
passenger automobile loss costs is that neither the additive nor the multiplicative model
is perfect, but the multiplicative model is usually better.

SLife insurance rating systems provide an example. If smokers have twice the mortality of
non-smokers, and persons with high-blood pressure have twice the mortality of persons
with average blood pressure, should high-blood pressure smokers have four times the
mortality of average blood pressure non-smokers? Life insurance underwriters employ
judgment to assess the rating for applicants with multiple causes of high mortality. A
pure multiplicative rating system would not be appropriate.
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These two rating dimensions are correlated. For example,
young, unmarried male drivers have a high average class rel-
ativity. Because these drivers either are new drivers or (if not
new) are more likely to have had an accident in the past year,
they have relatively few accident-free years, and a multiplicative
model would penalize many young male drivers twice for the
same risk factor.

3. BIAS FUNCTIONS

In practice, the indicated pure premiums do not perfectly
match the observed loss costs for either an additive model or
a multiplicative model. We illustrate with the same 2-by-2 clas-
sification system. The observed loss costs are shown in the table
below:

Urban Rural
Male $800 $500
Female $400 $200

Neither an additive model nor a multiplicative model provides
a perfect match. If we use a model that does not perfectly match
the observed data, we must determine how to minimize the mis-
match between the observed loss costs and the indicated pure
premiums. A “bias function” is a means of comparing two or
more models to see which fits the data with the smallest degree
of mismatch.” To choose the optimal model, we proceed along
three steps:

1. We choose a rating method, such as an additive model
or a multiplicative model.

"The bias function is not a standard statistical term, and the balance principle is not a
standard principle. As used here, the bias function determines how “close” the indicated
pure premiums are to the observed loss costs or how great the mismatch is between
these two sets of data. The sum of the squared deviations and the y-squared deviation
are common statistical bias functions. The balance principle, introduced by Bailey and
Simon in 1960 and endorsed again by Bailey in 1963, minimizes the bias along the
dimensions of the classification system, thereby leading to the term “minimum bias.”
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2. We select a bias function and use it to optimize the rat-
ing method. This paper discusses the balance principle,
least squares, x-squared, and maximum likelihood bias
functions. For models using a maximum likelihood bias
function, we must also choose a probability density func-
tion for losses within each cell.

3. For each optimized rating method, we examine the
goodness-of-fit of the indicated pure premiums to the
observed loss costs.

We begin with the balance principle, since it is the bias func-
tion most commonly used.

The Balance Principle

The balance principle requires that (after optimizing the rela-
tivities) the sum of the indicated pure premiums equals the sum
of the observed loss costs along every row and every column.

Hllustration 4: ' We examine the balance principle for both the
additive and the multiplicative models. There is one exposure in
each cell. On the left are the observed loss costs; on the right are
the indicated pure premiums. We begin with the multiplicative
model.3

Urban Rural terr, terr,
Male $800 $500 sex, 200 x s, x 1, 200 x s, xt,
Female $400 $200 sex, 200 x s, x 1, 200 x 5, x 1,

To balance along the first row (the “male” row), we must have

800 + 500 = 200 x s, x t; +200 X 5, X t,.

8To keep the notation simple, we use rating dimensions of male versus female and
urban versus rural throughout this paper. For the formulas in the illustrations, we
use sex; =5, = male, sex, = s, = female, terr; =, = urban, and terr, =, = rural. The
recursive equations use variable names of x, y, and z, and rating dimensions of i
and j.
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To balance along the second row (the “female” row), we must
have

400 + 200 = 200 x 5, X #; + 200 X 8, X 1.

To balance along the first column (the “urban” column), we must
have

800 + 400 = 200 x s, x t; +200 X s, X ;.

To balance along the second column (the “rural” column), we
must have

500 + 200 = 200 x 5, X f, + 200 X 5, X 1.

Although we have four equations in four unknowns, we do not
have a unique solution for the classification relativities. There
are two special considerations we must be aware of. These two
considerations offset each other so as to yield a unique set of
indicated pure premiums for each cell of the matrix (see below).

Dependence among the equations: These equations are re-
lated by a totality constraint—using any three equations we can
derive the fourth, since the sum of the rows equals the sum of
the columns. For instance, the fourth equation equals the first
equation plus the second equation minus the third equation.

More generally, the equation for any column equals the sum
of the equations for the rows minus the sum of the equations for
the other columns, and likewise for the equation in any row.

Invariance under reciprocal scalar multiplication: We can set
one of the variables arbitrarily, and we can still solve the sys-
tem of equations. To see this most clearly, suppose that we have
solved these equations for values of the four variables s, s,, #{,
and #,. Another solution is 2s;, 2s,, %tl, and %tz. We could use
any constant in place of 2. But no matter which set of relativities
we pick, the values in the cells remain the same. The values in
the cells are the product of an s relativity and a ¢ relativity, so
the additional constant cancels out.
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We have an additional variable. The pure premium in each
cell depends on the base pure premium. If the relativities sy, s,,
11, and 1, optimize the rating model for a base pure premium of
$200, the relativities 2s;, 2s,, t;, and ¢, optimize the rating model
for a base pure premium of $100.°

The minimum bias procedure makes the relationship of the
rating variables along each dimension of the classification system
constant. If s; = 2 x s, for a given base pure premium and a given
set of territorial relativities, then s; = 2 x s, for any other base
pure premium and for any constant multiple of the territorial
relativities.

We choose a base class in each classification dimension. This
is often the largest class or the lowest-cost class, though any class
may be used. The base class in each classification dimension is
given a relativity of 1. This determines the values of the base
pure premium and of all other rating variables.

Solving the Equations

The equations are not linear, so there is no closed-form solu-
tion. We begin with an arbitrary (but reasonable) set of relativities
for one dimension, and we solve the equations iteratively.

Illustration 5:  'We choose an urban relativity of 2.00 and ru-
ral relativity of 1.00; this choice does not affect the final pure
premiums.

Urban Rural terr; =2 terr, = 1
Male $800 $500 sex, 200 x s, x2 200 x s, x 1
Female $400 $200 sex, 200 x s, x 2 200 x s, x 1

9With so much leeway in choosing the classification relativities, one might ask what we
are “optimizing.” We are optimizing the indicated pure premiums. Each set of classifi-
cation relativities give the same indicated pure premiums. The optimization is relative
to the bias function. For example, the optimal pure premiums have the least bias or the
least y-squared value.
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The balance equation for the first row (the “male” row) says
that

800 + 500 =200 x 57 x 2 +200 x s; x 1,
or s;=1,300/600 = 13/6.
Balancing along the second row (the “female” row) gives

400 + 200 = 200 x 5, x 2 + 200 x 5, x 1,
or s, =600/600= 1.

We now have intermediate values for the male and female rela-
tivities of 13/6 and 1. We discard the initial values for the urban
and rural relativities of 2.00 and 1.00, and we solve for new in-
termediate values by balancing along the columns. The balance
equation for the first column (the “urban” column) says that

800 + 400 = 200 x (13/6) x t; +200 x 1 x 1,
or t; =1,200/633.33 = 1.895.

Balancing along the second column (the “rural” column) gives

500 + 200 =200 x (13/6) x t, +200 x 1 x 5,
or t,=1.105.

We continue in this fashion. We discard the previous male and
female relativities, and we solve for new ones. Balancing along
the first row (the “male” row) gives

800 + 500 =200 x 57 x 1.895 +200 x sy x 1.105,
and balancing along the second row (the “female” row) gives
400 + 200 = 200 x 5, x 1.895 + 200 x s, x 1.105.

We solve these two equations for new values of the male and
female relativities, we discard the previous values of the urban
and rural relativities, and we balance along the columns for new
values of the urban and rural relativities.
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We continue in this fashion until the relativities converge, i.e.,
the change in the relativities from an additional iteration is not
material. Calculating minimum bias relativities is tedious by hand
but easy with a spreadsheet. In this case, convergence is rapid,
since there are only four cells. Once the series converges, com-
mon practice is to normalize the base class relativities to unity
and change the base pure premium (to $221.05), as we do below:

Iteration Urban Rural Male Female
Initial 2.0000 1.0000
1-a 2.1667 1.0000
1-b 1.8947 1.1053
2-a 2.1667 1.0000
Final 1.8947 1.1053
Normalized 1.7143 1.0000 2.1667 1.0000

Normalized Base Pure Premium: $200 x 1.1053 = $221.05

The initial territorial relativities of 2.00 and 1.00 were arbi-
trary; we generally begin with starting values determined by a
one-way relativities procedure. The starting values have no ef-
fect on the final rates in each cell, though better starting values
reduce the iterations required to reach convergence. In this il-
lustration, the urban to rural relativity is 12 to 7. If we choose
a pure premium relativity of 1.000 as the starting value for the
rural class, we would choose a starting value of 127 =1.714
for the urban class. With a starting value of #; = 1.714, the se-
ries converges immediately. We used a different starting value to
show the steps of the procedure.

The Additive Model

There are several equivalent formulas for the additive model.
The pure premium in cell (7, j), or row i and column j, is

A. Base pure premium + x; + y;,
B. Base pure premium x (1 +u; +v;), or

C. Base pure premium X (p; + ;).
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To see the equivalence of these formulas, suppose the base
pure premium in formula A is $10.

e In formula B, the base pure premium is also $10, each u value
is one tenth the corresponding x value in formula A, and each
v value in formula B is one tenth the corresponding y value in
formula A: u; = 0.1 xx; and v; =0.1 x y;.

e Formula C is equivalent to formula B, except that either the
p values are all increased by 1, the g values are all increased
by 1, or the p values are increased by a constant (c¢) and the
q values are increased by the complement of that constant
(I =) pi=1+u; or g;=1+v; (but not both) or p; =c +uy;
and g;=1—-c+v;,.

We use the first form—formula A—for our example, since it
shows the method most clearly.'”

Illustration 6: We choose initial values for urban and rural
relativities of $250 and $0. These initial values are based on
the traditional pure premium relativities procedure; the average
differential between the urban and rural observed loss costs is
7 [(800 — 500) + (400 — 200)] = $250.

Urban Rural terr; =250 terr, =0
Male $800 $500 sex, 200 +s, +250 200 +s, +0
Female $400 $200 sex, 200 +s, +250 200 +s, +0

Balancing along the first row (the “male” row) gives
800 + 500 =200 + s; + 250 +200 + s; + 0,
or s; =650/2 =325.
10Tn practice, formulas B or C might be preferred, since only the base pure premium need

be increased for inflation. In formula A, the base pure premium and all the relativities
must be increased for inflation.
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Balancing along the second row (the “female” row) gives

400 + 200 =200 + s, + 250 + 200 + 5, + 0,
or s,=-50/2=-25.

We discard the initial values for the urban and rural relativities,
and we balance along the columns. We use the intermediate val-
ues of the male and female relativities to get new values for the
urban and rural relativities. We continue this iterative process
until the series converges.

The relativity of —$25 for females seems odd at first. In truth,
the relativity for female drivers is not inherently negative; this
is an artifact of the base pure premium and the starting values.
We could make the relativity for females positive by adding a
constant to the male and female relativities and subtracting the
same constant from the rural and urban relativities. For instance,
we could add $75 to the male and female relativities to get rel-
ativities of $400 and $50, and we would subtract $75 from the
rural and urban relativities.

Iteration Urban Rural Male Female
Initial $250.00 $0.00
1-a $325.00 ($25.00)
1-b $250.00 $0.00
Normalized $250.00 $0.00 $350.00 $0.00

Normalized Base Pure Premium: $200.00 — $25.00 = $175.00

We can even make all the relativities negative by adjusting the
base pure premium. For instance, by choosing a base pure pre-
mium of $1,000, we obtain negative relativities for all classes.!!
In this illustration, we added dollar amounts to make the base
class relativities equal to zero.

"Companies may do this for marketing reasons. All drivers get discounts from the base
pure premium, so all drivers feel they are gaining from the classification system.
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Exposures

The illustrations above assume one driver in each cell or the
same number of drivers in each cell. In practice, there are gen-
erally different numbers of risks in each cell. Two adjustments
are needed, one to the bias function and another for credibil-

ity:

e We adjust the bias function for the relative volume of business
in each cell.

e We may make a credibility adjustment based on the absolute
volume of business in a cell.

Hllustration 7—Credibility: We note the credibility issue, but
we defer the possible adjustments until later. Suppose insurer A
has 100 exposures per cell, and insurer B has 10,000 exposures
per cell. Insurer A may rely more heavily on the minimum bias
procedure. Insurer B may give greater weight to the empirical
observations.

We deal here with the adjustment to the bias function. The bal-
ance principle requires that the sum of the observed loss costs
in each row or column equal the sum of the indicated pure pre-
miums in the corresponding row or column. If there are two
drivers in a cell, we double both the observed loss cost and the
indicated pure premium in that cell. If there are n drivers in a
cell, we multiply both the observed loss cost and the indicated
pure premium by n. When the number of drivers varies by cell,
we need an additional matrix of the number of drivers in each
cell.

Illustration 8: For the multiplicative model, suppose that the
number of drivers is as follows:

Male urban: 1,200 Male rural: 600
Female urban: 1,000 Female rural: 800.

We include the number of drivers in the equations.
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Urban Rural terr, terr,

Male 1200 x $800 600 x $500 sex; 1200 %200 x s, x#, 600 x 200 x 5, X 1,
Female 1000 x $400 800 x $200 sex, 1000 x 200 x s, x#; 800 x 200 x s, X 1,

To balance along the first row (the “male” row), we must have

1200 x 800 + 600 x 500
= 1200 x 200 x 51 x t; + 600 x 200 x 51 X t,.

To balance along the second row (the “female” row), we must
have

1000 % 400 + 800 x 200
= 1000 x 200 x s, x #; + 800 x 200 X 55 X t,.

To balance along the first column (the “urban” column), we must
have

1200 x 800 + 1000 x 400
= 1200 x 200 x s; x #; + 1000 x 200 x s, X t;.

To balance along the second column (the “rural” column), we
must have

600 x 500 + 800 x 200
= 600 x 200 x s; X t, + 800 x 200 x 55 X 15.

Empirical Observations versus Modeled Pure Premiums

One might wonder: Why not use the observed loss costs, ap-
propriately developed and trended, as the indicated pure premi-
ums for the coming policy period? Instead of fitting either multi-
plicative or additive models to the observed data, let us use $800
as the indicated pure premium for urban male drivers, $400 for
urban female drivers, $500 for rural male drivers, and $200 for
rural female drivers.
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The common answer is that the individual cells are “not fully
credible.” This answer is correct, though the terminology is not
ideal. The term “credible” is vague. To understand the situation,
we must be more precise.

Credibility is a relative concept. No cell is inherently credible
or not credible. A cell’s credibility depends on the reliability of
its own experience in comparison with information in other cells.
Consider our basic illustration with the following observed loss
costs:

Urban Rural
Male $800 $500
Female $400 $200

The urban male observed pure premium of $800 represents
a mixture of expected losses and random loss fluctuations. How
might we judge whether this figure is higher or lower than the
true expected loss costs?

Suppose that the rating values combine additively to generate
the expected losses. The observed loss cost for urban males of
$800 is $300 more than the observed loss cost of rural males
of $500. This suggests that the urban attribute of the vehicle’s
location adds about $300 to the expected loss costs.

However, the urban female observed loss cost of $400 is only
$200 more than the rural female observed loss cost of $200. This
suggests that the extra cost associated with the urban attribute is
only $200, not $300, and it implies that the observed urban male
loss cost of $800 might be too high.

We perform a similar analysis for male versus female. Com-
paring urban drivers suggests that the male attribute adds about
$400 to the expected loss costs, since male/urban = $800 and
female/urban = $400. However, comparing rural drivers suggests
that the extra cost associated with the male attribute is only $300,
not $400, since male/rural = $500 and female/rural = $200. In
other words, the urban male loss cost of $800 might be too high.
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The $800 observed loss cost in the urban male cell does not
tell us what part of this observed loss cost is expected and what
part is distorted by random loss fluctuations. If we know the
mathematical function linking the cells—that is, if the pure pre-
miums of the driver and the vehicle have some additive or mul-
tiplicative relationship—we can use additional cells to provide
information about the true expected costs for urban male drivers,
as we have here.

If we assume that the cells are linked multiplicatively, our
inferences change. The urban male observed value of $800 is
160% of the rural male observed value of $500. This suggests
that the urban attribute adds about 60% to the expected loss costs.

The urban female observed loss cost of $400 is twice the rural
female observed loss cost of $200. This suggests that the extra
cost associated with the urban attribute is +100%, not +60%.
The urban male loss cost of $800 might be too low.

Using a similar analysis for male versus female using the
urban column suggests that the male attribute adds about 100% to
the expected loss costs. The rural column suggests that the extra
cost associated with the male attribute is +150%, not +100%.
The urban male loss cost of $800 might be too low.

If the cells are linked additively, we infer that the urban male
observed loss costs of $800 might be too high. If the cells are
linked multiplicatively, we infer that the urban male observed
loss costs of $800 might be too low.!?

If the exposures in a 2 by 2 matrix are evenly distributed
among the cells, each cell has 25% of the total exposures,
whether there is 1 car or 10,000 cars in each cell. We give much

12In most cases, the direction of the bias does not depend on the type of rating model. The
more common scenario might show an observed loss cost of $600, an additive model
indicated pure premium of $550, and a multiplicative model indicated pure premium
of $530. We might infer that the random loss fluctuations underlying these cell values
have had a net positive effect. For very high rated or very low rated classifications, the
multiplicative and additive models often give opposite results, as is the case here.
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credence to the observed value in that cell compared to our in-
ferences from other cells. With a larger array, such as a 10 by 10
by 10 array, there are many more cells. The average cell contains
only 0.1% of the total exposures. We give less credence to the
observed loss costs in that cell compared to our inferences from
other cells.

This is the intuition for the minimum bias procedure. The
rating model—such as additive, multiplicative, or combined—
tells us the relationship joining the cells. The bias function—such
as balance principle, x-squared, least squared error, or maximum
likelihood—provides a method of drawing inferences for one cell
using the information in the other cells.

Credibility—Original Papers

The original papers on the minimum bias procedure differ
regarding credibility.

The 1960 Bailey and Simon paper uses credibility consider-
ations to pick a bias function. The authors’ view that credibility
should be inversely proportional to the variance of the observa-
tions led them to choose the x-squared bias function over the
balance principle.

The 1963 Bailey paper, which advocates the balance principle,
has no explicit discussion of credibility. The balance principle
has an implicit credibility component, since it weights the ob-
served loss costs and pure premiums in each cell by the number
of exposures in the cell.

This implicit credibility examines the relative weights of dif-
ferent cells in the minimum bias procedure. Venter looks at cred-
ibility from a different angle—the relative weight given to the
indicated pure premium from the minimum bias procedure ver-
sus the observed loss costs from the experience. We said above
that the $800 observed loss cost for urban male drivers might
be overstated under an additive model or understated under a
multiplicative model. The over- or understatement stems from
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random loss fluctuations. If there is a single exposure in each
cell, an over- or understatement is likely. If there are 10,000 ex-
posures in each cell, the degree of over- or understatement is
likely to be smaller.

Iterative Formulas

We have so far presented simple illustrations. To program
more complicated versions of this procedure, we need general
formulas.

We derive the iterative formulas for the multiplicative balance
principle model. We designate the base pure premium by b, the
number of exposures in row i and column j by n;;, and the
observed pure premiums in row i and column j by r;;. With a
multiplicative model, the balancing equation for row i is

> (i) = 3 (bnixiy;).
J J
Similarly, the balancing equation for column j is
> (myjrip) =Y _(bnypxiy;).
i i

In these equations, x is a row relativity and y is a column rel-
ativity.!> We solve these equations to get the indicated x and y

relativities in each row and column:!4
> NijTij 2oilijtij
X = =—— and VisEo=——
> jbniiy; >ibnix;

When the series converges, we set the relativity for the base class
in each classification dimension to unity, and we adjust the base
pure premium to offset this.

13In the illustrations, we use s for the row relativity and ¢ for the column relativity as
abbreviations for the classification dimensions (sex and territory). The variables x and y
are commonly used in the literature.

14We sum over the j subscript when we balance along the rows (the i subscripts). We
do this separately for each i. When we balance along the columns, we sum over the i
subscripts separately for each j.
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We used two dimensions in this formula. One might assume
that the two dimensions correspond to the two variables x and
y. That is not correct. The two dimensions correspond to the
two subscripts i and j. The x and y variables correspond to two
sets of relativities. A model can have two or even more sets of
relativities in a single dimension.

lllustration 9:  The classification system has two dimensions:
male versus female and territory A versus territory B. Territory
A has more attorneys than territory B has, resulting in a higher
propensity to sue and higher loss costs per claim. Territory B
has several blind intersections, leading to more accidents. We
might presume that the higher attorney involvement in territory
A increases the cost of all claims, so a multiplicative factor is
appropriate, whereas the blind intersections in territory B add
additional hazards, so an additive factor is appropriate. The rating
model might take the form

indicated pure premium relativity = x; X y; + z;,

where i represents the male/female classification dimension and j
represents the territory dimension. The variable x is the relativity
for the male/female dimension, and the variables y and z are the
relativities for the urban/rural dimension. In this model, x and y
are multiplicative factors, and z is an additive factor.

The arithmetic is similar for any number of dimensions. The
multiplicative model has one set of relativities for each dimen-
sion. With three dimensions, for example, the iterative formula
for the i dimension is

o >k Mijitijk
l' _——— .
> ikbniyiz

15To optimize this rating model, the balance principle is not sufficient; we would have to
employ one of the other bias functions. The balance principle provides i + j equations,
but we have i +2; variables. The other bias functions discussed in this paper provide
i +2j equations.
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We develop the general formula for the balance principle additive
model by assuming a base pure premium of $0. The balance
principle equation is

D i) =m0 + ),
J J

and the iterative formula is
.Xl' = .
> jTj

Exercise: Multiplicative Model

Hllustration 10: We use the balance principle to optimize a
multiplicative rating model with two dimensions and two classes
in each dimension. The observed loss costs and exposures in
each class are shown below:

Loss Costs Exposures
Y1 hp) RS Y
X 300 300 100 150
X, 200 400 100 100

We assume a base pure premium of $100, so the indicated
pure premiums are $100x;y;. To simplify the mathematics, we
compute all values in units of $100. The indicated pure premi-
ums are x; X y;, and the observed loss costs are $3, $3, $2, and

$4.

We form a matrix of observed loss costs and indicated pure
premiums:

3 Y2 N Y2

X 3 3 X X Xy, X| XY,
X, 2 4 X, Xy XY, Xy X Y,
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We multiply each figure by the exposures in the cell:

Y1 h%) N Y2
X 100 x 3 150 %3 X 100 x x; x y, 150 X x; Xy,
X, 100 x 2 100 x 4 X, 100 x x, Xy, 100 x x, X y,

We choose 1.00 and 1.50 as the starting values for y; and y,.
We use the balance principle to obtain intermediate values for x;
and x,:

100 x 3 + 150 x 3 = 100 x x; x 1.00 + 150 x x; x 1.50,
or 3004450 =100 x x; + 225 x xy,
or x; =2.308;
and
100 x 2 + 100 x 4 = 100 x x, x 1.00 + 100 x x, x 1.50,
or 200+ 400 =100 x x, + 150 x x,,
or x,=2.400.

We now discard the initial values for y; and y,, and we balance
along the columns:

100 x 3 + 100 x 2 =100 x 2.308 x y; + 100 x 2.400 x y,,
or 300+ 200 =230.8 xy; +240 x y;,
or y; =1.062;
and
150 x3 + 100 x4 =150 x 2.308 x y, + 100 x 2.400 X y,,
or 450 +400 =346.2 x y, + 240 X y,,
or Yy, =1.450.

This completes one iteration. To solve for the optimal relativities,
we continue in this fashion until convergence. We comment on
several items in this exercise.
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Data and Assumptions

The number of exposures in each cell is a credibility measure.
We give 50% more credence to the observed loss costs in the x;y,
cell than to the loss costs in the other cells.

e The observed loss costs in the x; row indicate that there is no
difference between y; and y,. The observed loss costs in the
x, row indicate that the y, class should have twice the pure
premium that y, has. We give more credence to the first of
these two relationships.

e The observed loss costs in the y; column indicate that the
x, class should have a pure premium 33% lower than the x;
class. The observed loss costs in the y, column indicate that
the x, class should have a pure premium 33% higher than the
x; class. We give more credence to the second of these two
relationships, so the x, relativity is slightly higher than the x;
relativity.

Exercise: Additive Model

lllustration 11: An additive model with two dimensions has
the observed loss costs shown below. Each cell has 1,000 ex-
posures. The base loss cost is $100. The formula for loss costs
by cell is Loss Cost;; = (Base Loss Cost) x (x; +y;). We use the
starting values shown below to compute intermediate values for

v and y,.

Average Loss Costs per Exposure ~ Starting

N Yy Values
X 500 750 4.500
Xy 250 475 3.000
X3 150 400 2.000

Since the number of exposures is the same in each cell, we
may assume that there is a single exposure in each cell; the 1,000
cancels out of every equation.
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The base pure premium is $100. To simplify, we use units of
$100 and a base pure premium of unity. The matrix of observed
loss costs and indicated pure premiums is shown below:

Observed Values Indicated Values

Y1 Yy Y1 Y2
X 5 7.5 Xty x t+y,
X, 2.5 4.75 Xty Xty
X3 1.5 4 X34y, X3ty,

We balance along the columns. For the first column, we
have

5.00+2.50+1.50 = (xl +y1) + (X2 +y1) + (X3 +y1),
5.00 +2.50 + 1.50 = (4.50 + y;) + (3.00 + y;) + (2.00 + y,),
or 3y; =9.00—-9.50, or y; =-0.167.

For the second column, we have

7.50+4.75+4.00 = (x; +y,) + (x5 + y5) + (x3 + ,),
7.50 +4.75+4.00 = (4.50 + y,) + (3.00 + y,) + (2.00 + y,),
or 3y, =1625-9.50, or y,=2.25.

We have finished balancing along the columns. The next step is
to balance along the rows. We take the new y values, y; = —0.167
and y, = +2.25, and we compute new values for x; and x, by
balancing along each row. We continue this process—alternately
balancing along rows and columns—until we reach conver-
gence.

During the iterative process, the plan is alternately balanced
along the rows or along the columns, but not along both. We
have just balanced along the columns. To see that we are not yet
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balanced along the rows, we examine the first row:
5.00 +7.50 = (.Xl + yl) + (.Xl + y2)

Substituting the starting values of the xs and the first iterative
values of the ys, we get

12.50 =4.50 + (—0.167) +4.50 + 2.25 = 11.083.

The equality does not hold, since the plan is not yet balanced.
The final values, after convergence, are shown below.

Iteration X X, X3 N2 Vs
Initial 4.50000 3.00000 2.00000
l-a —0.16667 2.25000
1-b 5.20833 2.58333 1.70833
2-a —0.16667 2.25000
Final 5.20833 2.58333 1.70833 —0.16667 2.25000

4. OTHER CLASSIFICATION DIMENSIONS

The basic illustrations use the minimum bias procedure to
set pure premium relativities simultaneously for the male/female
dimension and the urban/rural dimension. There may be other di-
mensions to the classification plan as well, such as age of driver,
marital status, type of vehicle, use of the car, driver education,
prior accident history, and so forth.

Suppose that we analyze the male/female dimension and the
urban/rural dimension on a statewide basis, and we set relativities
for other classification dimensions on a countrywide basis. We
use a minimum bias method for the statewide analysis.

If all the classification dimensions are independent, the anal-
ysis should work well. If one or more of the other classification
dimensions is correlated with the male/female or urban/rural di-
mensions, the rating analysis may be distorted.

Illustration 12: Suppose that young people migrate to ur-
ban areas for university education, work opportunities, and the
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glamor of urban social activities. Older people move to the sub-
urbs and rural areas to buy homes and raise families away from
the vices of urban areas. The age and marital status of the driver
are correlated with the urban/rural garaging location.

The statewide analysis may indicate an urban to rural relativity
of 2 to 1. The countrywide analysis, summing over all territories,
may indicate a relativity for young unmarried male drivers of 3
to 1 when compared to adult drivers. The relativity for young
unmarried urban male drivers is not 6 to 1, even if a multiplicative
model is appropriate for automobile insurance.

Multiple Dimensions

Ideally, we would use a multidimensional minimum bias pro-
cedure to set all classification relativities simultaneously. In prac-
tice, this may not be possible. Some relativities may be analyzed
each year, whereas other relativities may be analyzed every sev-
eral years. Some relativities, such as territory, must be set on a
statewide basis. Certain driver characteristics and vehicle char-
acteristics may be analyzed on a countrywide basis, for two rea-
sons: 1

1. The relativities are not expected to vary by state, as long
as the states use the same insurance compensation Sys-
tem.

2. Some classification cells would have few exposures in a
state analysis, and the results may be distorted by random
loss fluctuations. The countrywide analysis uses more
data, providing more credible results. For example, we
may wish to analyze driver age in yearly increments: age
17, age 18, age 19, and so forth. Single-state data may
be too sparse to give credible results.

16The countrywide analysis may actually be done on all tort liability states or all no-fault
states, since the bodily injury rate relativities may be higher for SUVs (sports utility
vehicles) than for sedans in tort liability states, whereas the reverse may be true in no-
fault states.
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Some classification dimensions, such as driver education, have
a minor effect on overall loss costs. We may analyze these
classification dimensions every five years or so, not every
year.

Loss Ratios

One method of dealing with an uneven distribution of business
along other classification dimensions is to use loss ratios instead
of loss costs in the minimum bias procedure.!”-18

Suppose the empirical experience consists of the following
loss ratios by classification.

Urban Rural
Male 75% 85%
Female 90% 80%

We could take either of two approaches:

First Approach: We treat the unadjusted loss ratios as though
they were loss costs. Instead of using pure premium relativities,
we develop loss ratio relativities. These relativities are adjust-
ments to whatever pure premium relativities are embedded in
these loss ratios.

In this scenario, the minimum bias procedure will indicate a
loss ratio relativity close to 1.000 for urban versus rural and a
relativity slightly higher than 1.000 for females versus males.
This does not mean that urban risks are similar to rural risks,
or that female drivers have more accidents than male drivers
have. If the current rate relativities are reasonable, we would
expect the loss ratios in all cells to be about equal. Suppose that

71n practice, we use loss ratios adjusted to the base rates for the classification dimensions
included in the minimum bias analysis, though this is not shown in the illustration.
I18This section assumes that the pure premium relativities are the same as the rate
relativities.
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the current male-to-female rate relativity is 2.4 to 1. Since
the average female loss ratio of 85% is higher than the average
male loss ratio of 80%, the loss ratio relativities would indi-
cate that we should slightly reduce the male-to-female rate rel-
ativity.

Second Approach: We convert the raw loss ratios to base
class loss ratios. Suppose the current rate relativities are 2.4 to
1 for male to female and 1.8 to 1 for urban to rural. We must
divide the male premiums by 2.4 and the urban premiums by 1.8.
This is equivalent to multiplying the male loss ratios by 2.4 and
the urban loss ratios by 1.8. We multiply the raw loss ratios
by the current classification relativities, as shown in the table
below.

Urban Rural
Male 75% x 2.4 x 1.8 = 324% 85% x 2.4 x 1.0 = 204%
Female 90% x 1.0 x 1.8 = 162% 80% x 1.0 x 1.0 = 80%

We apply the minimum bias procedure to the adjusted loss
ratios. The resulting loss ratio relativities would be the same as
the indicated rate relativities.

To see this, suppose that the base rate is $100. For the male ur-
ban cell, the premium is $100 x 2.4 x 1.8 = $432. The observed
loss ratio is 75%, so the loss cost is 75% x $432 = $324. We
may verify this for the other three cells in the same fashion.

To set the rate relativity to unity for the base class in each
dimension, we divide each adjusted loss ratio in the matrix by
the adjusted loss ratio for the base class.

Urban Rural

Male 324%/80% = 405.0% 204%/80% = 255.0%
Female 162%/80% = 202.5% 80.0%,/80% = 100.0%
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Loss Ratio Intuition

We have shown how to convert loss ratios to reflect the loss
costs in each cell. This might be useful if the observed data were
loss ratios and we wanted to use loss costs for the minimum bias
procedure. But if observed data are loss costs, we must convert
the observed loss costs to loss ratios before converting back to
loss costs. The purpose of this conversion from loss costs to loss
ratios and then back to loss costs is to eliminate the potentially
distorting effects of other classification dimensions that are not
being analyzed in the minimum bias procedure.

Illustration 13: We explain by illustration. We have average
observed bodily injury loss costs for four groups of drivers, with
1,000 drivers in each cell.

Urban Rural
Male $800 $500
Female $400 $200

Other dimensions in the classification system are correlated
with the two dimensions above.

Type of Vehicle: For bodily injury rating, cars are subdivided
between (a) large cars, such as sports utility vehicles (SUVs), sta-
tion wagons, and light trucks, and (b) small cars, such as sedans.
The large vehicles provide better protection for their occupants,
but they cause greater damage to others. Smaller vehicles cause
less damage to others, but they provide less protection for their
occupants. Sedans and other small cars are more common in
urban areas; SUVs and light trucks are more common in rural
areas. The distribution of vehicle types between urban and rural
areas, along with the appropriate surcharge or discount for each
type of vehicle, affect the observed loss costs.

Suppose that SUVs and other large vehicles receive a 20%
surcharge for bodily injury. In this state, SUVs comprise 40%
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of the rural vehicles and 10% of the urban vehicles. The pricing
actuary may not actually have this distribution for the state under
review. This is not necessary; the use of loss ratios instead of loss
costs corrects for the effects of vehicle type.

Age of Driver: 'The male/female rate relativity applies to all
male and female drivers. Unmarried male drivers under the age
of 21 receive additional surcharges, ranging from 25% for 20-
year-old drivers to 125% for 16-year-old drivers. In this state,
10% of male drivers are unmarried and under the age of 21. The
average surcharge for these drivers is 50%. (For this illustration,
there is no corresponding surcharge for unmarried female drivers
under the age of 21.) The pricing actuary may not actually have
a distribution of male drivers by age and marital status. Again,
this is not necessary; the loss ratios are sufficient.

Double Counting and Offsetting

If we do not take vehicle type and driver age into account, we
overcharge male drivers and rural drivers.

Male Drivers: The male/female relativity is based on the
statewide analysis. The surcharges for young unmarried male
drivers are determined from a separate countrywide analysis.
The poor driving experience of young unmarried male drivers is
counted twice: once at the countrywide level for the surcharges
and once at the state level for the male/female relativity. To de-
termine accurately the male/female relativity, we must remove
the hazardous effects of being young and unmarried from the
male driver classification.

Rural Drivers: Rural drivers are less hazardous than urban
drivers, but they drive vehicles more dangerous to others. The
vehicle surcharge is determined in a countrywide analysis. To
properly determine the urban/rural relativity, we must remove
the effects of vehicle type from the statewide experience.

To remove the effects of vehicle type and driver age from the
statewide analysis, we assume that the countrywide relativities
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are accurate. We examine each risk in the minimum bias proce-
dure. We divide the actual loss costs by the vehicle type relativ-
ity and by the driver age relativity. This gives the relative loss
costs that we would have expected to see were the vehicle types
and driver ages evenly distributed over all other rating dimen-
sions.

Hllustration 13, continued: A four-door sedan is the base ve-
hicle type and age 21+ is the base age. A two-door compact
has a bodily injury discount of 10%, and an unmarried 20-year-
old male driver has a surcharge of 25%. Suppose the observed
loss costs for a 20-year-old unmarried male driver of a two-door
compact car are $450. The loss costs adjusted for driver age and
vehicle type are $450/(0.90 x 1.25) = $400.

It is not practical to make these adjustments car by car. Using
loss ratios adjusts for all classification dimensions simultane-
ously. Using observed loss ratios instead of observed loss costs
adjusts for driver age, driver sex, territory, vehicle types, and all
other rating dimensions. We then restore the current rating rela-
tivities for the classification dimensions that we are analyzing—
male/female and urban/rural in this illustration.

The average observed loss costs for the 1,000 drivers in each
of four classes are displayed in the table after illustration 13.
The current relativities are 2.4 to 1 for male to female and 1.8
to 1 for urban to rural. The average SUV-to-sedan relativity is
1.2 to 1. SUVs account for 40% of rural cars and 10% of urban
cars. Unmarried males under the age of 21 make up 10% of
male drivers, and their average surcharge is 50%. Ideally, we
would convert the observed loss costs to adjusted loss costs for
the minimum bias analysis in the following manner.

e Rural female: SUVs are 40% of rural cars, increasing the loss
costs by a factor of 1 + (20% x 40%) = 1.08. Were the cars all
sedans, the observed loss costs would be reduced by a factor
of 1/1.08 = 92.59%.
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e Urban female: The vehicle type factor is 1 + (20% x 10%) =
1.02. Were the cars all sedans, the observed loss costs would
be reduced by a factor of 1/1.02 = 98.04%.

e Rural male: The vehicle type factor is 1 + (20% x 40%) =
1.08 and the driver age factor is 1+ (10% x 50%) = 1.05.
Were the cars all sedans driven by adult drivers, the observed
loss costs would be reduced by a factor of 1/(1.08 x 1.05) =
88.18%.

e Urban male: The vehicle type factor is 1 +(20% x 10%) =
1.02 and the driver age factor is 1+ (10% x 50%) = 1.05.
Were the cars all sedans driven by adult drivers, the observed
loss costs would be reduced by a factor of 1/(1.02 x 1.05) =
93.37%.

We have made all the adjustments by our knowledge of the
distribution of other classification dimensions in the four cells
of the matrix. This information is generally not available, and
the procedure is complex when there are several classification
dimensions. A simple alternative is to divide the losses by the
premium charged in each cell, and then multiply by the base rate
times the current relativities for the two classification dimensions
which we are examining.

For each vehicle, we divide the losses by the premium, which
is the base rate times the classification relativities for all classifi-
cation dimensions. We multiply the result by the base rate times
the classification relativities for male/female and urban/rural.
This is equivalent to dividing by the classification relativities
for the remaining dimensions.

Exercise: Loss Ratio Method

The incurred losses and earned premium in each cell are
shown in the following table.
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Incurred Losses Earned Premium
Urban Rural Urban Rural
Male $2,700 $2,000 $3,000 $4,000
Female $1,500 $1,200 $2,400 $1,600

The current relativities by sex of driver and by garaging location

are
Male: 1.50 Urban: 1.20

Female: 1.00 Rural: 1.00.

Causes of Unequal Loss Ratios

To correct for potential distortions caused by an uneven dis-
tribution of insureds by other classification dimensions, we use
loss ratios instead of loss costs. If the rate relativities match the
loss cost differences, the loss ratios should be equal in all cells,
except for random loss fluctuations. In this example, the loss
ratios are not all equal.

Loss Ratios

Urban Rural
Male 90.00% 50.00%
Female 62.50% 75.00%

There are several possible causes for the unequal loss ratios.

Cause 1—Random loss fluctuations: Random loss fluctua-
tions are a credibility issue. This paper assumes either that the
data are fully credible or that the pricing actuary has already
made (or will make) whatever adjustments are warranted by cred-
ibility considerations. Credibility adjustments for sparse data are
an important actuarial issue, though they are beyond the scope
of this paper.

Cause 2—Improper rate relativities in other classification di-
mensions combined with an uneven distribution of insureds by these
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other classification dimensions: For example, perhaps the rates
for a certain type of vehicle are too low, and the proportion
of urban males driving that type of vehicle is greater than the
proportions of the insureds in the other cells driving that type of
vehicle.

If this is the cause of the differences, there is no perfect solu-
tion.!” But if the distribution of insureds by the other classifica-
tion dimension is not too uneven, an inaccuracy in the rates will
not distort our analysis too much. We may restate our assumption
as follows:

For other classification dimensions, either the current
rate relativities are accurate or the mix of insureds is
relatively even across these other dimensions.

In many instances, this assumption is not perfect. Neverthe-
less, even if the use of loss ratios does not perfectly correct for
distortions caused by an uneven distribution of insureds along
other classification dimensions, it provides a partial correction.

Cause 3—Inaccuracies in the rate relativities for the two clas-
sification dimensions that we are examining (sex and territory):
This is corrected by the minimum bias procedure, since the loss
ratios by cell times the current relativities by cell equal the rela-
tive loss costs by cell.

Hllustration 14: Suppose the loss ratio for male drivers is
90% and the loss ratio for female drivers is 62.5%. If the current
male-to-female rate relativity is 1.5 to 1, the male-to-female loss
cost relativity is 1.5 x90% to 1 x 62.5% = 2.16 to 1.

For the illustration in this section, we form a matrix of rela-
tivities by sex and territory:

19Without information about the other classification dimensions, we cannot optimize the
class system.
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Current Rate Relativities

Urban Rural
Male 1.80 1.50
Female 1.20 1.00

The relative loss costs by sex and territory are the product of
the relativities and the loss ratios:

Loss Cost Relativities

Urban Rural
Male 1.62 0.75
Female 0.75 0.75

We can now determine optimal rate relativities by any of the
minimum bias models discussed in this paper.

Cause 4—Improper model specification: We may be using
a multiplicative model when an additive model would be more
proper (or vice versa). Sometimes neither a multiplicative nor an
additive model is ideal. We discuss the choice of model further
below.

5. THE SQUARED ERROR BIAS FUNCTION

In this section, we examine other bias functions, beginning
with the squared error function and the y-squared function. We
continue with our simple 2 by 2 illustration for both additive and
multiplicative models using these bias functions. We review argu-
ments for and against specific bias functions. We examine two
goodness-of-fit tests—average absolute error and y-squared—
and we consider the relationship between the bias function cho-
sen and the goodness-of-fit test.

We review also the maximum likelihood bias function and the
distributions commonly used with it. We discuss the potential ad-
vantages and drawbacks of the more sophisticated bias functions
compared to the balance principle.
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Hllustration 15: We return to the simple illustration with
which we began, as reproduced below.

Urban Rural terr, terr,
Male $800 $500 sex, 200 x s, Xt 200 x s) xt,
Female $400 $200 sex, 200 x 5, x 1, 200 x 5, X 1,

The left-hand side of the matrix shows the observed loss costs;
the right-hand side shows the indicated pure premiums. Our ob-
jective is to pick classification relativities such that the indicated
pure premiums are “as close as possible” to the observed loss
Ccosts.

Statisticians would fit the classification relativities using one
of the methods below:

1. Minimize the average absolute error between the indi-
cated and observed figures.

2. Minimize the sum of the squared errors between the in-
dicated and observed figures (i.e., the least squares bias
function).

3. Minimize the sum of the relative squared errors between
the indicated and observed figures (i.e., minimize the x-
squared error).

4. Maximize the likelihood of obtaining the observations
given the classification relativities.

Although minimizing the average absolute error makes sense
to practitioners, it is rarely used in statistics, because it is less
mathematically tractable.”® We use the average absolute error

20See, however, Cook [1967], p- 200: “Why then do we use the method of least squares?
Simply because absolute values are alleged to be mathematically inconvenient.” Cook
provides an algorithm for minimizing the average absolute error, which is simple to
compute and even easier to program.
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as one of the goodness-of-fit tests. Given a set of classification
relativities, it is easy to calculate the average absolute error. (It
is less easy to determine the set of classification relativities that
minimize the average absolute error.)

The three other methods result in relatively simple iterative
equations for the minimum bias procedure. We first show the
procedures, and then we discuss the intuition for each.

The squared error for each cell is the square of the difference
between the observed loss costs and the indicated pure premium.
For urban male drivers, this is ($800 — $200 x s, x #;)?.

We sum the squared errors for the four cells to get the sum
of squared errors (SSE):

SSE = ($800 — $200 x s, x t;)*> urban male
+($500 — $200 x 5, x 1,)> rural male
+ ($400 — $200 x 5, x t;)> urban female
+($200 — $200 x 5, x 1,)> rural female.

To minimize the sum of the squared errors, we set the partial
derivatives with respect to each variable equal to zero. For the
“male” classification relativity (s;), we have

0 = 9SSE/ds; = 2 x ($800 — $200 x 5; x #;) x (—$200 x #,)
+2 % ($500 — $200 x 5, X £5) % (—$200 x £,).

We need to consider the cells only in the male (s;) row. The
other cells do not have an s; term in the squared error, so the
partial derivative with respect to s; is zero.

Taking partial derivatives with respect to each of the classi-
fication relativities gives four equations in four unknowns. The
equations are not linear, so we solve them iteratively.
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Let us choose the same starting values for the squared error
bias function as we chose for the balance principle (namely #; = 2
and 1, = 1):

Urban Rural terr; =2 terr, =1
Male $800 $500 sex, 200 x 5, X2 200 x s, x 1
Female $400 $200 sex, 200 x 5, x 2 200 x 5, x 1

Using the squared error bias function, we solve for the male
relativity s,. To avoid dealing with multiples of 100, we choose
a base pure premium of $2 and we evaluate the observed pure
premiums in multiples of $100.

0=0SSE/0s; =2 x ($8 —$2 x 5y x 2) x (—$2 x 2)
+2x($5—-%$2xs; x 1) x(—=$2x 1)

—64 +325;, —20+8s;, =0
40s; = 84
51 =2.1.
Similarly, we solve for the female relativity (s,):
0=0SSE/0s, =2 x ($4 —$2 x 5, X 2) x (—$2 x 2)
+2x($2—-$2 x5, x 1) x(=$2x 1)

*32+3252*8+8S2 =0
40 + 405, = 0
S2:1.

We now discard the starting values of #{ =2 and #, = 1. Using
the intermediate values of s; = 2.1 and 5, = 1, we set the partial
derivatives of the sum of the squared errors with respect to #;
and t, equal to zero and we solve for new values of #; and #,.
We continue in this fashion until the series converges.
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Iteration Urban Rural Male Female
Initial 2.0000 1.0000
1-a 2.1000 1.0000
1-b 1.9224 1.1553
2-a 2.1029 0.9940
2-b 1.9223 1.1555
Normalized 1.6636 1.0000 2.1155 1.0000

Normalized Base Pure Premium  $200.00 x 1.1555 x 0.9940 = $229.71

Squared Error and x-Squared Intuition

The properties of squared-error minimization in the minimum
bias procedure are unlike the properties of squared-error mini-
mization in other statistical problems, as explained below. We
note first that the bias function makes a difference, even in this
simple illustration.

A. The balance principle bias function gives s; = 2.1667
and 5, = 1.

B. The squared error bias function gives s; = 2.1155 and
Sy = 1.

The balance principle ensures that the total error in each clas-
sification dimension is zero. The squared-error bias function
minimizes the aggregate squared error, and the y-squared bias
function minimizes the aggregate squared error as percentages of
the expected values. The squared-error and y-squared bias func-
tions place more weight on outlying cells, where the squares of
the errors are large. The balance principle and the squared-error
bias function place more weight on the cells with large dollar
values.

Illustration 16: A classification system with two dimensions
has male versus female in one dimension and territories 1, 2, and
3 in the other dimension. The starting relativities are 1.00, 2.00,
and 3.00 for territories 1, 2, and 3. The observed loss costs for
the three territories in the male row are $2, $4, and $12, with
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equal exposures in each cell. We assume a base pure premium
of $1.00.

Territory 1 (1.00) Territory 2 (2.00) Territory 3 (3.00)

Male $2.00 $4.00 $12.00
Female — — —

We want to determine the indicated relativity for males. Our
concern here is not to solve this problem but to understand the
effects of the different bias functions.

o If the male relativity is 2.00, the indicated pure premiums are
$2, $4, and $6. The first two cells have a perfect fit, and the
third cell is too low by $6.

o If the male relativity is 4.00, the indicated pure premiums are
$4, $8, and $12. The first two cells are too high by a total of
$6, and the third cell has a perfect fit.

The balance principle considers the first power of the errors.
The average observed loss cost is ($2 + $4 + $12)/3 = $6.00.
The average territory relativity is 2.00. To achieve balance, we
choose a male relativity of 3.00. The indicated pure premiums
are $3, $6, and $9. The first two cells are too high by a total of
$3, and the third cell is too low by $3. The indicated male/female
relativity is $6/$2 = 3.00.

If we optimize with the balance principle, the sum of the
squared errors is (3 —2)? + (6 —4)?> + (9 — 12)> = 14. We com-
pare this figure with the result of the least squares bias func-
tion.

The squared error bias function is more concerned with the
large error in territory 3 than with the small errors in territories
1 and 2. To minimize the sum of squared errors, we increase
the male relativity slightly, reducing the error in territory 3 and
increasing the errors in territories 1 and 2.
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Squared Error Minimization

To solve the problem using a squared error bias function, we
minimize the sum of squared errors:

SSE = (2 —x)> + (4 —2x)* + (12 — 3x)%.

Taking the partial derivative with respect to x and setting it equal
to zero gives

OSSE/0x =22 —x)(—1) +2(4 —2x)(—2) + 2(12 - 3x)(—-3) =0

4+16+72=2x+8x+ 18x
92 =28x
x =92/28 = 3.286.

The sum of the squared errors is (3.286 —2) + (6.571 —4) +
(9.857 — 12)> = 12.857, which is less than the squared error of 14
under the balance principle. Minimizing the sum of the squared
errors yields 3.286, not the average, which is 3.00.

Squared Error Minimization

The illustration above seems odd to some statisticians. We
are choosing a value to minimize the squared error among a
series of observations. An elementary statistical theorem is that
the average minimizes the sum of the squared errors. This seems
inconsistent with the comments above.

When we set rates in a single dimension class system, min-
imizing the squared error produces the arithmetic average. The
following illustration explains this.

Illustration 17: We are measuring a patient’s fever with
an old, imprecise thermometer. The thermometer is unbi-
ased, but the observed readings are distorted by sampling
error. We perform nine trials, and we observe readings of
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(100.1,100.2,...,100.9). (The readings were not in this order,
so there is no trend; we have simply arranged them in as-
cending numerical order.) Using the least squared error func-
tion, we determine the best estimate of the patient’s tempera-
ture.

We rephrase the illustration mathematically. We have ob-
served values of zy,2,,...,z,, and we must choose a single
value—call it z*—to minimize the squared error.

The sum of the squared errors is Y(z; —z*)>. The partial
derivative of this sum with respect to z* is > 2(z; —z*)(—1). Set-
ting this equal to zero gives z* = (3_z;)/n. The indicated z* is the
average of the zs.

In the temperature measurement illustration, the average of
the nine observations is 100.5. This is the solution using the
squared error bias function.

If we had chosen instead some other value, such as 100.3, we
could correct this estimate by the average of the errors. The error
in each observation is the observation minus 100.3. This is the
series (—0.02,—0.01,0,+0.01,...,+0.06). The average is +0.02.
The corrected estimate is 100.3 + 0.02 = 100.5.

This is not true for multidimensional systems. In a multiplica-
tive model with two dimensions, the z;s are the observed values.
The z* is the indicated relativity for one of the two dimensions.

The other dimension has relativities of y,y,,...,¥,,.

The sum of the squared errors is »- > (z; —y; X 7). The par-
tial derivative of this sum with respect to z* is >°>°2(z; — y;
xz*)(—y;)- Setting this equal to zero gives z* = (ZZz,-)/Zy]z.

The indicated z* is no longer the average of the z;s. Rather,
this result is the solution to the minimum bias procedure using
the squared error bias function, as we show next.



THE MINIMUM BIAS PROCEDURE 241

Balance Principle Optimization

When we seek a pure premium for one dimension, mini-
mizing the squared error produces the arithmetic average. With
two or more dimensions, the balance principle selects the multi-
dimensional equivalent to the mean of each class across the other
dimension(s).

The balance principle provides an unbiased solution; Bailey
[1963] considers it the only unbiased solution (see below). Some
actuaries believe that an unbiased solution is more likely to max-
imize the firm’s profitability than a biased solution.?!

General Squared Error Minimization, Multiplicative Model

We consider a more general two dimensional classification
system. The base pure premium is B. We again assume one ex-
posure per cell (or the same number of exposures per cell) to
keep the equations simple. In practice, one must multiply all
terms by the number of exposures.

Suppose we have two dimensions, age of driver and territory,
with n age classes and m territories. The observed loss cost in
the ith age class and the jth territory is r;;. The indicated pure
premium in the ith age class and the jth territory is B X x; X y;.

The squared error in any cell is (r;; — Bx;y j)z_ The sum of the
squared errors is

0= ZZ(”ij - Bxiyj)z-

i=1j=1

We take partial derivatives with respect to each variable and set
them equal to zero. The (n + m) equations are not linear, so we
must search for a solution by numerical methods. We choose

21 There are exceptional scenarios when a different bias function may be better. In a
jurisdiction that places restrictions on risk classification, the bias function may have to
be changed to accommodate these restrictions. If the insurer seeks to expand in certain
classifications for competitive or marketing reasons, the minimum bias procedure may
not accommodate the insurer’s strategy. In most scenarios, however, the balance principle
serves the economic interests of the firm.
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starting values for one dimension—say, the y;. To solve for the
value of x;, we take the partial derivative with respect to x; and
set it equal to zero:

> 2(r;; — Bx;y;)(—By;) = 0.
j=1

This gives
m m
xi = Z(rij Xy])/ZByjz.
j=1 j=1

The x; is a variable. The y values are fixed; they are not variables
once we have assigned starting values to the y values.

We use this procedure to solve for x;,x,,...,x,. We then dis-
card the starting y values and solve for new values of the y vari-
ables using the same procedure as we used for the x variables.

We have (n + m) variables, and we have (n + m) equations.
The constraints for least squares minimization are the same as
the constraints for the balance principle. There is one totality
constraint, since taking the sum of the squared errors along the
rows is the same as taking the sum of the squared errors along the
columns. This means that we have only (n + m — 1) independent
equations. In addition, we could multiply all the relativities along
any dimension by a constant and divide the base pure premium
by the same constant.

Squared Error Minimization, Additive Model

We can also use an additive model with the least squares bias
function. We first show the results for the elementary 2 by 2
illustration. Below are the same observed loss costs and indicated
pure premiums we have been using.

Urban Rural terr, terr,

Male  $800 $500  sex,  200+s, +1,  200+s, +1,
Female $400 $200 sex, 200 + s, +1 200 + s, +1,
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As mentioned earlier, there are three mathematically equiva-
lent ways of defining the additive model; the solution method is
the same for each of them. The pure premium in cell x;y; is

A. Base pure premium + x; +y;,
B. Base pure premium X (1 +u; +v;), or

C. Base pure premium x (p; + ¢;).

We use the first of these three equations here for its intuitive
simplicity. Note that a multiplicative relationship between the
base pure premium and the relativities does not make the model
multiplicative. If the relationship among the factors is additive,
the model is additive. A combined multiplicative and additive
model has relationships among the relativities that are both mul-
tiplicative and additive.

The method used here is the same as the method used for the
multiplicative model above. For the male urban cell, the squared
error is ($800 — $200 — s, —#,)?>. The sum of the squared errors
for all four cells is

0 = ($800 — $200 — s; — 1) + ($500 — $200 — 5, — 1,)?
+ ($400 — $200 — 5, — ;)% + ($200 — $200 — 5, — 1,)°.

We take partial derivatives with respect to each variable and set
them equal to zero. The partial derivative with respect to s; is

80 /9s, = 2($800 — $200 — s, —£,)(—1)
+2($500 — $200 — 5, —1,)(—1) = 0,
or

§1 = ($900 *l‘l *l‘z)/z

For the additive model with the least squares bias function,
the simultaneous equations are linear, and we can solve them
directly. Nevertheless, it is easier to program the solution using
numerical methods. If we choose starting values of #; = $250
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and 1, = $0, we get 5; = $325. We leave it to the reader to verify
that the relativities converge to the same figures as the additive
model with the balance principle.

General Squared Error Minimization, Additive Model

For the general formula, we let B = the base pure premium.
The sum of the squared errors is

SSE=>">"(r;;—B—x—y)™.
i=1j=1

We take the partial derivative with respect to x; and set it equal
to zero:

OSSE &
j=

or .
X = Z(rij *)’j)/m*B-
j=1

6. THE Y-SQUARED BIAS FUNCTION

The x-squared bias function is similar to the squared error
bias function, except that each squared error is divided by the
expected value in that cell. We define the y-squared bias function,
and then we apply it to the minimum bias procedure.

Illustration 18: Suppose the expected distribution in two
cells is 40%—-60% and the observed distribution is 30%-—
70%. The squared error is (40% — 30%)?* + (60% — 70%)* =
2.00%; the x-squared error is (40%—30%)2/4O%+(60%—
70%)?/60% = 4.17%.

We show the application of the yx-squared bias function to the
multiplicative illustration.
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Urban Rural terr,; terr,
Male $800 $500 sex, 200 x s, x 1, 200 x s, xt,
Female $400 $200 SEX, 200 x s, x 1, 200 x s, X t,

The x-squared value for each cell is (observed value —
expected value)? /expected value. For urban male drivers in our
basic illustration, this number is

($800 — $200 x 5, x 1) /($200 x 5, X 1,).

We sum the squared errors for the four cells to get the sum of
x-squared values:

SSE = ($800 — $200 x 5, x ,)*/($200 x s, x t,) urban male
+($500 — $200 x 5, x 1,)*/($200 x 5, X t,) rural male
+ ($400 — $200 x 5, x #,)*/($200 x 5, x t,) urban female
+($200 — $200 x s, x 1,)*/($200 x 5, x t,) rural female.

To minimize the sum of the squared errors, we take partial deriva-
tives with respect to each variable and set them to zero. For the
male classification relativity (s;), we have??

0 = OSSE/ds,
=[($200 x 5; x ;) x 2 x ($800 — $200 x 5, x #;) x (—=$200 x 1,)
— ($800 — $200 x 5, x £,)* x ($200 x 1,)]1/($200 x 5, x t,)*
+ [($200 x s, x 1,) X 2 % ($500 — $200 x s, x 1,) x (—$200 x t,)
—($500 — $200 x 5, X 1,)* x ($200 x £,)]/($200 x 5, X t,)*
+0+0.

Although the arithmetic looks cumbersome, the equation can be
simplified. To avoid needless arithmetic, we derive the general
solution, and we then resume the illustration.

22We use the quotient rule that if y(x) = f(x)/g(x), then dy/dx = [g(x) x df /dx — f(x) x
dg/dx]/g*(x).



246 THE MINIMUM BIAS PROCEDURE

x-Squared Recursive Equations

We show the general recursive equations for the y-squared
bias function with two classes in each of two dimensions; the
extension to three or more dimensions is straightforward. To save
space, we include the number of exposures and derive the final
recursive equations.

Y1 Yy Y1 Y2
X ny ny, X Bxx Xy, B xx; xy,
X, Ny, Ny X, B xxy xy, B xx, xy,

We form the x-squared bias function as a double summation
covering all the cells in the array.

SSE = anzm: ik nijBXiyj)Z
i=1j=1 n;iBx;y;
We factor out the number of exposures in each cell from the
summand to give
SSE = Zn:i n(r;; — Bxiyj)2
o B,

We seek to minimize the y-squared value. To simplify the math-
ematics, we use a base pure premium of $1.00. In practice, we
would choose the base pure premium at the end of the procedure
to set the base relativities in each dimension to unity.

As before, given starting values for either dimension, we de-
termine the intermediate values for the other dimension. As-
sume we have chosen starting values for the y relativities and
we are solving for an intermediate value of x;. Only the cells
in the ith row have terms with x; in them. We take the partial
derivative of this row with respect to x;, and we set it equal
to 0.
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In the equation below, we have differentiated with respect to
x;, and the summation is over the j dimension. The value of i is
fixed.

=0.

i nyilxy 2(r; —xiy ) (=y;) — (ry; — xi)’j)Z)’j]
=1 (xiyj)z

The value x; = 0 does not minimize the equation (or all the indi-
cated pure premiums would be zero), so we multiply both sides
of the equation by (x;)>. Simplifying further,

m n.:
> [Z”ijxi(”ij —xy;) — —L(r;; xiyj)2‘| =0.
=1 Yj

We expand the square and combine like terms:

Ms

[ n;
J
2nuxlru+2nl]xlyj (y)r +2nuxlrl] n;; lyJ] =0,
J

~.
Il
—

i Mij\ 2
Al lJ l Jj yj 12

This gives a relatively simple expression for each x; in terms of
the y; values:

Ms

~.
1l

0.5

m
X = Z( z U) Z"ij

=1\ Vi

In the illustration used here, there is one exposure in each cell.
The starting values are r; =2 and f, = 1. We use a base pure
premium of $200, and we divide all cells by $200.

Urban Rural terr; =2 terr, = 1

Male $4 $2.5 sex, §; %2 s x 1
Female $2 $1 sex, 5, %2 5, x 1
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Using the y-squared bias function along the first row, we
get

sy (male relativity) = [(4%/2 +2.5%/1)/2 + 1)]*3 = 2.179.
Using the y-squared bias function along the second row, we get
s,(female relativity) = [(22/2 + 12/1)/(2 + D]*> = 1.000.

The male-to-female relativity is 2.179 to 1. The series converges.

Iteration Urban Rural Male Female
Initial 2.0000 1.0000
1-a 2.1794 1.0000
1-b 1.8887 1.1029
2-a 2.1739 1.0055
2-b 1.8884 1.1032
3-a 2.1739 1.0055
Normalized 1.7118 1.0000 2.1620 1.0000

Normalized Base Pure Premium  $200.00 x 1.1032 x 1.0055 = $221.85

The final relativities are 2.1620 for the y-squared bias func-
tion and 2.1155 for the least squares bias function. The dollar
values in the urban male cell are larger than the dollar values in
the rural male cell, so the least squares bias function gives more
weight to the urban male cell as compared to the rural male cell
than the y-squared bias function gives.

Additive Model with x-Squared

The y-squared bias function can be used with any type
of model, whether multiplicative, additive, or combined. If an
additive model is used, we minimize the following expres-
sion:

SSE =" ny(r; —x; —y)*/(xi + y)).

i=1j=1
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We set the partial derivative with respect to each relativity equal
to zero. It is easiest to solve the resulting set of simultaneous
equations by iteration, solving for Ax; rather than for x;. Bailey
and Simon [1960], followed by Brown [1988], give the recursive

equations as
2
T
j
13 1
_ ’(xﬁyj) T

Ax; =

1 r 2 1 °
22'”“( l.] > ( >
P\ X+, X+,

The series converges along the following path.

Iteration Urban Rural Male Female
Initial $250.00 $0.00
1 $96.81 ($15.53)
2 $334.23 $63.18
3 $193.97 ($115.14)
4 $349.61 $97.35
5 $220.32 ($112.08)
6 $336.84 $103.42
7 $224.64 ($113.40)
Final $233.43 $0.00 $338.04 $0.00
Base Pure Premium $190.02

7. MAXIMUM LIKELIHOOD

Some statisticians prefer a maximum likelihood bias function
to either a y-squared or a least squares bias function when fitting
a distribution to observed data. In his 1988 Proceedings paper,
Rob Brown used a maximum likelihood bias function to optimize
classification relativities. The maximum likelihood bias function
is rarely used in practical work, and not all actuaries are familiar
with it.

The maximum likelihood bias function requires an assump-
tion about the distribution of values in each class. The appropriate
distribution for loss costs is not evident. It probably is not a sim-
ple parametric distribution, such as an exponential distribution
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or a Poisson distribution. If there is not support for a specific
distribution, the merits of a maximum likelihood bias function
are less clear.

Likelihood and Probability

We use the term likelihood, not probability. For a continu-
ous distribution, the probability of observing a specific value is
zero. If the exponential distribution function has A of 0.0001, the
likelihood of a loss of size $20,000 is 0.0001 x 2.

Illustration 19: We are fitting an exponential curve to a set
of insurance losses. For the exponential distribution function, the
likelihood of a loss of size x is Ae~**. We use integration by parts
to solve for the mean of the exponential distribution function:

> A |
/ xde Ydx = <x>\e’\x ——e x> = —,
0 A 0 A
To fit an exponential curve to a set of insurance losses, we must

determine \. After discussing two methods outlined above (for
comparison), we show the maximum likelihood method.

1

Method of Moments

The mean of the exponential distribution is 1/\. We take the
average of the observations, and we set A equal to the reciprocal
of this average.

Least Squares

We divide the loss sizes into ranges, such as $0 to $5,000,
$5,001 to $25,000, $25,001 to $100,000, and so forth. We cal-
culate the percentage of observed losses that fall into each range.
For any given A\, we determine the percentage of theoretical
losses that would fall into each range.

For each range, we calculate the squared difference between
the observed percentage and the theoretical percentage. We sum
the squared differences over all the ranges. The result is a func-
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tion of \. To minimize this squared difference, we set the deriva-
tive with respect to A equal to zero.

x-Squared

The y-squared procedure is similar to the least squares pro-
cedure, but instead of taking the squared difference we take the
x-squared difference. For each range, we divide the squared dif-
ference by the expected value.

Maximum Likelihood

We explain the method by means of an illustration. Sup-
pose we have observed five losses with sizes of $3,000, $5,000,
$15,000, $20,000, and $80,000. For a given value of ), the like-
lihood of a loss equal to $3,000 is A\e ***0% The likelihood
of five losses for the values listed above is the product of the
likelihoods of each individual loss, or

L= )\e*)\XS,OOO % )\ef)\x5,000 % )\ef)\x15,000 > )\ef)\XZ0,000

% )\e—)\XS0,000.

We simplify the likelihood to A>e~**123:000 (123,000 is the sum
of the losses). To find the A that gives the greatest likelihood, we
set the derivative with respect to A equal to zero.

Before taking the derivative, we make one simplification.
Maximizing a strictly increasing function, like the likelihood
function, is the same as maximizing its logarithm. The logarithm
of the likelihood (the log-likelihood, or LL) is

LL =InL =5In\— 123,000 x A
d(nL)/d) =5/ —123,000=0, or X=5/123,000.

Maximum Likelihood and Minimum Bias Procedure

The rating model uses the classification relativities to deter-
mine the expected loss in each cell. The maximum likelihood test
is most practicable as a bias function when a single parameter
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distribution is used and the mean of the distribution equals the
parameter itself or some simple function of the parameter, such
as its reciprocal. It is most valuable when the distribution is a
reasonable reflection of the insurance process.

The exponential and Poisson distributions have these prop-
erties. We illustrate a multiplicative model with the exponential
distribution function, using the same illustration as before.

Urban Rural terr, terr,
Male $800 $500 sex, 200 x s, Xt 200 x s, xt,
Female $400 $200 sex, 200 x s, X 1, 200 x s, X t,

Each class has an assumed exponential distribution of loss
costs. If the indicated pure premium is $200, we expect the ob-
served losses to follow an exponential distribution with a mean
of $200. The A differs by cell. The indicated pure premium in
each cell is 1/\.

Illustration 20:  For the urban male cell, the loss costs have an
exponential distribution with the parameter A equal to 1/($200 x
S X1 )

We choose starting values for #; = 2.00 and #, = 1.00. We de-
termine the likelihood of the observed loss costs. The value of A
for the urban male cell is 1/(200 x s; x t;) = 1/(400 x s;). The
likelihood of the $800 loss cost in the urban male cell is

1 o—800/400s, _
400s, 400s,

The likelihoods of the observed values in the other cells are de-
termined in the same manner. To maximize the likelihood, we
maximize the log-likelihood. To repeat,

e—2/s1 )

e The likelihood of four observed values is the product of the
four individual likelihoods.
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e The log-likelihood of four observed values is the sum of the

four individual log-likelihoods.

The partial derivative of the log-likelihood with respect to s,
depends on the log-likelihoods in the male row only. This is the
same simplification that we used for the least squares method
and the y-squared method.

The log-likelihood of the values in the male row is

LL = —In(400s,) — (800/400) x 1 /s, — In(200s,)
—(500/200) x 1/s,

OLL/Os; = —1/s; + 2572 —1/s; +2.5572 =0
—s;+2—5;+25=0, because s;#0
§1 = 225

The log-likelihood of the values in the female row is

LL = —In(400s,) — (400/400) x 1/s, — In(200s,)
—(200/200) x 1/s,

OLL/Dsy = —1/sy + 15y 2 — 1 /s, + 15,2 =0

*S2+1*52+1=0

s, = 1.00.

The series converges to the following relativities.

Iteration Urban Rural Male Female
Initial 2.0000 1.0000
1-a 2.2500 1.0000
1-b 1.8889 1.0556
2-a 2.2430 1.0031
2-b 1.8886 1.0557
3-a 2.2430 1.0031
Normalized 1.7889 1.0000 2.2361 1.0000

Normalized Base Pure Premium

$200.00 x 1.0557 x 1.0031 = $211.80
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Justification

If the distribution of loss costs is a simple mathematical func-
tion, such as a Poisson distribution, a normal distribution, a log-
normal distribution, or an exponential distribution, we can derive
simple recursive equations; see Brown [1988]. In practice, we
don’t know the proper distributions. The distributions that have
been suggested for use in the minimum bias procedure are not
necessarily correct. They are simply tractable.

The Poisson distribution is a reasonable model for loss fre-
quency distributions, though not for loss severity distributions.
The normal, lognormal, and exponential distributions may not
be ideal fits to the loss costs distribution. However, maximum
likelihood estimation is particularly useful when examining loss
frequency and loss severity with generalized linear models; see
Feldblum et al. [forthcoming].

The Bias Function

The optimal class relativities for a given data set depend on
the choice of the bias function. The choice of bias function can
be viewed from three perspectives:

1. Mathematical tractability,
2. Social equity, or

3. Economic optimization.

Mathematical tractability was of concern when computational
capacity was limited and some bias functions gave simple rela-
tionships while other bias functions gave intractable equations.
The minimum bias procedure gives simple equations for the bias
functions discussed in this paper. With modern spreadsheets,
however, even the average absolute error does not pose tractabil-
ity issues. Just as the solution for the balance principle is the
mean, the solution for the average absolute error is the median.
It is not uncommon for actuaries to use the median instead of
the mean in practical problems.
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Social equity is subjective, though it is vital to the success of
a highly regulated industry like insurance. The balance principle
sometimes results in large errors for outlying cells. The errors
may be particularly large for high-rated cells. If a multiplicative
model is used when an additive model is more appropriate, the
errors for outlying cells are frequently overcharges.

Of the bias functions that we consider in this paper, the
squared-error bias function is the best at reducing large over-
charges for individual cells. Ferreira’s critique of insurance in-
dustry classification systems in Massachusetts illustrates this so-
cial position.??

Economic optimization drives the behavior of firms in free
markets. Firms seek to maximize profits and to minimize losses
(among other firm objectives). Suppose an insurer issues three
policies. It must choose between two rating systems:

A. Under rating system A, it expects to lose $1.00 each
on the first two policies and to break even on the third
policy.

B. Under rating system B, it expects to break even on the
first two policies and to lose $1.50 on the third policy.

Rating system A is off by $2.00 using the balance principle
while rating system B is off by $1.50. Using the squared error
bias function, rating system A is off by 2.00 dollars-squared
while rating system B is off by 2.25 dollars-squared. The balance
principle says we should choose rating system B, and the squared
error bias function says we should choose rating system A.

To maximize profits (or minimize losses), we would probably
prefer rating system B, as the balance principle says. In practice,

23See Ferreira [1978], as well as Cummins et al., [1983] chapter 4. We are not endorsing
Ferreira’s views, which are inconsistent with competitive insurance markets; see the
discussion in the text of this paper.
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economic forces are more complex than short-term profit maxi-
mization. There are many reasons for avoiding errors, including
consumer dissatisfaction, consumer switching, and public rela-
tions. In democratic systems where social opinion and political
pressures are strong, firms may sacrifice short-term profit max-
imization to achieve other ends; objectives such as workforce
diversity and environmental protection are examples. Further-
more, manager incentives may encourage the pursuit of other
goals, such as corporate growth instead of profit maximization.
Nevertheless, profit maximization remains the dominant corpo-
rate goal. The pricing actuary should keep these social and eco-
nomic considerations in mind when choosing a bias function for
the minimum bias procedure.

8. COMBINED MODELS

Throughout this paper, we have used simple multiplicative
and additive models, not combined models. This reflects current
insurance practice.

In truth, business practice reflects ratemaking capabilities. Ac-
tuaries have not had simple methods to optimize combined mod-
els, so these models have not gained wide acceptance.

The rationale for combined models is strong. Since the least
squares and y-squared bias functions provide simple recursive
equations for many combined models, these models may become
more popular in the future.?*

Hllustration 21: Rating territory may have a variety of effects
on insurance loss costs.

1. High-crime areas may have a greater incidence of car
theft and claim fraud. Thefts would raise comprehensive
pure premiums, and fraud would raise liability pure pre-
miums.

24Generalized linear models allow the optimization of even more complex rating models;
see Feldblum et al. [forthcoming].
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2. Areas with more sophisticated medical facilities may
have higher loss costs for bodily injury claims.

3. Territories with a higher number of attorneys per capita
may experience a higher incidence of bodily injury
claims per physical accident.?

The first effect argues for an additive model; the third ef-
fect suggests a multiplicative model; and the second effect may
have both additive and multiplicative components. The greater
incidence of theft may be unrelated to other hazards, whereas
a higher proportion of attorneys may affect claim filing for all
hazards.?® Intuition alone, though, is rarely sufficient to optimize
a rating model. The minimum bias method allows the pricing ac-
tuary to determine the optimal rating structure from the observed
loss costs.

Lllustration 22: Combined Model: We keep the same male/
female and urban/rural classification system. We assume now
that the male/female rating dimension has a multiplicative
effect on loss costs, and the rating territory dimension has both a
multiplicative and an additive effect on loss costs. We show the
structure of this rating model, and we explain how to optimize it.

For the male/female classification dimension, we use pure pre-
mium relativities of s; and s,. For the urban/rural dimension,
each class has two relativities: a multiplicative relativity denoted
by t; and 1,, and an additive relativity denoted by z; and z,. We
denote the base pure premium as B.

The indicated pure premium for any class is B x (s; X t; + z;).
The subscripts i and j denote the classification dimension. The
indicated pure premiums are shown in the following table.

25See Conners and Feldblum [1998] for the effects of territory on private passenger
automobile claim frequency.

260n reviewing this paper, Ginda Fisher suggested that rating variables such as fire pro-
tection, theft protection devices, and age of dwelling may be additively related for Home-
owners insurance, though there may also be some multiplicative relationships among
them.
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Observed Loss Costs Indicated Pure Premiums
Urban Rural Urban (¢,,z,) Rural (t,,z,)

Male r;; =$800 r, =$500 Male (s;) Bx(s; xt;+z;) Bx(s; xt,+2,)
Female r,, =$400 r,, =$200 Female (s,) B X (s, xt; +2;) Bx (s, X1, +2,)

If we use the balance principle as the bias function, we bal-
ance along the two rows and the two columns. This gives four
equations, of which only three are independent, since there is a
totality constraint. We must solve for six classification relativi-
ties.

When there are more unknowns than equations, the iterations
will not necessarily converge. If they do converge, the conver-
gence is generally not unique. If the balance principle is used
with a multidimensional combined multiplicative and additive
model, there are more relativities than there are equations.

If we use a least squares or a y-squared bias function, the
combined model is not conceptually different from a simple mul-
tiplicative or additive model. We set the partial derivative with
respect to each rating variable equal to zero. This guarantees the
same number of equations as rating variables.

The use of the minimum bias procedure with combined mod-
els is a powerful rating tool. But as the rating models grow more
complex, there are more classification dimensions, more cells,
and fewer exposures in each cell. The potential rating errors
become more serious as the effect of random loss fluctuations
Srows.

Outliers

The least squares and y-squared bias functions are particu-
larly sensitive to outliers. Outliers are observed values that differ
substantially from their expected values because of random loss
fluctuations. Distortions stemming from random loss fluctuations
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can be controlled in several ways:

e Losses can be capped at basic limits or similar retentions.
e Low-volume classes can be assigned limited credibility.

e The data in each cell can be examined for unusual values.

The use of low retentions or low credibility conflicts with the
objective of basing rates on observed experience as much as pos-
sible. The examination of the observed data for unusual values is
sometimes too time-consuming for practical work. In any case,
one should choose a bias function that is not too sensitive to
outliers.

Hllustration 23: A classification system has two dimensions:
male/female along one dimension and ten territories along the
other dimension. The current driver relativities are 1.00 for fe-
male and 2.00 for male. The current territorial relativities are
1.00,2.00,...,10.00 for the ten territories, labeled (01,02,...,10).
The base pure premium is $100, and a multiplicative model is
used.

Scenario A: The observed loss costs are shown below, in
units of 100 dollars.

Territory: 01 02 03 04 05 06 07 08 09 10

Male $2 $4 $6 $8 $10 $12  $14 $16  $18  $20
Female  $1 $2 $3 $4 $5 $6 $7 $8 $9 $10

The observed loss costs exactly match the indicated pure pre-
miums in the current rating system. No change to the current
relativities is indicated.

Scenario B: Because of a random large loss, the observed
loss costs for the males in territory 10 are $10,000 instead of
$2,000. The “territory 10 male” cell shows $100 instead of $20.
This type of random loss fluctuation is common in classifica-
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tion analysis for small populations. We have starting values of
(1.000,2.000,...,10.000) for the ten territories. We determine the
intermediate value for the male relativity.

The balance principle selects the male relativity s; such that
(on the first iteration)

(spxt) +(sy X))+ -+ (s X)) =r|+rip+-+r 0

5, % $55 = $190
§1 = 3.455.

The least squares bias function selects the male relativity to
minimize the squared error:

SSE = (ry; —s; x1,)
j—1

OSSE/ds; = 2(ryj— s 1)) x (—1;) =0
j=1

_ > =1 (ryj X))

[(1X2)+2x4)+(BX6)+---+(9x18) + (10 x 100)]/
[12+2%+3%+---92 +10%] = 4.078.

Compared with the balance principle, the least squares bias func-
tion exacerbates the distortion caused by random loss fluctua-
tions. In this instance, the y-squared bias function magnifies the
distortion less than the least squares bias function does. This
is not always the case; in other instances, the y-squared bias
function magnifies the distortion more than the least squares
bias function does. Since combined models are more sensitive
to random loss fluctuations than simple models are, and since
the least-squares or y-squared bias function must be used, the
pricing actuary must be particularly careful to exclude outliers
from the data.
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9. GOODNESS-OF-FIT

For a given rating model and bias function, the minimum bias
procedure optimizes the relativities. We now wish to optimize the
rating system by choosing the best rating model and bias func-
tion. The choice of rating model, such as multiplicative, additive,
or combined, depends on the characteristics of the observed loss
costs. The choice of the bias function depends on the objective:

e The statistician seeking the best fit might use a maximum like-
lihood function if a tractable distribution function is appropri-
ate for this coverage, or a x-squared function if the probability
distribution function is not known or not tractable.

e The regulator seeking to avoid large dollar mismatches be-
tween observed loss costs and indicated pure premiums might
use a least squares function.

e The insurer seeking to avoid monetary losses might use the
balance principle.

The preferences listed above are examples; other preferences
are also possible. In particular, a regulator might prefer the bal-
ance principle to provide the most efficient rating system.

Empirical Tests
We can test the choice of rating model empirically.

Illustration 24: We are using a x-squared bias function to
optimize classification relativities. We do not know whether a
multiplicative model or an additive model is more appropriate.

We perform the minimum bias procedure twice with a x-
squared bias function: once with the multiplicative model and
once with an additive model. After optimizing the relativities for
each model, we compare the final y-squared difference between
the observed loss costs and the indicated pure premiums for each
model. The model with the lower y-squared is preferred.
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Hllustration 25: We are using the balance principle to opti-
mize classification relativities. We do not know whether a mul-
tiplicative model or an additive model is more appropriate.

We perform the minimum bias procedure twice with a balance
principle bias function: once with the multiplicative model and
once with an additive model. After optimizing the relativities for
each model, we compare the average absolute difference between
the observed loss costs and the indicated pure premiums for each
model. The model with the lower average absolute difference is
preferred.

We cannot empirically test the suitability of the bias function,
as explained below.

Hllustration 26:  We are using a multiplicative model, and we
are deciding between the balance principle and the y-squared
function.

We perform the minimum bias procedure twice: once with the
multiplicative model and the balance principle and once with the
multiplicative model and a y-squared bias function.

If we test the performance of the models by using a x-squared
test to measure the difference between the observed loss costs
and the indicated pure premiums, the y-squared bias function
does better. This result is tautological, since the x-squared bias
function minimized the y-squared difference between the ob-
served loss costs and the indicated pure premiums.

If we test the performance of the two models by using the
average absolute difference between the observed loss costs and
the indicated pure premiums, the balance principle generally does
better. The x-squared bias function minimizes large percentage
errors. The balance principle and the average absolute difference
minimize dollar differences.

The choice of bias function is a qualitative choice, depend-
ing on the objectives of the rating system. It is not subject to a
quantitative test of suitability.
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Squared Error versus x-Squared

The squared error bias function is similar to the y-squared bias
function, but whereas the squared error test looks at absolute
differences, the y-squared test looks at percentage differences.
Some statisticians prefer the y-squared test to a least squares
test.

Hllustration 27: We are fitting a distribution to two empirical
data points:

e Point A has an observed value of $101 and a fitted value of
$100.

e Point B has an observed value of $1.50 and a fitted value of
$1.00.

We examine the errors for each point:

e The squared error is (101 —100)? = 1.00 for point A and
(1.50 — 1.00)% = 0.25 for point B. This distribution fits point
B better.

e The y-squared value is (101 — 100)2/100 = 0.01 for point A
and (1.50 — 1.00)2 /1.00 = 0.25 for point B. This distribution
fits point A better.

The statistician might prefer the y-squared test to the squared
error test. The practical businessperson might argue that the in-
surance enterprise is not concerned with optimizing a statistical
fit. It is concerned with optimizing net income. At point A, the
insurer has a gain or loss of $1.00. At point B, the gain or loss
is $0.50. The squared error test is preferred.

This argument does not fully reflect the purpose of the mini-
mum bias procedure. The argument would be correct if we fully
believed the observed values—that is, if the observed values were
fully credible. But if the observed values were fully credible, we
would have no need to use the minimum bias procedure; we
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would just use the rates indicated by the observed loss costs in
each cell.

We are using the minimum bias procedure because the in-
dividual observed values are not fully credible, and we believe
that the relationships among all the cells in the observed ma-
trix provide useful information for choosing the true expected
values. When we say that a particular fit X has less of an error
than another fit Y, we do not mean that we know the true values
and that model X is closer to these true values. We generally do
not know the true values, but we presume that these true values
might be represented by a mathematical function. When we say
that fit X is better, we mean that model X is more likely to be a
better model. The y-squared bias function perhaps does a better
job of choosing the better model. If so, the businessperson might
also prefer the y-squared bias function.

Balance Principle versus x-Squared

The 1960 Bailey and Simon paper prefers the x-squared bias
function to the balance principle, whereas the 1963 Bailey paper
argues for the balance principle. In defense of the x-squared bias
function, the 1960 Bailey and Simon paper says (p. 10):

...the indication of each group should be given a
weight inversely proportional to the standard deviation
of the indication.

This is a traditional justification for classical credibility, as
Bailey and Simon continue:

The standard deviation of the indication is inversely
proportional to the square root of the expected number
of losses for the group.?’

27Bailey and Simon [1960] assume that if all claims are independent, the variance is
proportional to the number of claims, so the standard deviation is proportional to the
square root of the number of claims (see also Longley-Cook [1962]). After the writings
of Hans Buhlmann, Gary Venter, Howard Mahler, and others, this assumption is no longer
the standard rationale for credibility.
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The 1963 Bailey paper prefers the balance principle because
it is unbiased, whereas the x-squared bias function may be bi-
ased. By “unbiased,” Bailey means that the balance principle
constrains the relativities so that the total indicated pure pre-
miums along any dimension equal the total observed loss costs
along that dimension.

The balance principle uses the first-order departure, which is
generally preferred by firms seeking to maximize profits. This is
perhaps the strongest argument for the balance principle.

Common practice among casualty actuaries is to use the bal-
ance principle. One might presume that since more effective pro-
cedures drive out less effective procedures in a competitive mar-
ket, the balance principle is perhaps the most effective bias func-
tion.

In truth, many ratemaking procedures are selected for ease of
implementation, not necessarily for accuracy. The balance prin-
ciple was easier to implement before the widespread use of desk-
top computers. Few actuaries have tried the y-squared bias func-
tion or the least squares bias function. No conclusions should be
drawn from the current practice.

10. CREDIBILITY

Many practitioners combine the minimum bias procedure with
credibility weighting of the indicated pure premiums, either with
the observed loss costs or with the underlying pure premiums.
We show illustrations of each method.

The minimum bias procedure gives the indicated pure pre-
miums for each class in an array. One may choose the pure
premiums used for the final rates as a weighted average of the
indicated pure premiums and the observed loss costs for that
class. The credibility for the observed loss costs is a function of
the volume of business in the class. Classes with greater volume
place more weight on the observed loss costs; see Venter [1992].
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Classical credibility formulas are the most commonly used.
Classes with a certain volume of claims or of exposures are given
full credibility. The square root rule is used for classes with lower
volume of claims or exposures.

Illustration 28: Suppose that classes with exposure of 10,000
or more car-years are accorded full credibility. A class with
3,600 car-years of exposure has an $800 observed loss cost. The
minimum bias indicated pure premium for this class is $700.
The credibility assigned to the class is (3,600/ 10,000)0'5 = 60%
credibility. The credibility weighted pure premium is

60% % $800 + (1 —60%) x $700 = $760.

Illustration 29: For premises and operations ratemaking,
Insurance Services Office (ISO) uses a balance principle mini-
mum bias procedure with observed loss ratios to determine the
indicated changes to class group and type of policy relativities.?®

e An indicated relativity change of 1.08 for type of policy 12
means that the existing relativity for type of policy 12 should
be increased by 8%.

e The full credibility standard is based on the number of claims
in the class during the experience period. These standards are
2,500 claims for OL&T BI, 3,000 claims for M&C BI, and
7,500 claims for M&C PD.

e Partial credibility is based on the square root rule. For exam-
ple, 1,080 claims in M&C BI gives (1,080/3,000)% = 60%
credibility.

e The indicated relativity change for the class is raised to the
power of the credibility. If the indicated relativity change is
1.08 and the credibility is 60%, the credibility weighted rela-
tivity change is 1.080°¢ = 1.047.

2Type of policy refers to monoline versus multiline policies (and type of multiline
policy). See Graves and Castillo [1990] for a more complete discussion of the ISO
procedure.
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These two illustration show different uses of credibility. ISO
credibility weights the indicated classification relativities with
the current classification relativities to dampen the changes from
year to year. The observed loss costs in the first illustration are
credibility weighted with the indicated pure premiums to increase
the accuracy of the final pure premiums.?’

Embedded Credibility

The minimum bias procedure has credibility embedded in the
calculations, since each cell is weighted by the number of expo-
sures in that cell.

A comparison with the single-dimensional classification rate-
making procedure should clarify this. Suppose there are three
territories in a state with the experience shown below. The ex-
posures are car-years, and the dollar figures are in thousands.

Exposures Claims  Premium  Losses Loss Ratio Indication

Terr 01 5,000 500 5,000 3,500 70.0% 0.972
Terr 02 10,000 1,000 15,000 10,800 72.0% 1.000
Terr 03 2,000 200 4,000 2,980 74.5% 1.035

Total 17,000 1,700 24,000 17,280 72.0%

The unadjusted observed data suggest that

e Territory 01 should have a reduction of 2.8% in its base rate.
e Territory 02 should have no change in its base rate.

e Territory 03 should have an increase of 3.5% in its base rate.

The indications in the table do not consider the number of
exposures or claims in each territory. Since territory 03 has only
200 claims in the experience period, the +3.5% indication may

29See Venter’s [1992] distinction between classical credibility used to minimize rate
fluctuations from year to year and Bayesian-Buhlmann credibility used to increase the
accuracy of the estimate.
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be distorted by random loss fluctuations. To adjust for the vol-
ume of business in each territory, the raw indications may be
credibility weighted with the overall average of unity, where the
credibility depends on the number of exposures or claims.

In the minimum bias procedure, the number of exposures in
each cell affects the computation. The weight accorded to the
observed loss costs in the cell is proportional to the number of
exposures in the cell. From this perspective, credibility weighting
the observed loss costs by the number of exposures would be
applying credibility twice.

Nevertheless, some justification remains for a credibility ad-
justment. To determine the indicated pure premium for a cell,
the minimum bias procedure uses the type of rating model along
with all the cells in the array. The credibility embedded in the
minimum bias procedure deals with random loss fluctuations.
A second credibility adjustment deals with model specification
risk. We explain these concepts with an illustration.

Hllustration 30: The observed loss cost for young unmarried
urban male drivers is $2,500 per car. After applying a minimum
bias procedure, the indicated pure premium for these drivers is
$3,000 per car. There are two explanations for the difference.

1. Random loss fluctuations account for the difference. The
credibility embedded in the minimum bias procedure is
sufficient. No additional credibility adjustment should be
used.

2. The rating model is not correct. For example, the mini-
mum bias procedure may be using a multiplicative model
when an additive model is proper. This is model speci-
fication risk, and a second credibility adjustment is war-
ranted.

Classical credibility procedures are not an ideal compensation
for model specification risk. The ideal approach is to use several
models, such as multiplicative, additive, and combined models,
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and to test the goodness-of-fit for each model. Time constraints
preclude this ideal approach in many cases, and a credibility
adjustment may be a practical alternative.

Rate Fluctuations

When rating bureaus made advisory rates, they had more in-
centive to temper rate fluctuations from year to year than private
insurers have. ISO’s credibility procedure may not have firm sta-
tistical justification, but it fulfills the objective of tempering the
requested rate changes.

The use of credibility to temper rate fluctuations from year to
year is a dubious practice. In practice, most actuaries conceive of
credibility as a means to price more accurately. Although Venter
correctly notes that the stated rationale for classical credibility
deals with tempering rate fluctuations, even classical credibility
does serve the objective of increasing the accuracy of the rate
indications.3°

11. SUMMARY

For each model discussed in this paper, there are simple iter-
ative functions. The task of the pricing actuary is to determine a
rating function—such as multiplicative, additive, or combined—
and a bias function (balance principle, least squares, y-squared,
or maximum likelihood). If the maximum likelihood bias func-
tion is used, the actuary must also select a probability distribution
function for the loss costs (or other values) in each cell.

The type of data in each cell will generally be either loss
costs or loss ratios. If the pricing actuary is using all the dimen-
sions of the classification system in the minimum bias analysis,
it is easier to use loss costs. If there are significant classification
dimensions that are not included, and if there may be an uneven

30See Venter’s chapter on “Credibility” in any of the first three editions of the CAS
textbook, Foundations of Casualty Actuarial Science, and Mahler [1986]. As Mahler points
out, tempering rate changes and aiming for rate accuracy are different purposes, but they
usually have a similar result.
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distribution of exposures along these other classification dimen-
sions, the pricing actuary may prefer to use loss ratios.

We list here the models that have been proposed for insurance
use, along with their recursive equations.

Multiplicative model, balance principle:

Z] ij l]

l]yJ

X =

Additive model, balance principle:

Z] l_] y])

Jn]

i =
Multiplicative model, least squares:
xi = Z(I’lu X rl'j X yj)/Z(nl] X yjz).
Additive model, least squares:
_ Znij X (”ij *)’j)
xX; = —
Znij
Multiplicative model, y-squared:
) 0.5
= [Z(”ij X 13j/¥;) / Znijyj]

Additive model, x-squared:
- 2
ij
2.1 <Xi+yj> =20

i - ) ) .
25, | 4
7Y (x,- +yj> (xi+yj>

Multiplicative model, maximum likelihood, normal density func-
tion:

ZJ ij lJyJ
l]y]
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Additive model, maximum likelihood, normal density function:
_ 2imii—yy)
X, = ——L———-.
> jTj
Multiplicative model, maximum likelihood, exponential density
function:

e
Zis
X: = ],

1
k
where k is the number of classes in the j dimension.

The recursive functions for a multiplicative model, maximum
likelihood, Poisson distribution function are the same as those
for the multiplicative model, balance principle.

Derivations of the formulas for the maximum likelihood mod-
els may be found in Brown [1988].

Accurate classification systems are the bedrock of insurance
pricing. Accurate and unbiased rating systems enable insurers to
attain competitive advantages over their peer companies. Inaccu-
rate rating systems lead to unsatisfactory profits and to loss of
market share.

As competition increases in the insurance industry, and as
companies are forced to rely on their own pricing instead of
bureau rates, the need for more accurate ratemaking increases.
The minimum bias procedure can be used to optimize a variety
of rating models.
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INSURANCE APPLICATIONS OF BIVARIATE
DISTRIBUTIONS

DAVID L. HOMER AND DAVID R. CLARK
Abstract

A technique is demonstrated for aggregating bivari-
ate claim size distributions using a two-dimensional Fast
Fourier Transform. Three insurance applications are de-
scribed in detail relating to: 1) individual risk rating,
2) loss and allocated expenses, and 3) Dynamic Finan-
cial Analysis.
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1. INTRODUCTION

1.1. The Basic Problem

When pricing insurance contracts it is useful to estimate not
only the average insured loss but also the insured loss distribu-
tion. Although an initial approach may include only an estimate
of the mean, risk measures generally require an estimate of the
distribution. This problem is often solved by modeling losses as
a sum of individual claims. A frequency distribution describes
the number of claims N; a severity distribution describes the size
of each claim X. The individual claim sizes are usually assumed
to be independent and identically distributed (iid) as well as in-
dependent from the claim counts. This model is known as the
Collective Risk Model [3]. The aggregate loss dollars Z are the
sum of the individual claim sizes

Z=X1+"‘+XN. (1.1)

274
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The expectation and variance of Z are easily expressed in terms
of the frequency and severity components

E(Z) = E(X)E(N). (1.2)
Var(Z) = Var(X)E(N) + E(X)*>Var(N). (1.3)

Estimating the aggregate loss distribution requires more work,
but there are numerous techniques available: simulation, Fast
Fourier Transform, continuous Fourier Transform [1], recursion
[4, 8], and moment matching [5, 9]. In this paper, the Fast Fourier
Transform (FFT) will be used. The FFT has been described in
detail by Robertson [7] and Wang [10], and an overview is also
included here as Appendix C.

1.2. A Problem That Includes Dependencies between Loss
Components

The collective risk model as outlined above is sufficient to de-
scribe most insurance policies. One example in which this model
is not sufficient arises in individual risk rating. A policy may
provide specific excess coverage above a per-occurrence reten-
tion, and may also provide coverage in excess of an aggregate
amount for the retained losses. The excess of aggregate cover is
commonly called a stop loss cover.

The distributions for either the specific excess or stop loss
covers can be estimated using the collective risk model. However,
it is more difficult to estimate the distribution for the sum of the
two covers because there is a dependence between the pieces.
One trivial element of the dependence is easily seen—if there
are no retained losses then there are no losses in excess of the
retention.

Section 2 provides a more detailed description of this prob-
lem.
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1.3. Aggregating with the FFT—A Brief Review

Before introducing the complication of the dependence be-
tween two coverages, we will briefly review the Fast Fourier
Transform (FFT) technique for evaluating a standard collective
risk model. Appendix C provides a more detailed review.

In order to compute the aggregate loss distribution using the
FFT, the severity distribution is expressed as a probability vector!
x = (xg,X1,-..,X,_1)- Each element x; is the probability of a claim
having size ck, where c is a scaling constant.

The distribution of the claim counts N is incorporated with
the use of its Probability Generating Function (PGF)

PGF(r) = EV). (1.4)

The frequency and severity components are put together using
a standard FFT technique. Denoting the FFT and its inverse as
FFT(x) and IFFT(x), respectively, the probability vector for the
aggregate losses is computed as

z=(20.21s-.:2,_;) = IFFT(PGE(FFT(x))). (1.5)

The PGF is applied elementwise, i.e., with some abuse of nota-
tion,

PGF((ty.t,.....t, 1)) = (PGF(t,),PGF(t,),...,PGF(, ,)).
(1.6)

The vector size n must be large enough that the probability
of aggregate losses greater than cn is negligible. Any probability
mass for losses greater than cn will wrap around, i.e., mass for
losses greater than cn will be treated as though it is mass for the
available claim sizes (0,c,2c,...,nc). The wrap-around problem
is typically avoided by padding the vector with zeros as discussed
in Robertson [7] and Wang [10].

Ix is indexed starting at zero. X, is the probability of a claim of size zero.
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1.4. Building a Bivariate Loss Distribution

The goal is to obtain a bivariate distribution of aggregate re-
tained losses and aggregate excess losses. This will be repre-
sented as a probability matrix> M, where M,(j,k) is the proba-
bility that aggregate retained losses are ¢, j and aggregate excess
losses are c,k. As before, ¢; and ¢, are constant scale factors.

For a single claim this matrix is easily constructed. Suppose
x=(4,.3,.3) and ¢ = 1,000. Then for a 1,000 deductible, with
c; =c¢y =c = 1,000,

4 0 O
M, =13 3 0 (1.7)
0 0 O

The matrix M, fully specifies the probabilities and dependen-
cies of losses in the retained and excess layers. The sum across
rows (.4,.6,0) produces the distribution of the retained losses;
the sum down the columns (.7,.3,0) produces the distribution of
the excess losses.

The advantage at this point is that the same FFT technique
can be used to calculate aggregate losses for M, that we used
to calculate aggregate losses for x. With FFT() and IFFT() now
representing the two-dimensional FFT and its inverse, and with
PGF() as before, we compute the aggregate loss matrix M,

M, = IFFT(PGF(FFT(M,))). (1.8)

As in the one-dimensional treatment, the PGF is applied elemen-
twise and the matrix M, must have sufficient padding so that M,
can hold the significant mass. Appendix A provides an example
of the two-dimensional FFT using publicly available software.

The FFT technique is not the only way to aggregate M,.. Sundt
[8] shows that M, can be aggregated using a recursive technique.

2M_ indices start from zero.
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The aggregation of bivariate severity matrices can be applied
to other problems as well. In what follows, three specific exam-
ples will be explored. In the first, the combined distribution of
losses on specific excess and aggregate excess is considered. In
the second, bivariate loss and ALAE distributions are computed,
and in the third example, a problem with a simulation technique
often used in DFA analysis is reviewed and corrected.

2. PER-OCCURRENCE AND EXCESS-OF-AGGREGATE COVERS IN
INDIVIDUAL RISK RATING

The first problem that we will review is common in individual
risk rating.

A fictional large insured, Dietrichson Drilling, is interested
in retaining the majority of their “predictable” workers compen-
sation losses, and mainly seeks to purchase insurance to cover
individual large claims. For example, they may choose to retain
the first 600,000 of each loss occurrence. At the same time, they
may have a concern that the number of occurrences could also
be higher than expected, and therefore seek protection on the
total dollars of retained loss.

Our company, Pacific All Risk Insurance Company, has been
asked to provide coverage on a per-occurrence basis of 400,000
excess of 600,000, and then also a stop loss cover to pay in
the event that their total retained loss exceeds 3,000,000. The
underwriter at Pacific All Risk has proposed the structure shown
in Table 2.1.

As the Pacific All Risk actuary, you have selected frequency
and severity distributions, and have estimated the expected losses
for each of these coverages. In order to calculate the needed
risk load on the program, however, you need to estimate the
distribution of the sum of the two coverages.

The company’s Fast Fourier Transform (FFT) model allows
you to estimate a distribution for either the per-occurrence or the
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TABLE 2.1

PoLICY STRUCTURE FOR DIETRICHSON DRILLING

Named Insured:  Dietrichson Drilling
Insurance Company:  Pacific All Risk Insurance Co.

Per-Occurrence Layer: 400,000 xs 600,000
Stop Loss Layer: 5,000,000 xs 3,000,000

Allocated expenses included in the definition of “loss”

TABLE 2.2

SEVERITY DISTRIBUTION FOR DIETRICHSON DRILLING

Probability Loss Amount Excess Loss

0.00% 0 0
37.80% 200,000 0
23.50% 400,000 0
14.60% 600,000 0
9.10% 800,000 200,000
15.00% 1,000,000 400,000
Average 480,000 78,200

stop loss layer with no problem, but you recognize that there is
likely to be a strong dependence between the results of the two
covers and you want to reflect this in your pricing.

We will consider a simplified version of this problem. First,
we will assume that the loss distribution can be reasonably ap-
proximated using only a five-point discretized severity distribu-
tion. In practice, a curve of more than a hundred points would be
needed in order to accurately capture the true shape. For our ex-
ample, the simpler distribution shown in Table 2.2 will be used.

Consistent with this loss distribution, our average severity
is estimated to be 480,000 and the average in the 400,000 xs
600,000 layer is 78,200.
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TABLE 2.3

SINGLE CLAIM PRIMARY & EXCESS LOSS BIVARIATE
DISTRIBUTION

Loss Excess of 600,000

Loss Capped
at 600,000 0 200,000 400,000 600,000 800,000 1,000,000

0 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
200,000 37.80% 0.00% 0.00% 0.00% 0.00% 0.00%
400,000 23.50% 0.00% 0.00% 0.00% 0.00% 0.00%
600,000 14.60% 9.10% 15.00% 0.00% 0.00% 0.00%
800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

1,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,200,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,400,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
2,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

We have also estimated that the expected number of claims
is 5, with a variance of 6, and the frequency will be modeled
using a Negative Binomial® distribution. The overall loss pick is
therefore 2,400,000 (5 x 480,000). Our aggregate model calcu-
lates expected losses of 123,529 in the proposed stop loss layer
above 3,000,000.

The first step in calculating the overall loss distribution is
to create a bivariate severity distribution of primary and excess
losses. This is shown in Table 2.3.

From Table 2.3, we can observe a strong dependence structure
between the primary and excess losses: we can have an excess
loss only if the primary 600,000 retention is hit.

This bivariate severity matrix becomes the input for the FFT
model, and may be denoted M,. The matrix of the aggregate
distribution may be denoted M, and is produced using the two-

3See Appendix D for details on the Negative Binomial distribution and its Probability
Generating Function.
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dimensional Fast Fourier Transform calculation:

M, = IFFT(PGF(FFT(M,))),  and 2.1)
PGF(t) = (1.2 — .21, (2.2)

For the bivariate matrix M, shown in Table 2.3, the resulting M,
is given in Table 2.4.

An additional step is needed in order to calculate the estimated
results in the stop loss layer above 3,000,000. For that calcula-
tion, the rows of Table 2.4 for all amounts 3,000,000 or less are
summed to compute the probabilities of no excess-of-aggregate
losses. The remaining rows are intact but the row labels are re-
duced by 3,000,000. The result is Table 2.5.

From Table 2.5, several statistics of interest can be calcu-
lated.* The expected loss to the stop loss layer is 123,529 and
the probability that the stop loss is hit is 15.08%. The average
loss amount conditional upon the stop loss being hit is 819,210.

More dramatic from a risk management perspective is the
dependence between the per-occurrence and stop loss covers.
The expected loss to the per-occurrence layer is 391,000 (5 x
78,200), but this increases to 830,334 when we include only the
scenarios in which the stop loss is also hit. This dependence
needs to be considered in the decision to write the contract: on
average, when the stop loss is hit we will also be paying about
twice the expected amount in the per-occurrence layer.

The two-dimensional matrix shown in Table 2.5 can be used
to verify the expected loss pricing for either coverage individu-
ally. The probabilities associated with the stop loss program are
found by summing across rows; the probabilities associated with
the per-occurrence excess layer are found by summing down

4The probabilities for the aggregate distribution extend beyond the rows and columns
actually displayed.
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TABLE 2.4

AGGREGATE PRIMARY & AGGREGATE EXCESS LOSS
BIVARIATE DISTRIBUTION

Loss Excess of 600,000
Loss Capped
at 600,000 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000

0 1.05% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
200,000 1.65% 0.00% 0.00% 0.00% 0.00%  0.00% 0.00%
400,000 2.38% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
600,000 3.09% 040% 0.66% 0.00% 0.00%  0.00% 0.00%
800,000 3.34% 0.65% 1.07% 0.00% 0.00%  0.00% 0.00%

1,000,000 3.39% 096% 1.58% 0.00% 0.00% 0.00% 0.00%
1,200,000 3.22% 127% 2.16% 026% 0.21% 0.00% 0.00%
1,400,000 2.86% 1.40% 2.44% 0.44%  036%  0.00% 0.00%
1,600,000 2.43% 145% 259% 0.66% 0.54%  0.00% 0.00%
1,800,000 1.97% 140% 257% 090% 0.78%  0.09% 0.05%
2,000,000 1.54% 126% 238% 1.02% 092%  0.15% 0.08%
2,200,000 1.17% 1.09%  2.12% 1.08% 1.01%  0.24% 0.13%
2,400,000 0.86% 090% 1.80% 1.08% 1.05%  0.33% 0.20%
2,600,000 0.62% 0.72% 1.47% 1.00% 1.01%  0.38% 0.24%
2,800,000 043% 055% 1.16% 088% 093%  0.42% 0.27%
3,000,000  029% 041% 089% 0.75% 0.82%  0.43% 0.29%
3,200,000 0.20% 030% 0.66% 0.61% 0.70% 0.41% 0.29%
3,400,000 0.13% 021% 0.48% 048% 0.57%  0.37% 0.28%
3,600,000 0.08% 0.15% 034% 037% 045% 0.32% 0.25%
3,800,000 0.05% 0.10% 024% 027% 035% 0.27% 0.22%
4,000,000 0.03% 0.07% 0.16% 020% 0.26% 0.22% 0.19%
4,200,000 0.02% 0.04% 0.11% 0.14% 0.19%  0.17% 0.15%
4,400,000 0.01% 0.03% 0.07% 0.10% 0.14%  0.13% 0.12%
4,600,000 0.01% 0.02% 0.05% 0.07% 0.10% 0.10% 0.09%
4,800,000 0.00% 0.01% 0.03% 0.04% 0.07% 0.07% 0.07%
5,000,000 0.00% 0.01% 0.02% 0.03% 0.04%  0.05% 0.05%
5,200,000  0.00% 0.00% 0.01% 0.02% 0.03%  0.03% 0.04%
5,400,000 0.00% 0.00% 0.01% 0.01% 0.02% 0.02% 0.03%
5,600,000 0.00% 0.00% 0.00% 0.01% 0.01% 0.02% 0.02%
5,800,000 0.00% 0.00% 0.00% 0.00% 0.01% 0.01% 0.01%
6,000,000 0.00% 0.00% 0.00% 0.00% 0.01% 0.01% 0.01%
6,200,000 0.00% 0.00% 0.00% 0.00% 0.00%  0.00% 0.01%
6,400,000 0.00% 0.00% 0.00% 0.00% 0.00%  0.00% 0.00%
6,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
6,800,000 0.00% 0.00% 0.00% 0.00% 0.00%  0.00% 0.00%
7,000,000 0.00% 0.00% 0.00% 0.00% 0.00%  0.00% 0.00%
7,200,000  0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
7,400,000 0.00% 0.00% 0.00% 0.00% 0.00%  0.00% 0.00%
7,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
7,800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
8,000,000  0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
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TABLE 2.5

AGGREGATE PRIMARY EXCESS & AGGREGATE EXCESS LoOss
BIVARIATE DISTRIBUTION
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Loss Excess of 600,000

Stop
Loss 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000

0 3028% 1245% 22.89% 8.07%  7.65%  2.04% 1.26%
200,000 020% 030% 0.66% 0.61% 0.70% 0.41% 0.29%
400,000 0.13% 021% 048% 048% 057% 0.37% 0.28%
600,000 0.08% 0.15% 034% 037% 045% 0.32% 0.25%
800,000 0.05% 0.10% 024% 027% 035% 0.27% 0.22%
1,000,000 0.03% 0.07% 0.16% 020% 0.26% 0.22% 0.19%
1,200,000 0.02% 0.04% 0.11% 0.14% 0.19% 0.17% 0.15%
1,400,000 001% 0.03% 0.07% 0.10% 0.14% 0.13% 0.12%
1,600,000 001% 0.02% 0.05% 0.07%  0.10%  0.10% 0.09%
1,800,000 0.00% 0.01% 0.03% 0.04% 0.07% 0.07% 0.07%
2,000,000 0.00% 0.01% 0.02% 0.03% 0.04% 0.05% 0.05%
2,200,000 0.00% 0.00% 0.01% 0.02% 0.03% 0.03% 0.04%
2,400,000 0.00% 0.00% 0.01% 0.01% 0.02% 0.02% 0.03%
2,600,000 0.00% 0.00% 0.00% 0.01% 0.01% 0.02% 0.02%
2,800,000 0.00% 0.00% 0.00% 0.00% 0.01% 0.01% 0.01%
3,000,000 0.00% 0.00% 0.00% 0.00% 0.01% 0.01% 0.01%
3,200,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.01%
3,400,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3,800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
4,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
4,200,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
4,400,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
4,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
4,800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
5,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

columns. By summing across rows or down columns, we calcu-
late the marginal distributions.

In order to calculate the distribution of the sum of the
two coverages combined, we sum the probabilities along each
lower-left to upper-right diagonal. Table 2.6 shows this calcula-

tion.
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TABLE 2.6

PROBABILITIES FOR AGGREGATE PRIMARY EXCESS PLUS
AGGREGATE EXCESS Loss

Loss & ALAE Probability  Calculation

0 30.28%  =30.28%

200,000 12.64%  =0.20% + 12.45%
400,000 2331% =0.13% + 0.30% + 22.89%
600,000 9.02% =0.08% +0.21% + 0.66% + 8.07%

800,000 894%  =0.05% +0.15% + 0.48% + 0.61% + 7.65%

3. DISTRIBUTION FOR LOSS ONLY SUBJECT TO AGGREGATE
LIMIT PLUS UNLIMITED ALLOCATED LOSS ADJUSTMENT
EXPENSE (ALAE)

Our insured, Dietrichson Drilling, requests a general liabil-
ity policy on a traditional guaranteed cost basis. Our company,
Pacific All Risk Insurance Company, is willing to offer a stan-
dard policy form with a 1,000,000 per-occurrence limit and a
2,000,000 general policy aggregate.

Both the per-occurrence limit and the general aggregate limit
apply to the indemnity loss only. All defense costs and associ-
ated expenses (allocated loss adjustment expense—ALAE) are
covered in addition to these limits. The Pacific All Risk policy is
summarized in Table 3.1. The loss distribution is approximated
in Table 3.2.

As the Pacific All Risk actuary, you have been asked to esti-
mate the aggregate distribution of the sum of the loss and ALAE
combined. The first step in calculating the overall loss distribu-
tion is to assemble the bivariate severity distribution of loss and
ALAE. This is shown in Table 3.3.

For Dietrichson Drilling, we believe that there will be a strong
dependence between loss and ALAE; larger losses are generally
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TABLE 3.1

PoLICY STRUCTURE FOR DIETRICHSON DRILLING

Named Insured:  Dietrichson Drilling
Insurance Company:  Pacific All Risk Insurance Co.

Per-Occurrence Limit: 1,000,000
General Aggregate Limit: 2,000,000

Allocated expenses paid in addition to loss

TABLE 3.2

SEVERITY DISTRIBUTION FOR DIETRICHSON DRILLING

Probability Loss Amount
10.00% 0
45.00% 200,000
9.00% 400,000
9.00% 600,000
9.00% 800,000
18.00% 1,000,000
Average 432,000
Average ALAE % 37.29%

assumed to have larger dollars of associated expenses. The num-
bers in Table 3.3 are for illustration only, but were selected to
demonstrate such a dependence.

The table is constructed such that the loss severity curve does
not extend beyond the 1,000,000 per-occurrence limit, whereas
the ALAE curve does not have an explicit cap. By convention,
we are also including closed-without-pay claims in this analysis,
at least to the extent that they contribute ALAE.

This bivariate severity matrix becomes the input for the FFT
model, and will again be denoted as M,. The matrix of aggregate



286 INSURANCE APPLICATIONS OF BIVARIATE DISTRIBUTIONS

TABLE 3.3

SINGLE CLAIM Loss & ALAE BIVARIATE DISTRIBUTION

ALAE

Loss
Amount 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000

0 839% 1.47% 0.13% 0.01% 0.00%  0.00% 0.00%
200,000 27.98% 13.29% 3.16% 0.50% 0.06% 0.01% 0.00%
400,000  4.15% 321% 125% 0.32% 0.06% 0.01% 0.00%
600,000 307% 330% 1.77% 0.64% 0.17%  0.04% 0.01%
800,000 228% 3.13% 215% 099% 034%  0.09% 0.02%

1,000,000 337% 5.65% 4.73%  2.64% 1.11% 0.37% 0.10%
1,200,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,400,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
2,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

distributions M, is again given by the formula:

M, = IFFT(PGF(FFT(M,))),  and 3.1)
PGF(t) = 2—1)~*. (3.2)

The frequency distribution is assumed to be Negative Binomial,
with a mean of 4 and a variance of 8.

The final matrix of aggregate distributions is shown in Ta-
ble 3.4. In order to cap the loss-only exposure at the 2,000,000
general aggregate, we sum the probabilities for losses above
2,000,000 into a single row. The result is Table 3.5. Finally,
we can create a single distribution from this matrix by summing
along each lower-left to upper-right diagonal to obtain Table 3.6.

It is also instructive to show a graph of the distribution of
the combined loss and AL AE both before and after the general
aggregate cap. In Graph 3.1 we can see that the “tail” of the cu-
mulative distribution is greatly reduced by imposing a 2,000,000
general aggregate. However, we note that there is still a non-
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TABLE 3.4

AGGREGATE L0OSS & AGGREGATE ALLOCATED LOSS
ADJUSTMENT EXPENSE JOINT DISTRIBUTION

ALAE

Loss
Amount 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000

0 742% 023% 0.02% 0.00% 0.00% 0.00% 0.00%
200,000 433% 2.23% 059% 0.11% 0.02%  0.00% 0.00%
400,000 2.22% 2.10% 1.01% 033% 0.08%  0.02% 0.00%
600,000 1.41% 1.82% 120% 0.54% 0.18%  0.05% 0.01%
800,000 1.06% 1.71% 1.40% 0.77%  0.33% 0.11% 0.03%

1,000,000 1.11% 2.09% 198% 127% 0.62%  0.25% 0.08%
1,200,000 0.69% 1.59% 1.84% 1.42% 0.83%  0.39% 0.16%
1,400,000 0.40% 1.07% 1.45% 132% 090%  0.50% 0.23%
1,600,000 0.25% 0.75% 1.15% 1.19%  092%  0.57% 0.30%
1,800,000 0.16% 0.56% 095% 1.08% 0.93%  0.64% 0.37%
2,000,000 0.12% 044% 0.82% 1.02% 0.96%  0.72% 0.46%
2,200,000 0.07% 030% 0.61% 084% 0.87% 0.72% 0.50%
2,400,000 0.04% 0.19% 043% 0.65% 0.73%  0.66% 0.50%
2,600,000 0.03% 0.13% 031% 050% 0.60%  0.59% 0.48%
2,800,000 0.02% 0.09% 022% 038% 0.50%  0.52% 0.45%
3,000,000 0.01% 0.06% 0.16% 030% 0.41% 0.46% 0.42%
3,200,000 0.01% 0.04% 0.11% 022% 0.32%  0.38% 0.37%
3,400,000 0.00% 0.02% 0.07% 0.15% 0.24% 0.30% 0.32%
3,600,000 0.00% 0.01% 0.05% 0.11% 0.18%  0.24% 0.27%
3,800,000 0.00% 0.01% 0.03% 0.08% 0.13% 0.19% 0.22%
4,000,000 0.00% 0.01% 0.02% 0.05% 0.10%  0.14% 0.18%

remote probability of loss even above 3,000,000, due to the in-
clusion of ALAE on an unlimited basis.

4. DYNAMIC FINANCIAL ANALYSIS

As the actuary for Pacific All Risk, you have now completed
your pricing work for individual insurance contracts. As a re-
ward for your hard work, you have been rotated to the actuarial
team that runs the company’s Dynamic Financial Analysis (DFA)
model, called Pacific Enterprise Risk Model (PERM).
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TABLE 3.5

AGGREGATE L0ss CAPPED AT 2,000,000 & AGGREGATE

ALAE
Loss
Amount 0 200,000 400,000 600,000 800,000 1,000,000 1,200,000
0 742% 023% 0.02% 0.00% 0.00% 0.00%  0.00%
200,000 4.33% 223% 059% 0.11% 0.02% 0.00%  0.00%
400,000 2.22% 2.10% 1.01% 033% 0.08% 0.02%  0.00%
600,000 1.41% 1.82% 1.20% 0.54% 0.18% 0.05%  0.01%
800,000 1.06% 171% 140% 0.77% 0.33% 0.11%  0.03%
1,000,000 1.11% 2.09% 1.98% 127% 0.62% 0.25%  0.08%
1,200,000 0.69% 1.59% 1.84% 142% 0.83% 039%  0.16%
1,400,000 0.40% 1.07% 145% 132% 0.90% 0.50%  0.23%
1,600,000 0.25% 0.75% 1.15% 1.19% 092% 0.57%  0.30%
1,800,000 0.16% 0.56% 0.95% 1.08% 0.93% 0.64%  0.37%
2,000,000 0.31% 131% 2.88% 4.41% 528% 531%  4.73%
2,200,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  0.00%
TABLE 3.6
PROBABILITIES FOR LIMITED LLOss PLus ALAE
Combined
Loss + ALAE Probability  Calculation
0 742% =7.42%
200,000 456% =4.33%+0.23%
400,000 447% =2.22%+2.23% +0.02%
600,000 409% =1.41% +2.10% + 0.59% + 0.00%

800,000

3.99%

=1.06% + 1.82% + 1.01% + 0.11% + 0.00%

The goal of the PERM team is to model the distribution of
results for Pacific All Risk Insurance Company as a whole. In-
cluded in this analysis is sensitivity testing for interest rates and
various complex reinsurance structures. The PERM is a giant
simulation model that needs to be parameterized for the busi-

ness actually written.
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GRAPH 3.1

CUMULATIVE DISTRIBUTION FUNCTIONS FOR CAPPED AND
UNcAPPED Loss & ALAE
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A simplification made in the PERM is that the model sep-
arately simulates an aggregate value for all “small” losses and
then simulates individual “large” losses. A truncation point of
1,000,000 has been selected for segregating large from small
losses.

An early version of the PERM made the assumption that the
small and large losses are independent. That is, the small and
large losses were simulated separately and then the results were
summed. However, this independence assumption was found to
be false, resulting in understated variability and unrealistically
low probabilities in the tail of the combined distribution.

In fact, the aggregate distributions of the small and large losses
are generally not independent. If a single frequency distribution
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is used to generate the overall number of losses, N, then the
covariance® can be written explicitly

Cov(S,L) = pug(l — p)puy (o — piy), (4.1
where

S = aggregate small losses,

L = aggregate large losses,
it = conditional mean of small claim size,
(1, = conditional mean of large claim size,

p = probability that a given claim is small,
012\, = variance of the claim counts, and

py = mean of the claim counts.

The sign of the covariance term is driven by the claim count
distribution. For the commonly used Negative Binomial this is
positive; for the Poisson it is zero.® Equation (4.1) is derived in
Appendix B.

In order to model the losses for Pacific All Risk, we begin
by approximating the total loss distribution with a few discrete
points (Table 4.1). As in the previous examples, a five-point dis-
tribution is used here, but would need to be expanded to a greater
number of points in a more realistic application.

This single severity curve is then reconfigured into Table 4.2,
a bivariate matrix M,. The first column defines the severity of
the “small” loss distribution. The first row is a single point con-
taining the probability of a “large” loss.

This format is a bit different than the previous examples, since
the vertical and horizontal axes are in different units: the vertical

5Sundt shows a more general formula in [8].
In the case of the Poisson it can be shown that the large and small claims are actually
independent.
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TABLE 4.1

SEVERITY DISTRIBUTION

Probability Loss Amount
0.00% 0
43.80% 200,000
24.60% 400,000
13.80% 600,000
7.80% 800,000
10.00% 1,000,000
Average 431,200
TABLE 4.2
SINGLE CLAIM SMALL Loss & LARGE COUNTS JOINT
DISTRIBUTION

Large Loss Counts

Small
Loss 0 1 2 3 4 5

0 0.00% 10.00% 0.00% 0.00% 0.00% 0.00%
200,000 43.80% 0.00% 0.00% 0.00% 0.00% 0.00%
400,000 24.60% 0.00% 0.00% 0.00% 0.00% 0.00%
600,000 13.80% 0.00% 0.00% 0.00% 0.00% 0.00%
800,000 7.80% 0.00% 0.00% 0.00% 0.00% 0.00%

1,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,200,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,400,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,600,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
1,800,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
2,000,000 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

in dollars and the horizontal in counts. This illustrates the flex-
ibility in the FFT technique to allow for different scale factors
for the two dimensions.

For a frequency distribution, we use a Negative Binomial with
mean 10 and variance 20. For an actual insurance company, the
overall frequency is likely to be much higher, but we continue
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with this simplified assumption for clarity. The aggregate distri-
bution matrix M, is again given by the expression:

M, = IFFT(PGF(FFT(M,))), and (4.2)
PGF() = 2 —1)~1°, (4.3)

The resulting aggregate distribution matrix M, is in Table 4.3.
Like the original bivariate severity, this matrix has units in dollars
for the “small” losses, and counts for the “large” losses. The
marginal distribution for the aggregate small losses is found by
summing the probabilities in each row.

The simulation procedure first simulates an aggregate amount
for the “small” losses, and then finds a conditional frequency
distribution for the “large” loss counts. The conditional large
loss frequency distributions are created by rescaling each row of
M, to total 100%. This is shown in Table 4.4.

The conditional matrix shown in Table 4.4 is also instructive
in itself, because it clearly shows the dependence between large
and small losses. Simply put, an increase in frequency means
more losses in both the large and small categories.

The final simulation procedure for the PERM is then:

e simulate the aggregate dollars of small losses out of its
marginal distribution;

e simulate the number of large losses from the corresponding
conditional frequency distribution;

e simulate a severity amount for each of the large losses.

This procedure allows us to efficiently simulate losses without
the need to individually simulate every small loss, and at the same
time preserves the dependence structure between the large and
small losses.
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TABLE 4.3

AGGREGATE CLAIM SMALL Loss & LARGE COUNTS
BIVARIATE DISTRIBUTION

Large Loss Counts
Small
Loss 0 1 2 3 4 5 6

0 0.10% 005% 0.01% 0.00% 0.00% 0.00% 0.00%
200,000 0.21% 0.12% 0.04% 0.01% 0.00%  0.00% 0.00%
400,000 038% 022%  0.07%  0.02%  0.00%  0.00% 0.00%
600,000 0.58% 036% 0.12% 0.03% 0.01%  0.00% 0.00%
800,000 0.82% 0.53% 0.18% 0.05% 0.01% 0.00% 0.00%

1,000,000 1.07% 0.71% 0.26% 0.07% 0.01%  0.00% 0.00%
1,200,000 1.31% 091% 034% 0.09% 0.02% 0.00% 0.00%
1,400,000 1.54% 1.11% 043% 0.12%  0.03%  0.00% 0.00%
1,600,000 1.74% 130% 052% 0.15% 0.03% 0.01% 0.00%
1,800,000 1.90% 1.46% 0.60% 0.18%  0.04%  0.01% 0.00%
2,000,000 2.02% 1.60% 0.68% 020% 0.05% 0.01% 0.00%
2,200,000 2.09% 1.71% 0.75% 023%  0.06%  0.01% 0.00%
2,400,000 2.12% 1.78% 0.80% 0.25% 0.06% 0.01% 0.00%
2,600,000 2.11% 1.82% 0.84% 027% 0.07%  0.02% 0.00%
2,800,000 2.06% 1.83% 0.86% 029% 0.08% 0.02% 0.00%
3,000,000  1.98% 1.81% 087% 030% 0.08% 0.02% 0.00%
3,200,000 1.88% 1.75% 0.87% 030% 0.08% 0.02% 0.00%
3,400,000 1.76% 1.68% 0.85% 030% 0.09% 0.02% 0.00%
3,600,000 1.62% 1.59% 0.82% 030% 0.09%  0.02% 0.00%
3,800,000 1.48% 149% 0.79% 029%  0.09%  0.02% 0.00%
4,000,000 1.34% 138% 0.74% 028% 0.08%  0.02% 0.00%
4,200,000 1.20% 1.26% 0.70% 027%  0.08%  0.02% 0.00%
4,400,000 1.06% 1.14% 0.64% 025% 0.08% 0.02% 0.00%
4,600,000 094% 1.03% 059% 024% 0.08% 0.02% 0.00%
4,800,000 0.82% 091% 054% 022% 0.07%  0.02% 0.00%
5,000,000 0.71% 0.81% 048% 020% 0.07%  0.02% 0.00%

5. CONCLUSION

Aggregating a bivariate severity distribution is a useful tech-
nique. Two severity components are separately aggregated while
preserving their dependence structure. This technique can be ap-
plied when pricing a policy with a per-occurrence retention and
a stop loss on the aggregate retention. It can also be applied more
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TABLE 4.4

CONDITIONAL DISTRIBUTIONS OF LARGE COUNTS GIVEN
AGGREGATE SMALL LOSSES

Large Loss Counts
Small
Loss 0 1 2 3 4 5 6

0 5987% 2994% 823% 1.65% 027%  0.04% 0.00%
200,000 56.88% 3128% 9.39% 2.03% 036%  0.05% 0.01%
400,000 5491% 32.07% 10.18% 2.33% 043%  0.07% 0.01%
600,000 53.26% 32.68% 10.87% 2.60% 0.50%  0.08% 0.01%
800,000 51.80% 33.17% 11.49% 2.85% 0.57% 0.10% 0.01%

1,000,000 50.37% 33.62% 12.11% 3.12%  0.64% 0.11% 0.02%
1,200,000 49.03% 34.01% 12.70% 3.39% 0.72%  0.13% 0.02%
1,400,000 47.77% 34.34% 13.26% 3.65% 0.80%  0.15% 0.02%
1,600,000 46.55% 34.63% 13.81% 3.92% 0.89% 0.17% 0.03%
1,800,000 45.38% 34.87% 14.34% 4.19% 097%  0.19% 0.03%
2,000,000 44.26% 35.09% 14.86% 4.47% 1.07%  0.22% 0.04%
2,200,000 43.17% 3526% 1537% 4.74% 1.16%  0.24% 0.04%
2,400,000 42.12% 3541% 15.86% 5.02% 1.26% 0.27% 0.05%
2,600,000 41.10% 35.53% 1634% 531% 137%  0.30% 0.06%
2,800,000 40.11% 35.62% 16.80% 5.59% 1.47%  0.33% 0.06%
3,000,000 39.16% 35.69% 17.25% 5.88% 1.58%  0.36% 0.07%
3,200,000 38.22% 35.73% 17.69% 6.17% 1.70%  0.39% 0.08%
3,400,000 37.32% 35.75% 18.12% 6.46% 1.82%  0.43% 0.09%
3,600,000 36.44% 35.75% 18.54% 6.75% 1.94% 0.47% 0.10%
3,800,000 35.58% 35.73% 18.94% 7.05% 2.07% 0.51% 0.11%
4,000,000 34.74% 35.69% 1933% 734% 2.19% 0.55% 0.12%
4,200,000 33.93% 35.63% 19.71% 7.64% 233% 0.59% 0.13%
4,400,000 33.14% 3556% 20.08% 7.94% 2.46%  0.64% 0.14%
4,600,000 32.37% 35.47% 20.44% 8.24%  2.61%  0.69% 0.16%
4,800,000 31.61% 3536% 20.78% 854% 2.75%  0.74% 0.17%
5,000,000 30.88% 3525% 21.12% 883% 2.90%  0.79% 0.19%

generally. The two random variables can be different items such
as dollars and counts.

In this paper we aggregate the bivariate distribution using the
FFT, but it is possible to do this with the continuous Fourier
Transform or simulation. Sundt [8] shows that this can be done
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with recursive techniques. It may sometimes be preferable to
utilize a mix of techniques.

This technique can be extended to n dimensions by developing

a multivariate distribution M,. With the claim count PGF and

an n-dimensional FFT, the aggregate multivariate array M, is
obtained as

M, = IFFT(PGF(FFT(M,))). 5.1
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APPENDIX A

SAMPLE TWO-DIMENSIONAL FAST FOURIER TRANSFORM
USING R

It is convenient to compute FFTs using preprogrammed
software. An excellent piece of software that includes FFT
functions is based on the S language and is publicly avail-
able for free. It is called “R” [2]. Versions of R for vari-
ous operating systems can be found by following ‘http://cran.r-
project.org/’. R is copyrighted software made publicly available
under the GNU General Public License which is available at
‘http://www.gnu.org/copyleft/gpl.html’. The FFT function is also
available in commercial software packages, e.g., MATLAB and
S-Plus.

A listing from a session with R shows how easy it is to com-
pute two-dimensional FFTs. Lines typed by the user begin with
“>”, The inverse of a matrix M is obtained with “fft(M,T) /n,”
where n is the number of elements in the matrix.

>ms<-matrix(c(.4,0,0,.3,.3,0,0,0,0),3,3,byrow=T)

>ms

[,11[,2] [,3]

[1,]10.40.00

[2,10.30.30

[3,]0.00.00

>f<-fft(ms)

>f

[,11 [,2]1 [,3]

[1,] 1.0+0.0000000i 0.55-0.25980761i 0.55+0.25980761

[2,]1 0.1-0.51961521 0.10+0.00000004i 0.55-0.25980761
[3,] 0.1+0.5196152i 0.55+0.2598076i 0.10+0.00000004
>f*f

[,11[,2] [,3]

[1,] 1.00+0.00000001 0.235-0.28578841 0.235+0.28578841
[2,] -0.26-0.10392301 0.010+0.00000004i 0.235-0.28578841
[3,] -0.26+0.10392301 0.235+0.28578841 0.010+0.00000001
>ma<-fft (£*£,T) /9

>ma
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(11 [,2] [,3]

[1,] 0.16+01 1.652685e-18+01 2.301894e-17+01
[2,]1 0.24+01 2.400000e-01+01 2.467162e-17+01
[3,] 0.09+0i 1.800000e-01+01 9.000000e-02+01

For those wishing to program their own algorithms, see [6].
Note that, when the object to be transformed consists only of
real numbers, there are symmetries that can be used to de-
crease the amount of computing required. Also note that many
software packages, including R, define the FFT as FFT(x);, =
Z;’;& exp(—2rijk/n), using a negative exponent instead of a pos-
itive one as we have in Equation (C.1). The corresponding in-
verse is IFFT(x), = (1/n) Z;’;& exp(2rijk/n). The reader wishing
to verify his code with a package like R should use the “negative”
sign convention.
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APPENDIX B
CORRELATION OF LARGE AND SMALL LOSSES

Consider the Collective Risk Model with aggregate losses rep-
resented by the sum of individual claims

The X; are independent and identically distributed (iid) random
variables denoting claim sizes. Claim counts are denoted by the
random variable N, which is independent from each X;. It is
further assumed that the first moment of X; is finite and that the
second moment of N is finite.

Let T denote the threshold for distinguishing between small
claims and large claims; i.e., X; is small if X; <7. Define a small
loss indicator, I; = 1 for X; <T and O otherwise. Then we have
small aggregate losses

ZS =X111+"'+XNIN, (B2)
and large aggregate losses

Let p be the probability that X; <T. Denote the conditional
means for small and large claim sizes with

us = E[X;|X; <T1, and (B.4)
pr = E[X;|X; > T1]. (B.5)
Denote the claim count mean and variance with
uy = E[N], and (B.6)
0% = Var[N]. (B.7)

PROPOSITION

Cov[Zs,Z,] = pps(1 — phy (ox — piy)- (B.8)
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Proof

N N
E[ZsZ;]1 =E [(Zx,@) (ZX,-(I —Ii)ﬂ
i=1 i=1
r/ N N
=EyEy (ZXiIi> (ZXi(l - Ii))]
L \i=1 i=1

= EyEy (inll. ) (ZXIIX(I
i=j

J#i
= Ey[N(N — DEy[XT]Ex[X(1 - D]],

since L(1-1;)=0 for i=
=Ey[N(N — Dpgppu (1 —p)]
= (B(N?) — py)psprg (1= p).

)

(B.9)

E[Z,1E[Z] = (uyisp) iy 1t (1 — p)) = pi s preg (1 = p).

These yield Equation (B.8), since
CovlZg,Z; 1 =E[ZsZ;] — EIZg]E[Z; ].

(B.10)

(B.11)
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APPENDIX C

THE DISCRETE FOURIER TRANSFORM AND THE PROBABILITY
GENERATING FUNCTION

In many insurance applications, we need to calculate an ag-
gregate distribution in which the claim size X and the number
of claims N are independent random variables. The aggregate
losses are Z = X + --- + Xy, where the X, are independent and
identically distributed as X. This is known as the Collective Risk
Model.

The Fast Fourier Transform’ (FFT) together with the Proba-
bility Generating Function (PGF) of the claim count distribution
provide a convenient technique for computing the distribution of
the aggregate losses.

This Appendix lists the key definitions and theorems under-
lying this technique. The authors recommend that the reader in-
terested in a more comprehensive review refer to Robertson [7]
and Wang [10].

C.1. Definition of FFT

We assume the claim size random variable X is discrete and
describe it with an n element probability vector x = (x,...,X,_1),
where Prob(X = ck) = x;, and c is a scalar constant. For the claim
count N we know the probability of each possible number of
claims Prob(N = j) (j =0,1,...). Let FFT(x) denote the FFT of
x. FFT(x) is a vector with elements,

n—1
X, = FFT(x), = Y x;exp(2nijk/n), (C.1)
j=0

"The Fast Fourier Transform is a specific implementation of the Discrete Fourier Trans-
form. Following Wang [10] we use the term FFT for both.
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where i = v/—1. The FFT is also invertible; let IFFT denote its

inverse.
n—1

x, = IFFT(X);, = %Zij exp(—2mijk/n). (C.2)
j=0

C.2. Convolution

If Z is the sum of random variables X and Y, ie.,Z =X +Y,
then its probability vector z is known as the convolution of x and
y and is denoted x*y, where

k
QoY) = DXV - (C.3)
=0

Similarly, if Z is the sum of j independent random vari-
ables identically distributed as X, then its probability vector
z is known as the jth fold convolution of x and is denoted
XM= (xy ).

It is convenient to define
¥ =(1,0,...,0). (C.4)

The jth fold convolution can then be computed recursively for
i= 1L

k
=0

C.3. Convolution Theorem for the Discrete Fourier Transform

THEOREM  Let x and y denote the probability vectors of random
variables X and Y with n elements. If x, =y, =0 for all k > n/2
when n is even and for all k > (n + 1)/2 when n is odd, then

FFT(x*y), = FFT(x), - FFT(y),. (C.6)

For convenience we write FFT(x*y) = FFT(x)FFT(y), with
the understanding that the multiplication is applied elementwise.
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Extending this convention to powers, we also write (FFT(x))/ for
((FFT(x)o),...,(FFT(x),_;)).

Applying the inverse transform to both sides of Equation (C.6)
we obtain a method for computing the convolution of two vari-

ables
xxy = IFFT(FFT(x)FFT(y)). (C.7

Similarly, for the jth fold convolution of x
FFT(x*) = (FFT(x)Y, (C.8)
and ) .
x* = IFFT(FFT(x)’). (C9
C.4. Wrapping

Consider the jth fold convolution of x and note that xsj +
-+ x7 | is not necessarily equal to 1, because n is finite. For

example, suppose we have n =3 and x = (0,1,0). Then x3 =
(0,0,0), since

x1'=(0,1,0)
¥2=(0x0,1x0+0x1,0x0+1x1+0x0)=1(0,0,1)
¥3=(0x0,1x0+0x0,0x0+1x0+0x1)=1(0,0,0).

With n =4 we would have x = (0,1,0,0) and x*3 = (0,0,0,1),
since

x*!'=(0,1,0,0)
x*2:(0><0,1><0+0><1,0><0+1><1+O><0,
Ox0+0x1+1x0+0x0)
=(0,0,1,0)
x*3:(0><0,1><0+0><0,0><0+1><0+O><1,
O0x0+0x0+1x1+0x0)
=(0,0,0,1).
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Robertson [7] describes the convolution in (C.3) as an un-
wrapped convolution. Equation (C.9) returns an un-wrapped con-
volution if x is properly padded with zeros.

When x is not properly padded (C.9) returns a wrapped® con-
volution. Let (x*y) denote a wrapped convolution; then

n—1
CFY)k = D XYa—j) mod > (C.10)
=0
and
- n—1 ‘i1
x) = lex(k]—l) mod n* (C.11)
1=0

The wrapped convolution x*3 for n = 3 is computed as

1= (0,1,0)
x*2 = ((0,1,0)- (0,0,1),(0,1,0) - (1,0,0),(0,1,0) - (0,1,0))
=(0x0+1x0+0x1,0x1+1x0+0x0,
Ox0+1x1+0x0)
=(0,0,1)
x*3 = ((0,1,0)- (0,1,0),(0,1,0) - (0,0,1),(0,1,0) - (1,0,0))
=(1,0,0).

The probability mass that is truncated with the un-wrapped con-
volution wraps with the wrapped convolution. Equation (C.9)
always produces a wrapped convolution, but wrapped and un-
wrapped convolutions are equal when x is properly padded with
Zeros.

8Robertson [7] calls this a regular convolution.
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C.5. Definition of the Probability Generating Function

For a random variable N the Probability Generating Function
(PGF) is

PGFy,(f) = itjProb(N = j) = (V). (C.12)
j=0

The PGF for the Negative Binomial distribution is given in
Appendix D.

C.6. Collective Risk Theorem for the Discrete Fourier
Transform

We now show how to compute the aggregate probability vec-
tor z for the collective risk model using the FFT and the PGF
of the claims count. This technique has an error term R due to
wrapping which can be made arbitrarily small with sufficient
zero padding of the claim size vector.

THEOREM  Suppose we have a collective risk model with claim
size probability vector x = (xg,...,x,_1). Let PGFy be the Proba-
bility Generating Function for the claim counts N. Let M be the
largest integer such that ng + - +x;‘l]‘_’[1 = 1. That is, M is the
largest number of times one can convolute x and still have room
for all the probability mass. Then

z = IFFT(PGFy (FFT(x))) + R, where  (C.13)

IRi| < > Prob(N = )). (C.14)
j=M+1
Proof
z=> x"Prob(N = j). (C.15)
j=0
Define

d(j) = IFFT((FFT(x))}). (C.16)
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Then

2= > d()Prob(V = )+ (" — d(j))Prob(N = j).
j=0 Jj=0

(C.17)
Let R denote the second sum. Then

zZ= id(j)Prob(N =/)+R
j=0

= iIFFT((FFT(x))j)Prob(N =j)+R
j=0

= iIFFT((FFT(x))jProb(N = j)) +R. (C.18)
j=0

Because IFFT is linear and continuous, we can bring it outside
the summation. So,

z = IFFT (i(FFT(x))jProb(N = j)) +R

j=0
= IFFT(PGF (FFT(x))) + R. (C.19)
Now, .
R= Y (x"—d(j)Prob(N = j), (C.20)
j=M+1

since d(j) = x* for j <M. Also, |x,tj—d(j)k| < 1, since each
d(j)e.x;’ €[0,1].

Thus,

IR(| < > Prob(N = )). (C.21)
j=M+1
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APPENDIX D

THE NEGATIVE BINOMIAL DISTRIBUTION

The Negative Binomial distribution with parameters p and k
has

L Tk :

Prob(N = j) = T ;! pr(1—p)y, and (D.1)
PGF(r) = p*(1 — (1 — p)~~. (D.2)

The Negative Binomial mean and variance are
Mean =M = @’ and (D.3)
Variance =V = kd ;p ). (D.4)

p

In terms of the mean and variance the PGF is

PGF(t) = (V/M — (V /M — D> /(V=d), (D.5)

For example, a Negative Binomial with a mean of 5 and a vari-
ance of 6 has the Probability Generating Function

PGFE(t) = (6/5 — (6/5 — Di)*/65 = (1.2 — 213, (D.6)
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TESTING THE REASONABLENESS OF LOSS RESERVES:
RESERVE RATIOS

C. K. KHURY

DISCUSSION BY CHARLES A. BRYAN
Abstract

Mr. Khury’s paper advocates using various reserve
ratios to test the reasonableness of loss reserve esti-
mates. This review expands upon these ideas by dis-
cussing the practitioners for whom these techniques will
be most useful, the practical decisions required to ap-
ply Mr. Khury’s concepts, and a statistical technique to
evaluate whether ratios derived from the loss reserve es-
timates are reasonable relative to other available data.

Mr. Khury has provided us a paper whose basic idea is “com-
pilations of histories of reserve ratios are likely to reveal stable
patterns that can be useful in testing loss reserves for reason-
ableness.” Actuaries have long used reserve ratios as part of the
process of constructing loss development factors, but have not
generally used the ratios discussed in this paper to evaluate ret-
rospectively the reasonableness of the reserves in the context of
many years’ experience and many development points. The pa-
per is useful in that it adds to the actuary’s collection of tools
and techniques available to reach conclusions on the adequacy of
loss reserves and the judgments made in setting those reserves.
Mr. Khury’s paper emphasizes that loss reserves should behave
in a stable manner and that it is the job of the actuary to deter-
mine what that behavior is and to understand and explain any
variance from the expected behavior. The purpose of this review
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is to provide some historical context, comment on where this
technique might be most useful, provide an approach that will
make these techniques easier to apply, and evaluate some of the
statements made in the paper.

The actuary has played the primary role in setting and eval-
uating loss reserves since the late 1980s when many of the re-
quirements for actuarial opinions were implemented. The most
significant impetus was the NAIC solvency agenda, which in
turn was motivated by the United States House of Representa-
tives Failed Promises report (A Report of the Subcommittee on
Oversight and Investigations of the Committee on Energy and
Commerce, February, 1990) and the A. M. Best Insolvency Study:
Property/Casualty Insurers 1969—1990. Both these reports helped
convince the NAIC and its members that strengthening the anal-
ysis of loss reserves is critical to improving the regulatory ap-
proach to solvency. The A. M. Best report noted, “Deficient loss
reserves (intrinsically linked with inadequate product pricing)
and rapid growth were the most dominant causes of insolven-
cies.” To address this issue, the NAIC adopted requirements for
an actuarial opinion backed up by an actuarial report. The Ca-
sualty Actuarial Society strengthened the Casualty Loss Reserve
Seminar to respond to training needs in support of the primary
role of the actuary. The Actuarial Standards Board adopted doc-
umentation standards that specified the type of information that
must be in the supporting report.

Itis helpful to remember that the setting of reasonable reserves
for life contingency products is fundamentally different than set-
ting reasonable reserves for property and casualty products. The
methods for life contingency products emphasize standardized
reserve requirements such as those embedded in the Commis-
sioner’s Reserve Tables. The methods for property and casualty
products emphasize the training and judgment of individual actu-
aries and, in fact, there are no standardized tables against which
P&C reserve adequacy is measured. Therefore, the first ques-
tion the reader should ask is: “Does the Khury paper provide
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some evidence that there may be a more standardized approach
to judging the reasonableness of loss reserves?” My view is that
the paper does point the way to introducing a useful set of stan-
dardized ratios that can flag where the reviewer of loss reserves
should spend his or her time. Therefore, I classify these tools as
important in an efficiency sense.

The second question, then, that the reader should ask is, “In
what context and for what situations can these ratio tools be
most useful?” The paper emphasizes that these ratio techniques
are useful when reviewing reserves for reasonableness and not
in setting reserves. This reviewer agrees with the author’s con-
clusions and sees four key reasons why use of these techniques
is not appropriate for setting reserves:

1. The historical information embedded in the ratios may
not be the same as the most current information avail-
able, and reserve setting should use the most current in-
formation.

2. The process of setting the reserves must not be bound by
what has happened in the past. The essence of a thorough
setting of reserves requires the actuary to have no pre-
conceived notion of what a reasonable reserve level will
be and so not be influenced in judgments by an expected
result.

3. The use of these techniques in setting reserves would
encourage too high-level a view on the reserves and pro-
vide an excuse for inadequate analysis of the data.

4. P&C companies are sufficiently different from one an-
other and even different over time that the use of histor-
ical ratios in setting reserves may not be accurate.

Even with these four limitations, it is appealing to consider
situations where we know enough about a line of business or a
company to at least put bounds around what reasonable results
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are. I see seven persons/situations where it is most likely that
these tests for reasonableness will be helpful:

1. The chief actuary responsible for the overall adequacy
of the reserves: Typically, a large company has several
independent business units and each of these business
units has its own actuary who sets the reserves. The chief
actuary receives reports, backup material, and reserve
valuations from each business unit. The chief actuary
can use these ratio techniques to provide a reasonability
check on the valuations from the business units before
accepting the estimates as reasonable.

2. Regulatory authorities: These authorities currently re-
ceive actuarial opinions and actuarial reports for each
company but often have insufficient time to delve deeply
into any particular reserve valuation until long after the
end of the reporting period. The IRIS ratios are available
to red flag any unusual historical development, but these
ratios contain misleading information if the current re-
serve valuation is inadequate. I can envision a situation
in which a company would submit a reserve ratio re-
view report with its reserve valuation and would provide
a mandatory explanation of any significant departures
from the historical reserve ratios. This report would al-
low the regulatory actuary to focus on red-flagged situ-
ations first.

3. Rating agency analysts: It may be useful to request a
reserve ratio analysis and an explanation of any outliers
as part of the analytical information collected by the rat-
ing agency.

4. A legal proceeding, in which a court or an arbitrator must
determine if there was a reasonable basis for questioning
the adequacy of a prior reserve level: The factual situa-
tion might include a very inadequate reserve, appropriate
data and correct calculations at the time the reserve was
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set, no significant change in court decisions affecting
the coverages provided subsequent to the reserve setting
process, and no other substantial reason identified for
the reserve deficiency. The ratio techniques can provide
a view on the question “did the resulting reserve seem
so unlike the expected reserve that additional analysis or
skepticism was warranted?”

. Internal Revenue Service agents: If the historical re-

serves are out of line with the ratios, then the agent may
have a basis for beginning discussions with the com-
pany. In fact, it may be possible to automate the ratio
tests and so help the agent focus on companies that may
have overstated reserves.

. External auditors assessing the reasonableness of the re-

serves: While the auditor generally has a specialist,
usually an actuary, available to help in the reserve evalu-
ation, it is beneficial for the audit partner himself or her-
self to have some techniques available to reach a view
on the reserves. The calculation of the ratios is straight-
forward and requires no complicated mathematical for-
mulas.

. A company that has seen large reserve developments:

This is the “crashed airplane situation” where we are
interested in seeing if we could have detected problems
prior to the severe financial distress.

With these contexts in mind, it is important to consider in
detail the approach the paper suggests and how the author has
selected historical data and the tests applied. My emphasis in
this discussion is whether or not the selections the author recom-
mends are available to and useful to the seven groups delineated
above. This discussion requires digging deeper into the follow-
ing two areas: 1) data selection for establishing benchmarks, and
2) using benchmarks to identify outliers.
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1) Data Selection

The first area to examine is the question of what data and
segmentation of data should be used for establishing a set of
benchmark ratios. The choices to be made include (a) industry
data or company data, (b) all lines combined or specific lines,
(c) direct or net data, and (d) which ultimate estimates to use.

(a) Industry data or company data

While the company data may be more relevant to the com-
pany’s particular situation, my election would be the use of in-
dustry data. Industry data has the following advantages:

1. The larger database should be more stable.

2. The ratio comparisons will provide insight into what may
be different about the company, if anything.

Historical industry data normally requires using Schedule P
information because of its standard format and availability for all
licensed U.S. companies. Data can be obtained directly from the
Annual Statements or from compilations such as those prepared
by A. M. Best and other data service providers.

For most lines of business, the use of Schedule P data is
perfectly acceptable. However, there have been changes in the
Schedule P definitions of lines of business and expenses over
time, and any analysis should consider these changes and com-
ment on them. For example, the older Schedule P data used al-
located loss adjustment expense. The newer Schedule Ps use the
“defense and cost containment” categorization instead of “allo-
cated loss adjustment expense.” By-line applications will gener-
ally be much more useful than all lines, because it is easier to fit
a company’s situation with a by-line analysis than it is with an
all lines analysis.

There are many situations in which ratios developed from
Schedule P will not be useful. For example, many loss reserve
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problems arise after the 10-year time period displayed in Sched-
ule P. We are all familiar with environmental, asbestos, and other
mass tort claims that arise more than 10 years after the policy
was written. We also encounter this issue with long tailed work-
ers compensation and unlimited PIP.

(b) All lines versus specific lines

Benchmark ratios can be easily established for Schedule P
lines of business. Schedule P now contains detailed loss reserve
development detail for many lines of business, and even a cur-
sory review for reasonableness will be much more informative if
done by line of business. By-line applications will generally be
much more useful because it is easier to fit a company’s situation
with a by-line analysis. I suggest reviewing the largest lines of
business to cover a pre-determined portion, say 80%, of the total
business. The threshold can be established based on the impor-
tance of the review. For some companies, selecting one line of
business may fulfill the 80% requirement. For other companies,
fulfillment may require selecting and checking several lines of
business.

(c¢) Direct versus net

Ratios should be calculated separately for direct, assumed,
and net business. Such a calculation will reveal any unusual ef-
fects of reinsurance on the results. For example, if direct and
assumed data provided values consistent with the model, but net
data produced outliers, then one area of inquiry is the effect of
reinsurance.

(d) Selection of ultimates

Where applicable, the most useful benchmarks would be ra-
tios restated using the most recent estimate of ultimate losses,
which should be the most accurate estimate. The latest estimate
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is available from the most recent year Schedule P. While the re-
statement will not normally affect the premium, paid losses, or
reported losses, it will affect the IBNR.

2) Using Benchmarks for Identifying Outliers

How should stability and acceptable ratio values be evaluated,
and which values should be flagged as outliers? In layman’s
terms, “‘stable” can mean all the numbers look similar in a visual
inspection. Such a definition may be satisfactory for some con-
texts, such as for a review by a chief actuary prior to signing off
on reserves set by other actuaries.

However, other contexts require a more rigorous definition.
Future papers can address the most appropriate way to define
“stable” and “reasonable values.” For purposes of this review, I
will use a Normal distribution to identify outliers.

For example, Table C of the paper provides historical ratios
of IBNR to premium for the Reinsurance industry. For 2 years
of development and 10 sample years, we have the sample values
29, 27, 30, 28, 25, 27, 27, 28, 25, and 23. Visually, this appears
to be a tight distribution of numbers. If we calculate a value
of 20 for the most recent year, should that flag the reserve for
further analysis? Although visually, the observer can see that the
20 falls outside the range of historical results, it is useful to have
a mathematical test to apply so that we will have the maximum
consistency on the decision. The test would allow us to set a
tolerance level in advance of calculating the current year result
and so avoid any bias.

I select the situation in which the 24-month ratios of IBNR
to premium are distributed normally. The mean value for the
sequence of numbers in Table C as stated in the above paragraph
is 26.90. The corresponding sample standard deviation is 1.97. A
common convention is to define outliers as those values that are
more than two standard deviations from the mean. In this case,
we would define as outliers any values less than 22.96 or greater
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than 30.84. Therefore, a value of 20 is an outlier and we would
red flag the most recent year as a year needing more analysis
and explanation. Depending upon the line of business, and the
context, other decision rules can be selected. For example, the
decision rules should vary by the size of the database used in the
calculation.

Of course, other distributions may be more appropriate than
the Normal distribution. The user may elect a different distribu-
tion but the Normal distribution will usually be satisfactory for
identifying outliers in a consistent manner.

I hope that the CAS or one of the paper’s readers will take on
the task of developing calculations and cut off points for selected
distributions. It would be helpful and feasible to use the last 10
years for each Schedule P line that has 10 years of industry data
to construct a table each year to be used in flagging outliers.
The availability of such a table would advance the science of
evaluating the reasonableness of loss reserves by setting scientific
standards for the expected ratios and assuring that ratios outside
the specified range would be investigated.

In conclusion, Mr. Khury has made a valuable addition to
the loss reserve literature. These techniques and tools should
provide some important benchmarks on the way to more accurate
reserves. The real usefulness of this paper is in pointing the way
to a different approach to the reasonableness review process. If
we follow the lead provided by the paper, we can look forward
to significant improvements in the ability to detect loss reserve
accuracy problems in an organized and systematic way.
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OUR CORE VALUES

C. K. “STAN” KHURY

First of all I would like to congratulate you, the new Asso-
ciates of the Casualty Actuarial Society and the new Fellows of
the Casualty Actuarial Society, on your achievement. Indeed it is
a special milestone of your professional life. It is also a special
milestone generally, in your and your family’s life.

And given the pain that has been endured by your friends,
colleagues, and members of your family while you were dedicat-
ing yourself to passing the exams, I would like to acknowledge
their support and high tolerance for pain while you were going
through your exams.

I also would like to welcome the new Associates to the com-
munity we know as the CAS and the new Fellows to their new
status within this community. Members of this community, of
which you are now a part, are, in effect, your new professional
life-long partners.

Today I would like to talk to you about this community we
know as the CAS, and introduce it to you from an unconventional
perspective—the perspective of the core values of the CAS.

It has been a special privilege for me to serve on the CAS
Long Range Planning Committee during the past two years. Dur-
ing this period, under the very capable leadership of Chairperson
Stephen D’ Arcy, our incoming president-elect, the Long Range
Planning Committee went through a comprehensive process of
analysis and study, ultimately yielding the CAS Centennial Goal.

One of the steps in this process was the identification of what
the CAS would consider its core values.
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Today I will focus on these core values: describing them and
making a couple of observations about what the Long Range
Planning Committee concluded.

Core values are generally defined as “the essential and en-
during principles that guide an organization and its members.”
Looking back over the past 90 years, the Long Range Planning
Committee identified five central values: Learning, Innovation,
Volunteerism, Community, and Professionalism.

Learning. This is the belief that the continuing effectiveness
of a casualty actuary is built upon dedication to the idea of life-
long learning. This, as you well know, is most evident in the
extensive learning associated with qualifying for membership in
the CAS as well as by the numerous continuing education activ-
ities of the CAS.

Innovation. This is the belief that the continuing vitality of
the CAS is best served when creative thinking and research are
fostered and new ideas are openly entertained. This is evident in
the numerous ways in which the CAS encourages the generation
of ideas, and the sharing and discussion of these ideas.

Volunteerism. This is the belief that the core purpose of the
CAS is best served when every member is directly involved in
the affairs of the CAS—and volunteers to serve other members.
This is most evident in the remarkably high rates of participa-
tion of CAS members in all types of professional activities. The
most remarkable aspect of CAS volunteerism is that the rate of
participation of members has continued to increase as the overall
size of the membership has increased. This is a long term-trend.
Today roughly three out of ten members are active volunteers.
And when Fellows are considered separately, the rate of partic-
ipation is in the range of four out of ten. This clearly illustrates
the depth of belief in the idea of volunteerism.

Community. This is the belief that members of the CAS are
best served when the open sharing and exchange of ideas char-
acterize the activities of the CAS. Indeed, one only has to go to
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any meeting of the CAS to get a full appreciation of the scope
of sharing and exchange of ideas—not only in the regular ses-
sions, but also in the hallways, at social gatherings, and through
follow-up contacts after a meeting has ended.

Professionalism. This is the belief that the professionalism
of casualty actuaries is best realized when the CAS, as an organi-
zation as well as its members individually, are committed to the
idea of adhering to the highest professional and ethical standards
of education, qualification, and practice. This is demonstrated
through the myriad activities of the CAS and its members, in
association with other actuarial organizations, that serve to ar-
ticulate principles and guidance, codify standards of practice,
provide professional advice in specific situations as needed, and,
ultimately, when all fails, provide the means of administering
disciplinary action.

I would only add two observations:

First, I would note that none of the five core values is specific
to the CAS and its members’ area of expertise. In other words,
while the Long Range Planning Committee views these values
as relating to the CAS and its members, there is nothing about
them that makes them necessary for the CAS to adopt. These core
values are ennobling by their very definition and in the various
ways that the CAS and its members choose to make them our
own.

Second, it is noteworthy that these core values emerged by a
process of observation, not by the promulgation of some board-
approved statement of core values. For nearly ninety years, the
CAS and its members have conducted themselves without an ex-
plicitly stated set of core values. However, in retrospect, viewing
the success and progression of the CAS over nearly a century,
these are the values that turn out to have been operating all along.
I believe that this condition gives them special gravity; as they
are not things that we just talk about, but things that we live and
put into practice.
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Setting aside the subject matter concentration of the CAS,
putting all of this together yields an interesting working defini-
tion of the CAS:

The CAS is an association of individual professionals,
each of whom is dedicated to the idea of life-long learn-
ing, each of whom is actively involved in advancing the
practice, both in scope and in depth of subject matter, each
of whom believes that the governance of the association is
best achieved when large segments of the membership are
directly involved in the affairs of the association, and each
of whom adheres to the highest professional and ethical
standards of conduct.

This is a pretty formidable idea. I would suggest to you that
you contemplate this definition and identify exactly how it man-
ifests itself in your professional life. I promise you an interesting
and revealing experience.

Once again, let me, on behalf of the entire membership, wel-
come you to this community we know as the CAS. I wish you
every success and remind you that now you are very much a part
of those who carry the torch forward. May God bless you and
give you the strength to endure and serve with distinction.
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THE RACE

GAIL M. ROSS

Last year, when Bob Conger passed the CAS Presidential
Gavel to me, I remember thinking—along with the thrill and
excitement over the prestigious honor of becoming the president
of the CAS—that the moment felt like the start of a marathon.
Now mind you, I’'m not really a runner. Periodically, I’'ll get into
my exercise mode when I feel like I’ve gained a few pounds
and I’ll run a couple of miles a day at a turtle’s pace, for a few
weeks. But my wonderful husband, Steve, is a runner and I’ve
watched him run enough races to probably circle the globe nearly
two times with the amount of miles he’s run in our 15 years of
marriage. So I feel as if I understand the mind and spirit of the
runner. Trust me when I tell you that, standing here today, I feel
as if I’ve just completed my first marathon.

However, I didn’t prepare for, nor run, this marathon alone.
I’ve been fortunate to have worked this year with an enthusiastic
executive council (EC), an outstanding board, the most dedicated
group of volunteer committee members, and the hardest working
CAS office staff who should be the envy of professional asso-
ciations around the world. We’ve run this race together and as
a group and we should all be proud of this marathon year of
accomplishments for the CAS.

Please allow me a few minutes to recap the major accomplish-
ments that we’ve achieved during this year, as well as highlight
some of the initiatives that are in progress.

Over the past year our board approved our Centennial Goal—
our vision for the Casualty Actuarial Society in the year 2014
when we celebrate our 100th anniversary. The goal is this:
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“The CAS will be globally recognized as the preemi-
nent resource in educating casualty actuaries and con-
ducting research in casualty actuarial science. CAS
members will be recognized as the leading experts in
the evaluation of hazard risk and the integration of haz-
ard risk with strategic, financial and operational risk.”

We’ve set the bar high for ourselves with this goal, but I know
we’re up to the challenge.

This summer we took a huge first step toward achieving part
of our vision. In order to enhance our participation in the global
community of actuaries, our membership approved a constitu-
tional amendment that will allow the CAS to enter into mutual
recognition agreements with other actuarial organizations that
have specialty exam tracks in property/casualty insurance. Con-
stitutional amendments don’t get presented often; and, when one
is necessary, it takes a tremendous effort to educate our mem-
bers in order for them to vote responsibly for the change. While
this educational process was a huge endeavor on the part of the
board, EC, and CAS staff, I must especially thank two people for
their hard work—our next president of the CAS, Mary Frances
Miller, and our immediate past president, Bob Conger.

Mary Frances invested considerable time with me, visiting
Regional Affiliates and large employers, explaining the mutual
recognition concept. Bob, as chairperson of the board, wrote
a number of articles and taped a video to help our members
understand how mutual recognition would benefit the CAS as we
strive to achieve our Centennial Goal. Mary Frances and Bob,
thank you both for your help in this important initiative.

I have also had the privilege to work with a fantastic group of
vice presidents, who set an unbelievable pace during this year’s
marathon, and who often don’t get recognized for all of their
hard work.
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Tom Myers is vice president—admissions. Tom and his com-
mittees have worked diligently to improve our examination pro-
cess, and they have done an outstanding job this year in the
following areas:

« They completed working with The Chauncey Group, an ed-
ucational consulting firm that the CAS engaged a few years ago.
The Chauncey Group worked with our Syllabus Committee to
develop and publish appropriate learning objectives for our ex-
aminations. They worked with our Exam Committee to add pass
mark panels as a routine part of the exam process, to conduct
item writer training courses for all exam writers, and finally to
introduce the use of open-book testing (with the rating manuals
on Exams 5 and 9).

« On very short notice, Tom’s committees also developed a
new CAS Exam 3 and accompanying syllabus, which was just
offered during this past exam sitting.

+ In addition, Tom oversaw the completion of the work of the
Future Education Task Force and is working to initiate the next
steps.

Thank you, Tom, for all of your hard work and for participat-
ing with me in this year’s race.

Don Mango is vice president-research & development, in ad-
dition to being an outstanding award-winning contributor to CAS
research literature. Don and his committees are working on a
complete overhaul of the CAS research activities.

« They recently introduced the working party approach to re-
search. Working parties are group call paper task forces with
the specific charge to produce a single research product over the
next year. This research concept was introduced at this year’s
Risk and Capital Management Seminar and Casualty Loss Re-
serve Seminar, and four working party projects are underway.

« Don was instrumental in working with the CAS office in
the hiring of Erin Clougherty, our new CAS librarian. Together
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they’ve implemented the taxonomy that we are using for our
online index of literature published in CAS publications.

« Don and his committees have also worked closely with the
Society of Actuaries, as we move toward our Centennial Goal in
the area of enterprise risk management.

Don, thank you for being such an energetic member of the
EC. It’s been fun running the race together this year.

Chris Carlson is our vice president—professional education.
His committees have done an outstanding job of producing con-
sistently high-caliber programs for our members. Some of the
innovative activities Chris and his committees have implemented
this year include:

« Partnering with Georgia State University to present the 2003
Bowles Symposium. This partnership resulted in the largest at-
tendance in the history of the Symposium and received great
acclaim for its scientific contributions.

+ Leading the first jointly sponsored CAS/SOA Enterprise
Risk Management Seminar, thus opening the doors of cooper-
ation between the CAS and the SOA in this emerging area of
practice that is one of the cornerstones of our Centennial Goal.

+ Beginning to review CAS continuing education opportuni-
ties to ensure that we are meeting the needs of our membership.

Thanks to you, Chris, for your outstanding work this year and
for also participating with me in the marathon.

As I announced earlier, Roger Schultz will have to step down
as vice president—marketing & communications. But during this
year, Roger and his committees brought many new ideas to the
CAS including:

« The creation of an integrated marketing and communica-
tion plan that has been widely and effectively used to improve
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our communication actions. The success of the mutual recogni-
tion vote and our efforts to raise the awareness of the members
regarding our Centennial Goal are evidence of this.

+ Roger’s committees have devoted time to assuring that the
CAS remains focused on providing value to our members. They
have introduced the on-line committee want ad process, solicited
member participation in the development of special interest sem-
inars, and created the Member Advisory Panel, which will pro-
vide ongoing feedback on behalf of our members.

Roger, I hope you’re watching the Webcast right now, because
I’d like to thank you for all of your great ideas. Best of luck as
you begin your next race.

John Narvell is our vice president—international and, unfortu-
nately, couldn’t be with us at this meeting, because he’s in Japan
for the month of November.

+ Since John took over as vice president, he has helped to
reorganize our international committee structure to more effec-
tively introduce the CAS as a resource in Europe, Latin America,
and Asia.

+ CAS leadership and members have been represented this
year at meetings in India, Australia, Germany, the Philippines,
Wales, and Brazil.

« We also hosted actuaries from the newly emerging coun-
try of Kazakhstan. They turned to the CAS as the preeminent
resource to help them educate future non-life actuaries in their
country. This is exactly the vision of the role of the CAS that is
set forth in our Centennial Goal.

+ We have distributed approximately 25 copies of our Foun-
dations of Casualty Actuarial Science textbook to newly formed
actuarial associations around the world. Our Web site has be-
come a tremendous resource to these associations as well.



326 PRESIDENTIAL ADDRESS

Although it’s nighttime in Japan, I hope you are watching
the Webcast, John. Thanks for helping the CAS work towards
achieving our global vision and for taking part with me in the
race this year.

Our final vice president is Shelly Rosenberg, vice president—
administration. Shelly and his committees have had a very active
year including:

« Overseeing the successful electronic voting process that was
introduced this year.

« Working closely with our Finance Committee to help the
board more clearly define our surplus needs and the uses of
surplus to meet emergencies and to help fund new initiatives for
our members.

« And, finally, creating a disaster recovery plan for the CAS
office.

Shelly wasn’t able to be here, but I hope you’re watching the
Webcast as well. Thank you for being the sage of the EC and a
wonderful member of our marathon team.

In addition to running this race with all of our dedicated vol-
unteers, I would have never been able to complete this marathon
had it not been for our outstanding team at the CAS office. Much
of what gets done throughout the year is due to the behind the
scenes efforts of our staff. My “From the President” column in
this month’s Actuarial Review is focused on the CAS staff and
all they do. Thanks to Mike, Todd, Kathleen, Elizabeth, Tom,
Jane, Tiffany, Josh, Jen, Erin, Kathy, Carrie, Patsy, Bob, Suellen,
Sybil, Randy, and Joe.

In particular, I’d like to thank our executive director, Cynthia
Ziegler, who joined us two years ago with a wealth of business,
association, and insurance industry experience. In addition to
providing almost daily support to me in my presidential activities,
I consider her a valued friend. By the way, Cynthia was the one
that bought me my own personalized yellow step stool, decorated



PRESIDENTIAL ADDRESS 327

with flowers and butterflies, so that I can see over the lectern!
Cynthia, thanks for running this marathon right next to me this
year.

As with life in general, a marathon course is never perfectly
flat—there are uphills and downhills all along the way. Two ma-
jor uphill challenges came upon me during this year’s marathon.

In March of this year, my father passed away after a two-year
battle with lymphoma. My dad was the most upbeat, positive, and
determined person I’ve ever known. Nike must have invented the
“Just Do It” saying with my dad in mind. Sadly, he was not able
to see me complete this marathon, but I am grateful that he got to
see me begin the race. I consider myself the luckiest person in the
world to be blessed with a wonderful family who has provided
me with tremendous love and support throughout my life and,
especially, this year. In addition, I am grateful to Mary Frances
Miller for stepping in for me on many occasions in February and
March, so I was able to spend quality time with my dad. Thank
you for being there for me, Mary Frances.

The other uphill challenge was on the employment front. I be-
gan my presidential term with Am-Re Consultants, a subsidiary
of American Re. In April, American Re made a strategic decision
to focus solely on their core business of reinsurance, and they
announced that they would terminate activities in all of their non-
reinsurance subsidiaries, including Am-Re Consultants. I know
that many of our members have faced this same challenge in re-
cent years. Thankfully, our core team of consultants was able to
remain together, and we formed the Princeton office of Milliman
USA—a great outcome! Thanks to the entire Milliman family for
welcoming our team.

So now I’ve reached the end of my first marathon. But there
are plenty more races for the CAS that are already underway and
many more to begin.



328 PRESIDENTIAL ADDRESS

« First, the Centennial Goal Implementation Task Force is
working with each committee to facilitate the adoption of signif-
icant, attainable, and measurable goals to keep us moving toward
our Centennial Goal.

« We continue to work on ways of reducing travel time—
the time from entering the actuarial profession to completing
the examinations. These activities include introducing computer-
based testing, beginning with Exam 1 in Spring 2005; explor-
ing the idea of validation by college experience for topics like
economics, finance, and mathematical statistics; and considering
hiring professionals to write the study notes for our exams.

« On another front, and one that is likely to generate a lot
of CASNET discussion, the board has just appointed two task
forces: one focused on the role of different classes of member-
ship and the other to consider an ACAS right to vote.

« Finally, recognizing the goal of continuously searching for
ways to serve our members, we’re exploring the formation of
two special interest sections: one focused on the special needs of
our members operating in small companies or consultancies, and
the other for our ever-growing retired or near-retired members.

So, as you can see, there are plenty of races yet to run. I
encourage you all to find an area of interest and continue to
participate in the growth and vision of the CAS.

As I cross the finish line of my marathon year, I'm feeling a
flood of emotions. Aside from the normal exhaustion that one
feels at the end of a marathon, I’m also basking in a great feeling
of accomplishment and I am thrilled to be greeted at the finish
line by a wonderful support team to whom I’m ever indebted.

« First, to all of my colleagues in the Princeton office of Mil-
liman, especially Bill Azzara, Urb Leimkuhler, and my adminis-
trative assistant, Carol Pollock: Thanks for carrying the weight
for the last year. I’'m ready to return to being a billable member
of the team again.
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« Next, to my loving family—many of whom are here, in-
cluding my mother, my mother-in-law and her companion, and
my three younger sisters—and to my three brothers-in-law, six
nephews, and two nieces who could not be here: Your love and
support mean everything to me, especially in this very difficult
year for our family.

« And last, but certainly not least, to my wonderful husband,
Steve: You’ve been with me every step of the way throughout
this marathon—I truly don’t know if I could have gotten to this
day without you. Thank you for the many sacrifices you’ve made
this year, your constant words of encouragement, your ability to
make me laugh, your unconditional love, and for being my best
friend. I love you.

Standing here at the finish line, I also have tremendous feel-
ings of pride. 'm proud to be a member of the CAS, proud to
have been elected to lead our association for the past year, and
proud to have helped this prestigious organization set the vision
for ourselves as we move towards our 100th anniversary.

Finally, now that I’ve completed my first marathon, like the
typical runner, I’m already thinking about my second one. I am
pleased to announce that I’ve agreed to serve as the chair of
the 2014 CAS Centennial Planning Committee. I look forward
to celebrating at that finish line with all of you and future CAS
members to come.

Before I pass the gavel to Mary Frances Miller, I'd like to
close with some inspirational words of George Sheehan—doctor,
writer, and a runner until his death in 1993. My husband intro-
duced me to his essays, which often appeared in Runner’s World
Magazine. Dr. Sheehan wrote:

“No matter how old I get, the race remains one of
life’s most rewarding experiences. My times become
slower and slower, but the experience of the race is
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unchanged: each race a drama, each race a challenge,
each race stretching me in one way or another and each
race giving meaning to my life.”

I wish you all many rewarding races in the future. Thank you.



MINUTES OF THE 2003 ANNUAL MEETING
November 9-12, 2003
NEW ORLEANS MARRIOTT
NEW ORLEANS, LOUISIANA

Sunday, November 9, 2003

The Board of Directors held their regular quarterly meeting
from 12:00 noon to 4:30 p.m.

Registration was held from 4:00 p.m. to 6:30 p.m.

An officers’ reception for New Associates and Accompanying
Persons was held from 5:30 p.m. to 6:30 p.m.

Monday, November 10, 2003

Registration continued from 7:00 a.m. to 8:00 a.m.

CAS President Gail M. Ross opened the business session at
8:00 a.m., welcoming all to the CAS Annual Meeting and an-
nouncing that once again the CAS would be broadcasting the
morning’s events via a Webcast over the CAS Web Site. President
Ross introduced the current members of the Executive Council
(EC) and thanked EC members Sheldon Rosenberg and Roger
Schultz, who were retiring from their positions.

Ms. Ross announced that the board appointed new vice presi-
dents to succeed the outgoing Rosenberg and Schultz. Deborah M.
Rosenberg was appointed vice president—administration and
Joanne S. Spalla vice president-marketing & communications.
Ms. Ross then introduced members of the CAS Board of Directors
and thanked outgoing board members Ralph S. Blanchard, Janet
L. Fagan, Michael J. Miller, and Deborah M. Rosenberg. CAS Im-
mediate Past President Robert F. Conger was presented a plaque
on his retirement as chairperson of the board.
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Ms. Ross then commented on the CAS election process and re-
sults, stating that voter turnout for the 2003 elections was out-
standing with 51 percent of Fellows voting. Online voting, which
was allowed for the first time, was very successful, with 34 per-
cent of the 2,508 eligible voters, registering to vote online.
Postage costs were reduced by not needing to send so many paper
ballot packages through the mail. Of the 1,273 Fellows who sub-
mitted ballots, 55 percent were submitted online. Ms. Ross said
the CAS is planning to offer online voting again in 2004 and en-
couraged CAS Fellows to vote online in the future.

Ms. Ross then announced the results of the CAS elections.
Mary Frances Miller, who was elected president-elect in 2002,
would become CAS President at the conclusion of the Annual
Business Meeting. CAS Fellows elected Stephen P. D’Arcy as
2003 president-elect. Joining Rosenberg and Spalla as members of
the CAS Executive Council for 2003—-2004 will be Thomas G.
Myers, vice president—admissions; John C. Narvell, vice presi-
dent—international; Christopher S. Carlson, vice president—profes-
sional education; and Donald F. Mango, vice president-research
& development. New members of the CAS Board of Directors are
Robert V. Deutsch, Sholom Feldblum, Andrew E. Kudera, and
Robert F. Wolf.

Ms. Ross also recognized past presidents of the CAS attending
the meeting: Robert A. Anker (1996), Ronald L. Bornhuetter
(1975), Michael Fusco (1989), David G. Hartman (1987), C. K.
“Stan” Khury (1984), Steven G. Lehmann (1998), and W. James
MacGinnitie (1979).

Ms. Ross also recognized special guests in the audience: Mareb
del Rosario, president of the Academia de Actuarios de Puerto
Rico; W. James MacGinnitie, president of the International Actu-
arial Association (IAA); and John P. Ryan, representative of the
Institute and General Insurance Board of the U.K. Actuarial Pro-
fession.

Ms. Ross recognized CAS Fellows and Associates who have
been members for 25 years or more. She also asked all CAS vol-
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unteers to stand and be recognized, including committee chairper-
sons; board members and officers of the executive council; com-
mittee members; individuals who have worked on the AAA
committees or committees of other actuarial organizations; Re-
gional Affiliate officers; authors of papers; and moderators and
panelists of this Annual Meeting or any previous CAS meeting.
Ms. Ross acknowledged with pride the Society’s phenomenal par-
ticipation rate and asked the audience to applaud the efforts of
these volunteers.

New Fellows and Associates were honored in a special cere-
mony. Vice Presidents Myers and Carlson announced the 108 new
Associates and President-Elect Miller announced the 128 new

Fellows. The names of these individuals follow.

Jeffrey R. Adcock

Denise M. Ambrogio

Kevin L. Anderson

Deborah Herman
Ardern

Silvia J. Bach

Stevan S. Baloski

Patrick Barbeau

Jack Barnett

Rick D. Beam

Jonathan P. Berenbom

Jason E. Berkey

Frank J. Bilotti

Linda Jean Bjork

Tony Francis Bloemer

Nathan L. Bluhm

Nebojsa Bojer

Erich A. Brandt

Claude B. Bunick

Angela D. Burgess

NEW FELLOWS

Michelle L. Busch

Tara E. Bush

James E. Calton

Kiristi Irene
Carpine-Taber

William Brent Carr

Jennifer L. Caulder

Hao Chai

Nathalie Charbonneau

Thomas Joseph
Chisholm

Wai Yip Chow

Cameron A. Cook

Richard Jason Cook

Aaron T. Cushing

David W. Dahlen

Patricia A. Deo-Campo
Vuong

Mark Richard
Desrochers

Christopher P.
DiMartino

Scott H. Drab

Gregory L. Dunn

Ruchira Dutta

Ramakrishna Duvvuri

Dana R. Frantz

Isabelle Gingras

Isabelle Girard

Andrew Samuel Golfin

Natasha C. Gonzalez

Christopher David
Goodwin

Donald B. Grimm

Robert A. Grocock

Jacqueline Lewis
Gronski

James Christopher
Guszcza

David Lee Handschke
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Guo Harrison

Hans Heldner

Allen J. Hope

Eric J. Hornick

Christopher Wayne
Hurst

Tina Tuyet Huynh

Philip M. Imm

Ali Ishaq

Julie A. Jordan

Daniel R. Kamen

Erin Hye-Sook Kang

John J. Karwath

Douglas H.
Kemppainen

Stacey M. Kidd

Jeff A. Kluck

Henry Joseph
Konstanty

Charles B. Kullmann

Thomas P. Langer

Jason A. Lauterbach

Stephen E. Lehecka

Shangjing Li

Jenn Y. Lian

Jing Liu

Andrew M. Lloyd

Jason K. Machtinger

Stephen P. Marsden

Fernando Alberto
Alvarado

Brian C. Alvers

Jonathan L. Ankney

Melissa J. Appenzeller

Anthony G. Martella
Michael E. Mielzynski
Ethan Charles Mowry
Karen E. Myers
Kee Heng Ng
Khanh K. Nguyen
Michael Douglas
Nielsen
John E. Noble
Jason M. Nonis
Darci Z. Noonan
Gerard J. Palisi
Michael Thomas
Patterson
Tracie L. Pencak
Sylvain Perrier
Isabelle Perron
Kevin Thomas
Peterson
Mitchell S. Pollack
Warren T. Printz
William Dwayne
Rader
Michelle L.
Rockafellow
Robert C. Roddy
Scott I. Rosenthal
Michael R. Rozema
Brian P. Rucci

NEW ASSOCIATES

Nicki C. Austin
Thomas C. Bates
Patrick Beaulieu
Chris M. Bilski
Kirk D. Bitu

Laura Beth Sachs
Jeremy N. Scharnick
Thomas Schneider
Larry J. Seymour
Vladimir Shander
Michelle L. Sheppard
Douglas E. Smith
Scott G. Sobel
Sharon L. Sowka
Karine St-Onge
Mark Richard Strona
Wei Hua Su
Lisa Ligin Sun
Stephen James Talley
Rick C. H. Tzeng
Jennifer L. Vadney
Richard Alan Van
Dyke
Paul A. Vendetti
Marie-Eve J. Vesel
Karen E. Watson
Robert S. Weishaar
Joseph C. Wenc
Linda Yang
Stephanie C. Young
Xiangfei Zeng
Larry Xu Zhang
Lianmin Zhou

Matthew E. Butler
Christine Cadieux
Kevin K. W. Chan
Yves Charbonneau
Hung Francis Cheung
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Philip A. Clancey
Jason T. Clarke
Thomas Marie Cordier
Richard R. Crabb
Richard S. Crandall
Keith W. Curley
Kelly K. Cusick
Willie L. Davis

Amy L. DeHart
Jeffrey A. Dvinoff
Tomer Eilam

Jessica L. Elsinger
Matthew B. Feldman
Peter L. Forester
Susan J. Forray
Robert W. Geist
David A. Gelberg
William J. Gerhardt
Gregory Evan Gilbert
John S. Giles
William G. Golush
Lori A. Gordon
Jennifer Graunas
Stacie R. W. Grindstaff
Simon Guenette
Brian O. Haaseth
Faisal O. Hamid
Kimberly Baker Hand
Trevor C. Handley
Jason C. Harland
Robert D. Harrington
Eric A. Hatch
Kathryn E. Herzog

Joseph S. Highbarger
Ryan Yin-kei Ho
Scott R. Hurt
Victoria K. Imperato
Young Y. Kim
Anne Marie Klein-Lee
Raymond J. Kluesner
Steven T. Knight
James J. Konstanty
Bradley S. Kove
Hooi Lee Lai
ZhenZhen Lai
Heather D. Lake
Anh Tu Le
James J. Leonard
Hayden Anthony
Lewis
Gavin X. Lienemann
Hazel Joynson Luckey
John T. Maher
Steven Manilov
Robert B. McCleish
Laurence R. McClure
James P. McCoy
Camilo Mohipp
Timothy C. Mosler
James C. Murphy
Jacqueline Lee Neal
Richard U. Newell
Melissa A. Ogden
Eva M. Paxhia
Michele S. Raeihle
William C. Reddington
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Stuart C. Rowe
Jin Shao
Peter M. Shelley
Janel M. Sinacori
James M. Smieszkal
Michael D. Sowka
Laura T. Sprouse
Christine Seung Steer
Esperanza Stephens
Erik J. Steuernagel
Liana St-Laurent
Ju-Young Suh
Keith Jeremy Sunvold
Jonas F. Thisner
Malgorzata Timberg
Dovid C. Tkatch
Dominic A. Tocci
David A. Traugott
Jean-Frangois
Tremblay
Lien K. Tu-Chalmers
Susan B. Van Horn
Kevin K. Vesel
Hanny C. Wai
Gary C. Wang
Paul D. Wilbert