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1 Introduction

An in-depth review of the NCCI excess loss factors (ELFs) was recently
completed and changes were implemented in the 2004 filing season. The most
significant change was to incorporate the latest data, but the methodology
was thoroughly reviewed and a number of methodological changes were made
as well. Among the methodological items considered were:

1. Individual Claim Development
Our intent here was to follow the method in Gillam and Couret [5] and
merely update the parameters. However our treatment of reopened
claims is new as is the way we implement individual claim development.
This is covered in detail in section 2.

2. Organization of Data
The prior procedure fit countrywide loss distributions by injury type
and then adjusted the means of those distributions to be appropriate for
each individual state. We extend this idea to match the first two mo-
ments. The prior procedure implicitly gives each state’s data a weight
proportional to the number of claims in the given state, and thus even
the largest states do not get very much weight in the countrywide dis-
tributions. We give much more weight to individual states’ own data
and thus fit state specific loss distributions. For credibility reasons the
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prior loss distributions combined permanent total injuries with major
permanent partial injuries, and minor permanent partial injuries with
temporary total injuries. We fit fatal, permanent total (PT), perma-
nent partial (PP), temporary total (TT), and medical only distributions
separately. In order to do this we use data at third, fourth, and fifth re-
port for fatal and permanent total injuries. Mahler [10] also uses data
at third, fourth, and fifth report. For permanent partial, temporary
total, and medical only injuries, where there is adequate data, we only
use data at fifth report. This is covered in section 3.

3. Fitting Method

We follow Mahler [10] and rely on the empirical data for the small
claims and only fit a distribution to the tail. We fit a mixed exponential
distribution to the tail. Keatinge [8] discusses the mixed exponential
distribution. Rather than fitting with the traditional maximum likeli-
hood method we choose to fit the excess ratio function of the mixed
exponential to the empirical excess ratio function using a least squares
approach. This yields an extremely good fit to the data. It should be
noted that we do not fit the raw data, but rather the data adjusted to
reflect individual claim development as described in section 2. This re-
sults in a data set that has already been smoothed significantly and so
we were not concerned that the mixed exponential tail might drop off
too rapidly. Mahler [10] noted that the excess ratios are not very sen-
sitive to the splice point, i.e. the point where the empirical data ends
and the tail fit begins. Thus we preferred to not attach too far out into
the tail so that we could have some confidence in the tail probability,
i.e. the probability of a claim being greater than the splice point. We
generally chose splice points that resulted in a tail probability between
5% and 15%. This is covered in section 4.

4. Treatment of Occurrences
We put a firmer foundation under the modeling of occurrences by bas-
ing it on a collective risk model. In the end we find that the difference
between per claim excess ratios and per occurrence excess ratios is al-
most negligible. This is quite a sharp contrast with the past. Once, per
occurrence excess ratios were assumed to be 10% higher than per claim
excess ratios. This was later refined by Gillam [4] to the assumption
that the cost of the average occurrence was 10% higher than the aver-
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age claim. Gillam and Couret [5] then refined this even further to apply
by injury type: 3.9% for fatal injuries, 6.6% for permanent total and
major permanent partial injuries, and 0% for minor permanent partial
and temporary total injuries. Our analysis shows that per occurrence
excess ratios are less than .2% more than per claim excess ratios. This
is covered in section 5.

In section 6 we discuss updating the loss distributions. The current pro-
cedure is to update the loss distributions annually by a scale transformation
and to refit the loss distributions based on new data fairly infrequently. The
scale transformation assumption is extremely convenient and is discussed by
Venter [12]. What is needed is a method to decide when a scale transforma-
tion is adequate and when the loss distributions need to be refit. We conclude
by reviewing the methodology changes. While the focus of this paper is on
methodology, we also take the opportunity to briefly discuss the impact of
the changes.

2 Individual Claim Development

When evaluating aggregate loss development it is not necessary to account
for the different patterns that individual claims may follow as they mature
to closure. In aggregate it does not matter whether ten claims of $100 each
all increase by $10 or whether just one claim increases by $100 to produce
an ultimate loss of $1,100 and an aggregate loss development factor (LDF)
of 1.1. But if you are interested in the excess of $110 per claim, it makes
all the difference. Gillam and Couret [5] address the need to replace a single
aggregate LDF with a distribution of LDFs in order to account for different
possibilities for the ultimate loss of any immature claim. They refer to this
as dispersion, and the name has stuck. Here, the term dispersion refers to
a way of modelling ultimate losses that replaces each open claim with a loss
distribution whose loss amounts correspond to the possibilities expected for
that individual claim at closure.

The loss distribution used to determine the ELF should reflect the loss
at claim closure. The calculation is done by injury type and uses incurred
losses. It must reflect maturity in the incurred loss beyond its reporting
maturity fully to closure, including any change in claim status (open/closed)
and change in the incurred loss amount. Moreover, it must accommodate

Casualty Actuarial Society Forum, Fall 2006 515



The 2004 NCCI Excess Loss Factors

the reality that not all claims mature in the same way. Age to age aggregate
incurred LDF's are determined from 1% to 5™ report by state, injury type,
and separately for indemnity and medical losses. The source is Workers
Compensation Statistical Plan Data (WCSP), as adjusted for use in class
ratemaking. As WCSP reporting ceases at 5 report, 5% to ultimate incurred
LDFs, again separately for indemnity and medical losses, are determined from
financial call data, typically in concert with the overall rate-level indication.

Individual claim WCSP data by injury type and report is the data source
for the claim severity distributions. PP, TT, and medical only claims are
included at a 5 report basis. The far less frequent but often much larger
Fatal and PT claims are included at 3¢, 4t and 5t* report basis. The WCSP
data elements captured include state, injury type, report, incurred indemnity
loss, incurred medical loss, and claim status. This detailed WCSP loss data is
captured into a model for the empirical undeveloped loss distribution. That
model consists of a discrete probability space to capture the probability of
occurrence of individual claims together with two random variables for the
claims’ undeveloped medical and indemnity losses as well as four characteris-
tic variables for state, injury type, report, and claim status. Eventually, this
is refined into a model for the ultimate loss severity distribution that con-
sists of a probability space together with one random variable for the claims’
ultimate loss as well as two characteristic variables for state and injury type.

Because dispersion is exclusively focussed on open claims, without some
accommodation, claims reported closed but that later reopen would not be
correctly incorporated in the dispersion model. Accordingly, it is advisable
to account for reopened claims prior to dispersing losses. The loss amounts
considered are the total of the medical and indemnity losses for each claim.
The methodology adjusts those loss amounts and probabilities by claim sta-
tus and injury type, so as to model the impact of reopening claims. The
details for the specific calculations used can be found in Appendix A and
Appendix C. It is based on the observation that the few closed claims that
reopen after a 5 report (0.2%) are not typical, but are on average larger (by
a factor of 8) and have a smaller CV (by a factor of 0.4). Appendix A shows
quite generally how to calculate the resulting means and variances when a
subset of claims have their status changed from closed to open.

The probability, mean, and variance of the three subsets of the loss model:

1. claims reported closed at 5" report

2. claims reported open at 5% report
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3. claims that reopen subsequent to a 5% report

completely determine the probability, mean, and variance of the complemen-
tary subsets:

1. claims ‘truly closed’ at 5% report (those reported closed that do not
reopen)

2. the complement set of ‘truly open’ claims.

That is, there is only one possibility for the probability, mean, and vari-
ance of the truly open and closed subsets, even though there are multiple
possibilities for what particular claims reported closed at 5% later reopen. In
fact, those values can be explicitly determined from the formulas derived in
Appendix A.

Knowing the probabilities of the truly open and closed subsets, we adjust
the loss model by proportionally shifting the probabilities. The probability
of each open claim is increased by a constant factor while the probability of
each closed claim is correspondingly decreased by another factor. Knowing
the mean and variance of the truly open subset lets us adjust the undevel-
oped combined medical and indemnity loss amounts of the open claims to
match the two revised moments for open claims; this is done via a power
transformation as described in Appendix C. The closed claim loss amounts
are similarly adjusted. The result is a model of empirical undeveloped losses
that reflects a trued up claim status as of a 5t report, in the sense that no
closed claims will reopen. That model, in turn, provides the input to the
dispersion calculation. This approach is a refinement from that of Gillam
and Couret [5] who account for the reopening of just a very few closed claims
by dispersing all closed claims by just a very little. The idea here is to per-
form the adjustment prior to dispersion so that it is exactly the set of ‘truly
closed’ claims whose losses are deemed to be at their ultimate cost and it is
the complement set of ‘truly open’ claims that are dispersed.

In the resulting model for the empirical undeveloped loss distribution,
the claim status variable is assumed to be correct in the sense that the
loss amount for each closed claim is taken to be the known ultimate loss
on the claim. Dispersion is applied only to open claims. Accordingly, the
LDF applicable to all claims is adjusted to one appropriate for open claims
only, and all development occurs on exactly the open claims. For each state,
injury type, and report, one average LDF is determined from the medical and
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indemnity LDF's to apply to the sum of the medical and indemnity incurred
losses of each claim. That combined incurred LDF is then modified to apply
to just the open claims. More precisely, the relationship used to focus an
aggregate LDF onto just the open claims is simply:

L. = Aggregate undeveloped loss for closed claims
L, = Aggregate undeveloped loss for open claims
A = Aggregate LDF applicable to all claims

A = Open only LDF
MLo+L,) = LC+XLO=>X=/\+(,\—1)%
(4]

The adjusted to open only LDFs are determined and applied by state, injury
type, and report.

Even though the adjusted LDFs are applied to all open claims indepen-
dent of loss size, because the proportion of claims that remain open correlates
with size of loss, the application of dispersion varies by the size of loss layer.
Typically, larger losses are more likely to be open, and this application of
development factors will have a greater impact in the higher loss layers. It
follows that the application of loss development changes the shape of the
severity distribution, making it better reflect the ultimate loss severity dis-
tribution.

The next step is to apply dispersion to open claims. The technique used
to disperse losses is formally equivalent to that used by Gillam and Couret [5].
The technique bears some similarity to kernel density estimation in which an
assumed known density function (the kernel) is averaged across the observed
data points so as to create a smoothed approximation. More precisely, the
idea is to replace each open claim with a distribution of claims that reflect
the various possibilities for the loss that is ultimately incurred on that claim.
The expected loss at closure is just the applicable to ultimate LDF times the
undeveloped loss. The LDF is varied according to an inverse transformed
gamma distribution and multiplied by the undeveloped loss to model the
possibilities for the ultimate loss.

The NCCI Detailed Claim Information (DCI) database was used to build
a data set of observed LDFs beyond a 5%* report. We studied DCI claims open
at 5" report for which a subsequent DCI report was available. The observed
LDF was determined as the ratio of the incurred loss at the latest available
report divided by the incurred loss at 5% report. If the claim remained open
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at that latest report, the observed LDF was considered “right censored.”
Censored regression of the kind used to study survival was used to fit this
data. Open claims were identified as the censored observations, i.e. closed
claims were deemed “dead” and open claims “alive” in the survival model.
The survival model was used to determine an appropriate form to represent
the distribution.

More precisely, the SAS PROC LIFEREG procedure was used to estimate
accelerated failure time models from the LDF observations. Letting Y denote
the observed LDF, the model was specified by the simplest possible equation
Y = X + ¢, where A represents a constant and ¢ a variable error term.
That is, the model specifies just an intercept term with no covariates at
all. That model specification was selected because it corresponds to the
application of a constant LDF ( A ) to open claims. Moreover, the error term
of the model corresponds precisely with dispersion, as that term is used here.
Consequently, this application of survival analysis is somehat unconventional
inasmuch as the issue is not the survival curve or the goodness of fit of
the parameter estmate A that is key. Rather, the interest here is on the
distribution of the error term €. The SAS LIFEREG procedure is well suited
to this because not only does it account for censored observations, it also
allows for different structural forms to be assumed for the error term € when
estimating accelerated failure time models.

In this application, the estmated parameter for the intercept was not
used since the LDF factors by state, injury type and report were taken from
ratemaking data. What was of interest is the form and parameters that spec-
ify the error distribution. The Weibull, the Lognormal, the Gamma, and the
generalized Gamma distribution were considered. In fact, the two-parameter
Weibull, two-parameter Gamma, and the two-parameter Lognormal are all
special cases of the three-parameter generalized Gamma (the Weibull and
Gamma directly via parameter constraint, the Lognormal only asymptoti-
cally). The solutions for the generalized gamma implied that its three pa-
rameters enabled it to outperform the two parameter distributions. The
three-parameter model guided the specification of the functional form and
parameter values for the LDF distributions used in the dispersion calculation.

With the eventual goal to calculate excess ratios, it was important to
assess whether the error term varies by size of loss. Gillam and Couret [5]
assume that the CV of the dispersion distribution does not vary by size of
loss. In addition to specifying different structural forms for the error term,
models were fit to quintiles of the data, where by a quintile we mean that
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the observations were divided into five equal volume groups according to
claim size. It was observed that the CV of the error term did not show
any significant variation by size of loss. This affirmed the prior assumption
of a constant CV, and that assumption was again used in this dispersion
calculation.

The LIFEREG procedure outputs the parameters that specify the dis-
persion pattern, by injury type, that relates a fifth report loss amount with
the probable distribution of the incurred cost at “death” of the claim, i.e.
at claim closure. Combining that with average LDF's from ratemaking, the
uncensored distribution of the ultimate loss severity can be calculated. For
any fixed open claim, the uncensored LDF distribution values times the (un-
developed) loss amount corresponds with the probable values for that claim
at closure. It follows that the uncensored LDF distribution corresponds to
age to ultimate LDF's applicable on a per open claim basis. The above chart
illustrates how the survival model anticipates rightward movement of the
reported empirical losses and fills out the right hand tail.
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Because the mean LDF was already known, our primary focus was on the
CV. This follows the approach of Gillam and Couret [5], whose decision to use
a two-parameter gamma distribution for the reciprocal of the LDF was also
followed. The use of the gamma to model the reciprocal amounts to the use of
an inverse gamma for the LDF. That choice was reaffirmed by the DCI data
and is illustrated somewhat in the above chart. We actually used a three-
parameter inverse transformed gamma distribution, as the survival model
suggested that would yield a better representation of the LDF distribution.
The first two parameters, denoted «, 7 in Klugman, et. al. [9] determine the
CV of the distribution, which varies by report and injury type as indicated
in the following table:

Injury Report o T | CV

Fatal & PT 3 5.7134 | 0.8 ] 0.7
Fatal & PT 4 6.8664 | 0.8 | 0.6
Fatal & PT 5 8.7775 1 0.8 | 0.5
PP 5 8.7775 | 0.8 | 0.5

TT 5 12 3 |01

Med Only 5 12 3 101

The third parameter, denoted 8 in Klugman, et. al. [9], determines the

mean LDF and was directly solved for to make that mean equal the age
to ultimate aggregate open claim LDF by state, report, and injury type.
Even though open TT and Med only claims are not assumed to develop in
aggregate (mean LDF = 1), the open TT and Med only claims are dispersed,
but with a small CV.

Gillam and Couret [5] used a CV of 0.9 for the LDF on open claims;
that selection was dictated to some degree by the need to account for po-
tential unobserved large losses. The current ratemaking methodology makes
separate provision for very large losses. This, in turn, enables this ELF re-
vision to rely less on judgment and more on empirical data. The empirical
data suggested the lower CVs used for the LDF distributions. All else equal,
lowering the CV lowers the ELF at the largest attachment points. Much sen-
sitivity analysis was done to assess the impact of this change in the assumed
CV. It was determined that the selection did not represent an unreasonable
reduction in the ELFs.

As is typical with kernel density models, Gillam and Couret [5] used a
closed form integration formula to implement dispersion. However, in order
to be able to perform the downstream data adjustments (in particular, ad-
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justing to state conditions as discussed in the next section), we instead used
the device of representing each open claim by 173 variants. The variants
are determined by multiplying the undeveloped loss amount by 173 different
LDFs. The variant LDFs have mean equal to the applicable overall LDF (as
applicable to open claims only) and a CV of 0.5 for 5* report Fatal, PT, and
PP claims. The mean LDF applicable for medical only and TT cases is 1,
as those cases are assumed not to develop in aggregate beyond a 5%* report.
So even open medical only and TT claims are dispersed, albeit so as not to
change the aggregate loss (and with a smaller CV of 0.1 for the LDF distrib-
ution). The choice of 173 points was done to enable the calculation to better
capture the tail. Very small and very large LDFs are included in the model
(corresponding to the 0.000001°* and 99.999999®* percentile of the inverse
transformed gamma) albeit with a correspondingly very small weight (about
0.000001) being assigned to such variants. Dispersion does not change the
contribution of any claim to the aggregate developed loss. It was determined
that the use of 173 points provided a very close approximation to the contin-
uous form. Additional details on that calculation can be found in Appendix
B.

To summarize, the dispersion calculation starts with a finite probabil-
ity space of claims together with a random variable giving the undeveloped
claim values. Then both the probability measure and the random variable
are adjusted to account for reopened claims. That gives a modified proba-
bility space of claims. Replacing each open claim with a distribution of 173
expected loss amounts at closure yields a developed dispersed probability
space of claims with a random variable giving the ultimate claim value. This
is done for each injury type and for all NCCI states. The next section de-
scribes how those random variables are adjusted to state specific conditions
so as to yield the empirical distributions used in fitting the data to severity
distributions.

3 Organization of Data

The idea of estimating excess ratios by injury type goes back at least to
Uhthoff [11] and has been used as well by Harwayne [6], Gillam [4], and
Gillam and Couret [5]. While we follow this approach as well, it should
be noted that -alternatives have recently been identified by Brooks [2] and
Mahler [10].
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Owing to the relatively few fatal and permanent total claims it is de-
sirable to combine data across states. Differences between states preclude
doing this without adjustment however. Gillam [4] addressed this by group-
ing states according to benefit structure. For an interesting recent approach
incorporating benefit structure see Gleeson [7]. With the current dominance
of medical costs this approach is less satisfactory. In the prior approach,
Gillam and Couret [5] addressed the problem “by dividing each claim by the
average cost per case for the appropriate state-injury-type combination.” We
refer to this data adjustment technique as mean normalization. This results
in a countrywide database with mean of 1. Loss distributions were then fit
to this normalized database. The countrywide loss distributions are then
adjusted via a scale transformation (see Venter [12]) to be appropriate for
each particular state. Thus the data for different states is adjusted to have
the same mean. A natural variant of this would be median normalization,
the thought being that the median might be more stable than the mean. A
natural extension is to try and match more than one moment. We considered
five data adjustment techniques altogether:

1. Mean Normalization

As mentioned above, for a given injury type, each claim in state i, de-
noted by z; (here z; denotes the incurred loss on a claim from state i
developed to ultimate), is transformed by z; — z;/p;, where y, denotes
the mean of the z;. The normalized claims for all states are now com-
bined into a countrywide database. To get a database appropriate for
state j, each normalized claim is then scaled up by the mean in state
J,le Tifp; = py mi/py

2. Median Normalization
This is analogous to mean normalization, but claims are now normal-
ized by the median rather than the mean.

3. Logarithmic Standardization
A natural generalization of mean normalization would be to standard-
ize claims, T; — i;:—”* To avoid negative claim values when transform-
ing the standardized database to a particular state we standardize the
logged losses, log z; — lﬂgi——“'s , where now y,, o; denote the mean and
standard deviation of the lz)gged losses. This results in a standardized
countrywide database, which can then be adjusted to a given state j by
“’g—“;"i‘-ﬂi —0j- k’g—f;’_ﬁl + ;. Appendix C discusses this in more detail.
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4. Generalized Standardization
This is analogous to logarithmic standardization except that instead of
the mean and variance, percentiles can be used. For example, instead of
the mean we could use the median and instead of the standard deviation
we could use the 85®* percentile minus the median.

5. Power Transform

Lastly, we considered a power transform, z; — az?, where the values
of ¢ and b are chosen so that the transformed values have the mean
and variance of state j. That this is possible is shown in Appendix C.
Thus for each state i there is a different power transform that takes
the unadjusted state i claims and adjusts them to what they would
be in state j, in the sense that the transformed claims from state i
match the mean and variance in state j. Combining all of the adjusted
claims results in an expanded state j specific database. Notice that the
unadjusted state j claims appear in the expanded state j database and
so the expanded state j database is indeed an expansion of the state j
data. It should also be noted that the power transform generalizes both
mean normalization and logarithmic standardization and the moments
are matched in dollar space rather than in log space. This is discussed
in more detail in Appendix C.

Extensive performance testing was conducted to decide which data ad-
justment techniques to use. The idea was to postulate realistic loss dis-
tributions for the states, based on realistic parameters, simulate data from
the postulated loss distributions and see which techniques best recovered
the postulated distributions. Initial tests showed that median normalization
and generalized standardization performed poorly and so further tests con-
centrated on the remaining techniques. Based on our performance tests we
chose to use logarithmic standardization for Fatal and Permanent Total (PT)
claims and the power transform for Permanent Partial (PP), Temporary To-
tal (TT), and Medical Only claims. It seemed that when there were only
a limited number of claims and the difference in CVs between states was
large the exponent in the power transform could occasionally be quite large,
leading the power transform to underperform logarithmic standardization.

Gillam and Couret [5] call modeling PT and PP claims separately the
“common sense approach.” Owing to the scarcity of PT claims they have in
the past been combined with Major PP claims. Due to our improved data
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adjustment techniques we are able to separate PT from PP. We also used
data at 3", 4**, and 5% report for Fatal and PT claims because of their
relative scarcity, whereas we only used data at 5t* report for the other injury
types.

In the prior approach, each state’s weight in the countrywide database
was proportional to the number of claims it contributed to the countrywide
total. This seems implicitly like assigning a state’s data a credibility of n/N,
where n is the number of claims in the state and N is the countrywide
total. Further, this implicit credibility did not vary by injury type. This
makes sense when there is only one countrywide database. We however, use
a different database for each state and give each state’s data a weight of
v/n/N in the state specific database, where n is the number of claims in the
state and N is a standard based on actuarial judgment. Our view was that
most states would have enough data to fit loss distributions for Medical Only,
but that no state would have enough claims to fit a Fatal loss distribution
and only the largest states would have enough PT claims. We thought it
reasonable that three quarters of the states would have enough Medical Only
claims, half of them would have enough TT claims and about a quarter of
them would have enough PP claims. With this in mind, we chose N, the
standard for full pooling weight, to be 2,000 for Fatal claims, 1,500 for PT
claims, 7, 000 for PP claims, 8, 500 for T'T claims and 20, 000 for Medical Only
claims. It is intuitively sensible that the standard for Medical Only should
be higher than for PT because excess ratios are driven by large claims and
most PT claims are large whereas most Medical Only claims are typically
small.

4 Fitting

Traditionally a parametric loss distribution would be fit to the entire data
set by maximum likelihood. The first problem with this approach is that
distributions which fit the tail well may not fit the small claims so well and
thus there is a trade-off between fitting the tail well and fitting the small
claims well. The need for a fitted loss distribution is really only in the tail as
the number of small claims is quite large. Mahler [10] has recently used the
empirical distribution for small claims and spliced a fitted loss distribution
onto the tail. This is the approach we follow as well and we describe it in
detail in Appendix E. Fitting the tail alone is of course much easier and the
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fits are much better than they have been in the past. The second problem
with the traditional approach is that maximizing the likelihood function is
somewhat indirect. While maximum likelihood fits typically result in loss
distributions with excess ratio functions that do fit the data well, there is no
intrinsic interest in the likelihood function itself. The primary objective is a
loss distribution whose excess ratio function fits the data well and so instead
of maximum likelihood we use least squares to fit the excess ratio function
directly. Appendix D gives some general facts about excess ratio functions.
In particular, Proposition 12 shows that a distribution is determined by its
excess ratio function and so there is no loss of information in working with
excess ratio functions rather than densities or distribution functions.

Mabhler [10] uses a Pareto-exponential mixture to fit the tail. We use two
to four term mixed exponentials. The mixed exponential distribution is de-
scribed by Keatinge [8]. All things being equal, the mixed exponential is a
thinner tailed distribution than has been used in the past. It has moments of
all orders, whereas some loss distributions in use do not even have finite vari-
ances. However, the loss data used to fit the mixed exponential is driven by
the inverse transformed gamma distribution of LDFs, as described in section
2, and the inverse transformed gamma is not a thin tailed distribution. This
prevents the tail of the fitted loss distribution from being too thin. The mixed
exponential also has an increasing mean residual life, and this is quite typi-
cal of Workers Compensation claim data. Fat tailed distributions may make
sense in the presence of catastrophic loss potential, but recently NCCI has
made a separate CAT filing so the new ELFs are for the first time explicitly
non-CAT. From a geometrical perspective, the density function over the tail
region should be decreasing and have no inflection points, as occurs where the
first derivative of the density function is negative and its second derivative
is positive. The mixed exponential class of distributions has alternating sign
derivatives of all orders. And conversely any distribution with alternating
sign derivatives of all orders can be approximated by a mixed exponential to
within any desired degree of accuracy. Functions with this alternating deriv-
ative property are called completely monotone and this characterization of
them follows from a theorem by Bernstein. (See Feller [3].) We initially
considered using other distributions besides the mixed exponential, but the
mixed exponential fits were so good that it was not necessary to consider
other distributions further.

Mahler [10] noted that the excess ratios are not very sensitive to the splice
point, i.e. the point where the empirical data ends and the tail fit begins. We
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found that to be the case as well. We were concerned with large losses being
under represented in the data. Thus we preferred to not attach too far out
into the tail so that we could have some confidence in the tail probability,
i.e. the probability of a claim being greater than the splice point. So we gen-
erally chose splice points that resulted in a tail probability between 5% and
15%. While this gave us some confidence in the tail probability, we were still
concerned about claims in the $10 million to $50 million range being under
represented in the data. (Claims larger than $50 million would be accounted
for in the separate CAT filing.) The new excess ratios are based on one to
three years of data, depending on the injury type, but the largest WC claims
and events occur with return periods exceeding three years. WC catastro-
phe modeling indicates that claims and occurrences in the $10 million to $50
million range are underrepresented in the data used to fit the new curves.
Because of this, we included an additional provision for individual claims
and occurrences between $10 million and $50 million. This new provision
is broadly grounded in the results of several WC catastrophe models, and
known large WC occurrences. Previous excess ratio curves included a provi-
sion for anti-selection of 0.005, which has been eliminated in the new curves.
The new provision, per-claim or per-occurrence, is .003 up to $10 million, 0
for $50 million or greater, and declines linearly from .003 to 0 between $10
million and $50 million. Thus the final adjusted excess ratio is 0.997 times
the excess ratio before this adjustment, plus this adjustment. That is, if L is
the loss limit and R(L) is the unadjusted per claim or per occurrence excess
ratio, then the adjusted excess ratio is given by

997R(L) + .003 if L <$10M
R(L)=1{ .997R(L) — s3I + 00375 if $10M < L < $50M .
997R(L) if L > $50M

5 Modelling Occurrences

Data is typically collected on a per claim basis. This makes it a challenge
to produce per occurrence excess ratios. The first attempt to address this
was to merely increase the per claim excess ratios by 10% to account for oc-
currences. For low attachment points this could lead to excess ratios greater
than 1. Gillam [4] improved this approach by assuming only that the aver-
age occurrence cost 10% more than the average claim. This affects the entry
ratio used to compute the excess ratio. Gillam and Couret [5] then refined
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this approach still further by breaking down the 10% by injury type: 3.9%
for fatal injuries, 6.6% for permanent total and major permanent injuries,
and 0% for minor permanent partial and temporary total injuries. These
approaches, while reasonable, rely heavily on actuarial judgment.

The first attempt to base per occurrence excess ratios more solidly on
per occurrence data was by Mahler [10], who attempted to group claims
into occurrences based on hazard group, accident date, and policy number.
NCCI has a CAT! code which identifies claims in multiple claim occurrences.
Singleton claims (occurrences with only one claim) have a CAT code of 00,
all claims in the first multi-claim occurrence would have a CAT code of 01,
claims in the second multi-claim occurrence would have a CAT code of 02,
etc. Unfortunately there were several problems with the CAT code:

1. missing CAT codes
For singleton claims it is permissible to report a blank field for the CAT
code. This would then be converted to a 00. However there was no
way of knowing whether a blank field was deliberately reported as a
blank or inadvertently omitted.

2. orphans
There were claims observed with nonzero CAT codes, but with no other
claims with the same CAT code. One carrier, for example, appeared to
have numbered the claims in a multiple claim occurrence sequentially.

3. variance in injury dates
Claims were observed with the same CAT code, but with different
injury dates. In one case the injury dates were 14 months apart.

4. grouping of CAT claims
It is permissible to group small med only claims in reporting. This is
not permissible however in the case of CAT claims. Nevertheless there
was some evidence of grouped reporting for CAT claims.

Further complicating things was the fact that even with optimal report-
ing, multiple claim occurrences appear to be extremely rare. Based on an
examination of data from carriers known to report their data well, it would
appear that .2% is a reasonable estimate of the portion of all claims that

1Here a catastrophe is merely an occurrence with more than one claim. The term
‘catastrophe’ in this context has no implications as to the size of the occurrence.
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occur as part of multi-claim occurrences. Based on the above problems, we
decided not to try and build a per occurrence data base, but rather to use a
collective risk model. From the per claim loss distributions we could easily
get an overall per claim severity distribution. We estimated the frequency
distribution for multiple claim occurrences from carriers thought to have
recorded the CAT code correctly. The mean number of claims in a multiple
claim occurrence is about 3, but most multiple claim occurrences consist of
two claims.

Unfortunately the severity distribution of claims in multiple claim oc-
currences seemed to be different from the severity distribution of singleton
claims. First, the mix of injury types in multiple claim occurrences was more
severe than in singleton claims. Second, even when fixing an injury type,
claims occurring as part of a multiple claim occurrence were more severe.
We chose to address this issue by assuming that the severity distribution of
claims in multiple claim occurrences differed from the distribution of single-
tons only by a scale transformation. This assumption goes at least as far
back as Venter [12].

More formally, let X; be the random variable giving the cost of a singleton
claim of injury type ¢ and let Fx, be the distribution function of X;. If S
is the random variable giving the overall cost of a singleton occurrence then
Fg =Y w;Fy,, where w; is the probability that a singleton claim is of injury
type i. That is, the per claim severity distribution is a mixture of the injury
type distributions. If Y; is the random variable giving the cost of a claim of
injury type ¢ in a multiple claim occurrence then we assume that Y; differs
from X; by a scale transform, i.e. Y; = a,X; for some constant a,. If Z is
the random variable giving the overall cost of a claim in a multiple claim
occurrence then Fz = Y w}Fy,, where w] is the probability that a claim in a
multiple claim occurrence is of injury type :. Then M = Z, 4 ...+ Zy is the
cost of a multiple claim occurrence, where N is the random variable giving
the number of claims in a multiple claim occurrence and the Z; are iid random
variables with the same distribution as Z. Finally, the per occurrence severity
distribution is given by F' = rFg + (1 — r) Fyy, where r is the probability that
an occurrence consists of a single claim.

Because r is so close to 1 there is very little difference between per claim
and per occurrence loss distributions. Per occurrence excess ratios are no
more than .2% more than per claim excess ratios. This is a sharp contrast
with the prior approaches.
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6 Updating

Overall excess ratios are computed as a weighted average of the injury type
excess ratios. Let R(L) be the overall excess ratio at a loss limit of L, and
let R;(r) be the excess ratio for injury type ¢ at an entry ratio of r, then

R(L) = ZwiRi(L/ui),

where w; is the percentage of losses of type 7 and p; is the mean loss of type
1. The injury type weights, w;, and average costs per case, j,, are updated
annually, but the injury type excess ratio functions, R;, are updated only
infrequently. The idea is that the shape of the loss distributions changes
much more slowly than the scale. The annual update thus involves adjusting
the mix of injury types and adjusting the loss distributions by a scale trans-
formation. Updating via a scale transformation is extremely convenient and
is discussed by Venter [12].

The key question is how to determine when a simple scale transformation
update is adequate and when the loss distributions need to be refit. If X
is the random variable corresponding to last year’s loss distribution and Y
is the random variable corresponding to this year’s loss distribution, then
the scale transformation updating assumption is that there is some constant,
¢, such that Y and cX have the same distribution. Then the normalized
distribution, Y/u, has the same distribution as ¢X/cuy = X/ux and thus
Var(Y/uy) = Var(X/uy) = ok /uk = CVE. So if successive year’s loss
distributions really did differ only by a scale transform then the C'V would
remain constant over time. Thus monitoring the CV over time might give a
criterion for when it is necessary to update the underlying loss distributions
and not just the injury type weights and average costs per case.

Since the injury type loss distributions are normalized to have mean 1,
applying a uniform trend factor would have no impact. Thus the losses used
for fitting are typically not trended to a future effective date. This is ex-
tremely convenient in that it does not require us to decide in advance when
the loss distributions need to be updated. However, if the trend is not uni-
form, then it could result in a change in the shape of the loss distributions.
This could for instance happen if there was a persistent difference in medical
and indemnity trends and the percentage of loss due to medical costs varied
by claim size, as it typically does, even after controlling for injury type. How
significant this phenomenon is remains an open question. It is in some sense
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limited as medical trends cannot exceed inflation forever without the med-
ical sector consuming an unacceptably large fraction of GDP. Nevertheless,
this does suggest that monitoring the difference in cumulative medical and
indemnity trends might provide a guide as to when the shape of the loss
distributions needs to be updated.

7 Conclusion

With the present revision we have implemented several changes to the method-
ology as summarized in the table below. We retained the general approach
to dispersion of individual claim development due to Gillam and Couret [5],
using an inverse transformed gamma for the distribution of LDFs, but low-
ering the CV from .9 to .5. Instead of fitting a loss distribution to all of
the claims, we followed Mahler [10] and fit only the tail, using the empirical
distribution for the small claims. For the tail we used a mixed exponential
as compared to the prior transformed betas fit to the entire distribution.
Instead of combining PT with Major PP claims, we fit PT and PP claims
separately, using data at 3¢, 4**, and 5™ report for Fatal and PT claims.
The prior approach used only data at 5t report. To adjust the data from
one state to be comparable with another state we used logarithimic stan-
dardization for Fatal and PT claims and power transforms for PP, TT, and
Med Only. The prior approach was to use mean normalization for all injury
types. We then fit state specific loss distributions rather than the countywide
ones used before. Finally, to go from per claim data to per occurrence ELF's
we used a collective risk model of occurrences. This contrasts sharply with
prior approaches based on estimates of how much the mean occurrence cost
exceeded the mean claim cost. The prior approach implicitly assumed a 3.9%
load for Fatal claims, a 6.6% load for PT/Major PP claims, and a 0% load
for TT and Med Only claims.

Casualty Actuarial Society Forum, Fall 2006 531



The 2004 NCCI Excess Ioss Factors

new approach prior approach
dispersion Ccv=.5 Cv=.9
fitting fit tail only fit whole distribution
form of distribution | empirical/mixed expo- | transformed beta
nential
injury types PT, PP separate PT, Major PP com-
bined
data 374, 4% 5% report for F, | 5% report
PT
data adjustment logarithmic mean normalization
standardization, power
transform
applicability of dis- | state specific countrywide
tributions
per occurrence collective risk 3.9% F, 6.6% PT/Maj
PP

While the changes made to the ELF methodology were significant, they
were more evolutionary than revolutionary. Nevertheless, the new ELFs are
quite a bit lower than the old ones at the larger limits in many states. We
examined carefully the impact of the change in the dispersion CV and the
use of mixed exponential rather than transformed beta distributions. Had we
used a dispersion CV of 0.9 rather than 0.5, the ELFs would have been higher
than the new ones. But at the higher limits, where the decrease was most
pronounced, ELFs based on a CV of 0.9 would still be much closer to the new
ELFs than the old. We also refit the old transformed beta distributions to
the new data and found that even with the old distributional forms, fit to the
entire distribution, the result is a much thinner tail than in the distributions
underlying the old ELFs. We thus concluded that changes in the empirical
loss distributions underlying the prior and the revised ELFs are what drive
the reduction in ELFs. The prior review of ELFs relied on data that preceded
the decline of WC claim frequency that so dominated WC experience in the
1990s, and beyond. There are solid theoretical reasons to suggest that this
is just the sort of dynamic that can significantly change the shape of the loss
distributions in a fashion that may not be captured by scale adjustments and
as such require the development of new ELFs.
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APPENDIX

A Adjusting for Reopened Claims

This appendix details some calculations referenced in section 2 on devel-
oping individual claims, in particular on the treatment of reopened claims.
We consider a set of observed individual claims grouped by their open/closed
claim status and determine how the first two moments of the open and closed
subsets change when some claims are ‘reopened,’ i.e. when some claims are
reclassified from the closed to the open subset. The discussion applies quite
generally to show how the first two moments are impacted by a change in
a characteristic, like claim status, to a selected subset of observations. The
mean and variance of a finite set of observed values have natural generaliza-
tions to vector valued observations. It is convenient to express the findings
as they apply in a multi-dimensional context, even though the specific appli-
cation in this paper requires only the one-dimensional case.

Suppose we have a finite set of claims C and that a vector z, € R" is
associated with each ¢ € C. Suppose each ¢ € C is also assigned a probability
of occurrence w. > 0 For any nonempty subset A C C, we make the following
definitions

Probability of the set A = |4| = Zwa

aEA
Meanof A = Zwaxa eR"
"’ a€A
Variance of A = 0% = —— | Zwa llza — pall? > 0
W acA

and we make the usual convention that for the empty set [¢]|, = 03, =0 and

By = 0 is the O-vector.

Observe that the mean is a vector and the variance a scalar and that
for n = 1 this defines the mean and variance associated with the probability
density function f(a) = im Al on A when we view the subset A as a probability
space in its own right. A natural WC application of multi-dimensionality is
the case » = 2 in which the first coordinate measures the indemnity loss
amount and the second component the medical loss of a claim ¢ € C. Note
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that we have the usual relationship between the mean, the variance and the
second moment'

oh = Zwa llza — UA“ Zwa Ta = a) - (Ta — pa)

‘*’ a€A “’ a€A

= 'A—Zwa(za'xa_z:u'A'xa‘l'p’A'p‘A)
, L"’aGA

= o Sweled - ( AT 2w ) , A,w lhsal?

‘*’ a€A W acA
= Zwa I€all® =2 (1a - a) + lal®

w a€A

' 2 2

= AL Zwa lzall® = 2[liall® + lliall® = Zwa lzall® = llall

W a€A “’ a€A

And thus
2
lpall® + 0% = Zwa llzal®.
“’ acA

There are the evident relationshlps with the union and intersection of
subsets A, B C C; for the mean we have:

Havp = IAUBI Z Wele = ~— 057 IAUBI (Zwaza+2wbzb Z wcxc)

w ceAUB beB c€EANB

1
= TAUB] (|Al, 1a + 1Bl pup — |AN B, kans)

And thus
i L 1A0 B, 4 | A, o+ |Bl., u
AUB T IAUB|, 4 T JAUB "4 T JAUB P

and similarly for the variance:

2
|AU Bl,, (ltausl® + c%us) = Z we ||zl
c€AUB
2 2 2
= > wallzal® + Y wsllml® ~ D wellel
acA beB c€ANB

= LAl (luall + %) + B, (sl +0%)
— AN B, (I£ansl* + 0%n5)
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And thus
2 |ANB|, , _ A, 2 1Bl, 2
Tas ¥ 70, %4 T JauBl AT [AuBL®
1 2 2 2
+|AUBIU (!z_‘llw luall® + 1B, lusll® — 1A0 B, lransll)
- ”MAUB”2

We are especially interested in the case when C is a disjoint union, so we
make the assumption:

C=AUB ANB=¢ A#¢

Think of the decomposition as reflecting a two-valued claim status, like open
and closed. The goal is to determine how the mean and variance change
after “moving” a subset D from A to B. The example of this paper is when
the claim decomposition reflects claim closure status as of a 5t report, (4 =
closed and B=open) and D is a set of closed claims that reopen after a 5%
report.

In this case of a disjoint union, it is especially easy to express p and 0%
in terms of the corresponding statistics for A and B. From the above formula
for the mean of a union:

— |AﬂBlw
Be = papt 0 =paup+ IA_UEI';'NAnB
|Alw + | Iw
lAau Bl 4 T AU B
A
= wpy+ (1 —w)ug where w = %ﬂ € (0,1].

The second moments are similarly weighted averages, with the same sub-
set weights w and 1 — w. From what we just saw for the mean of a disjoint
union combined with the above formula for the variance of a union:

2 2 }A N Blw 2

0p = ohup+0=0%p+ mams
= woly +(1—w)op +wlual® + (1 —w) upl® — llwps + (1 - w) pgl?
= wok+(1—w)oh +wllpa’ + (1 —w) usl?
—w? ”NA”2 =2w(l—w)ps - pug—(1- w)2 ||#B||2
= wol +(1-w)oh+w(l—w) (lual® - 2p4 - s + ||ﬂB”2)
= woh+(1-w)oh+w(l—w)llu, — ppl
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This expresses the variance of a disjoint union in terms of the means and

variances of the subsets.
Notice that these formulas for y; and 0% show how the mean and variance

of the subset A are constrained by those of the superset C. For the remainder
of this appendix we assume o¢ > 0 and so we have:

2
o
o =+ (1= )0+ w1l ~w) g — gl 2 wrh = w (2 <1
C

Observe that assigning the difference vector § and scalar ratio r as:

0 =ps—pc T=9-i
oc
then we also have:
wod
e = w(“0+5)+(1*w)”3=>l‘3=llc—m
wé 0 (1 —w)+wd ]
= ﬂA_NB—ﬂc+5—<uc—1_w>— - =T
But then:
2 2
) )
% = woh+-uwoh+wi- )| o] 2w+ 2L W _ g, 2O

= (1-wr?) %ZwH(SH =>r<[ and ”6”<0'0\/(1 (l-wrz)

and we see how, for any nonempty subset A, the mean difference vector 4§ is
constrained by the probability allocation together with the deviation ratio r
and the standard deviation of C.

Now suppose we have “local information” on how the proper subset D C
A fits within A, captured in the two numbers p,r and the difference vector

o:

D],

AL,

rda = Op
0 = pp—pa
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in which we specify that r = 1 should g4 = 0. From what we’ve just seen,
applying the above to any nonempty subset D C A, the following two in-
equalities must hold:

r< \/g HE oA\/ (1-p) ;1 — )

Define the sets:

= A\D = {a € Ala ¢ D}

= BUD

= C=AUB ANB=¢ A#¢#B

In terms of the above open/closed claim example, this second decomposition

represents the “truly closed” verses the “truly open” claims, as of a 5* report.
With transparent notation, we seek to determine the subset probability

and the moments @, uz, 45, 0 7, 05 in terms of the original subset probability

and moments w, p4, ltg, 04, 0p together with the local information p, 7 and

4. The calculations only require some persistence:

A
B

D ~
— 2= DL =plAl, = A = AL, - DL, = 14, = pl4L = (1= )4
4, 14,4
o D=ide o Tlellle 1y,
e, ~tic, -4 P

Continuing in turn, we have:

pa = pup+(1-puz=pus+0)+(1-p)pz
= (1-pluz=tps—ppa—pd=(1—p)us—pé

And since we now know @ and p 3, we determine pg from:

~ ~ pe — Wpz
pe = Wpz+(1- w)ﬂ§=>#§=—1_—{u\ﬁ

And we get o 3 from:

o4 = pob+(1—p)od+p(l—p)|lez—uol|’
0.2_p0.2
= a}z——Al_pD—P”#A—#D”z
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And finally, we can obtain oz from:

0% = Bok+(1-D)od+DA-D)|uz - psl’
o — Wot
> oy =—5——=2—0luz - s’

The requisite formulas for the adjusted moments and subset probabilities
are summarized in the following proposition:

Proposition 1 Let C = AU B be a decomposition of C into mutually ez-
clusive subsets, as above, and suppose D is a proper subset of A and set

_ AL
ICl.,
1A,

6 = pp—Wa

Then for the alternative decomposition C = AU B where
= A\D = {a € Ala ¢ D}

= BUD

B

ICl,,

) )

£)

we have:

8) »)e
1 ]
©-
S
vy

=
)
l
=
kS
[
15
3
SN
(=2

=

)

i
)

i 2
= == plka— ol

Q
oy
[ %)
o
|
]

Q
[}l
—

e e
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Proof. Clear from the above. ]
It is straightforward to generalize the formulas that express the mean and

variance of a disjoint union of two sets to apply to partitions of more than
two sets. The formula for the mean is immediate:

" | Ai]

C = UAl AzﬂA]=¢forz;£] ’U),=|C:|

i=1
Ho = chxc— ZZwax,,:C—Z

£ >0

w

E WaTq
W agA;

“’ ceC W i=1 a€A;
1 m
- W Z |Ail,, pa, = Z Wilka,
W oi=1 i=1

and for the variance we first consider the expression for the second moment:

chuxcu = ZZ% lzall?

cEC "~' i=1 a€A;

= l—a—l;;lA’L" (”MA,- 2
= Xm:wi ( Uzi) = Xm:"“i 1144
i=1 i=1

2
lucll® + 0%

+ 0'?41,)

m
2 Z 2
+ w-La'A‘
=1
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and we find that:

z Zwi ”ll'Ai
1:11 m m m
= Zwi (MA,- 'HA,—) + Zwiaﬁi - (Z wi/-‘Ai) : (Z wi#A,-)
N\
= Zw,oA +sz (,uA, La,) (Zw (14, - 14, +2Zw,w, (;LA uA)

Q
Q
1l

2 m
2
"+ wio?, — lucl
=1

i=1 i=1 i<j /
= Zw’lUA + Z i w12) (p'Ai ) I‘I’A.‘) - 22’!1)1’(1)]‘ (:U'Ai ’ I‘LAJ')
i=1 i<j
= Zwiaii + Zwi (I —w;) (“A; ' 'uAi) - 22“’1’“’]‘ (#A; ' /J‘A_,»)
=1 =1 i<j
= z w‘LUA + Z w; (Z wJ) (u/A, HA, -2 Z W;wy (/'I'A iy )
i=1 J#i i<j
= sz% +) wiw, (uA, B, + Ba; uA,) -2 ww; (l‘l’A uA,)
i<j i<y

= Zw,-aii + Zwiwj (NA,» Bt Ay A, — 214, 'MAj)

i=1 i<j

m
= Zwiaii + Zwiwj (/J'Ai - ”A,—) : (”A.’ - "LAj)
= szUA +Zw,w] “}LA

1<

and the generalization of the formula for the variance of a partition is:

2

Ba; = Ha;

Consider the special case of the set of m mean vectors M = {u Ai} expressed
as a disjoint union of singleton subsets in which the vector u,, is assigned
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the probability w;. Then the formula gives:
ai,, = Zwidz{u,,i} + Zw,-wj
i=1 <j

m
= Zwi (0) + z WW; I'#Ai oy
i=1

i<j

2

Ha, — My

2

2

= Zwin HMA,‘ - /“I’Aj
i<j

But this is just the second term in the earlier expression for % and we find
that

m
a'é = Zwiaii + aﬁ,,

i=1
which generalizes the usual decomposition of the variance into the sum of the
within and the between variance. This has application to cluster analysis,
where it affords a useful geometrical interpretation. In cluster analysis it
is common to work with vectors so as to capture the influence of multiple
data fields. So as above assume each claim ¢ € C is assigned a vector of
values that captures information about the claim that we seek to organize
into a classification scheme. Viewing the m subsets A; C C as defining
clusters of vectors, the set of m mean vectors M = {u,,} is the set of
‘centroids’ of those clusters. The goal of cluster analysis is to separate the
data into like clusters, but there is both a local and a global perspective to
that classification problem: selecting like data in each cluster (minimize the
within clusters variance) and separating the clusters (maximize the between
clusters variance). The above shows that the two are one and the same when
the Euclidean metric is used to measure the distance between observations.
Indeed, decreasing the within clusters variance is the same as increasing the
between centroids variance, as the two sum to the constant o%.

B Discrete Individual Claim Development

We want to populate the tails of the LDF distribution so that the dispersion
model contemplates a claim developing quite dramatically. Accordingly, we
seek a finite set of probabilities

O<pm<pe<---<p, <1
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that cover (0,1) with an emphasis on populating the right and left hand
tails near 0 and 1. We are confronted with a practical working limit of no
more than 200 points. We have also observed that 100 equally spaced points
will result in the dispersion reflecting too confined a range, about 1/3 to
3-fold for the full range of dispersion. To cover a wider range, we use 171
non-uniform probabilities, and focus on the tails. Then treating the proba-
bilities p; as defining percentiles, we determine the corresponding percentile
values u; from a gamma distribution. That finite sequence {u;} of values
is the starting point to capture a gamma density. But this representation
is then refined, replacing the percentiles with the means over the 172 inter-
vals [0, u1), [u1, u2), . - ., [u170, 2171) and [uy71, 00). The new sequence of values,
again denoted as {;}, is an optimized discrete approximation to a gamma.
It is “weighted” in the sense that mean value u; has associated with it the
frequency weight v;, where

v = P, V2 = P2 — P1,y .., V1T = P11 — D170, V12 = 1 — pin

The interval width provides the weight assigned to the corresponding per-
centile value and is selected to be at most ﬁﬁ so that the usual “percentiles”
are “covered.” By definition, inverting and transforming those observations
produces a discrete approximation to values from an inverse transformed
gamma distribution. These are the candidates for the set of loss develop-
ment factors used for dispersion. Parameters were selected so as to achieve
a target mean LDF as well as a target CV for the LDFs. In order to assure
the correct mean, one more observation is added, forcing the weighted mean
of the sequence {u;|1 < ¢ < 173} to be exactly the appropriate open claim
only LDF. There is the concern that if that final observation is allotted too
little weight, it will have the potential for becoming an outlier. So the added
observatxon has weight -+ 55 and-the other weights are adjusted by a factor of
100, making the 173 weights {v;]1 < 4 < 173} again total to 1. From this
construction, it is expected that the {u;|1 < ¢ < 173} will exhibit a slightly
smaller variance than the theoretical inverse transformed gamma, and that
is indeed observed to be the case in the calculations. For example, when
targeting a CV of 0.500, the model yielded a CV of 0.495.

This discussion does not describe the (comparatively minor) adjustment
for reopened claims. The reopened claim adjustment is achieved by first
using the results of Appendix A to determine means and variances after
reclass1fy1ng some closed claims as open, and then matching two moments
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using the power transform as detailed in Appendix C.2. In this way, the
“¢ruly open” claims are dispersed.

We now fill in the details of the algorithm used to build the dispersion
model. The first step is to specify the a and 7 parameters, by injury type
and report, for the inverse transformed gamma. The parameters were se-
lected from an analysis of LDF distributions as presented in section 2. The
parameterizations follow that of the Appendix of Klugman et al. [9)].

Recall that the o and T parameters determine the CV and once they are
set, the @ parameter dictates the mean.

The next step is to build a discrete approximation to a Gamma distrib-
ution with parameters o and #=1. This is captured in two finite sequences,
u and v. The u sequence captures the values while the v sequence stores
the corresponding probability of occurrence “weights.” We identify the “per-
centile” u-value of the distribution function associated with the following list
of probabilities p;, 1 <i<171:

po = 0

pi = pi-1+107° 1<:<10
pi = pi1+107° 11<:<19
pi = pi+107* 20 <i<28
pi = pi-i+107° 29<i<37

pi = pi-1+1072 38 <i<86
DPgs+i = 1 — Pss—i 1<1i<85.

These probabilities were selected to give greater granularity to the right
and left tails. This corresponds to 171 finite intervals: [up = 0,u1), ..., [u;, uj41) for
0 < i < 170 and the right hand tail interval [uj71,00). We let I'(a;u) de-
note the incomplete gamma function as formally defined in the Appendix of
Klugman et al. [9], where that function is also noted to be the distribution
function of a gamma distribution with parameters @ and § = 1 (and for the
transformed gamma with parameters « , § = 1, and 7 = 1). A binary search
routine is used to associate the value u; w1th the probability p;, finding u;
that satisfies:

ID(e; us) — pi) < 0.00000000001. 1 < < 171.

The first difference of the p; gives the frequency probablhty v; of an obser-
vation falling within the interval [u;_;,u;), i.e. between percentile pi—1 and
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p;. The mean value over each of the 172 intervals is readily determined from
the observation that given f(e, 1;z) = i;i;;, we get

*tle™® T(a+1) zotle™™ gotle=e
1; = = . = = 1.1:
zf(e1;2) zl(e) [(a) zl(a+1) aa:[‘(a +1) af(atl,lz)
and thus
/mf(a, 1;z)dz = /af(a +1,1;z)dz = al'(a + 1; 2).
0 "o

This lets us specify the sequence u of length 172 whose components are
the mean value of the inverse transformed gamma over the 172 intervals. The
sequence v, also of length 172, with components equaling the corresponding
frequency provides a sequence of weights to apply to the corresponding LDF
values captured in the sequence u. _

Denote the applicable development factor for open claims as A. The next
step in building the dispersion model is to specify a sequence A of length 173
whose component values (properly Weightcid) are distributed as an inverse
transformed gamma distribution of mean A (and CV determined from the
corresponding « and 7 parameters). The formula for the expectation of an
inverse transformed gamma random variable, X, allows us to calculate the 8

parameter: (
§-T(a—1) _~( T{(a)

The dispersion model uses the inverse transformed gamma as the LDF dis-
tribution. By definition, a distribution is inverse transformed gamma exactly
if, when transformed and inverted, it conforms to a gamma distribution like
that approximated by the sequences u and v of discrete values and weights,
respectively. Following the parametrization of the Appendix-of Klugman et
al. [9], to make the finite sequence A contain values distributed as the inverse
transform gamma, we just use the equivalence:

A A -r 1
(—) :ui@—zu.’=—l¢>Ai=
ui

Since we are using a discrete approximation, and to assure we do get the
correct expected developed loss, we augment the A sequence by an additional

1
=
Uj
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value in order to force. the weighted mean to be . More precisely we set
Uiz = ﬁ, rescale the other weights by setting v; = Tg()%”j for 1 <j <172,

and set A7z = 100 (X - 2172 vjAj) , which assures that:

i=1

173 173

Z’l)j=1 ZvjAjZX.
j=1 j=1

Having the A and v sequences in hand, completing the dispersion loss
severity model is then very straightforward. Individual claim data are cap-
tured from WCSP data into observations that include state, injury type,
claim status, a weight w, and a loss amount [, as described in section 2.
Closed and open claims are separated into two subsets of observations, L.
and L, respectively. Then for each open claim of weight w and undeveloped
loss amount equal to ! in L,, 173 “dispersed” observations are captured into
the data set L, using the sequences A and v to assign the observations with
weights equal to the product w x v; and developed loss amounts equal to
the product A; x 1, 1 <7< 173. Losses in L, are adjusted to be at least $1.
Finally, forming the union L. U L, of two sets, each consisting of observa-
tions of individual claim data at closure, results in the dispersion model for
ultimate claim severity.

C Data Adjustment Techniques

Let i1, Zi2, . .., Zin, be the incurred loss amounts on the claims (of a given
injury type) in state ¢ and let y;, = 7':—, >_; Tij be the sample mean. Under
mean normalization we divide each claim amount by the state sample mean
to get z;;/p;. Pooling all the mean normalized claims for all states gives us a
countrywide mean normalized database, {z;;/p;}. This database has mean
1 of course. If we fix a state k and multiply each mean normalized claim
amount in the countrywide database by u; we get a database, {u,.zi;/1;},
that has mean u,. This database augments the claims in state k with out of
state claims that have been adjusted to the state k level. We now generalize
this simple idea to the case of standardization as well as the power transform.
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C.1 Logarithmic Standardization

A natural way to generalize mean normalization would be to standardize
claims, i.e. to subtract the state sample mean from every claim and divide
by the standard deviation, z; — M Pooling all of the standardized claims
would result in a countrywide standardlzed database with mean 0 and stan-
dard deviation 1. Then for a given state k, we might multiply each stan-
dardized claim by o4 and and add p, to get a database, {akf%‘i + uk},
appropriate for state k. Unfortunately, this can result in negative claim
amounts so we prefer to work with logged losses and standardize them by
mapping logz; — l"L’“——l, where now p,,0; denote the sample mean and
standard deviation of the logged losses. This results in a standardized data-

base of logged losses, {I—‘ﬁ_—“} To get a database appropriate for a given
state k it is natural to multiply each standardized logged loss by ok, add py,
and then exponentiate to get a database, {exp(akk’—g’;ﬁl + ,uk)} The linear

transformation, l°g”;’ By g 8 ZB 4 iy, results in a database that matches
the mean and variance of the logged losses in state k, but upon exponentl-

ation we lose this property. That is, the database, {exp(a log i~ Zh 4 ,uk)}

may not have the same mean and variance as the claims in state k. How-
ever, under reasonable conditions we can find i, o such that the database,

{exp(al‘)—g’-f“—f-’-‘-i + p) ¢, will have the mean and variance in state k. We pro-
ceed now to establish this. We begin with a lemma.

Lemma 2 Let ,,2s,...,%Z, be a finite sequence of real numbers, not all
equal, and let ¢ : (0,00) - R by

2. ¢ is strictly increasing on (0, 1) and strictly decreasing on (1, 0c0)
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3. lim;_o @(t) = k/n, where k is the number of 7 such that z; = max{z;|1 <
j<n}

Proof. We have ¢(1) = 2= = 1, thus proving item 1.

nn

To prove item 2, first note that
(Z;l t2zi) (2 Z;l tzi) (E;l zitzi—l) - (Z;l tz,») 2 (Z:;l 2$it2z.»—1)
n(Z =)

23" ¢ n n n n
n1=1 5 Zi=l 423 Zi=1 :E,'tzi—l _ Zi=1 4% Zi:l xit%i——l
B () () () (o)

2
As the term 2 Zn 1t’”"/ n (Zn . thi) is positive, we note that, after rela-
1= 1=

belling indices for convenience, %‘f has the same sign as

(Z:;l t2$¢') (Z::l .’L‘jtftj—l) _ (Z;L:l tl‘j) (Z:;l xit2x,~——1)
= Z Ijt2xi+zj—l _ Z Iit21i+zj_1

v(t)

1<i,j<n 1<i,j<n

— E (x] _ xi)t2zi+xj—l
1<i,j<n

— E (113] _ Ii)t2z‘+zj,_l + § (mJ _ wi)t2xi+:z:j—l
1<i<i<n 1<j<ign

— § (‘,L.J _ xi)tzitzi+zj—l + E (z"7 _ zi)tzitzi+z_7—l
1<i<j<n 1<j<i<n

— § : (.’I)j _xi)tmit:rg+zj—l + § : (xi _xj)tzjt$i+$]—l
1<i<igsn 1<i<jgn

— E (1:] _ xi)txitzi+xj—1 _ § (.'L'] — xi)tzjtzi-(-:tj—l
1<i<j<n 1<i<j<n

= § (zj — ;) (t% — t79)¢=+m—L,
1<i<j<n

Observe that for ¢ < 1, the differences z; — z; and ¢* — %, not all of which
are 0, have the same sign, which implies that y(¢) > 0. Similarly, for ¢ > 1,
those differences have opposite signs, hence ¥(t) < 0, thus proving item 2.
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To prove item 3, we sort and relabel the z; as necessary so that.z; =
-+ = g = max{z;} and z; < z; for ¢ > k. We then find that

n 2 k n 2 n 2
(Z tx,-) 221 (Zl+ Z tz.'—xx) (k—i— Z tzi—xl)
) = =1 _

(t i=1 i=k+1 i=k+1
SO n - k n - n '
n3En pge (El+ 5 tmi-zl)) . <k+ 3 tzm—m)

i=1 i=1 i=k+1 i=k+1

Since z; — 1, < 0 for 7 > k it follows that

(k+§”;tzmx)2 <k+io)2 L

. Y i=k+1 _ i=k+1 _KE_F
tlgg(p(t) B }H& i - i " nk n
n|k+ Z t2(zi—z1) nlk+ Z 0 '
i=k+1 i=k+1
as claimed. This completes the proof of item 3 and the lemma. [
Now interpreting zi, Zs, ..., 2z, to be the standardized logged losses this

lemma allows us to prove the following proposition which shows that stan-
dardization of logged losses, followed by a linear transformation and re-
exponentiation does what we want under reasonable conditions.

Proposition 3 Let z,,23,...,2, be a finite sequence of real numbers, not
all equal, and let k be the number of i such that x; = max{z;|1 < j < n}.
Then for any pair of positive real numbers, p, o, such that u?/(u*+o?) > k/n,
there erists a unique pair of real numbers, m, s, with s > 0 such that the finite
sequence, ™1 emtsz2 - emtsIn  hag mean u and standard deviation o.
More precisely, if y;= €™%% then

1 n 1 n
— i d 2 _ i 2
u= igly and o° = E (ys — p)

i=1

. . . 2
Proof. From the lemma, there exists a unique ¢ > 1 with ¢(t) = .

Observe that since 3, t* > 0 we can define

n
s=Int>0 and m=ln(—-n——->
Lt
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Then setting y; = e™+%% for 1 < i < n, we have

e

=1

We also have

2

nu nu?

3 _ (np)?
Sy S (emtm)E T pem g g
(e Tr ) (Er, =)

nem o P nyp,
2

= ¢(t) = = 2+02

which implies 2 3", 92 = p® + 0% and thus

1 € 2 1 - 2 2
- i = = = ; — 2uy;
~ ?:1 (% — 1) - E (i — 2py: + p°)

i=1
= = 2| = : 2
n;y u(n;yz +u

= pl40% —2uu+ 2

= 0'2.

To prove uniqueness, let 772, § be another such pair, and set § = e™+5% for
1 < < n. It follows that

£ _GELE) (P ELE) (L)

RNV ) N I VN L

Since § > 0 implies € > 1, it follows that e* = t = ¢° and thus § = s.
Finally, we have

g_ _ eﬁ’l.+§.’t,’ _ er‘n+s:z.- — erh—-m+m+sz.~ — eﬁz—mem+sz,- _ eﬁz—my.
T T - ha - - k3
for 1 <4 < n, which implies p= 23" §; = emT_m S Y =€ ™u. Since
1 #£ 0, it follows that m = m and the proof is complete. n
It is possible to generalize the previous result from a finite sample, z,, zo, .. ., Z,

to a distribution with finite support. The argument mirrors that for the dis-
crete case. As before, we begin with a lemma.
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Lemma 4 Let f be a continuous probability density on the finite interval,
(a,b],and let ¢ : (0,00) — R by

b 2
( IRt (x)d:c)

(p(t) —_—_7
f t2 f(z)dz

then
1 (1) =1

2.  is strictly increasing on (0,1) and strictly decreasing on (1, 00)

Proof. We have (1) = l:— = 1, thus proving item 1.
To prove item 2, first note that

i‘fli:i = [(/b 2"’f(a:)dw> ( /bt’f(x)dz> (% /abt’f(z)dz)
( #f a:)d:c) ( tzx f m)da:)] / ( / " e f(z)dz>2

[( t% f(z)dac) ( t“"' f x)dz) ( / b ot®! f(z)dz)
( tz f(ac)d:c) ( mh*l f(z)dx)} / ( / " oo f(a:)d:v)z

e T e

|
([rsens) ([ )

As the term 2 f: t* f(z)dz/ ( [t f (ac)da:) is positive, we note that 22 has
the same sign as

vo= ([ e s ([ g sayas)-( [ e fes) ([ g fa)is).
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Relabelling dummy variables for convenience, we get

w0 = ([ e=swae) ([ v swar) - ([ wrom) ([ ot starae)

bytzﬁy 1 f(z) f (y)dzdy — / / otV £ () f(y)dxdy

b ry

/b/b
-/ / (y - D)= £(2) f(y)dady
[ [

— )t f(z) f( y)da:dy'i'/ / — o)tV f(2) f (y)dydz

/b/ y — )t f (2) f (y)dady — / / y — o)L £( ) £ (y) dady

!l

- / y — ) (v — vty £(2) £ (y) dady

Q"

- / / (v — ) — )£ f(2) f (y)dady.

Observe that for £ < 1, the differences y — z and #* — t¥ have the same sign,
which implies that 4(¢) > 0. Similarly, for ¢ > 1, those differences have
opposite signs, hence y(t) < 0, thus proving item 2.

To prove item 3, first consider the case when f(z) > 0 for all z € [a, b].
Since f is continuous on [a, b], it is uniformly continuous on [a,b]. Thus, for
any € > 0, there is a partition

[a,b] = U[al, | with a = @a1,a; < b; = aj1,bp, = b

such that
Ty, &3 € [a;, b)) => | f(z1) — f(z2)| < e

Let o = min{f(z)|z € [a,b]} > 0 and let a; = min{f(z)|z € [a;, b;]}, then
{f(@)|z € [ai,b:]} C [, @ + €]. We claim that

f t*dx f t’”da:
lim ————————
t—oo fa t2zdy
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To see this assume that b; < a;, then

bs b;
‘trdx [ 7 ttdx by t%
fa-‘ faj _ lnt a; Int “:
b - t2T b
fa t2zd$ 21nt|a

N ()
B -lﬁ (t2b —_ t2a)
2 [ (thb —gebi) (1 — oY)
T Int (t2(b_bj) - tz(a—b,-)) :

b b;
‘t°dx | 7 t°dx — —
lméL—ﬁ;_—'.i(w(mlog=o

t—00 f: 2z dr - tlprg Int (t'-’(b—bj) — O)

Thus

as claimed.
From what we've just claimed, for every ¢ and j, there exists a ¢;; such
that for all ¢t > ¢; ; we have

Jorteda [ e _ e
Leedz — miet (e +e)
Then for all ¢ > t;; we have
f:j t* f(z)dz f:j t*f(z)dz (a; + €) (e +€) f:j odr f:; od
S22 f(z)dz o [P teds

(a; +€)(ay +¢€) ae €
a n2(e; +€)(a; +€) n?

IA

Thus for ¢ > max{t;;}, it follows that

({b tmf(ac)dac>2 (Z?=1It$f($)d$> 2

p(t) =

ft%f(z)d:c ftzzf(:c)dx
i by
} t f(x)dz [t f(z)dz
_ a; g a; < iz —¢
1<i,j<n f t2 f(x)dz 1<ij<n
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Thus, lim;_, ¢(t) = 0 in the case when f(z) > 0 for all z € [a,b]. Finally,

if we set g(z) = L&t then g is a positive, continuous probability density
b—a+1

function on |[a, b] and we have

(fb tmg(x)dm>2
th'“ (z)dz

(Jrttpes)

0 = (b—a+1) hm

= (b—a+1) tlirg) p
ft“(;—g%i'—l)dx
b 2 b b 2
(f t*(f(z) + l)dx) (ft”f(x)da: + ft’dz)
= lim =2 = lim =2

fbtzw(f(x)ﬂ)dx e fbtzwf(z)dm+ ftzzdx

)

fb 122 f(z)dz + (t%l;fza)

a

b b
(f t-’t-"bf (.’II)d.’E = fl(lat ) )
I

a

b
(f #f(a)do+ (4
li =

t—o0

o ftz(”"‘”f(x)dﬂ( =)
2 b 2
(ftf-bﬂx)dx) ( ’f(x)dx>
= lim g =lim2— 7

o b 00
[ 128 f(z)dx f 2z f (:c
= tlim o(t).
This completes the proof of the lemma. |

Now interpreting f to be the density of the standardized logged losses the
lemma allows us to prove the analog of Proposition 3 in the continuous case,
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namely that there is a linear transformation of the standardized logged losses
such that after re-exponentiation we get the desired mean and variance.

Proposition 5 Let f be a continuous probability density on the finite in-
terval, [a,b]. Then for any pair of positive real numbers, u, o, there exists a
unique pair of real numbers, m, s, with s > 0 such that

9(y) = ;%f <1£?/s_‘2)

is a continuous probability density on [e™%, €™+ with mean p and standard
deviation o.

Proof. From the lemma, there exists a unique ¢t > 1 with p(t) = ‘71-:_2—05

Observe that ¢(t) > 0 implies fab t* f(z)dz > 0, thus we can define

s=Int>0 and m=I b_ﬂ___ .
fatf”f(a:)dw

Let ¢ = €™ and d = e™*. We also introduce the change of variable
T = lly;’—'ﬂ <y = ™% hence % = ys, which implies dy = ysdz. Then

/cdg(y)dy - /abﬁf (z)ysde = / fapo =1,

Further, we have

/c ’ yg(y)dy

Il

b b
| v r@wsto = [ uf@)da

ab 7 a ,
= /e’"*”f(m)dx=em/ (€)? f(z)dz

m b x . — K ’ €T T =
e /atf(x)dac— (f:t’f(x)dz>/atf($)d = L.

Since f is continuous, g is continuous as well and we have shown that g is a
continuous probability density function on [c,d] = [e™*4%, ™| with mean
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i. As in the discrete case, we note that

p (s yg(y)aly)2 _ (f7 emees f(x)dx)2
gy [lemto2f(@yds [P(emt)2f(x)dx
_ (e"‘ fab t’f(ac)d:z)2 _ (fab if””f(:::)akv:)2

e2m fab t2 f(z)dz fab 12 f(z)dz

2

7
= t = —,
p(t) ol

which implies f y*g9(y)dy = u?® + o%. Thus

d d d
/ y?g(y)dy — 2u / yg(y)dy + / 9(y)dy

= pP+o’ -2+ 40
= g2

Il

/ (y — 1)?g(y)dy

To prove uniqueness, let 7, 3 be another such pair, and let

i) = —f (lny m) fory € [a,J] = [eres, i)

From a similar change of variable as above, it follows that

u? (4 vatw y) (f ™ f(z) )
Wit ot Fayay e f(z)d
(em f: eé“”f(a:)d:c) (fa (ef)* f(:z:)dz)2

e [Petif(nydn [ (e f(z)da

= p(é).

Since § > 0, it follows that e® > 1, implying that e® =t = e® and thus 5 = s.
Finally, we have

b b b
u= / et f(r)dx = / €™ f(r)dr = em_m/ €™ f(z)dx = e ™,

Since p > 0, it follows that /m = m, and the proof is complete. [ ]
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Remark 6 What holds for the continuous case with infinite support is not
so straightforward. For example, letting f(z) = e_o% be the exponential
density on [0,00), the interested reader can readily verify that the condi-
tion 0 < % < V142 is both necessary and sufficient for the ezis-
tence of positive numbers m and s as in the proposition. More generally,

if f(z) is a probability density on [a,00) with moment generating function
o0

Mx(t) = / e'® f(z)dz and we are given a target mean p and standard de-

a
viation o, then one suggestion is to first try to determine s by solving the
following implicit equation for the target coefficient of variation:

o /Mx(@5) = Mx(s)
po Mx(s)

and, if successful, determine m from:

m=lo (Mf:(s))'

C.2 The Power Transform
b

A more subtle way to transform claims is with a power transform, £ — az®.
With ¢ = 1/ and b = 1 we can see that the power transform general-
izes mean normalization. With logarithmic standardization we first log the
data, then standardize, and then re-exponentiate: z — logz — '355—_& —
exp(l—%%:‘i). But exp('ﬁggiﬁ) = e #/721/7 and so the power transform gener-
alizes logarithmic standardization as well. Thus the power transform could
potentially outperform both mean normalization and logarithmic standard-
ization. In addition, with the power transform there is no need to log the
losses and then re-exponentiate. The moments are matched in dollar space
rather than in log space. The idea is to choose a and b so that the trans-
formed losses from one state match the mean and variance of the losses from
another state. In this way we can use the out of state losses to build an
expanded database for each state. We now prove, under reasonable condi-
tions, that it is possible to choose a and b in the power transform so that the
transformed losses from one state do indeed match the mean and variance of
another state.
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Proposition 7 -Let x,,xz,,..., T, be a finite sequence of positive real num-
bers, not all equal and and let k be the number of i such that z; = max{z;]1 <

j < n}. Then given >0 and v € [O, \/”k—"g |, there ezist unique constants
a >0 and b > 0 such that the database {az?} has mean p and CV .

Proof. If v = 0 then we must take b = 0 and a = y, and the result holds.
So assume v > 0. Let ¢ = yu > 0 and set

=lnz;for1 <j<n.

Then clearly k is the number of 7 such that z; = max{z;|1 < j < n}. We
have:

e L2
w: ok
2 2
o B2
W k
& p/(pt+o?) > k/n

and so by Proposition 3 there is a unique pair of real numbers m, s with
s > 0 such that the finite sequence, e™+%%1 em¥322 M+ hag mean p
and standard deviation o. Letting a = ¢™ and b = s we have:

emteH = ™ (e) = e™ (M%) =aalfor1<j<n

and the existence of the constants a and b is proved. Uniqueness of a = e™
and b = s follows from the uniqueness of m and s, and the proof is complete.
[ ]

D Excess Ratio Functions

We collect here some facts about excess ratio functions. We show how to
recover the distribution function from the excess ratio function, give a char-
acterization of excess ratio functions, and discuss the mixed exponential case.
We start with some basic definitions and results.

Casualty Actuarial Society Forum, Fall 2006 557



The 2004 NCCI Excess Loss Factors

Definition 8 A random variable X is a loss variable if it is nonnegative
valued, has finite nonzero mean, and has a density f that is continuous when
restricted to [0, +00). We denote by F the distribution function of X. The
survival function of X is S =1— F. The excess ratio function of X is given
by R(r) = [*(z — r)f(z)dz/E[X] for v > 0. We denote by F the function
given by F(r) = [T zf(z)dz/E[X]. We use subscripts on F, F, S, and R
when necessary to indicate dependence on X.

The following proposition expresses the excess ratio function in terms of
F and F.

Proposition 9 Let X be a loss variable with mean u, then

R(r)=1- F(r) - % [1 - F(r).

Proof. From the definition of R(r) we have

R(r) = i /oo(ac-r)f(x)dz

_ i [/roozf(x)dz -r/rm f(a:)dx]

1 T

= ;[u—-/o xf(w)dx—rS(r)]
= 1——}1;/0 xf(x)dx—%S(r)
= 1-ﬁ(r)-£[1—F(r)].

(]

It is well known (see, for example, Billingsley [1], page 282) that the mean

of a nonnegative random variable, X, can be expressed in terms of its survival

function as E[X] = [;° S(z)dz. It is easy to see that a similar result also
holds for excess ratio functions.

Proposition 10 Let X be a loss variable with survival function S and excess
ratio function R, then
_ 7 S(x)da

R(r) = Jo S(z)dz
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Proof. Let X have density f, then noting that S’(z) = —f(z) and using
integration by parts, we have

[ T S@)dz = 2S@)> + / " e f(@)de
= _rS(r) + / " 2f(x)ds
S / " bz + / " s ()dz
[ e-nsea,

T

i

where the second equality follows as zS(z) = z [° f(y)dy < [Zyf(y)dy —
0 as ¢ — oo since X has finite mean. Thus R( )= [P(z—71)f(z)dz/E[X] =
[ 8(z)dz/ [° S(z)dz. ]

Survival functions and excess ratio functions share several elementary
properties given in the next proposition.

Proposition 11 If g is a survival function of a loss variable or an excess
ratio function then

1. g(0) =1 (and g(z) = 1 for x < 0 if g is a survival function)
2. g is non increasing

3. lim; 0 g(z) =0

The following proposition shows how to recover the distribution function
from the excess ratio function. Thus the excess ratio function characterizes
a loss distribution and so there is no loss of information in considering excess
ratio functions rather than densities or distribution functions.

Proposition 12 Let X be a loss variable with survival function S, and excess

ratio function R, then L R(r) = —S(r)/E[X]. Further, if we set g(z) =
S(z)/E[X] then R(r) = f g(z)dz.
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Proof. For the first assertion, we have

TR0 = g | @-niea
= E_(IX—) [Zid;‘ /Tooa:f(:r)dz— %r/roof(x)d:c] .

By the Fundamental Theorem of Calculus, we have £ [ zf(z)dz = —r f(r)
and £ f f(z) = —f(r), thus

w05 |0+ - [ senie| = 2

For the second assertion, by Proposition 10 we have
Rr:/ Smdz// S(z)dxr = dx—/ g(z)dx
M= [ S@ds [ [ s@yr = [ Zdz= [ ota)
]

This proposition also shows that the excess ratio function of a loss vari-
able X is also the survival function of another random variable with density
S(z)/E[X]. We next give characterizations of survival functions and excess
ratio functions.

S R(r) =

Proposition 13 Let g : [0,+00) — R be differentiable with g’ continuous,
g(0) =1, and lim,—,o g(z) = 0, and let

~ 1 i z<0
g(‘”)”{g(x) if 220"

then § is the survival function of some nonnegative random variable X with
density, f, that is continuous when restricted to [0, +00) if and only if ¢’ < 0.

Proof. Suppose § = Sx for some nonnegative random variable X with
density, f, that is continuous when restricted to [0, +0c). Then for z > 0

9(z) = §(z) = Sx(z) = / f()dy,

and so by the Fundamental Theorem of Calculus ¢'(z) = — f(z) < 0.
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Conversely, suppose g’ < 0 and define

0 if <0

then f restricted to [0, +00) is continuous and
[ 1@z = [~z = gl = - im o(a) +90) = -0 +1=1,
—00 0

so f is a probability density function of some nonnegative random variable
X. For z < 0 we have Sx(z) =1 =3(z) and for z > 0

Sx(e) = [ £y = [ =9 @)y = ~gQ)IF = - lim 9(6)+9(a) = 9(0) = (o).

ThllS§= Sx. ]

Proposition 14 Let g : [0,+00) — R be twice differentiable with g” contin-
uous, g(0) = 1, and lim,_,, g(z) = 0, then g is the excess ratio function of
some loss variable if and only if ¢ <0 and ¢" > 0.

Proof. Suppose g = Rx for some loss variable X with density f, survival
function S, and mean p. Then by Proposition 12,

g =-S/p<0andg"=-8/u=f/p>0.

Conversely, suppose ¢’ < 0 and g” > 0. Since ¢” > 0 we know that ¢’ is
non decreasing. So if ¢’(0) = 0 then ¢'(z) = 0 for all z as ¢’ < 0. This would
imply that g is constant and so g(z) = ¢(0) = 1 for all z, but this contradicts
our hypothesis that lim,_,., g(z) = 0. Thus we must have ¢’(0) < 0. Observe
also that

/ " 1d(@)] da = — / " f(@)dz = ~g(@)|F = ~0+g(0) = 1,
0 0

and so lim,_,. ¢'(z) = 0. If we let

0 if £<0
f(”’)—{ — A7) i 220
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then f > 0 and f is continuous when restricted to [0, +00). Further

[ rwae = (~o5) 9@ = (~575;) im0+ 2 = 041 1.

Thus f is a density function for some nonnegative random variable X. Since
fort >0

<= [ 1= (5 ) 1 = () i@+ 50 = S5y

it follows that

BX) = [ sxtjar= [T i (ﬁ) o(z)[

L 99 ot __ 1
(7)) im0~ 555 =0~ 757 = 7007
Thus, 0< E(X) = —m
Proposition 10 we have

[ZSx@de _ =@ _ g@lE 0~ g0
[T5x@)dz ~ [Zg@dz ~ g(@)ly 0 g(0)

< oo and so X is a loss variable. Finally, by

Rx(t) = = g(t).
[
We can now characterize excess ratio functions in terms of survival func-
tions.

Proposition 15 Ezcess ratio functions are exactly the restrictions to [0, +00)
of survival functions of nonnegative random variables with densities that when
restricted to [0,+00) have nonpositive, continuous derivatives.

Proof. Let g = Rx be an excess ratio function of a loss variable X. Then
by Proposition 14, ¢ < 0 and ¢” > 0. Proposition 13 then implies there is a
nonnegative random variable Y such that

1 if z<0
SY(”)‘{g(z) if >0

and Y has a density function, f , that is continuous when restricted to
[0,+00). For z > 0 we have g(z) = [ f(y)dy and s0 g(z) = —f(z),
which implies that f' = —¢” <0 and f’ is continuous as ¢” is continuous.
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Conversely, let X be a nonnegative random variable with a density func-
tion, f, that when restricted to [0,+00) has a continuous derivative and
f' <0. Let g : [0,+00) — R by

g(z) = / f(y)dy

Then ¢’ = —f < 0, which implies that ¢ = —f’ > 0. Then by Proposition
14, g is the excess ratio function of some loss variable. [ |

In the exponential case things are particularly simple as the next propo-
sition shows.

Proposition 16 Let f(z) = Le=*/™ be an ezponential density, then R(z) =
S(zx) = e~*/™. That is, for an ezponentzal distribution the excess ratio func-
tion is the same as the survival function.

Proof. This follows directly from applying Definition 8 and using integration
by parts. a
For finite mixtures we have the following proposition.

Proposition 17 Let f1, fo, ..., fn be densities with corresponding excess ra-
tio functions Ry, Ry, ..., R, and means pq, ty, ..., 4,. Then given weights
w; € (0,1) with ) w; = 1, the mized density f = wyf1 +wafz + -+ + Wnfn
has excess ratio function

R =Ry +WaRy + -+ 4 Wn Ry,
where W; = w;p, /1 and p is the mean of the mized distribution.

Proof. From the definition of the excess ratio function, we have

R(r) = / (z—r)f(z)dz
= u/ (x—r) [Z:; wzfz(x)]
Zz_ / —r)fi(z)dz

- > (“’;"') = [@-nea
= 3 @iRi(r).
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Corollary 18 If f(z) =31, wl——e ~2/mi s a finite mized exponential den-
sity, then its excess ratio functzon 18 given by

T/m;
w;m;
R(z) = Lfmr—

E Splicing Loss Distributions

We start with a loss variable, X (see Definition 8). The interpretation is that
this represents the empirical losses. We then choose a point [ > 0, such that
Pr(X > 1) > 0 and Pr(X = 1) = 0. The point [, is called the splice point
because we want to rely on X for claims less than I, but we want to splice on a
distribution for claims larger than [. We let Y = X —[ conditional on X > [.
That is, we truncate and shift X. More formally, if X : Q@ — [0, +0c0) then let
Qo = {w € Q| X(w) > [} and define Y : Qy — [0, +00) by Y(w) = X(w) — L.
The following proposition expresses the survival function, the density, and
expected value of Y in terms of X.

Proposition 19 Let X be a loss variable and let | be the splice point as
above, then

1. Sy(r—-10)= —F—xﬂforr>l
2. fy(r—l)=l—£%xr—(l—)forr2l,and
E[Y] _ E[X]Rx() .

- 1-Fx()

Proof. To prove item 1 we note first that Pr(X > [) = Pr(X > ), then for
r > | we have

Sy(r—=10) = P(Y >r—-)=Pr(X -Il>r—-1l|X>1)

- P20 = 50 = TR

For item 2 we note that

l—Fx(’I") _ Fx(T)—Fx(l).

Fy(,,._l).—_l——SY(T—l)zl_l_FX(l)— 1 - Fx(I)
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Then

A [Fel) - Fx®)] )
fy<r—z)—5[ N ]

For item 3 we have,

ElY]

/0 N yfv(y)dy
/loo(r = fy(r=1)dr

_ /loo(r-z) (T%) dr

EX] [T —fx(r)dr
1 - Fx(l) E[X]
E[X]Rx(l)
1= Fx(l)’

I

completing the proof.

S 1-Fx(l)

We want to fit an excess ratio function (see Definition 8), Ry, from a mixed
exponential distribution to Ry. More precisely, we want to replace the empir-
ical loss variable, X, with a loss variable X such that if Y’ = X —! conditional

on X > [ then

1. fg(z) = fx(z) forz <1
2. Ry = Ry.

We now derive the distribution function, the probability density function,

and the excess ratio function of the spliced distribution X.

Proposition 20 The distribution function of the spliced random variable X

is given by

F)“;(T)={ Fx(T‘) Zf T'Sl

1-[1=Fx(D]Sg(r=10) if r>1"

Proof. For r <, we have f3(z) = fx(z). Thus

Fg(r) = /OT fz(z)dz = /OT fx(z)dz = Fx(r).
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From this and Proposition 19, we see that for r > [

1 - Fz(r) _ 1= Fz(r)
1—Fg(l)  1— Fx(l)

Sy(r—1) =

and therefore
Fi(z)=1—-[1 - Fx()]Sy(r—1).
[}
This allows us to determine the distribution function of X since we know the
empirical distribution Fx and our assumption that Ry = Ry determines the
distribution of ¥ as well by Proposition 12. We have thus shown that the
following two conditions

1. fg(z) = fx(z) for £ <1
2. Ry = Ry,

uniquely determine a random variable X. What we have not shown is that
the above two conditions are consistent, i.e. that there exists a random
variable, X, that satisfies them. We do this by working with the density of
X and show that X is a loss variable as well.

Proposition 21 The density of X is given by

_J fx(r) if r<l
fx(r) = { = FxOlfpr=0) if r>1°

and this defines a valid density function of a loss variable with mean given
by
E[X] = E[X|Fx() + Sx() (EIY] + z) .

Proof. Item 1 of the definition of X ensures that f3z(r) = fx(r) for r < .
For r > [, we have from Proposition 20 that Fz(r) = 1—[1 - Fx(1))Sg(r —1)
and thus

fx(r) =1 = Fx(Olfg(r - 1).
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It remains to show that f; is a valid density function. To show this, we
compute

00 1 00
/0 fg(r)dr = /Ofx(r)dr—k[l—Fx(l)]/l fop(r —Ddr
1 oo
=[xy 1= ExL [ fotrrar
0 0
= Fx()+[1-Fx(l)] =

From f; we can compute the mean of X.

~ 00 l 00
EX] = /0 mfg(x)dmz/o:cfx(x)da:+5x(l)/l zfy(z — l)dz
l 00
= /:I:fx(z)d:c—i-Sx(l)/ (x +1) fp(zx)dx
0 0

= /Olmfx(z)dx+5x(l) (/Oooxf;,(z)dm +l>
= E[X]Fx() + Sx()) (E[Y] + l)

This shows that X is a loss variable because by assumption Y is. ]
Now we turn to the excess ratio function of X.

Proposition 22 The ezcess ratio function of the spliced random variable X
is given by
Re(r) = 1- E[X [l —Rx(r)] if r<li
Rz()Ry(r - 1) if r>1

Proof. Using Definition 8 we first note that for r <! we have

BXT [ o e (aydoy 1) = 22

BI%] J =m0

Fa(r) = / 2f3()dz/EIX] =

Casualty Actuarial Society Forum, Fall 2006 567



The 2004 NCCI Exvess Loss Factors

Then using this relation and Propositions 9 and 20 we have for r </

Ri(r) = 1—@@)—5[%[1—&0)1
BlX]
1—5[—)(—] Fx(r )_E[X] [1 — Fx(r)]
15,95 — Fylr
- -2 [Fx()+E[X]<1 Fx( ))]
_ o BX p o
=1 E[X][l Rx(r)].

Now for r > [, using Propositions 19, 20, and 21 we get

Ry(r) = Ef;] / (o = 1) fz(0)de

1 x>

- Eﬁ[ [ @0t Fxtlip (o - s
1 o0

- 5T [ / JEREDIEN0 f;(x)dx]

_ Sx(EWY] [ [Tz~ (r = 1) fp(z)dx

- EX] E[Y]

_ Sz() EX]Rz() B

T EX]1-F X()RY( )

= R)'((Z)R)',(T — l)

]
We would typically start with a distribution X that has mean 1 and so
we would naturally normalize X and work with X /i where i = E[X]. Wi
use the following slightly more general proposition.

Proposition 23 Let X be a random variable with density fx and distribu-
tion function Fx, and let o > 0, then

L. fx/a(z) = afx(az)
2. Fxjo(z) = Fx(az)
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Proof. We note that

Fx/o(z) = Pr(X/a <z)=Pr(X < azx) = Fx(az)

T

=]Z@@=/wmwy

—00
Thus fx/.(r) = afx(az) and Fx/.(z) = Fx(az). ]
From this and Proposition 20 we get the following.

Proposition 24 The distribution function of the normalized spliced random
variable X /1, where i = E[X], is given by

(r) = { Fx (fir) if r<l/i

Fx 1= [1 = Fx()ISy(ir 1) i r>U/E"°

X/i

‘We can similarly recast Proposition 22.

Proposition 25 Let E[X]| = 1, then the excess ratio function of the nor-
malized spliced random variable X /fi,where i = E[X], is given by

1- 11~ Rx(@r)] if r<i/i
Rg(r) ={ RX([)R;,(,ITX- i r>l/p’

Proof. By Proposition 23 and the change of variables y = iz, we have

e = fzpads _ [2(a - r)fz Gia)ds

EX/fi EX)/p
_ ilay—infrwdy -
= mRE R

Then by application of Proposition 22 we have

[ 1- g l1- RG] i r<Un
R”“”zRﬂ“ﬁ’{f@ﬁﬁkm—n it 7> U

]
In our case we fit a mixed exponential to the tail of the empirical random
variable X. More precisely, we assume that Y is a mixed exponential. That
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is, using the parameterization in Klugman, et. al. [9] (see page 43 on mixture
models as well), we assume

1
fyla) =) Jwi—e™m
B 1

and thus

Fp(z) = Zwi(l - e"/m") =1-— Zwie—x/mi‘

Then by Corollary 18,

Y wimger/m

Ry(r) = ——————Z o

We now state Propositions 24 and 25 in the mixed exponential case.

Proposition 26 If Y has a mized exponential distribution as above then the
distribution function of the normalized spliced random variable X /1 is given

by
Fe (1) Fx(pr) ‘ if r<li/p
T a\T) = ~ ~ —{(pr—0)/m; ; I
X/R F)?/ﬁ(l/#) + {1 - FX/ﬁ(l/H)] [1 - Y wem Wb/ '] if r>1/n
Proof. From Proposition 24 for r > /i1 we get
Fgpr) = 1-[1-Fx()]Sy(ur —1)
= 11~ Fx())iL ~ Fy(iir — )
= 1-[1-Fx(l) — Fp(pr — 1) + Fx({)Fy(ur — )]
= Fx(l) + Fy(ar — 1) - Fx()Fy(ur — 1)
— Fx(l) +[1 - Fx()] Fy (ir - 1
= Fg(l) + [1 - F)?(l)] F}‘;(ﬁ’l‘ - l)
= Frp/i) + |1 - Frp/m] [1 = 3 wiemr-0im]
[ ]
Proposition 27 If Y has a mized exponential distribution as above and
E[X] = 1, then the excess ratio function of the normalized spliced random
variable X /1 is given by
1-3(1-Rx(@r)] o r<i/i

Rz /u(r) ={ Rg()Rumem™ if r>1/f°
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