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PARAMETERIZING INTEREST RATE MODELS 

ABSTRACT 

Ac~uar~cs are no\v bcing callcd upon IO ~ncorpora~c imcrcs~ rarc modcls m a varicly ol’ 

ripphcatmns. mcludmg dynnmic fi~xmx~l analysis (DFA). ratcmakmg, and valual~on. Although 

Ihcrc are many ar111c1cs and 1~x1s on intcrcst rnk modcls. mosl ofthcsc prcsumc an undcrstandmg 

of fmanclal wminolog~ and mathcmaucal tcchniqucs Ihat makcs II dlffícult to bcgm to Icarn thls 

matcrral Thls pnpcr pro, Idcs an o~crww. at a Icvel almcd at acnmncs. of somc common 

m~crcs~ mtc modcls uscd b) linanc~al cconomlsts Thc purposc of thls papar IS lo crpla~n thc 

bnws of intcrcst ratc modcling by dcmonstratmg thc dllkrcnt modcls both grnphlcall) and 

cmplrlcnlly. and by showmg han changmg thc various model paramctcrs affccis thc rcsuk 

Scvcral of thc morc popular ~IIICICSI raw modcls are sm~ulstcd. and IIIC resuhs are compnrcd w~h 

hlstoncal ~ntcrcst ratc ~novcnwnts 
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Thc \olalihl> of mkrcs~ ratcs has bccomc un mlportant fcak~rc of thc modcm tinanclal 

cm ~ronn~cnt Changcs m IIIKKSI ralcs can impact thc wa! III l\hlch companxs compcw and can 

c\cn mmpac, thc uhima~ sur~~\nl of thc tirm Fmancial mwrmcdmrlcs. such as banks and 

msurancc compamcs. may bc cspcc~nlly cxposcd lo 1111crcs1 ratc flucruarmns bccausc bolh rhclr 

assc& and habllmcs ax conclatcd \\ith mkxcst WC mo\cmcn~s Mlsmatchcs 01’ mtcrcsL râIc 

scns~~i~~lics (or durahons) of assc~s and habilmcs can havc a magmficd cfkct on surplus A 

popular csamplc ot’ Ihc poknt~al w~lncrnbd$ OT fmnnc~al mkrmcdlancs 1s bnscd on thc 

cxpcr~cncc of thc sa\mgs and loan mdustn m thc l3XOs Rapldly mcrcnsmg IIIICKSI rau 

qulchl‘ mmcd proli~ mto bllhons ol’dollnrs of Iosscs and numcrous msoIvcnc~cs Thc asws OI” 

S&Ls wcrc prnnard) long-krm. fiwd-ralc mortgagcs. rhcu habitmcs I~CTC mostl! shon-krm 

dcmnnd dcposits WIcn thc mhxcst ratcs patd on thosc shon-tcrm dcpows mcrcascd. lhc normal 

dit-fcrcntlal bct\\ccn thc Intcrcst rak thcy NCK rccc~\mg on thur assc& and !hnt whlch thc!. \\crc 

pn! mg on kxr Ilabllks disappcarcd or crcn rcvcrscd Glxcn such pownual cfrcc~ of mtcrcs~ 

ratc \-olardlt‘ , it has bccomc rmporiant lo dcvctop modcls of IIILCICS~ r& changcs so that r~sk 

managcmcnr ~4s can bc uscd LO mularc thc firm liom financla dlsnîtcr 

l’radmonall) msurancc compannx hwc not mcorporarcd mwcs1 ruk modcls mio thc 

producl dwclopnxnt nnd pricmg proccsscs Prlcmg ;ìcIuaTIcs typically uscd “co~sc~~~I~~.” 

tixcd mwrcs~ rûtcs r\hcn dcvclopmg products B> crcditmg pohc\ holdcrs wllh a lo\v Inwrcst m,c. 

or rgnormg int CWIICIII mcomc whcn sc~hng proprrtj -lrabrh!~ msuroncc ratcs. msurc~s had somc 

assurancc thnt thc! coold ultmmatcl~ cam ~hc assumcd rak of rcwm uscd in pricmg Ay CYCCSS 

mwrcsL cnnungs scncd as a cushlon 10 protcct surplus ngamst adlcrsc c~pcr~cncc. as uctl as 

bcmg a sourcc of IIISUTCT protì~s 

Thc assomplion of tiucd mtcrcsf râks tras an acccptablc pracucc durmg pcriods \\hcn 

mwrcst ralcs I$CTC 101% 2nd rclauvcly swblc. In ract. such ûn cn\~ronmcnt cslwd III thc U S HIIO 

lhc 1970s Thc fiwd mtcrcst ratc assumpiion uscd by most msurcrs sccmcd mnocuous 
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Ho\\c\cr. m 1979. 1hc U S Fcdcral Rcscrkc alrcrcd its polq fronl onc Ihat targcwd ~ntcrcst ralcs 

IO a polq that now targcts mtlalion lia thc moncy suppl) As a rcsulr. intcrest rnlcs bccamc 

signlficantty morc \olahlc Durmg lhc transirlon of hhe carly t9ROs. in~rcst raws spikcd upward 

10 unprcccdcnlcd Ic\cIs IL was clcar that thc mtcrcs~ rnlc cn\uonmcm had shdicd drnmawall! 

Thc changc m thc Fcd policy affc‘fcclcd msurcrs m scveral ways First. thc undcrlying 

value of msnrancc products changcd duc 10 ~1~ changc m Intcrcst ratc volatihry Insurancc 

products p pIcall! mcludc cmbcddcd oplions that glve spcc~fic rlgtus lo pohcyholdcr and, m somc 

cases. 10 thc msurcr An cxnmplc of Ihcsc ophons IS tic rlghl IO rcncw thc poliq on tcrms SC! 31 

thc bcgmmng of Ihc covcragc pcriod Thc kaluc of thcsc cmbcddcd optlons is highly scnsmvc lo 

~hc undcrl! mg IIIICKSI rarc assumptlon and. morc rnponnntty. 10 thc volarlllty of hmre mtcrest 

rn~cs IIISIIK~S thai uscd n fixcd lnlcrcst ratc assumpl~on Ignorcd thc mwcst-scwovc opuon 

values in thclr pohc~cs 

Il has tong bccn rccognwcd Ihar hfc msurcrs are esposcd 10 mtercst ratc rlsk. Thc hfc 

msurancc tndus@ cxpwcnccd hca\y dwntcmwdlallon \\hcn mIereSI raws mcrcascd In thc 

I’Nlls Bcforc thc rapad mcrcasc m raics, lifc msurcrs bchcvcd thai high uwrcs~ ratc sccnanos 

~CTC m thclr favor bccnusc thcy imphcd addmonal mcomc Howver. thcy fadcd 10 undcrstand 

thc TIS~F In thc~r hahlhtlcs Thc pohcy loan fcawrc ofordlnar) hfc msurancc polic~cs cappcd thc 

mlcrw WC Iha1 could be chnrgcd 10 thc polqholdcr Once mtcrest ra~cs cscccdcd ihat cap. 

pol~c! holdcrs \scrc ablc IO borro\\ at thc polq loan ratc. and thcn turn around and invcsl thc 

procccds ar hlgher ! lelds ‘Thc rcsuh \\as an outflou of cash from the Me insurancc mdustry that 

causcd man‘ msurcrs 10 scll bonds at dcprcsscd przcs duc 10 Ihc hlgh 1 Icld cnwonmcnl. 

II 1s also bccoming cwdcw thnt propcny-Ilabltl!) msurcrs are cxposed 10 Interest rale rlsk 

on bolh sidcs of !hc balance shcct Flxcd mcomc asws oi propcrty-tlatxhly msurcrs ha\c the 

samc cuposurc io IIWICSI ratc rlsk lhat I~fc msurcr asscis havc. wh markct balucs dcclinmg as 

mtcrcst raws uucasc On lhc othcr hand. thc habltmcs ofpropcny-hablhty msurcrs are not fixed 

\alucs Smcc mftation IS corrclalcd \\llh IIIICIC.S~ raws. and tiiturc clnim paymcnts on loss 
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rcscrvcs wilt incrense wnh inflarion. Ihc statutory values of habihrics will tcnd to increase as 

mlcrcst rntcs mcrcasc. Thus, an mcreasc m mtcrest ratcs Icads IO a dccbnc m assct >aluc and an 

mcrcasc m thc baluc of Itablhtss. crcating a magmfied effcct on thc surplus of propcny-liabihly 

msurcrs. 

In most DFA modcls for propc*-habdity insurcrs. in~rcst ralcs are thc driving factor III 

the model. affcctmg mlcstmcnt incomc, loss scvcr~&, assel retums, and targer undenvriting prolit 

margms (scc. for cxamplc. D‘Arcy, Gon~ctl. ct al. 1997 and 1998) DFA modcls are bcmg uscd 

for analyzmg msurer sohency, in valumg insurers m mergers and acqulsitlons, and as a busmess 

plannmg 1001. Thc resulrs from DFA apphcations are heavily dependem upon the particular 

mtcrcst ratc modcl uscd. as wcll as tie paramctcrs choscn for the models. 

These examptcs hclp illustrate how cnucal the underlymg interest rate assumphon 1s 10 

thc cvalunt~on of msu~ancc company asscts and liatxhtlcs. Insurcrs must incorporatc Ihc ncw 

mtcrcst ratc paradlgm ~110 thelr pncmg and assctihabdity managcmcnt (ALM) proccsscs by usmg 

assumptions Ihal rcflcct thc stochastic nature of intcrest ratcs Fortunately. wthin the ficld of 

Iinancc. cxtenS,vc ctTor~ has becn devoted IO devcloplng slochasiic mlcrest rare models. 

Fmanclal researchers have long b-een concemcd wth thc dynamics of intcrcst rates 

Models hale bccn formulatcd usmg hvo approachcs (t) a gcncral cquhbnum framcwork. where 

mtcxs1 raw changes *are derwed from ccononuc agcms \ìho maumizc cxpccrcd UIIIIIY, and (2) 

thc no-arbluagc approach, nhich assumes Lhat finanual markcts havc no arbitrage opportunihcs 

Esamptcs of rhc gcncral cqudibrium approach mcludc thc modcls of Vasicck (1977). Dothan 

(1978). COY. tngcrsoll, and Ross (CIR) (1985). Brcnnan and Schrvarv (1979) and LongstaJT and 

Schaartl (1992) Tuo modcls bascd on arbxragc argumcnts are Ho and Lee (1986) and Hcath, 

Jarrow and Morton (HJM) (1992). 

The cholcc of inwrcst rate model IS not a biivlal dccwon Thc form of thc modcl uscd m 

thc pncmg or ALM proccss depends on the charactcristics of the msurance products bcmg 

rc\lcwd Choosing a modct is always a uadeoff behìccn pctfecdy descnbmg the actual mterest 

6 



ratc proccss and having a tractablc modcl that can be uscd to \aIuc a \arieb of linanctal 

instmmcnts Onc consndcration m sclcctmg un intcrcst ratc assumptlon IS to compare modclcd 

preces of fianclal asscts ~4th marhct pnccs. tf a markct cxis~s Whcn usmg a modcl for a 

specifíc apphcatlon, onc should compare markct priccs of asscts that are similar in tcrms of 

intcrcst ratc scns~tivity Anothcr consideration is choosing which intcrcst ra~c to modcl. Thc spot 

ratc is today’s intcrcst ratc for a spcclfic matwlty. A forward ratc IS nn mtcrest rate that is 

applicablc to futurc pcnods’. Afcr dcclding on which mtcrcst ratcs 10 modcl, onc must 

dctcmlinc how many paramctcrs to mcludc. Usmg more parametcrs obviously incrcascs thc 

complcxlty of n modcl. so onc mus1 considcr whcthcr thc addcd complcx~ty ylclds sollic~cnt 

benclits Finally, choosing thc values of thc pammctcrs in an intcrcst ratc model can bc thc most 

important. as ucll as thc most challcngmg. factor in anplcmcntntlon 

‘Ihs paper a~ms to lllustratc how various models operate and to show how wcll thc 

modela fit hlstoncnl data Through dcscnptlons nnd ~llustnt~ons of the models. it is hopcd thnt 

hs papcr wll mcrcase the comfon Icvcl of casualty actuarics wth thcsc ncw tools and cncourngc 

them fo begin to apply thcm m pncing and assetihabiltty managcmcnt functlons. 

Thc cstimatcs uscd m this prcscntatlon are based on prev~ous work m thc arca Chan. 

Karol!], Longstaff, and Sandcrs (1992) (I crcaftcr CKLS). cmplrically cstlmatc and compare 

severa1 popular intcrcst ratc processes used m the hteratare. Thcir most mlponant tindmg IS that 

tbc mtcrcst ratc volatdity IS sensltive to the Icrcl of thc intcrcst rntc. Also. Amm .and Morton 

(1994) estimate paramctcrs for six fomls of thc HJM modcl Thcy liad that hvO-para!IICtCr 

modcls II markct pricc data bctter. but that thc rcsultmg cstmmtcs are Icss stablc 

’ Esnmple The expected fonvard ratc hom ycar ene to year two can bc Implicd from thc current splt ratcs 
bascd on the follwwg formular (l+,)( i+lS = (Iti>)‘. whcrc f IS thc foward ratc and I, is the t-ycar spot 
rale Ifthe me-year spot rnte IS 3% nnd the mo-year spot rate is 4% (expreved ns nn nnnu~?I rnle), rbls 
mphes lhat Ihe folward rötc IS l.04z/l 03 I = 5.01% 
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To andcrstand thc changcs m intcrcst ratcs. conslder individually the hvo tenas on the nght-hand 

sldc of rhc cquatlon Thc lirst ~crm rcprcscnts thc prcdlctnblc. dctcrrmmsnc portion of changcs m 

thc mtcrcst rntc Thus. n(r,,f) 1s thc cxpcctcd changc m thc short-tcml ratc and LS callcd thc 

mstantancous drlft. Tbc sccond tcrm rcprcscn~s thc unccrtainty m mtcrest ratc changcs, A, 

rcprcscnts a standard Brownlan mot1on so that clN, 1s cstcntlally a random draw from thc standard 

normal dlstrlbutlon. whlch is thcn scalcd b! thc mngmtudc o(r,ij. The second tcrm in thc 

stocbnstlc cquntlon thus dcnotcs thc \olntAty of Intcrcst ratc changcs Most intcrcst ratc modcls 

bcgm n~tb this form but dlffcr m thcir spccitícanons of thc tcrms o(r,.fl and o(r,r). 

Instcad of modcling thc shon-tcm ratc. othcr authors (Ho-Lee (1986) and Hcatl-Jamow- 

Morlon (1092)) usc a process for fonsard ratcs Thc instantaneous fonvard ratc c1) rcprcscnts thc 

mtcrcst rate nallablc non’ for an mvestmcnt to bc madc at a futurc tlmc It IS implntly defíncd 

by a diffcrcncc m bond proís. which rcflects the cspcctcd mstantancous mterest rate ï‘f pcriods 

111 thc filturc 

I’(l. T + dr) 
-- = exp(-/(/,ï'jd/) 

W, Tl 

By rcarrangmg and intcgrating. WC can obtam thc tmnd price in tcm~s of thc enishng 

mstantancous fonvard ratcs 

P(r,Tj = exp(+.u)du) 

Onc can intcrpret thls formula m tbc samc manncr as in footaotc 1 WC are “constructing” a spot 

ratc nhich appbes from time f to 7’by including consccutlve instantaneous fonvard rates. Ho-Lee 

and HJM modcl tbc cntirc tcrm structurc by using n proccss for fonvard ratcs of all maturitics: 

bf(l,T) = a(f,T. f(r,T))df + a(r,T,,f(r.7’))dH, 
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Hcrc. the lenns a(t.T,J(I,T)) and o(f,ï;J(r,7IJ, are tbc drift and the \~olat~l~ty, rcspectively, of thc 

fonvard ratc and are analogous 10 thc short-rate dnft and volatdity dwusscd above. 

Havmg dclincd tbc notatlon and gcncral stcchastlc proccss uscd IO modcl mtcrcs~ ratcs, 

WC tum lo dcscribing dcwable fcatorcs of an intcrcst ratc modcl and tbcn prcscnt altcmatnc 

modcls that hale bccn uscd in thc litcraturc. 

Bcforc prcscntmg thc intcrcst ratc modcls. WC dlscuss somc gcncral fcatures of mtcrcst rntc 

movcmcnts. Our attcmpt 1s IO prowdc somc ttttu~ti~c form for an mtcrcst ratc modcl. 

1. Thc volatdrt~ of ylclds at dlffcrcnt maturitlcs varics In parncular, long-w-m ratcs do no, 

\-ary as much as shoncr tcnn ratcs 

2. [ntcrcst ratcs are mean-reverting. Intcrcst ratc incrcascs tcnd to bc followcd by ratc 

dccrcases, convcrsel~. whcn ratcs drop, thcy tcnd lo bc followcd by ratc increascs 

3. Rates of dlffercnt maturities are positivcly corrclatcd Rates for maturities that are closcr 

togcther hale highcr corrclatlons than maturitlcs that are ra&cr apti. 

4 Intcrcst ratcs should not bc allowcd to bccome ncgat~ve 

5 Based on thc rcsults rcportcd NI CKLS, tbc volatllit) of intcrcst ratcs should bc proportional 

10 lbc Icvcl of tbc rate 

No knonn modcl captures all of thc fcatures mcntloncd abovz Thcrcforc. ene of the first 

stcps m choosmg an intcrcst ratc modcl is to understand which of these charactcnsbcs are 

Imponant based on the use of thc mcdcl Ox should rcsist the urge to rank mcdcls bascd on thc 

numbcr of listcd condmons that are satislied Instcad. tt IS impcrativc that thc modcler 

undcrstand thc hmrtatlons ofaltemat~vc models and thelr Impact on tbc dcwcd application. 
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Equilibrium VS. A rbifropr 

Thc 1k.1 dtstmctlon of 1111crcst ratc modcls IS bcnrccn 1hosc that are dcrwcd from 

cqudlbrwm modcls of thc cconomy. and tiosc 1ha1 are based on arbitragc argumcnts 

Equlhbrnun m~eres~ rale modcls are bascd on IIIC assump~ion that bond proís, and yiclds. are 

dctcrmmcd by 1hc market’s asscssmcnt of thc cvohmon of the shorr-term m~crcs~ ratc In the 

modcls dwzusscd hcre. rhc shorr TDIC is assumed 10 follow a dlffuslon (a continuous 1unc 

stochastlc) proccss Thc gcncral form for thcsc modcls IS dcscrlbcd in teme of changcs m thc 

shon ratc, as follows 

r, = currem lewl of thc mstantancous ratc 
K = spccd of the mean rc~crs~on 

0 = ratc IO \\hich the shorl ralc rcvcr~s 
o = volatility of thc short rae 

y = proportlonal condilionnl vola11111y crponcnt 
B, = standard Bro\tnian mouon 

Thc firsr irnpor~n1 fcaturc of this tope of model IS mean rcvers~on of thc short-rcrm ratc Thls 

fcawrc IS appcaling sincc it prcsumcs 1hat \+hen raws bccomc ve? hlgh or very low, they wdl 

tcnd to rwcr~ 10 “noTmal” Ic\cls Thc spccd of rcvcrs~on IS dctcrmmcd by the paramclcr K. Thls 

paramctcr ultnnatel! arrece the shapc of thc yicld curve lf K IS hlgh. thc yicid curve quxkly 

mnds toward tbc long-run yeld rare 0 II K IS low. thc yicld curve slo\\ly trcnds toward 0 (Sce 

Figure 1 vcrsus Figure 2 ) 

Thc dlffcrence betuccn thc Vasicck, CIR, and Dolhan modcls (scc bclow) prmlarlly 

rcvol~cs xound ~hc paramctcr y (tic cxponcnt). Vasrck DSSUIH~S 1~ IO bc 0. ClR assumcs II IO bc 

0.5. and Dothan assumes it 10 bc I 0. The basic qucsnon dlsrmguulshing thc modcls IS whelhcr thc 

condmonal volarlhty of changcs m mterest rates IS propomonal IO tllc IwcI of thc ratc Thls 

subscqucntly dctcrmines Ihe parameter y. CKLS (1992) havc provided cmpirical csumates of Lhc 

csponcnt Their mam linding is that thc condltlonal volatillty of I~~CTCSI ratcs IS s~gmficantl) 
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rclarcd IO rhc Ic\cl of rhc shon rû,c In ~XI. IIICII csfm~û~c of y IS around I i Allhough thclr 

\\ork has bccn thc SubJccl of somc C~IIICISIII duc 10 thclr cstm~alion pcrrod. 11 noncthclcss 

IIIUSIIIIICS 111~ wong rcln~~onsh~p bcwccn ~hc Ic\cl of mfcrcs~ ratcs nnd VOIO~IIIC~ Throughout 

rnos~ pcrmds. y has bccn cwmatcd bc[wccn 0 F ond I 0 (Phoa 1997) Thc csponcm of mdlvldual 

modclt 1\1ll bc dlscusscd morc full! \\hcn NC look JI Ihc mdr\ldul modcls m thc ncx~ SCC,IOII 

Equlllbrlum modcls nrc crltuzi/cd bccnusc lhc> do no, f~r 111~ custmg ~crm struch~rc 

Although paramctcrs can bc choscn IO mmm~~x crrors from today’s !~cld curve. thc f~t ~111 noI bc 

pcrfcc~ \\‘hcrcns rhls 1s n \nltd crnlcwu fòr modcls bcmg uscd IO \aIuc financlal assc~s for 

~r;ldmg purpoïcs. II ma! no, bc 3 problcm \\ hcn ~hc nlodcls xc bcmg uscd for long-lcrm linanc~nl 

mudcllng. such as III lIF.1 

hrbmngc-frcc rnodcls tnkc thc cmirc ! wld cunc as g~\cn and modcl ~hc dj namu of thc 

cn~~rc cur\c Thc onl! CO~SI~BIIII of soch an approach IS IJKII ! wld cumc mo\cmcnls do Noé 

produce an! arbttrngc upporwnlr~cs Hcath. Jnrrow. Morron ( 1992. hcrcaflcr HJM) gcncrallx 111~ 

nrbmagc-frcc I’rnmc\\orh b> modclmg 111~ fon\nrd ra~cs dcrl\cd from thc currcn~ >rcld cunc 

Thc CO~II~OCNS III~C modcl of tlo nnd Lee (IOX(r. hcrcnftcr Ho-Lee) IS rhc s,mplcs~ cûsc of ~hc 

tml rr31~lc\\orh 

In IIIC IIC\I scchon uc look 01 sc\crrll of ~hc popular IIIICICSI ralc modcls uscd toda> 

tir, = Y( H - r, )dl + <xiy 

Thc pnct: oî a bond. l’(r.7). IS thcn dcpcndcnl on ihc cupccxd path of futurc ~n~crcs~ rxcs 

V~icck shoL\s ~hat bond prlccs h3vc IIIC folloamg form 
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\\hcrc .4(I.n and R(!,TJ are functrons of only x. 0. and o and indcpcndcnt of thc corrent spot rate, 

r(r). Bond ylclds. N{f.ï] are thcn rclated 10 priccs by: 

Thcsc tuo cquatlons dctcrnunc thc cntlrc tcrm structurc of mtcrcst *ates. Smce bond prlccs and 

yiclds have closed-foorm solutions. thc Vasrcck modcl IS vxy easy IO implcment m practicc, with 

no nccd for comphcatcd smiulatlon tcchmqucs Also. thcrc are closcd foml soluttons for certam 

intcrcst ratc-dcpcndcnt claims such as options 

Thc Vnslcck modcl assumcs that (absolute) changc$ m the mtcrest rate are normally 

distrtbutcd. duc IO thc incluslon of thc Wlcncr proccss. Frorn thc normahty assumptlon it follow 

that bond priccs are lognonnally dlsmbutcd. Onc ~rcakncss of thc modcl IS thar normahty m 

mtcrcst ratc changcs rcsults in a (smnll) positivc probablhty of ncgativc mtcrcst ratcs ’ 

Anorhci fcaturc of thc Vasicck modcl is that all bond prxcs are rclatcd lo thc same factor, 

thc rnstantancous mterest ratc. Conscqucntly, all bond prlcc movcmcnts are dcrivcd from 

mo\ements In thc samc factor. This unpIles that all bond prxes are pcrfcctl! corrclatcd Thus. 

anolher shortcommg of thc Vasicck modcl IS that thc dynnmlcs of thc ~crm struchwc are severely 

Imutcd. 

Note that. from the general casc above. the Vaslcek model assumcs y=O Thc conditional 

volarllity of mtcrcst rate changcs 1s constan1 and cqual LO o Thc rcsults of CKLS (1992) 

dlustratc that thc assumption ofconstant volatihty LS qucstlonablc The link betwen interest ratc 

volnl~l~l} and thc Icvcl of ihc ratc lmphcs that the Vawck modcl may providc wcahstic mtcrcst 

ratc forecasts. When ratcs are low, volatihty IS ovcrstared, and when mterest ratcs are hrgh. 

volatd~ty IS undcrstated. 

’ II mey he argued thar rhls 1s not ncccssanly an implawble sccnano. Thcrc havc bccn somc @ode in the 
II S Iha{ real mtercst ratcs haw bccn ncgatiw 
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In summary. the Vasicek modcl 1s very txactablc and providcs convcmcnt closcd-form 

solutlons for many mtcrcst rarcdependcnt mstrumcnts Hoacvcr, thc model has somc serlou 

drawbacks mcluding rcstrictcd dynamlcs of thc tcrm structure and constaant condmonal volatilit) 

Thc Vaslcck model IS dlusuated in Figures 1 through 3 Each cxhibit illustratcs thc yield 

curves bascd on threc dSxnt rcahsations of thc modcled mstantaneous rate. Figure 1 IS based 

on parametcr cstimatcs from CKLS However. lt should be pointcd out that, In thcn ICSIS, thcy 

rcjcct thc modcl of Vasicck (1977) bccausc of ¡IS homoskedastlc fcaturc Note that whcn thc 

mstantancous yield is high. thc curve is mvcrtcd. and uhen thc shon rate is low. the curve IS 

normal In all cases, the long-tcrm ylclds lcnd toward the parametcr 0, thc long-run average In 

Figure 2. thc mean rcversion paramctcr (K) has bccn incrcascd Note that longcr yiclds rcvcrt 

back IO thc long-tun avcragc morc quickly In Flgwc 3, thc long-nm avcragc IS dccrcascd and all 

! leld curves tcnd to the lowcr long-nm curve. 

The Cm, Inat-rsoll, Ross hfodd 

Anothcr model of mtcrcst ratcs was formulatcd by Cox, Ingersoll. and Ross (1985) (CIR) 

The model is as follows: 

di-, = h-ce - r,)dr + c&iB, 

The CIR modcl is also known as the “squarc-root” process becausc thc volatihty IS rclatcd to thc 

squarc root of thc currcnt Icvcl of the mtcrcst ratc Unhkc thc Vaslcck modcl. thc CIR model 

rclatcs thc conditronal volatihw lo thc Icvcl of thc short ratc A sccond improvcmcnt of thc CIR 

modcl over the Vasicck modcl is that mtcrcst ratcs cannot bc ncgatrvc ‘. Although CKLS fmd 

that mtcrcst ralc volalthty IS more sensm\‘c lo thc Icvcl of inlerest ratcs than proposed by thc CIR 
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spcc~ticat~on, othcr rcscarchcrs dcfcnd thc modcl by commc~~tmg on tbc cstm~a~~on npproachcs 

cnrploycd bu CKLS (see Eom, 1994). 

Thc CIR modcl can also be uscd to dctcrminc bond pnccs analytically CIR show that 

bond prices are dctcnmncd b! the follo\wng (thc “hats” sm~pl~ tndicatc thai thc cquations for 

A(r.7) and H(t.7) are diffcrcnt undcr CIR vs thc Vasicch modcl). 

/q, 7’) = ,&,. ï.)e-r,rleir.ri 

Thus. thc cquatlon abo\c can bc uscd to dcnxe the yxld curve for thc CIR modcl. Bccausc the 

drlving factor of bond pnccs and yiclds IS stdl the shon-tcrm ratc, thc CIR spccilicat~on agam 

assumcs pdect corrclation among all bonds and thcrcforc rcsrricts tcrm structurc dj%mncs 

Thc rcsultmg yicld cwvcs of thc CIR modcl are \cq smnlur 10 tbc Vasicck cu~cs 

prcscntcd m Flgurcs I through 3 Thc dllTcrcncc betwccn thc modcls relate morc to thc dynamlcs 

of ylcld cunr Iluctuat~ons than to thc shapc of a parocular cunc gncn thc mstantancous ratc 

Thc model of Dothan (1978) mcreascs thc volatlhv cxponcnt to 1 0 

Bccnusc of thc highcr c~poncnt, thc modcl relates the vola~lhty of intcrcsl ratc mowmcnts morc 

strongly to thc Icvcl of intcrcst rates. Counadon (1982) cxtcnds Dothan’s modcl to mcludc mean 

ICVC~SIOII in the dril? Dotban’s modcl is morc dlflicult to m~plcnvz~~t 111 pract~c bccausc tbcrc are 

no closcd form, analyric solutions as m thc Vasicek and ClR modcls. Thc uscr mus1 rcsort 10 

simulatlon lo Implement thc model. Givcn thc lack of closcd form solutlons and thc inablht) of 

gcncral cqulhbrmm modcls to match thc cxisting ylcld cune. the Dothsn modcl has not bccn a 

popular model for use m cvaluatmg intcrcst ratc secwitics 



1.111Crtn~n nnd Scbcmhmon (IWI) sho\\ thnt tbcrc nrc two addltlonal factors. asldc from 

pnrallcl shlli\ 111 thc ! ICId cunc. Ih;lt hn\c alkctcd botld rcturns Thc first factor. cnllcd 

stccpcnmg. rcllccrs IIIC faci itnt sbort-tcnn ratcs rnn‘ mo\c m thc opposltc dnrcction of long-tcrm 

rnrcs Tbc BrCnnan and Scb\\an/. (1979) modct abo\c addrcsscs IIIC potcnttat for P stccpcnmg 
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tcrm strxturc Thc sccond factor affcctmg bond TCIU~S in Littcrman and Schcinkmnn (1991) IS a 

cur~aturc component This factor nddrcsses thc potcntlal for mtcrmedlate ~xlds IO bc morc or 

Icss lolatdc than cxtrcmc maturmcs 

As mentloned abovc. n crw~sm of cqudlbrnun modcls 1s that thcy are not artxtrage-free 

in thc scnsc that thc ) icld curves produccd bl thc modcls do not match thc cwsting tcrm strucwe. 

Thls mnkcs thcsc modcls unsatisfactov for pncing optwn-cmbcddcd sccuri1xs If thc modcl 

cannot accuratcly pomay the extsttng term stmcture, thcrc is littlc cont’idence that it \vill 

accuralcl~ Imitate the dynamxs ofthc cunc (HA 1993) 

Hcath. Jarros. and Morton (1992) usc thc no-arbitragc argumcnt IO develop thc proccss 

for theji>nvcrrn’ratc Imphcd by thc rclatlonship of bond prws 

</(/,7’) = p(r,T,f(/,T))dr + cT(f.T,f(l:T))dR, 

/&T) = mstantancous fomard ratc at time f \clth maturity 7 
p(l.í”J(/.T)) = dnft of the fonvard ratc process 

o(f,TI/(I.ï)~ = volatility of thc fonvard ratc process 
B, = standard Brownmn mouon 

HJM find that by Imposing thc no-arbitrage argumcnt to tcrm structurc movements. thc drift of 

thc fonvard ralc process can bc statcd m tcrms of volatihttcs. Thus, thc structure of the volatility 

bccomes thc most mlportanl clcmcnt of thc HJM modcl D~ffcrcnt funcnonal forms of the 

volatihty rcvcal an cntlre family of HJM modcls In pamcular, a simple functlonal form is of the 

following type. 

<r(f,T,f(/,T)) = OJ(l.7’)’ 

Amm and Monon (1994) look at a more general form and cstimatc thc paramctcrs of severa1 

spcc1ficn110ns. 
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Historical Data 

Thc chotcc of intcrest ratc model can havc an cnormous Impact on thc rcsulting inrcrcst 

ratc rtsk of any finnncral mstrumcnt Although dctcrmining a pcrfcct modcl of intcrcst ratcs IS 

bcymd the scopc of thls papcr. undcrstandmg thc impact of thc choicc of intercst ratc modcl will 

asust msurcrs in anulyu~g thc inhercnt rtsks of thc cmbcddcd optlons m thcir liabdities and m 

choosmg thc approprlatc modcl for thc~r analyscs. Aq indlr Idual \! ho wshcs to usc a modcl to 

simulatc intercst ratc movcments must lirst gct a feel for hlstoncal changcs ThlS scction 

dlustrates thc historical movements in Trcasury ylelds over thc last 45 yxus. For case of 

prcsentahon. the focus wdl bc on four critlcal pomts on thc Ficld cwc: (1) thc onc-ycar ratc. (2) 

thc thrcc-ycar ratc, (3) thc fwc-~car ratc, and (4) thc ten-ycar rate Hlstorlcal ratcs wll thcn bc 

comparcd with thc thcorctxal models at thcse pomts The data 1s taken from thc St. Louis 

Fcdcral Rescrvc wcb sitc. 

Thc time scncs of thc four ylclds is dlustrated in Figure 1 A casual mspcctlon of 

Figure 4 shorrs that mtcrest ratcs incrcascd kom 1953 tiuough 1979 Then. mtcrcst ratcs spkcd 

in the earll 1980s dwing thc uansition of the Fcdcral Rcscrvc poliq mcntioncd abovc Fmally. 

smcc thc pcak in 19X1. ylclds havc cxhlblted a general downaud trcnd 

Tablc 1 prescnts somc summ- statlstics on the levels of yiclds ovcr thc 45 ycar pcnod 

Thcsc statistlcs help lllustratc scvcral feahues of historlcal mtcrcst rates. Thc first rcsult rclatcs to 

thc shapc of thc ylcld cunc on any particular date The ywld curw is a graphlcal rcprcscntation 

of thc rclatlonship of thc XicId on bonds and thcir matantics. Figures 5 tIuough 7 show thrcc 

ycld cunzs that havc bccn obscn-cd hlstorlcallj Typlcally, long-tcnn ylclds are hlghcr than 

short-tcrm ytclds b’hen thts occurs, thc yield curve IS upward slopmg Thc upward slopittg 

yicld curw is common enough that ~t 1s charactcrired as a “normal” cuwc as dcplctcd tn F~gurc 5 

Occastonally, yield cun’cs bccomc mvertcd - short-tcrm ratcs cxcccd long-tcrm ratcs (scc Figure 

6). Invertcd cwcs are typlcally obscrved in pcriods of high interest rates and thc ylcld mvcrsion 

is usually short-hved Fmally, humped yicld cwvcs are characterizcd by increasing ylelds at thc 
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short cnd nf thc curw Evcntuall), as thc tcm to mahmb incrcascs morc. thc uvzlds bcgm to fall 

slightly (scc Flgurc 7) Many humpcd ~xld cun~cs occw durmg the transmon from an mvencd 

rxld curve to a normal curve. 

In Tablc 1. thc ylcld curve 1s catcgorucd accordmg to lts shape normal, invcrtcd, 

humped. or othcr Thcsc clnsslficntions are madc strictly on the four ~lcld pomts, 1 ycar. 3 ycar. 

5 year and 10 year Thc prccw dcfmmon of yicld cunc shapc. as 1t 1s used herc. IS bascd on 

yxld curve slope Tlw slopc is thc chfkrencc betwecn two adjaccnl ~xlds. A normal curve has 

positive slope cvcvwherc. whde un mvcncd curve has ncgauvc slopc c\erywhere A humpcd 

yvzld curve mmally ha5 posm!c slopc and cvcntunlly has ncgatlbc slopc lf thc ) IcId cwc docs 

not fit mto onc of these proliles. It is clawlícd as “othcr.” Note that thc yicld cune 

classllicatlons are based on end-of-thc-month ~lelds, so that a monlhly observatlon IS bascd on 

only onc momcnt m time. lt” the yicld cwv IS normal at that tlmc r\en though It was mvcncd at 

all olhcr times dunng Ihe month. thc curve 1s noncthclcss clnssif~ed as normal 

II should bc notcd that thc magmtude of thc slopc docs not mlpact our clawlicatlon of 

~xld CUIYC slopc In pamcular. WC do not usc a “ilnt” ìxld i;lassCxat~on A llat )leld curvz 

cxisLs if thc J iclds on bonds of all maturitu are cqual At no II~C m thc 45 lcar hlstory IS thc 

?rcld curxr csactly fiat. Houever, d~lTcrcnces in J lelds of various matunws may bc ncghglblc 

Rather than dclinc the term ncghglblc, thc approach used herc amounts to dlstrlbutmg almost-fiat 

íleId curves into thc othcr catcgoncs 

Scvcral statistzs m Table I illostratc how oftcn thc normal yicid CUTIC occurs Fwst, the 

yicld cwc has been upward sloping over tIro-thlrds of the U~C lnvers~ons occurrcd in only 

ll 15% of thc months and a humpcd curve occurred 13 4% of thc hmc In addmon to thc 

frcqucnclcs of thc vanous shapes, other statistlcal Informaclon pomts to thc tcndcncy of ratcs to 

be incrcasing with maturity. Thc mean of cach of thc four yiclds incrcascs nith maturity, and thc 

yield pcrccnnlcs sccm IO unpiy that thc typical shapc of thc ytcld cune IS normal, except when 

yiclds are hlyh. 
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Thc IICYI group of rcsults Illustratcs thc rclatlonshlp of ~zld volatdit! and maturu!. 

Long-rcrm KIICS ha\c lowcr standard dc\wlons. lo\\cr shcwncss, a smaller rangc of outcomcs. 

nnd hlglxr autocorrclawms than shon KIICS Thus. ON carIu con~ccturc that long-tcrm ~xlds are 

Icss \olntllc 111311 shon-ICrlll r31cs sccms 10 ha\<: sIaIIslIcaI support 

T\ro o~hcr rcsul~s xc u onh pomung OUI I’lrst. short-term mtcs appcar morc posmvcl> 

sLc\\cd than longcr blclds ‘l’hls co”ld mcan 11131 changcs m lhc long-tcm ratc are morc 

~~mmc~rx. or II could ~nd~cak that largc pos~hvc changcs m thc mtcrcs~ ratcs OK morc common 

un ths rhofl-tcrm rmc ‘1 hc sccond pomo 1s that corrcla~~ons bcwccn ! Iclds dccrcasc as thc rntcs 

are funhcr apnn 

Instud 01 loohmg al ! IcId Ic\cIs F~gurcs X Ihrough I I looh at changcs in mtcrcst ratcs 

F~gurc X loohs at IIIC nwmhl! nmc scr~cs of .r~bsoluw changcs in thc onc-)car ! wld ratc Thc Fcd 

pollc\ transwon pcrlod srands ou as an cwcmcl! \olatllc pcwd for shon-tcrm ratcs To gain 

fi~rthcr pcrspcct~~c on thc trnns~~~on pcnod. I:Igurc 0 loohs at rhcsc chnngcs on a rclalnc basls 

Thc cxtrcmc \olard~t! 01‘ thc Carl‘ IOXOs k~scs somc of Its dlstmcuon nhcn \ Icncd on a rcIaII\c 

basls Thc m~phca~~on of F~gurcb X and ‘1 pro\ Idc somc imu~llxc suppon for thc CKLS rcsult that 

~ntcrcst IPIC \oln~lhl! IS rclaud IO thc Ic~cl ofthc mtcrcst ratc N’hcn intcrcst ratcs wrc hlgh. thc 

pcrccmagc chnngcs m J rclds ISCTC nbo”l thc ~nmc 9s thc pcrcrn~a~~c changcs x\hcn mtcs ~crc low 

Flgurcs II) and I ) prcecnt a wn~lar SIOQ for thc IU-ycar ! xld 

To gct a fccl for Ihc \olanllt! OI” IIIIC~CSI TDIC mo\cmcn~s, DC computcd Ihc standard 

dc\latlons of rhs onc-!car nnd ten-!car changcs m yxld. For thc onc-!cx >Icld, thc standard 

dc\ muon of absolutc changcs m thc monthlb ratc OVCT thc cnllrc pcrlod IS 0.47 and thc standard 

dcxlatlon of rcln~~\c chnngcs IS 0 07 As cupcctcd. thc volatlh- of changcs m thc Icn-!car ylcld 

IS slgnlflcantly Icss Thc standard dc\ uuon of’ absolutc changcs UI thc monthl) ten-ycar ylcld 

ratc o\cr thc cnuc pu& IS 0 29 and of pcrccntagc changcs. thc standard dc\ latlon is 0 03. 



The intercst Tate modcls prcscntcd in thls popcr havz bccn mtroduccd m u continuous 

tlme framcwork. Although somc contmuous hmc modcls may lcad IO closcd form solutions for 

simple cash flows such as non-callablc bonds, insurance liabllities are more complicatcd To use 

thc modcl’s dynamxs m msurancc apphcations. such as m DFA. onc must use dlscretc tlmc 

mtcrvals for thc mtcrcst rãtc proccss Thls SCCIIO~ dlscusses how lo translatc thc contmuous time 

proccss mto a dlscretc proccss and thcn ~llustrates thc mtcrcst ratc modcls prcscntcd in this papcr 

through smIulatlons 

As an csamplc of dlscrctvatlon. considcr thc Vasicck modcl Othcr modcls folloa 

dmxtly from thc Vasicck rcsults Rccall thc Vaslcck model: 

By using shon time mtcnals, thc discrctc proccss approslmates the continuous pmcess Morc 

prccisc cst1matcs \rill bc obtamcd through the use of shon tmlc mtcrvals (Tours or mmutes) 

whlch IS most approprtate for trading activitlcs Houcvcr. wvlth inswancc apphcatlons. long-tcrm 

modclmg 1s required and thc use of longer intcrvals (such as monthly) IS morc appropriatc. 

AII modcls prcscntcd hcrc mclude a standard Broanian mo~~on. Random changes in the 

Bro\\n~nn mot~on are bascd on draas from the stand‘ard nomlal dlstrlbution scaled by thc tlmc 

mtcrval Thcrc are IWO popular approaches for gcncrating standard normal distnbutton random 

varIables Thc first method is to takc the avcragc of txclvc umform random vanablcs on the 

mtcnal 10.11 Thc sccond mcthod IS lo translate IWO unlfoml rnndom vnnablcs (u,, u2) accordmg 

10 thc fOllO\\ mg’ 

Thc monthl! IIIICKSI rntc proccss thcn bccomcs (E 1s thc standard normal rnndom variable). 
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WC use this dlscretc approach 10 perfonn monthly slmulations of severa1 intcrcst rate 

modcls Otu goal IS lo gct a feel for how thc modcls opcratc and 10 compare the resultmg 

simulatcd gleld dlstnbutions with thc historical dlstributlon Thc Vawck and CIR modcls are thc 

most straightfonwd to slmulatc bccausc yiclds havc closcd fomt solutions rhat dcpcnd on only 

thc short ratc Also. the slmulatlons are stablc duc 10 thc rncan rc~crs~on dnft rcrm WC slmulatc 

the yicld curve for 10.000 months usmg the parametcr cstimates of CKLS: 

Thc results of the Vasicck simulat~ons are shoxvn m Tablc 2. The shape of thc yield 

curve IS more frcqucntly itncrrcd tban m thc hlstoncal cxpcncncc In fact. thc statistlcs show that 

thc “a\cragc” ycld cunc is acrually slightly imcrtcd. but closc fo bcing fiat. An mspccrion of 

thc pcrccnt~lc staustxs rcvcals that at low pcrccnttlcs (nhcn thc onc-!car yrzld is low), thc ylcld 

WI-K appcars to bc upenrd slopmg. As thc short ratc mcrcascs. tbc cwc is invcncd Anothcr 

note lirom thc shapc frcqucncics illusuatcs rhc rcs~~~ct~ons of thc Vasxck modcl on thc shapc of 

thc ylcld cunc Thc ylcld cune IS normal. mvcrtcd. or humpcd. No othcr shapc IS sccn under 

thc Vawck modcl. Thc standard deuation and pcrcenulc statlstics show that thc long ylelds are 

Icss ~olutilc m thc Vawck model All ytclds are pcrfcctl~ corrclared. as cxpxtcd based on the 

fact thai all j~clds are dcrivcd from thc samc mstantancous (shott) ratc. As csplamcd m the 

presentation of thc modcl. intcrcst ratcs can bccomc ncgatw wth thc Vasicek model. In fact. thc 

first pcrccntllc Is ncgauw 

Comparcd to thc hlstorical ratcs. thc Voslcck modcl IS ncgatwly skcwcd and Icss 

pcahed Tlns can bc sccn in thc skcwncss and csccss kurtow s~at~stics as wcll as b! looking al 

thc dlstrlbutlons of thc onc-year and ten-ycar j Iclds. Thc hlstoncal dlstnbutlons are sho\rn in 

Figures 12 and 13 whdc lhc Vaslcck simulatlon dlstnbutlons are shown m Flgurcs 14 and 15 
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Thc CIR slmulahon rcsults are prcscntcd in Tablc 3. and tbc distrtbutions of onc- and ten- 

ycar ylelds nrc illusuatcd in Figures Ih nnd 17 As m 111~ VaGcck casc. thc CIR modcl 1s morc 

fxqucntlg uwcrtcd than 111 h~stor~cal data (47 6% mìerslons in thc CIR s\mulatton vs. 11.6% 

histoncally). The awragc ylcld cune is imcrtcd but is ciosc fo bcmg fiat. Tbc pcrccntilcs rcvcal 

a partern sim~lx to tbc Vasicek rcsults. Whcn the shon ~atc IS low. !hc curve appcnrs normal As 

the ene-ycar ylcld increases, the yld curxc tnverts Onc dGcxncc from thc Vasicek rcsults IS 

that thc mcdmn yleld curve IS almost pcrfcctly flat Thc ! uld cwvc sbapc is ncver other than 

normal. mvcned. or humpcd 

Thc volatdlb of thc ten-year yield IS lowcr than ~hc onc-ycar ylcld \olatdlty as mcasurcd 

by thc slandard dcwatlon and mtcrq~~ar~~lc rnngc. Also. note that ~ntcrcst ratcs 111 thc CIR modcl 

rcmam posm\c The corrclauons nmong llelds of all matun~~cs xc all I II F~nall\. ~hcrc IS 

posm\c skc\vncss for all ratcs. snd thc value IS closcr to thc Instorical stxl?tlcs than thc Vas\cck 

modcl. Tbc dwibutlon of longcr maruritlcs nppcars more penkcd rclatnc to hlstoncal numbcrs 

(scc hc cxcss kurtosls numbcrs and Flgurcs 13 \s 17) 

G~vcn the populanty of arbltragc frcc modcls. wc prescnt somc shorl wnulat~ons of 100 

months IO scc han dtcsc modcls fùnct~on Bccausc the Hn-l.cc modcl IS thc cw~slm~ xolalihr! 

casc of the HJM model, rve prcscnt a SIIIIUIIIIOII on thc morc gcncral HJM framcnork Rccall 

that thc dnft m an HJM frnmcaork IS â funcnon ofthc volatdiucs. Tbus, uultkc thc Vasuxk nnd 

CIR modcls. the drift is posmvc and tbe in~crcst rarc IS not mean-rcvcrtmg usu1g long 

smmlat~o~~s to gcneratc smooth distnbutlons of yclds IS not posslblc bccause thc cunc nd1 (on 

averagcj contmue lo incrcasc. Raws qwckly bcgm lo dril7 10 “unrcahsuc” lc\cls. Tlic arbmagc- 

frcc modcls nrc uscd to assu~c that thc intcrcst rntc proccss docs no1 gcncratc arbItrage 

opportumttcs m 11x shoti tcmt As tbc mtcrcs~ ratcs are obscn-cd, thc modcl is rccallbratcd nlld 

anothcr sm~ulat~on is pcrfomicd Thus. tbc s~mulauon pcrformcd hcrc uses only 100 months In 

that smtulatlon. thc cndmg yield cuwc is near 13%. dcmonstratmg thc dnft m ihcse typcs of 

modcls 
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Thc TCSLIII- ~llusuatcd hsrc use thc cnurc h~~tor~cal pcrlod of Aprd IV53 to July IVOX as a 

bcnchmarh for con~,,nr~ng altun;1t1\<: modcls Thls cho~cc \\as bascd 01, obtnmmg a largcr 

;tmo~~nt of dxn (cwnlnrcd u 1t11 othcr stud~csl to gcncrntc smoothcr ! tcld dlstributlons. as ncll as 

IO pro\ ~di: somc pcrspccu\c: on IIIICTCSI ratcs o\cr longcr pwodr Hoac\cr. thc changc 111 Fcd 

pohc! 111 IV?‘) prcw~ts :,n ~mportant qucwon rcgsrdmg 1% hcrbcr compnr~so,,s among IIIICTCSI LXC 

IIIWJCIS drc rohust to III<: I’cd’\ shlft 11, focus ‘lo look al thcsc cflccrs a smt1lar a~~alys~s could hc 

pufomlcd xros? dlllkrcnt subpcnods OK powblc brcakdonn nould look at rcsults tmdcr tbc 

IDO dlffcrcnt kdcral Kcscnc pohc~c< Y icld statlstu can bc gcncratcd undcr thc “intcrcst ratc 

,.îqc, pcrhc!” 3nd ;1lso ondcr thc “mllnt~on targct pohc‘ ” Ano~l~cr subpcnod analysls could 

nttc~npt to ~solatc thc tr~~ts~t~on pcnod and compnrc thc prc- nnd post-trnns~t~on pcrtods to 

dctcrnlmc lf thc IICU Fcd polg has afkctcd Ihc undcrl! mg in1crcs1 ratc d! namtcs II should bc 

pomtcd out tlut o~hcr facrorî rna! bc cowrlhuttng to thc d! nant1cs of thc curw ocross any 

subpcrwd nn,71! SIC Far c\amplc. thc post-trnns,t,on cconom! has bccn \cry strong nlth only onc 

short rcccss~~na~ pcnod l’smg onI\ post-unns~t~on stût~st~~s tna! not complctcl> cmbody thc 
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,rul: polclltlal t-or ,“tcrcs, ratc mo\cmcnts Thc mam pomt is that uhen ustng yjcld cuwe 

sta,~st,~s to paramcter,se an ~ntcrcst rûtc modcl. onc should bc awarc of any undcrlying factors 

that nta! bc affcctmg thc dlnamtcs of h~clds and mcorporate judgment in choosing spcciftc 

modcls 

As mcntloncd abo\c. thc parnmctcrs used in rhc s~mulattons wcrc bascd on cstm>ates 

rcportcd by CKLS (1992) and Amm and Morton (1394) Thc CKLS study looks at the period 

from Junc 196-l through Dcccmbcr 1089 Amm and hlorton look at thc pcriod from 19x7 

throogh 1992 Estlmatlon owr dtffcrcnt ttmc plrlods adl morc than likcly gcncratc dlrîerent 

pûramctcrs Thus. onc must kccp m mind thc mtcrcst ratc cnwronmcnt whcn cstimarmg 

paramctcrs from past data for WC m future pcrtods Carc should bc takcn lo cnsurc that the 

potcnttnl mtcrcst ratc dytamtcs are cotwstcm ~ith thc paramctcr assumptions. 

Con chion 

Intcrcst ratc volattllty no\v rcquircs that actuarics mcorporate stochastic intcrcst ratc 

assumptlons mto thc pncmg. forecsstlng. and valuntion proccsscs Thc goal of this paper has 

txcn to prowde a stmplifted introductton to and illustratlon of thcse models Thc focus has been 

on comparmg thc rcsults of simulatmns based on a varicty of stochasúc mtcrcst ratc modcls Htth 

hlstortcal mtcrest rate stattwcs It is hopcd that thls aork hclps casualty achtaries begin the 

proccss of mcorporating thesc modelmg skills mto thctr actuartal toolkits. 

2.5 
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TABLE 1 
Hisfort’cal Yield Statisfics 

Enhe Period (4/53 - 7/98) 

Yleld Curve Shape 

Normal 68.8% 
Inverted ll .6% 
Humped 13.4% 
Other 6.3?b 

Yleld Statistlcs 

1 Yr 3 Yr 5 Yr 10Yr 
Mean 6.08 6.47 6.64 6.81 
Std Dev 3.01 2.80 2.84 2.81 
Skewness 0.97 0.84 0 77 0.68 
Excess 1.10 0.69 0.48 0.16 
Kurtosls 

1% 
5% 

10% 
25’0 
50% 
75% 
9O”ó 
95% 
99% 

1 Yr 
3 Yr 
5 Yr 
10 Yr 

Auto 

1 Yr 3 Yr 5 Yr 10 Yr 
1 07 1 59 1.94 2.38 
2 05 2 52 2.72 2.90 
2.94 3 38 3.47 3.48 
3.81 4.17 4.24 4.25 
5.61 6.20 6.44 6.68 
7.71 8.01 8.04 8.20 
9 97 10.47 10.63 10.78 

i 2.08 1248 12.59 12.56 
15.17 14 69 14.59 14.29 

Con 

1 Yr 
1.000 

0.988 0.991 0.993 
0.967 0.976 0.980 
0.948 0.963 0.970 
0.932 0.951 0 960 
0918 0.940 0.951 

,elatlons 

3 Yr 
0 985 
1 000 

5 Yr 
0.969 
0.997 
1 000 

10 Yr 
0.944 
0.984 
0.995 
1 .ooo 

0.995 
0.986 
0.979 
0 972 
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Std Dev 

Excess 
Kurtos~s 

1% 
5% 

10% 
25% 
50% 
75% 
90% 
95% 
99% 

1 Yr 
3 Yr 
5 Yr 
10Yr 

Auto 
1 
2 
3 
4 
5 

TABLE 2 
Vasicek Simulation Statistics 

(YO, 000 Simulatiansj 

Yield Curve Shape 

Norma) 41.6% 
Inverted 54.8% 
Humped 3.6% 
Other 0.0% 

Yield Statistics 

1 Yr 3 Yr 5 Yr 10 Yr 
8.81 8.75 8.68 8.52 
3.83 3.24 2.77 1.95 
-0.16 -0.16 -0.16 -0.16 
-0.19 -0.19 -0.19 -0.19 

Percentiles 

1 Yr 3 Yr 5 Yr 10 Yr 
-0.38 0.97 2.04 3.84 
2.33 3.27 4.00 5.22 
3.69 4.42 4.98 5.92 
6.26 6.60 6.84 7.23 
8.94 8.86 8.77 8.59 

ll .62 11.13 10.72 9.96 
13.60 12.80 12.14 10.97 
14.69 13.73 12.94 ll .53 
1722 15.87 14.76 12.82 

Correlations 

1 Yr 
1.000 

3 Yr 
1.000 
1.000 

0.991 0.991 0.991 0.991 
0.982 0.982 0.982 0.982 
0.973 0.973 0.973 0.973 
0.965 0.965 0.965 0.965 
0.956 0.956 0.956 0.956 

5 Yr 
1.000 
1.000 
1.000 

10 Yr 
1.000 
1.000 
1.000 
1.000 

Note: Model parameters from CKLS estimates: R = 0.1779, 8 = 0.0866. 0 = 0.0200 
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Mean 
Std Dev 
Skewness 
Excess 

Kurtosls 

1% 
5% 

10% 
25% 
50% 
75% 
90% 
95% 
99% 

1 Yr 
3 Yr 
5 Yr 
10 Yr 

Auto 
1 
2 
3 
4 
5 

TABLE 3 
Ch7 Simulation Statistics 

(10,000 Simulations) 

Yield Curve Shape 

Normal 47.7% 
Inverted 47.6% 
Humped 4.7% 
Other 0.0% 

Yield Statistics 

1 Yr 3 Yr 5 Yr 10Yr 
a.oa 8.04 7.90 7.86 
2.89 2.31 1.88 1.20 
0.92 0.92 0.92 0.92 
1.49 1.49 1.49 1.49 

Percentiles 

1 Yr 3 Yr 5 Yr 10 Yr 
2.92 3.90 4.62 5.71 
3.95 4.73 5.29 6.14 
4.73 5.35 5.80 6.46 
6.14 6.48 6.71 7.05 
7.71 7.73 7.73 7.70 
9.57 9.23 8.95 8.48 

ll .80 ll .Ol 10.40 9.41 
13.42 12.31 ll.45 10.09 
17.19 15.33 13.90 ll.66 

Correlations 

1 Yr 
1.000 

3 Yr 
1.000 
1.000 

0.976 0.976 0.976 
0.955 0.955 0.955 
0.934 0.934 0.934 
0.914 0.914 0.914 

5 Yr 
1.000 
1.000 
1.000 

0.894 0.894 0.894 

10 Yr 
1.000 
1.000 
1 .ooo 
1.000 

0.976 
0.955 
0.934 
0.914 
0.894 

Note: Model parameters from CKLS estimates: A- = 0.2339, 8 = 0.0808. 0 = 0.0854 
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TABLE 4 
HJM Simulafion Statistics 

(100 Simulafions) 

Mean 
Std Dev 
Skewness 
Excess 

Kurtos~s 

1% 
5% 

10% 
25% 
50% 
75% 
90% 
95% 
99% 

Yteld Statistics 

1 Yr 
7.39 
2.26 
0 51 

-0.88 

3 Yr 
7 51 
2.27 
0 53 

-0 85 

Percentiles 

1 Yr 3 Yr 
4.45 4 48 
4.79 4.85 
5.00 5.10 
5.25 545 
7 48 7.58 
8 65 a 75 

ll 02 11 16 

ll.57 1174 
12.09 12 26 

5 Yr IOYr 
7 60 7 80 
2 32 2 44 
0 54 0.54 

-0 85 -0 86 

5 Yr 10 Yr 
4.52 4 59 
4 90 4.99 
5 13 5.21 
5.53 5.63 
765 7 63 
a 85 9 10 

1130 11 68 
1192 12 38 
1244 12.89 

Correlattons 

1 Yr 3 Yr 5 Yr 10 Yr 
1 Yr 1.000 0.999 0.999 0.999 
3 Yr 1 .ooo 1 000 1.000 
5Yr 1 .ooo 1 000 
10 Yr 1 000 

Auto 
1 0 986 0.986 0 987 0 987 
2 0 969 0 969 0.969 0 972 
3 0 954 0 953 0 954 0 957 
4 0.938 0 938 0.939 0.943 
5 0.925 0.923 0.925 0 929 

Note Model parameters from Amln and Morton (I -0 0485. y =0.5 
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FIGURE 1 
Vasicek Model Yield Curves 

CKLS Parameters 
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Parameters: R = 0.1779, 8 = 0.0866, ~7 = 0.0200 



FIGURE2 
Vasicek Model Yield Curves 

CKLS Estimares - Change in Mean Reversion 
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Parameters: z = 1 .OOOO. B = 0.0866, 0 = 0.0200 



FIGURE 3 
Vasicek Model Yield Curves 

CKLS Parameiers - Change in Long-Term Rare 
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Paramrters: K = 0.1779. 8 = 0.0500. f7 = 0.0200 



FIGURE 4 
Time Series af Yields 
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FIGURE 6 
lnverted Yield Curve 

August f 973 
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FIGURE 7 
Humped Yield Curve 

July 1970 

1 Yr 3 Yr 

Maturky 

5 Yr IOYr 



FIGURE 8 
Time Series of Monthly Absolute Change in 1 Year Yield 



FIGURE 9 
Time Series of Monthly Percentage Change in I- Year Yields 
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FIGURE 10 
;rïme Series of Monthly Absolute Change in IO- Year yield 
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FIGURE ll 
Time Series of Monthly Percentage Change in lo- Year yield (Historica0 

-20% c 
.~ 

-30% ; 

-40% IL 
1953 1957 1961 1965 1969 1973 1977 1961 1965 1989 1993 1997 

Time 



18% c 

16% 

14% 

l 
I 

t 
12% 

E 
2 10% 
i! 
t 

8% 

t 

L 

t- 

6% +--.-- 

4% J.-- 

2% 

Lft T 
-.- 

0% 

FIGURE 12 
Histoncal 1 Year Yield Dist~butim 
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FIGURE 13 
Historical 10 Year Yield Distribution 
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FIGURE 14 
Vasicek Simulation 

1 Year Yield Disttibution 

l -1 

01234567 8 9 10 ll 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 

Yleld 

Note: Model parameters from CKLS estimates: R = 0.1779, B = 0.0866, (I = 0.02~~~ 



FIGURE 15 
Vasicek Simulation 

10 Year yied Distribution 
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Note: Model parameters from CKLS estimates: k = 0.1779, 0 = 0.0866. (I = 0.0200 



FIGURE 16 
CIR Simulation 
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Note: Model parameters from CKLS estimates: A- = 0.2339, ~9 = 0.0808, Q = 0.0854 



FIGURE 17 
CIR Simulation 

10 Year yield Distnbution 
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Note: Model parameters from CKLS estimates: A- = 0.2339, 8 = 0.0808, Q = 0.0854 



FIGURE 18 
HJM Simulation 

f Year Yield Distfl&dion 
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Note: Mcdel parameters from Amin and Morton: (I =0.0465, y=O.5 



FIGURE 19 
HJM Simu/ation 
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