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Abstract
Motivation. Recent developments have created an increased interest among companies in developing
formalized enterprise risk management (ERM) policies. Implicit in such an ERM policy is some statement
of acceptable and unacceptable tradeoffs, or risk preferences. Since risk preferences will be a central part of
the ERM policy, they should be explicitly determined. This would be accomplished through a process of
eliciting and elucidating the risk preferences that management may already have in mind for operating the
company.
Method. Several methods in current use are described, including survey and discussion group techniques.
Results. This report describes hypothetical results from applying the methods described in both business
and non-business contexts.
Conclusions. Making risk preferences explicit enhances the development of an ERM policy. The
elicitation and elucidation of risk preferences is neither simple nor brief. The process requires first that the
meaning of risk be agreed upon and not assumed since different executives and professionals often have
different definitions of risk. Technical survey techniques can be applied to elicit risk preferences. A number
of results in behavioral finance are pertinent to risk preference elicitation.
Keywords. ERM, risk measure, risk preference, conjoint analysis, QFDI, behavioral finance.

1. INTRODUCTION

Interest in risk management has grown dramatically in recent years. This is due to a
number of factors, including Sarbanes-Oxley, several high profile insolvencies, a better
understanding of the risks that businesses face, and better technology to help us model these
risks. For example, an asset-liability manager might do extensive simulations that would not

have been feasible ten years ago.

While risk management has meant different things in different environments, we think
that a crucial first step for every risk manager is to determine risk preferences. This first step
is not a trivial task; it can require a great deal of work for senior management to reach
consensus on their company’s risk tolerance. The focus of the Working Party’s research is

eliciting and elucidating the risk preferences of an insuret’s senior management.
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1.1 Research Context and Objective

“Risk preferences” are risk-laden opportunities that are considered acceptable, or more
desirable than other possible choices. They are implicit in nearly all decision-making, yet are
generally unknown to the decision-maker, exercising profound influence without being

recognized. They are rarely, if ever, made explicit in the decision process.

We suggest that eliciting management’s risk preferences and making them explicit serves
several worthwhile purposes. First, the company can be operated from a coherent risk
management policy, rather than isolated, and potentially conflicting individual judgments
about which risks to avoid and at what cost. Furthermore, risk management strategy is an
important element of long-term strategic planning, whose documentation might become
more formalized as a requirement in the future. Finally, making acceptable tradeoffs explicit
is the first step to ensuring they are consistent, transparent, and ultimately implemented in

daily decision-making at all levels.

1.2 Outline

We have left aside any direct treatment of where management’s risk preferences come
from or what should drive them, as well as all aspects of the management-investors
relationship.  Our goal is not to find the optimal risk preference framework assuming
efficient market principles. Instead, the objective is to develop a rational framework that can

be used by managers to link corporate risk preferences and decision-making.
The steps to this rational framework involve:
e  Defining “risk” unambiguously
e  Determining the risk measures to be used
e  Assessing the context of the company and managers
e  Ascertaining risk preferences

In this paper we will discuss each of these steps, providing an overview of possible steps
that a company might take to understand their risk preferences. Rather than prescribe a
specific procedure, we will introduce several existing techniques that can be used and will
also discuss some key considerations in implementation. We will conclude with a brief
overview of corresponding behavioral finance research that should be considered when the

task of eliciting risk preferences is undertaken.
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The paper is organized as follows:

Section 2 will discuss the initial step of defining risk unambiguously.

Section 3 will discuss the necessity to define the risk measures to be evaluated.
Section 4 provides several approaches to ascertain risk preferences.

Section 5 provides discussion and research in behavioral finance and the natural human

biases present when assessing risk.
Section 6 provides a conclusion of the risk preference discussion

Section 7 provides a bibliography for additional reference.

2. DEFINING RISK UNAMBIGUOUSLY

Defining “risk” unambisuously

“Put the CEO, CFO, chief underwriter, and chief actuary in a room and do not let them

come out until they agree on something measurable with time frames.”

Risk analysis often begins with risk evaluation without first establishing the risk
definitions. The failure to first define “risk” and how to measure it can lead to confusion

and circular debate about the risk objective. A good initial question is, “What is risk?”

2.1 What is Risk?

Risk is one of those concepts that everyone has an idea about and no two ideas agree,
which causes considerable confusion in conversations. As a general starting point, corporate

risk can be defined as what makes the executive committee uncomfortable.

Risks and goals are two faces of the same coin, the risks being what will endanger the
goals. A few common goals are good profitability, no regulatory problems, good analyst
(Best, S&P, etc) ratings, and being well regarded by customers. Some goals reinforce each
other, such as strong profitability and maintenance of analysts’ ratings. Some goals conflict; a

familiar example is wanting both high earnings and stable results.

Identifying corporate goals and considering what can endanger these goals makes it

possible to identify specific risks that pertain to corporate goals. Some common examples
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are impairment of surplus, excessive variability of earnings, loss of underwriting discipline, or
fraud.

A qualitative statement defining risk should be the first step of the process. Discussion
of the numbers to be used should come later. For example, “We want our surplus to be
large enough to survive a horrible year with ratings intact.”” Another example is, “We want
the probability of insolvency to be acceptably small.” The quantifications of ‘“horrible year”
and “acceptably small” may provoke considerable discussion and should be only entered
into after the qualitative statement is agreed. What is necessary is to first frame qualitative

statements so that they ca# be quantified.

Furthermore, there are also often situations where the risk or goal is not quantifiable. For
instance, it is difficult to quantify the likelihood and severity of fraud even when the goal is
clearly “zero fraud”. Similarly, the risk of some previously unknown change in the business
environment is always present, exemplified by the emergence of toxic mold claims. In cases
such as these, it is better to understand the uncertainty of the measure than to ignore the risk

entirely.

Finally, the nature of the businesses themselves will also play a large role in answering the

<

question “what is risk?” For example, it is common among property-casualty (“P&C”)
insurance actuaries to think of risk in terms of the potential ultimate loss from a block of
business. The metric is often net income in some form (such as GAAP net income or return
on equity) and the timeframe is usually “ultimate” which can range from a year to several
decades, depending on the line of business. While most P&C actuaries are probably aware of
other risks (such as balance sheet risk) and the significance of annual timeframes, discussions

about risk often implicitly assume that risk is defined entirely in terms of ultimate income.

By contrast, many non-P&C actuaries recognize balance sheet exposure as a main risk,
and over a shorter timeframe such as one year. Ultimate profitability remains a central goal,
but there is also recognition of the need to remain solvent and to maintain strong writing
capacity over the long lifetimes of the products. This perspective arises from the nature of
many non-P&C businesses, specifically: longer product timeframes, high renewal rates which
require capacity to be available in the future for renewals, and statutory reserve requirements

above expected value that utilize capital.
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Because of these differences in perspective regarding risk, when P&C actuaries discuss
risk management and measurement with Life actuaries, a subtle disconnect can occur.
Progress is difficult or impossible until the question “what is risk” is sufficiently discussed
and vetted. After doing so, it becomes possible to design and formalize consistent risk

policies, methods and tools that can be implemented across an organization.

2.2 Desirable Risk Measures

Desirable measures of risk should be objective, transparent, and appropriate.

An objective measure allows agreement on planning. Whereas “I don’t feel good about
our GL results” may be correct and valid, saying “We need to get our GL. combined below

120” allows acknowledgment of when we have brought matters under control.

A transparent risk measure means that it is a measure that is tractable, and can be
allocated to the components that are driving the risk. If one cannot determine which issues
are driving a change in the risk measure, the decision-making benefits of having consistent
risk measures will not be realized. Furthermore, care should be taken to balance granularity

with credibility when this allocation is undertaken.

An appropriate risk measure is one that matches both the business realities and the
culture of the firm. It is important for the risk measures to fit well with the corporate culture
so that they will gain the necessary acceptance. The good news is that this fit can reduce the
number and kind of considerations of risk. The bad news is the same; culture can create
blindness toward real business risks or over-concern with risks that do not have significant
impact on goals. In general, it is more important to have a risk measure that is
approximately correct, but fully accepted, than a perfect risk measure that is not trusted by

the key decision-makers.

A “risk measure” is a mathematical formula for measuring risk. Each risk measure
implements a particular definition of risk. For example, the measure “90th percentile value-
at-risk” is the amount of loss at the 90th percentile. This risk measure implements a
particular definition of risk: the maximum amount one expects to lose, over 90% of the

modeled possibilities.

“Risk preferences,” describe which tradeoffs management is willing to make, in other

words which combinations of risks are more acceptable than others. For example, in the
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case of ceded reinsurance, management may be willing to accept lower net profitability or
even a higher probability of a losing year in exchange for limiting the very worst cases. Risk
measures can be used to quantify risk preferences, so that management’s risk preferences can

be stated in risk management policies and implemented more objectively.

2.3 Context and Other Key Considerations

In order to facilitate the definition of risk and the determination of the appropriate risk
measures, the context of the organization must be taken into account. Many issues
surrounding the organization and its key managers will affect the ability to develop the

consensus. The risk preferences that a company agrees on will reflect these considerations.

For instance, how managers are measured will determine what they do. A company’s
incentive system is a critical context element that has significant influence on the company’s
operational risk preferences. Furthermore, metrics and goals typically have time frames
associated with them, which is another context element. Time frames for goals and the
associated metrics can be designed to be consistent with owners’ investment goals, which

may vary anywhere between long-term investment and short-term gain.

Other contextual elements of the organization that can influence management’s stated
risk preferences. Issues such as corporate culture, the financial strength and size of the

organization, and the individual manager backgrounds can all influence risk attitudes.

2.3.1 Corporate Culture

The age of the organization matters. A startup company is often confident in its
expectation of better-than-average claims experience. This confidence may diminish later

with experience.

The tenure of the current management matters. A new CEO, or management team,
brought in to “fix things” is likely either to take risks previously avoided or to drop all the

perceived risky elements of the prior regime, going to one extreme or the other.

The way compensation is structured can create a short-term view in management, or a
divisional rather than a corporate view. Whether the company is organized in a centralized,

or de-centralized reporting structure will also influence these views.
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2.3.2 Size of firm, financial strength and ownership structure

A financially strong company could be willing to take a risk of a larger loss in the short
term because its management may feel that the potential reward is worth the risk, given that

the company will be solvent and operational in any case.

At a certain level of market share, firms become more risk tolerant, feeling they are too
big to fail. Alternatively, they may assume because of their success that they know all the
situations and answers. This can lead to risk tolerance because of ignorance of changes in
their environment. On the other hand, a company with a track record of good returns may

become more risk averse in the hope of maintaining the gains previously achieved.

A financially weak company, with perceived risk of going out of business, will be willing
to take more risks. For example, they may decrease current costs by running up the
retentions on their reinsurance, gambling on not being hit. If it works, they may continue to

do so. This used to be known as Russian roulette.

A closely held company’s management can be expected to make decisions that reflect the
owners’ particular risk preferences. An otherwise identical company that is broadly held by
the public would probably be managed with a different approach to risk. The term “context”
as used here refers to the environment in which risk-return tradeoffs are evaluated, two key

considerations being capital structure and financial condition.

2.3.3 Individual Manager Background

The time element of the person’s career matters. A person new to the organization is
more willing to run risks than a person longer at the organization. A person near retirement
who wants to go out quietly and not have anything bad happen will be very risk averse short
term, but may also be quite risk tolerant regarding hazards that will not manifest for several

years.

The experiences of the manager matters. A manager with a sales background may tend to
focus on top-line issues, while one with a financial background may focus on financial issues.
Similarly, a manager with a life insurance background may tend to focus on asset market risk
and changes in policyholder persistency, while a manager with P&C experience may focus

more on natural catastrophe risk and reserve risk.
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3. ASCERTAINING RISK MEASURES

Interviewing is the prime method. This should be done with individuals separately, and
then reconciled in a group. The interviewer needs to keep in mind the pitfalls of interview

methods and of the particular corporate culture.

Nigel Taylor [5] has mentioned a number of sources of bias in interviews, especially
around the framing of questions. These biases come up in all phases of risk analysis. Some

of the important effects are
e Decisions are often made by adjusting from an existing position (anchoring)

e DPecople are risk averse when facing gains but become risk seeking when facing

losses (prospect theory)

e The frequency with which something is monitored can impact the decision

(myopic loss aversion)
e People have a tendency to ignore underlying probability distributions
e Almost everybody is overconfident

On the last note, a problem is how to make possible bad scenarios real enough to be
considered. The best way is for them to have actually happened, and questioning done after
the event may give quite different answers compared to before the event. This can be due to

a change of perception of the risk or a change of risk tolerance.

The interviewer should understand the corporate culture because it may be necessary to
suggest areas of concern, if only to have them listed for prioritization. For completeness we
need to get the cards on the table, going out far enough so that we are reasonably sure that

nothing important has been left out.

For risk measures to be both useful and used, group reconciliation is usually necessary.
Whether the organization elects a single person to make a decision or builds consensus on
how to measure risk, it is critical to the success of determining organizational risk
preferences. Without consensus, the independent utility functions for each decision maker
will pose conflicting views of risk preference. While each individual possesses a unique and
independent utility function, the determination of the corporate utility is necessary in

evaluating the tradeoffs the organization is willing to exchange. The composition of the
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group will depend on the corporate structure, and in the end it may only be advisory to a

single decision-maker.

Formal techniques, such as the Delphi method, can be used to reach either consensus or
at least understanding of why there are outliers. The Delphi technique begins with a few
simple questions to gather general feedback. From the initial responses, additional questions
are presented and elaboration of the original responses is solicited. The process continues
until no new ideas or suggestions are proposed. At this point each participant provides a
ranking of the proposed ideas and concepts. Scores are tallied and results are shared with

the participants of the process.

As with any tool, abuses and misuses can be identified. While the tool could be used to
impose a preset agenda upon the participants, the intent is to produce a solution by which
the majority of respondents needs are met. More details on the Delphi Technique can be

found in the suggested readings in the bibliography.

Another tool used to build consensus and determine preferences is the quality functional
deployment, or QFD, approach [4]. This tool is commonly used in “six sigma” process

improvement efforts. The method begins with identifying:
e all possible alternatives,
e key variables, and
e the trade-offs being evaluated.

For each of the preference variables, a weight is assigned to reflect the importance of that
variable to the decision makers. Then scores are assigned to each variable’s possibilities using
a high / medium / low system such as high = 5, medium = 3, and low = 1. The score for
an alternative is the weighted total of its scores on each of the variables. Alternatives with
higher scores are more preferable. The main challenge with this approach is agreement on

the weight assigned to each criteria and the scoring system to use.

4. ASCERTAINING RISK PREFERENCES

A common approach to analyzing the tradeoffs in risk amongst several alternatives is to
examine the tradeoffs present in the expected outcomes of the results. Traditional tradeoff

models generally select a single measure for reward such as the mean net income, return on
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capital, etc. and compare the result to a single risk measure such as standard deviation of the
outcome, TVaR, or some other measure of risk. This makes an analysis of risk-return trade-

offs tractable through the use of efficient frontiers or other frameworks.

Using one dimension for return and one for risk brings simplicity but is incomplete. For
example, there are multiple variables capturing different goals of the company, including
capital, premium, and underwriting income. Each variable’s outcome has some degree of
importance, which can vary depending upon the scenario. For instance, capital volume

becomes more important in scenarios where it becomes very low.

Evaluating each variable separately or together in a composite formula misses the
interaction effects among the variables and their varying degrees of importance when faced
with decisions having numerous alternatives. When making decisions to act upon a
suggested strategy, we are attempting to assess the expected results and the risk of adverse
results associated with that strategy across all key variables. One method to achieve this

understanding of risk preferences is conjoint analysis.

Conjoint analysis is a marketing research tool used to elicit preferences from potential
purchasers of product or services based upon the underlying characteristics of those
products and services. Eliciting risk preferences is concerned with determining the
acceptable tradeoffs among various business risks, analogous to the tradeoffs people face in
evaluating which products and services to purchase. As such, conjoint analysis is a
potentially useful method for the risk application. Risk utility curves can be constructed
utilizing the conjoint analysis approach, modifying the method to elicit risk preferences

rather than purchasing preferences.
Conjoint analysis is based on a model that uses the following considerations:
e  Context: Company characteristics that are not expected to be changed

e Attributes: Company characteristics that are expected to be influenced by company

strategy
e Levels: Measurement system for attributes.

Defining too many attributes and levels to measure upon will increase the number of
questions needed to ask the survey respondents to stabilize the model. Fewer questions can

be selected sacrificing the predictability of the model. In the construction of a conjoint
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analysis, multiple attributes with various levels are identified. The decision makers must
evaluate tradeoffs among the attributes. The levels of each attribute are selected based upon

the expected outcomes of the risk measures.

In order to explain the utility and preferences of multiple decision makers with multiple
variables to consider, let’s examine the purchase of a vehicle. The first step in the process is
to establish the context of the decision maker. Assume we have two purchasers, a young
family of four and a recent college grad, both interested in purchasing a vehicle. They both
require transportation, but the utility and preference of each is significantly different given

the current financial position and the immediate seating needs, or the context of the user.

To further develop our example, let’s assume the purchasers are making the decision to
purchase the vehicle based upon the attributes of seating capacity, gas mileage, and cost as
an oversimplification. For each of the attributes, we must determine the number of levels
within each attribute we wish to evaluate, and for our example assume we have the following
table.

Attributes
Seating Gas
Levels Capacity Mileage Cost
1 2 15 mpg $15,000
2 4 21 mpg $25,000
3 6 29 mpg $35,000

In order to elicit the preference of each purchaser, we need to evaluate the trade-offs and
the associated utility of each of the attributes. The survey was constructed in a fashion such
that the decision maker selects between numerous tradeoffs. For example, consider these

choices:
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Option Option
Choice A B
1 4 Seats, 29 mpg  or 6 Seats, 21 mpg
2 2 Seats, $15000 or 4 Seats, $35000
3 2 Seats, 21 mpg or 4 Seats, 15 mpg
4 15 mpg, $15000  or 29 mpg, $25000

The family of four might choose Option B for Choices 1, 2, and 3, selecting the need for
more seating capacity over gas mileage and cost, while choosing Option A for choice
number 4, choosing cost over gas mileage. The recent college grad might likely choose
Option A for choices 1, 2, 3, and 4, selecting the lowest cost option regardless of seating
capacity. Both parties are interested in maximizing seating capacity, maximizing gas mileage,
and minimizing cost. The final decision is dependent upon the interaction of these three

attributes (capacity, gas mileage and cost) and the weights placed on the attributes.

To illustrate the interaction, a survey was constructed providing a tradeoff between each
attribute, such that no one choice provided a tradeoff along a single attribute, i.e. the
combination of 4 seats, 29 mpg versus 4 seats, 15 mpg would not be a valid tradeoff as it is

only a tradeoff with respect to gas mileage.

The constructed survey resulted in 54 individual tradeoffs, and 36 possible responses for
each attribute. The construction of the survey was such that an equal number of responses
for each attribute were collected, eliminating the need for normalization. The survey was
completed using the rationale described above for both the family of four and the recent

college grad, and produced the following results.
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Recent College Grad

Family of Four
Response Rate
Attributes Attributes
Seating Gas Seating Gas
Levels Capacity Mileage Cost Levels Capacity Mileage Cost
1 0 11 20 1 12 6 24
2 17 11 12 2 12 12 12
3 19 14 4 3 12 18 0
Minimum 0 11 4 Minimum 12 6 0
The responses rate provides a count of the number of times a specific attribute and level
combination was selected. In order to determine the true utility of a specific attribute and
level, the difference between the response rate and the minimum value in each column is
taken to determine the relative trade off.
13
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Family of Four Recent College Grad
Utility
Attributes Attributes
Seating Gas Seating Gas

Levels Capacity Mileage Cost Levels Capacity Mileage Cost
1 0 0 16 1 0 0 24
2 17 0 8 2 0 6 12
3 19 3 0 3 0 12 0

As can be seen from the results, the family of four prefers vehicles with higher seating
capacity, and lower cost, but are indifferent with respect to gas mileage. On the other hand,
the recent college grad is indifferent with respect to seating capacity and is looking for the
lowest cost, highest gas mileage option. The method can be easily modified to elicit risk
preferences by replacing seating capacity, gas mileage, and cost with risk elements such as
immediate loss recognition in property losses, delayed loss recognition in liability losses, and

net retentions or limits.

The approach provides a basic approach in the application of conjoint analysis. There are
more sophisticated approaches and techniques available to perform advanced statistical
analysis of the survey responses. The specific application and use of the analysis should be

selected based upon the needs of each user.

As with the car-purchasing example, the current context of a company must be

considered in the determination of the company’s risk preference:

1) Stock company vs. mutual company
i) Life vs. P&C
1ii) Start-up vs. mature
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1v) Primary vs. reinsurer
V) Global vs. domestic

When evaluating the tradeoffs, the context of the company and the current position will
play a large role in the preference of specific risk attributes. In addition, utilizing an
approach evaluating the inter-relationship of multiple attributes provides information useful

in determining the trade-offs decision makers are willing to make.

The above approach has been simplified to demonstrate a technique capable of eliciting
the preference and utility of the decision makers. Various other advanced approaches and
techniques using multi attribute decision analysis could also prove useful in the development

of risk utility functions such as:

e MAUT - Multi Attribute Utility Theory is the construction of utility curve
constructed as a weighted average across multiple attribute dimensions. The Schaefer paper

provides a quick overview of the tool with some rules for application.

e  QFD — Quality Functional Deployment is a structured methodology to identify and
translate customer needs and wants into technical requirements and measurable features and
characteristics. It assigns weights to how well the requirement meets each need. This site
provides step-by-step instructions for implementing QFD. A simple application using the
car-buying example follows. Suppose six cars are available on the market with the following

characteristics.
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Attributes
Seating Gas
Car Capacity Mileage Cost
1 2 15 mpg $15,000
2 4 21 mpg $25,000
3 6 29 mpg $35,000
4 2 21 mpg $35,000
5 4 15 mpg $15,000
6 6 21 mpg $25,000

Each attribute has three values, affecting the car’s desirability. In this example,
assume that both the family and the college grad want to spend as little as possible on the car
and prefer higher mileage, all else being equal. The family needs a lot of seating capacity,
while the college grad would prefer a sportier 2-seater. For this example, assume that the
most desirable value for each attribute receives a score of “9”, the next best receives a “5”
and the least desirable receives a “1”. For instance, car 1 costs only $15,000 and gets a “9”
on price, while car 3 costs $35,000 and gets a “1” on price. The score for a cat’s seating

capacity depends on whether the family or the college orad is doing the scoting.
pacity daep y ge g g g

QFD’s for the family of four and the college grad would lead to different “best choice”

candidates, reflecting the family’s and the college grad’s different preferences:
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Family of Four Recent College Grad

Car Car
Need 1 2 3 4 6 Need 2 3 4 5 6
Price 9 5 1 1 5 Price 5 1 1 9 5
Seats 1 5 9 1 9 Seats 5 1 9 5 1
Mpg 9 5 1 5 5 Mpg 5 1 5 9 5
Total 19 15 1 7 19 Total 15 3 15 23 11

There are many alternative approaches and methods of which include:
e SMART - Simple Multi-Attribute Ranking Technique

e  AHP - Analytic Hierarchy Process compares all possible combinations of each pair
of attributes and assigns weights to each pair-wise comparison. This site provides an

overview and example of AHP.
° WORA - Weighting determined based upon Ordinal Rankings of Alternatives

While no one method is clearly superior to another in all applications, incorporating
multiple attributes and using simultaneous evaluation provides a useful approach in

determining tradeoffs.

Through all of the analysis, the outcomes are normative, not definitive. In other words,
the approach is intended to provide an approximation of the preference of the decision
maker that allows for testing hypotheses regarding future decisions. However, as noted in
the construction of the survey, we must be careful to weigh the impact of emotions and

current context and how these influence the decisions made.

5. BEHAVIORAL FINANCE RESEARCH

In the previous sections, we have advocated the use of surveys to elicit risk preferences.

These surveys can be a valuable exercise, but it is important to understand their limits.
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Human biases in evaluating risk have to be anticipated when designing methods to elicit risk
preferences. Results from risk surveys often appear to contradict one another, even when
the questions pose simple scenarios to the same people. The discussion below gives a brief
introduction to the vast literature in behavioral finance, and is intended to give the reader a
sense of the field. Most of the examples are taken from Bazerman [1] or Kahneman, Slovic

and Tversky [3], both of which provide comprehensive introductions to the subject.

5.1 Framing

Taylor’s paper [5] provides a number of experimental results from behavioral finance and
explains their implications for actuarial work. The paper also discusses methods to mitigate
effects from biases and errors. As an added bonus, the paper is easy to read and written in an

entertaining style.

One example from the paper deals with how questions are framed. In an experiment

conducted by Slovic, Fischhoff and Lichtenstein, people were presented with two options:

Option 1: A 100% chance of losing $50

Option 2: A 25% chance of losing $200, and a 75% chance of no loss

About 80% of subjects chose option 2, which is consistent with the usual finding that

people exhibit risk-seeking behavior when confronted with choices among losses.

The experiment was repeated with option 1 re-worded but having the same result:

Option 1: An insurance premium of $50 to avoid a 25% chance of losing $200

Option 2: A 25% chance of losing $200, and a 75% chance of no loss

Here, 65% of subjects chose option 1. Quoting Taylor, “When a sure loss is presented as

an insurance premium most people become risk-averse rather than risk-seeking.”
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Sensitivity to framing means that the questions used to elicit risk preferences from a
company’s management have to be carefully desighed and examined to know whether
framing biases might be present. One possible way to deal with this is to use a several
questions that frame a particular risk preference in a variety of contexts, and evaluate the

entire group of responses.

5.2 Insensitivity to Sample Size and Conjunction Fallacy

Kahneman and Tversky [3] have published many papers that chronicle the surprising
results consistently obtained from relatively simple behavioral experiments involving risk and
judgment. For example, in one experiment subjects were given a description of a man and
told that he was drawn from a group of 70% engineers and 30% lawyers. The description
used generic phrases such as “high ability” and “well liked”; this description was specifically

designed to give no information regarding the man’s occupation.

Subjects generally estimated the probability of “engineer” to be 50%, even though the
correct probability with no additional information is the a priori probability, 70%. Subjects
also estimated the probability at 50% when told that the man was drawn from a group of
30% engineers and 70% lawyers. The a priori probabilities, which were the most important
information, were disregarded in the presence of rich, descriptive details even when those

details were statistically neutral.

The underlying model of reasoning often used is “heuristics,” which are decision-making
short cuts that allow people a simple way of dealing with a complex world. Examples of

heuristics are:
e ‘“never play for an inside straight” from poker
e “only spend 35% of your income on housing” from mortgage lending

The heuristics model contrasts with models of rational behavior, or bounded rational
behavior, which is rational behavior with limited information and resources. The model of
heuristics is perhaps more descriptive of actual human reasoning, while the rational behavior

models represent more internally consistent, idealized decision-making.

All of these models are discussed in Bazerman [1] which offers a comprehensive

overview of many behavioral finance issues pertinent to eliciting risk preferences.
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Another recent contribution to the literature [2] discusses elicitation of probability
distributions in light of the necessary behavioral context. This paper also has a
comprehensive bibliography, providing guidance to the pertinent literature on behavioral

finance.

The above example shows the “representativeness” heuristic, the fact that people will
tend to judge probability based on descriptive factors and will discard other relevant data

when descriptive data is available.

Insensitivity to prior probabilities is only one of several flaws produced by the
representativeness heuristic. Others include insensitivity to sample size (judging an unusual
outcome to be equally likely for small and large populations), conjunction fallacy
(misestimation of compound probabilities) and the illusion of validity (overconfidence in a

prediction when factors that limit predictability are present). Examples of two of these are:
Insensitivity to Sample Size

A town is served by two hospitals, one with 45 births per day, and the other with 15. For a period of 1

year, each hospital recorded the days in which more than 60% of the babies born were boys. Which hospital

do you think recorded more such days? (a) The larger hospital; (b) The smaller hospital; (c) About the same
(that is within 5% of each other).

Bazerman indicates that most people choose (c), not recognizing the fact that it is more

likely for a smaller sample to exceed 60% than for a larger sample. .
Conjunction Fallacy

Linda is 31 years old, single, outspoken, bright, and deeply concerned with issues of social justice and
discrimination. Rank the following in order of probability: (a) Linda is a teacher in an elementary schooly
(b) Linda is active in the Feminist movement;(c) Linda is a psychiatric social worker; (d) Linda is a bank

teller; (¢) Linda is an actuary; (f) Linda is a bank teller who is active in the feminist nmovement.
People tend to rank (f) as more likely than (d) even though (f) is a subset of (d).
Biases based on representative characteristics may be stronger in group settings.

Heuristics can be beneficial when used correctly. The danger with heuristics is when they
are used in inappropriate situations. Three general heuristics that create potential for

systematic error are:
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e The Availability Heuristic — Vivid, emotional events are more easily remembered

than bland, vague events. This will lead to an over-estimation of the likelihood of
events that can be easily recalled when compared to equally likely events that are not

as easy to remember.

e The Representative Heuristic — When making a judgment about individuals, people
tend to look for traits that correspond with previously formed stereotypes. This
becomes problematic when individuals rely on a representative heuristic strategy
even when information is insufficient and/or when better information exists to base

a decision upon.

e Anchoring and Adjustment — People make assessments by starting from an initial

value and adjusting to yield a final decision. In ambiguous situations, trivial issues

may become the anchor from which further analysis develops.

5.3 Biases Due to Anchoring and Adjustment

Whenever we try to estimate likelithoods, we tend to seek out an initial anchor, which
often weighs strongly in our decision making process. Our experience teaches us that
starting from somewhere is easier than starting from nowhere, but we frequently over-rely
on these anchors and fail to question their validity to the problem to which they are being

applied. Many times we fail to even recognize that these anchors affect our final decision.

5.3.1 Conjunctive and Disjunctive Events Bias

Which event is more likely: (a) drawing a red marble from a bag of 50% red, 50% white marbles; (b)
Drawing a red marble 7 times in a row with replacement, from a bag containing 90% red, 10% white

marbles; (c) Drawing at least 1 red marble in 7 tries, with replacement, from a bag containing 90% red,
10% white marbles?

This example should be a piece of cake for actuaries; however, most people incorrectly
order the likelihood b-a-c, not c-a-b because of anchoring. They feel b remains “close” to
90%, and c remains close to 10%. The impact of this bias is that in a complex system, when
several items can cause failure, people tend to concentrate on the small probability of each
individual item causing a failure, and miss the cumulative effect that the probability at least
one component will fail can become quite large. Executives’ attitudes about risk could be

affected similarly.
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5.3.2 Hindsight and the Curse of Knowledge

After finding out the results of an uncertain event, people tend to over-estimate the

degree to which they would have predicted the correct outcome. For instance:

You are an avid football fan, and you are watching a critical game with your team bebind 35-31. With
3 seconds left, and the ball on the opponent’s 3-yard line, a pass play into the corner of the end zone is called.
When the play fails, you shout, “I knew it was a bad play.”

5.4 Actuaries Demonstrate Many of These Biases

Surveys were conducted with a number of actuarial students sitting for fellowship exams.
Surprisingly, these students demonstrated common biases in their risk preferences:
overconfidence, representativeness, and regret as discussed below. The survey questions are

slightly modified versions of questions from Bazerman [1].

5.4.1 Framing

Two groups of actuarial students were randomly selected and each person was given

cither Version 1 or Version 2 of the questions shown below.

In both versions, the student was offered two choices. One choice had a guaranteed
outcome (the risk averse choice). The other choice (the risky choice) had two possible

outcomes giving the same expected value as the guaranteed outcome.

The possible outcomes (and their probabilities) are the same in both versions. The only
difference is how the questions are framed. In one version, the guaranteed outcome is
presented as an option to purchase “insurance” to avoid a possible bad event. The other

version presents the same choice as an option to gamble and hope for a better outcome.

The questions and the summary of the selected responses were as follows:
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Version 1 Version 2
Question 1 Question 1

In addition to your initial wealth, you are
given $1,000 and then have to choose from
among the following choices:

A) Receive $1,000 with probability p=.5
ot receive$0 with probability p=.5.

B) Receive $500 with probability p=1.
A: 25

B:72

Results:

Question 2

Imagine you have just learned that the
sole supplier of a crucial component is going
to raise prices.

Two alternative plans have been
formulated to counter the effect of the price
increase. The anticipated consequences of

these plans are as follows:

Plan A) If this plan is adopted, the
company’s costs will increase by $4,000,000.

Plan B) If this plan is adopted, there
is a 1/3 probability that there will be no cost
increases, and a 2/3 probability that the
company’s costs will increase by $6,000,000.

Results: A: 36

B: 61

In addition to your initial wealth, you are
given $2,000 and then have to choose from
among the following choices:

A) Lose $1,000 with probability p=.5 or
lose $0 with probability p=.5.

B) Lose $500 with probability p=1
A: 60
B: 35

Results:

Question 2

Imagine you have just learned that the
sole supplier of a crucial component is going
to raise prices. The price increase will cost
the company an additional $6,000,000 in
supply costs.

Two alternative plans have been
formulated to counter the effect of the price
increase with savings in other parts of the
company. The anticipated consequences of

these two plans are as follows:

Plan A) If this plan is adopted, the
company will save $2,000,000 in operating
expenses.

Plan B) If this plan is adopted, there

is a 1/3 probability that the company will
save $6,000,000 in operating expenses, and a
2/3 probability that no savings will be
achieved.

A: 84
B:12

Results:
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Note that Question 1 leads to the same overall outcomes in Version 1 and Version 2:
$1,500 guaranteed or equal probability of either $2,000 or $1,000. However, when the
question was framed in terms of gains (Version 1), students overwhelmingly chose the Risk
Averse choice. When the essentially identical problem was framed in terms of losses

(Version 2), the majority selected the Risky choice.

A similar result occurred with Question 2. In both cases, the outcomes are the same in
Version 1 and Version 2: extra costs of $4 million guaranteed or a 1/3 probability of no
extra costs and a 2/3 probability of $6 million extra costs. However, when the question was
framed in terms of gains (Version 2), the overwhelming majority selected the Risk Averse

choice. When framed as a /oss (Version 1), the majority selected the Risky choice.

More interestingly, the majority of the students who received Version 1 chose the Risk
Averse choice for Question 1 but the Risky choice for Question 2. Similarly, the majority of
the students who received Version 2 chose the Risky choice for Question 1 but the Risk
Averse choice for Question 2. Thus, the same students chose differently, depending on the
presentation. These students showed a preference not to gamble when it was presented as a
possible gain. They showed a preference to gamble when the risk-averse choice was

presented as insurance.

Taken together, these results demonstrate the results obtained in numerous studies.
Attitudes towards risk can change in different situations and can be influenced solely by the

way choices are framed (or the way choices are interpreted).

5.4.2 Overconfidence
Another experiment tested whether these actuaries demonstrated overconfidence. Eighty

actuarial students were given the following two questions:

1. Listed below are two uncertain quantities. Write down your best estimate of these

quantities without looking up any information on these quantities.

Wal-Mart’s 1999 Revenue:

Plastic Waste Generated in the U.S. in 1993, in tons:

2. Listed below are the two uncertain quantities from the previous question. Put an
upper and lower bound around your estimate, so that you are 95% confident that your range

surrounds the actual quantity.
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Lower Upper

Wal-Mart’s 1999 Revenue:

Plastic Waste Generated in the U.S. in 1993, in tons:

Of the answers given, only 23 of the eighty confidence intervals were wide enough to
include the actual Wal-Mart revenue ($166.8 billion) and only 25 of the eighty confidence
intervals were wide enough to include the actual amount of waste (19.3 million tons). These
figures include those results where the confidence interval could be argued to have been too
wide (e.g. “0 to 100 trillion”).

These results are consistent with other published results of overconfidence when making

estimates with substantial uncertainty.

5.4.3 Representativeness

Eighty actuarial students were also given the following question:

Linda is 31 years old, single, outspoken, and very bright. She majored in philosophy. As
a student, she was deeply concerned with issues of discrimination and social justice and she

participated in antinuclear demonstrations.

Rank order the following eight descriptions in terms of the probability (likelihood) that

they describe Linda:
a. Linda is a teacher in an elementary school.
b. Linda works in a bookstore and takes yoga classes.
c. Linda is active in the feminist movement.
d. Linda is a psychiatric social worker.
e. Linda is a member of the League of Women Voters
f. Linda is a bank teller.
g. Linda is an insurance salesperson.
h. Linda is a bank teller who is active in the feminist movement.
Highest Probability Lowest Probability
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Notice that choice / — “Linda is a bank teller who is active in the feminist movement” is a
subset of choice f— “Linda is a bank teller”. However, because the description of Linda is
representative of a person who might be active in the feminist movement, people tend to
rank 4 higher than £ Of the eighty responses (from experienced actuaries), 52 made this

€rrofz.

5.4.4 Regret

Eighty actuarial students were given the following question (79 responded):

You are out of town at a business meeting that runs late. As soon as you can break away,
you head to the airport to catch the last flight home. If you miss the flight, which is
scheduled to leave at 8:30 PM, you will have to stay overnight and miss an important
meeting the next day. You run into traffic and do not get to the airport until 8:52 PM. You

run to the gate, arriving there at 8:57 PM. When you arrive, either:
A) You find out that the plane left on schedule at 8:30 PM, or
B) You see the plane depart, having left the gate at 8:55 PM.
Which is more upsetting (circle one)? A B Neither

Of the eighty responses, 60 felt that B was more upsetting, 16 were indifferent and 3 felt
that .4 was more upsetting. Perhaps there are things that matter to people when making
decisions under uncertainty that are not usually captured in economists’ models of utility,
such as regret avoidance. Or perhaps, the lesson is that when we do experience “regret”, we
need to be careful how we evaluate our decisions. If we had no reinsurance last year in
Florida, and the wind blew, we felt a lot of “regret”. We shouldn’t let this regret encourage

us to pay too much for reinsurance this year.

6. CONCLUSION

Our intent in this report is to raise awareness of the benefits of formally eliciting risk
preferences for a company. This effort can lead to a mutually agreed upon framework to
evaluate potential strategies. Introductions to techniques and references are provided for

interested readers to use in pursuing the subject further.
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Abstract

Motivation. Casualty Actuaries have long been interested in the estimation of ultimate losses and
ALAE. The potential vatiability of the ultimate outcome is critical to understanding the extent of the
risks faced by the risk-beating entity that either has adopted or is contemplating the adoption of loss
and ALAE estimates. Over the years many people (actuaries and others) have made significant
contributions to the literature and overall discussion of how to estimate the potential variability of
ultimate losses, but there is no clear preferred method within the actuarial community. This research
paper is an attempt to bring all of the historical research together in one cohesive document.

Method. The Working Party worked exclusively via e-mail and a private area of the CAS web site.
After a joint effort to assemble an outline, the Working Party separated into subgroups, each assigned to
prepare one of the sections of this paper.

Results. There are many approaches to estimating future payments for property and casualty liabilities,
many of which have stochastic roots leading to not only an estimate of future payments but also of the
distribution of those payments. However, we found no single method that is clearly superior. We have
identified some areas of potential future research.

Conclusions. The actuarial profession does not yet have a single, all-inclusive method for estimating
the distribution of future payments for property and casualty liabilities. Much work is yet to be done on
the issue.

Availability. A copy of the Working Party’s paper can be found on the CAS web site at
http://www.casact.org/pubs/forum/05fforum/.

Keywords. Reserve Variability; Future Payment Variability; Generalized Linear Model; Delta Method;
Over-Dispersed Poisson Model; Bootstrap; Bayesian Inference; Markov Chain Monte Catlo

1. INTRODUCTION

A risk bearing entity wishes to know its financial position on a particular date. In order to
do this, among other items it must understand the future payments it will be liable to make
for obligations existing at the date of the valuation. For an insurance situation, these future

payments are not known with certainty at the time of the valuation.
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The fundamental question that the risk bearing entity asks itself is:

Given any value (estimate of future payments) and our current state of knowledge, what is the
probability that the final payments will be no larger than the given valne?

The answer to this fundamental question can be provided by what is usually called the
cumulative distribution function for the random variable of potential future payments.
From this, one can easily determine the corresponding probability density function. We will
call this probability density function “the distribution of future payments” at the valuation
point.  Although we might not always be successful, we try to maintain a distinction
between future payments and “reserves”. We try (though not always successfully) to use the
term “reserves” for amounts booked in financial statements. We are focusing here on the
total future payments and are not, at this time, considering issues of timing of those
payments. Thus, our “distribution of future payments” should not be confused with issues

relating to payout timing.

1.1 Research Context

It has long been recognized that traditional actuarial methods provide single point
estimates of the amount of future payments. Those methods are generally deterministic and
used alone do not provide any direct measure of how close one would expect that estimate
to be to the final outcome, or even to the mean of possible final outcomes. Traditional
actuarial reserve analyses recognize this shortcoming by applying a variety of different
methods to derive multiple estimates of future payments. The range of such estimates is
often used to give insight as to how “solid” the actuary’s estimate selection is and may form
the basis of the practitioner’s own “range of reasonable estimates” for reserves. We note
that such a range is often determined by considering the forecasts of a variety of
deterministic “traditional” actuarial projection methods. Those methods usually only
provide “estimates” of future payments without any additional statistical information.
However, without such statistical quantification, we cannot determine how likely it is for the

ultimate “realization” of future payments to be within that “range of reasonable estimates”.

There has long been interest in translating the subjective “feel” for how “good” a liability
estimate is to something more concrete, something that can be quantified by a probability
distribution. This interest has led to more recent activity to cast the actuary’s forecasting

methods in a stochastic framework. A major benefit of such an approach is the existence of
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a specific statistical model and the possibility of estimating not only the expected value
(statistical mean), but also the distribution of future payments or other summary statistics of

the distribution.

Much work has been done, but in our view, the actuarial community does not yet have
the answer to the fundamental question set out in Section 1 above. We believe that our
community, and other users of actuarial forecasts, can well benefit from a work that

summarizes the current state of knowledge of estimating the distribution of future payments.

1.2 Objective

It is the purpose of this paper to set forth the current state of knowledge regarding the
estimation of this distribution. More specifically, the paper addresses the estimation of
distributions to the extent that they can be quantified by models. There may be some loss
liabilities that cannot be quantified by these models, including perhaps asbestosis liabilities
and similar exposures, and these could considerably increase the uncertainty in the

distribution beyond what would be calculated by the methods discussed.

From the outset, we draw sharp distinctions between the “distribution of future
payments” as we have defined it here and other concepts such as “ranges of reasonable
estimates” or the “appropriate” number to be used in a financial statement even if the full
distribution of future payments is known with certainty. We believe that knowledge of the
distribution is a prerequisite for any discussion of the variability of potential future
payments, but is not sufficient to completely answer that question. In addition to the
knowledge of that distribution, other factors come into play in the final “booking” of a
liability number. Such factors include regulatory requirements, the view of the investment

community, shareholder and policyholder considerations, to name just a few.

Though this paper is primarily aimed at the practicing actuary, a thorough understanding
of the concepts we present will be necessary in order to appropriately interpret statements
that attempt to quantify the uncertainty in estimates of incurred but yet unpaid losses. It is
hoped that all audiences, including regulators, rating agencies, taxing authorities,
shareholders, management, and actuaries, will benefit from a single vocabulary in describing

and discussing uncertainty in estimates of future payments.

We note that the amount recorded on a financial statement as a provision for liabilities

can be viewed against the landscape provided by the “distribution of future payments” as we
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have defined it. Given that distribution, and assuming that it is perfectly correct, it is an easy
matter to see the likelihood that future payments will fall above or below the recorded
amount and to calculate the expected (mean) financial consequence of any particular booked
number. We can also find the probability that the actual or “realized” future payments will
be in any given range of values with the distribution. In fact, percentiles of the distribution

can be used to quantify ranges of reasonable estimates.

Armed with this tool, the practitioner can not only provide his or her “range of
reasonable estimates”, but he or she can quantify that range by saying, for example, that his
or her range covers the area between the twenty-fifth and seventy-fifth percentiles of the
distribution. By a p -percentile we mean the value such that there is a p percent probability

of a lesser realization.

In addition it is easy to see how that amount compares to various statistics of the
“distribution of future payments” such as the mean, mode, median, or other function of that
distribution. It is not, however, the purpose of this paper to define the “appropriate” point

along a distribution to be recorded in financial statements.

We stress the importance of this distinction between the distribution of future payments
and the reserve number booked in a financial statement. The former provides a view of the
range of possible outcomes and their likelithood (a landscape). Even if this distribution is
completely known, it appears that current accounting guidance does not provide sufficient

direction to arrive at a single “reserve” that should be booked.

Another distinction that we must make is between the distribution and a summary
statistic of the distribution. Whereas a distribution describes a range of possible outcomes, a
summary statistic is a particular value that conveys some information about the entire
distribution. Examples of common summary statistics are the mean (average or expected
value), mode (most likely value), and the median (the “middle” value or fiftieth percentile).
In a situation where we are completely certain about a distribution then a well defined
summary statistic such as the mean is completely known, even if the actual future outcome is
at present unknown and unknowable. We note that accounting guidance for reserves seems
to direct us to a point on the distribution (an estimate of the amount that will ultimately be

paid) rather than to a particular summary statistic.

It thus appears necessary to rely on imprecise concepts such as “best estimate” or “range
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of reasonable estimates” when talking about an estimate of future payments in an accounting
context. We note that the distribution of future payments has a specific statistical meaning
and actually exists separately from the professional estimating that distribution, whereas the
“range of reasonable estimates” is properly completely determined by the practitioner
making the estimate and then only by the specific context (accounting definition) in which
the reserves are being set. The “distribution of future payments” depends on neither the
professional estimating it nor the methods used in that estimation. However, the methods
used by the practitioner will affect his or her estimate of that distribution. In contrast, the
“range of reasonable estimates” is completely determined by the practitioner and his or her
methods and his or her interpretation of accounting guidance. The apparently vague
accounting guidance as to the definition of “reserve” thus seems to make “reasonable” in

this context subjective.

It appears that it is necessary to introduce the concept of “range of reasonable estimates”
because the accounting guidance appears to require the booking of an estimate of future
payments and because the actual amount of future payments is currently unknown. The
“range of reasonable estimates” seems to be a surrogate for the more precise distribution of
future payments often determined in reference to the projections or forecasts from a range
of deterministic methods, and appears to be an attempt to communicate the dispersion of
that distribution. The range itself remains subjective since “reasonable” itself is not defined
and left up to the individual practitioner, though, as mentioned above, the practitioner can

use percentiles in determining his or her range.

The discussion of how to incorporate the distribution of future payments into the final
liability booked or into a “range of reasonable estimates” is probably not as advanced as the
theory on calculating that distribution. Rather than risking the omission of a significant
paper on the issue, and recognizing the ever-expanding scope of discussions of ranges and
the amounts to be booked we do not provide specific references on this topic. We do note,
however, that the entire CAS call for reserving papers in 1998 was on the subject of the
actuary’s best estimate of reserves. In addition, the 2003 call for reserving papers included
the issue of range. The corresponding fall editions of the Forum contain the papers received

as a result of these calls and can be the start of an interested reader’s research on this topic.

This is not to say that the estimation of the distribution of future payments is a matter of

science that can be done with precision. Much to the contrary, as we will discuss in this
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paper there is now no recognized way to estimate that distribution. All the known
approaches have their strengths and weaknesses, but none completely assess all sources of
uncertainty. It is quite possible that a complete solution to this problem is impossible, given
the unknown and unknowable nature of insured liabilities. However, in discussing the
uncertainty of future payments it is necessary that all parties know what various terms mean

and how close to an ideal methodology a particular approach comes.

That is the primary purpose of this paper.

1.3 Sources of Uncertainty

Setting the objective as identifying the distribution of future payments allows us to
specifically identify sources of uncertainty in those estimates. These sources of uncertainty

should be kept in mind when evaluating any estimate of the distribution of future payments.

1.3.1 Process Uncertainty

In all but the most trivial estimation situations, the amount of future payments is not
known with certainty. This uncertainty exists even if the practitioner is perfectly certain of
the entire process generating future payments. An example of this process uncertainty is the
uncertainty we face when trying to predict the outcomes of the roll of a fair die. We know
that there are only six possible outcomes (one through six), each with the same likelihood.
Even with this perfect knowledge of the underlying process, there is still unavoidable
uncertainty as to what the next roll of the die will be. In insurance situations insurers try to
aggregate a large number of independent risks so that the “law of large numbers” can be
applied, reducing the uncertainty inherent in estimating the aggregate value of a large
number of claims. However, even with such a large number of independent risks, process

uncertainty still exists.

1.3.2 Parameter Uncertainty

Quite often a practitioner may elect to use a certain statistical distribution as a model for
the distribution of future payments. Such distributions are often described in terms of a
limited number of variables known as parameters. For example, the familiar normal
distribution is completely determined by its mean and variance (two parameters). Even if
the distribution is the correct one to use, the practitioner must still estimate the proper

parameters. Parameter uncertainty refers to the uncertainty in the estimates of the
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parameters.

Returning to our die example, if we knew the future values we are to estimate were
generated by the roll of a die, but we were uncertain as to whether or not the die were fair,
this uncertainty would be an example of parameter uncertainty. We have the right “model”
(roll of a die) but do not know the parameters (the chance of observing any given side).
Often statistical estimation methods allow the practitioner to measure the amount of

uncertainty inherent in particular parameter estimates.

1.3.3 Model or Specification Uncertainty

Probably the most difficult uncertainty to quantify in estimating the distribution of future
payments lies in model or specification uncertainty. This is the uncertainty that the true
process generating future payments actually conforms to a particular model selected. In
nearly every stochastic model, the modeling begins by making the assumption that the
underlying process follows the model. There is thus little possibility that the model itself can

detect this source of uncertainty in the estimate of the distribution of future payments.

Taking our die analogy, an example of model uncertainty would be a situation where each
roll is the roll of one of six “loaded” dice, with the choice of the particular die determined by

the prior roll. Here no single loaded die model would accurately model the next roll.

There are numerous examples of model or specification uncertainty in traditional
estimation techniques. Those techniques, as do most of the estimation methods currently in
use, make the explicit assumption that past experience is a valid guide to future payments. A
substantial portion of the paper by Berquist and Sherman' addresses ways to adjust
traditional methods in situations where changes in the underlying environment invalidate
that critical assumption. In effect, that paper provides ways to at least address the issue of

model or specification error in traditional estimation analyses.

Trying a number of models and seeing which ones are most consistent with the data can

also help reduce specification uncertainty.

Any estimate of the distribution of future payments should at least acknowledge this

source of uncertainty, though its true measurement may be impossible.

! See Berquist and Sherman [5].
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1.4 Outline

The remainder of this paper sets out the work of the Working Party on Quantifying
Variability in Reserve Estimates. Section 2 discusses the scope of what we are attempting as
well as provides a uniform glossary that we will use to communicate our results. Section 3
discusses criteria for reviewing models, while Section 4 gives a broad taxonomy of models
currently in use. Section 5 discusses results of various models, while Section 6 points out
some areas of future research. We finish with a list of caveats and limitations to this work in

Section 7.

2. SCOPE, TERMINOLOGY, AND NOTATION

The purpose of this paper is to discuss, compare, and contrast — using a unified notation
— existing ways of estimating the distribution of future payments and quantifying the
variability of estimates of future loss and allocated loss adjustment expense payments for
property and casualty insurance exposures. This paper does not give consideration to
premiums or expenses contingent upon losses (such as those associated with reinsurance
contracts or retrospectively rated policies), nor does this paper address issues associated with

the timing of future payments like discounting,.
It is not within the scope of this paper:

® to propose best practices for determining the distribution of future payments for loss
and allocated loss adjustment expense; nor

e to recommend the level within the distribution of future payment estimates that should
be recorded on a company’s financial statements; nor

® to present original estimation methods and/or techniques. However, it is anticipated

that this paper will be used as a platform to support future such research.

2.1 Terminology

Bootstrap Analysis:> The bootstrap is a resampling (see Resampling Methods below)

technique in which N new samples are drawn from given observed data. Each sample is
drawn with replacement and is the same size as the original sample. Bootstrapping is

performed in order to study a statistic such as the mean of a variable. The statistic is

2 See S-Plus 6 for Windows Guide to Statistics[55].
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calculated for each of the N new samples, producing a bootstrap distribution for the
statistic. The theory underlying bootstrapping describes how the bootstrap distribution can

be used to make inferences about the statistic from the original distribution’.

Decay model: A model in which the variable being analyzed declines over time. A
common example from physical science is that of exponential decay, where the quantity
f(#) remaining at time? is the solution of the differential equation df/dt = —af (t), where

o is a constant.

Deterministic: This is a process whose outcome is known once the key parameters are
specified. Examples are many of the laws of Newtonian Mechanics. Deterministic is an

antonym of “stochastic.”

Distribution of Future Payments: This term is used for the range of possible outcomes
and their likelihood. In this paper the word “distribution” as applied to future payments
means the distribution of the sum of all future payments rather than the time distribution of

the individual payments.

Future Payment Estimation Model: See “Model.”

Latent Liabilities: Present or potential liabilities due to emerge in the future which are not

represented in historical data.

Liability: The actual amount that is owed and will ultimately be paid by a risk-bearing

entity for claims incurred on or prior to a given accounting date.’

Mean Squared Error (MSE): The expected value of the squared difference between an

estimator of a random variable and its true value is referred to as the MSE.

Mean Squared Error of Prediction (MSEP): The average of the squares of the differences
between observations not used in model fitting and the corresponding values predicted by

the model.

3 See Efron, B. & Tibshirani, R.J.[15].
* While reserves and liabilities are sometimes used interchangeably, they are given separate definitions in
this paper, and used differently throughout, to help clarify the concepts discussed.
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Method: A systematic procedure for estimating future payments for loss and allocated
loss adjustment expense. Methods are algorithms or series of steps followed to determine an
estimate; they do not involve the use of any statistical assumptions that could be used to
validate reasonableness or to calculate standard error. Well known examples include the
chain-ladder (development factors) method or the Bornhuetter-Ferguson method. Within
the context of this paper, “methods” refer to algorithms for calculating future payment

estimates, not methods for estimating model parameters.

Model: A mathematical or empirical representation of how losses and allocated loss
adjustment expenses emerge and develop. The model accounts for known and inferred
properties and is used to project future emergence and development. An example of a
mathematical model is a formulaic representation that provides the best fit for the available
historical data. Mathematical models may be parametric (see below) or non-parametric.
Mathematical models are known as “closed form” representations, meaning that they are
represented by mathematical formulas. An example of an empirical representation of how
losses and allocated loss adjustment expenses emerge and develop is the frequency
distribution produced by the set of all reserve values generated by a particular application of
the chain ladder method. Empirical distributions are, by construction, not in “closed form”

as there is no underlying requirement that there be an underlying mathematical model.

Model (or Specification) Uncertainty: The risk, or variability, inherent in estimating the

distribution of future payments for loss and allocated loss expense derived from the chance
that the true process generating future payments does not conform to the particular model

selected.’

Over-Dispersed Poisson Models (ODP):® Models for estimating future payments of

claims in which the incremental claim payments g(w,d) are “over-dispersed” Poisson

random variables with:

In common vernacular, actuaries and statisticians generally use the term “parameter uncertainty” to
include both parameter uncertainty and model uncertainty as defined in this paper. The two risks are
separated here in order to distinguish the portion that is readily measurable (assuming a given model)
from the portion that is not. They are also separated to emphasize the fact that all models used by
actuaries make assumptions about the claim process that are critical to the estimates they produce. See
Shapland [58], p. 326.

% See England and Verrall [18], p.449.
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ElgOv.d)]=m,, =x,y, and Varlg(w,d)] = ¢m,, where ¢ > 1

and w is the accident period and d is the development period as defined in the Notation

Section 2.2.

Example: Let ¥ be a Poisson random variable with mean and variance m/@ , where ¢ >
1. Then X = ¢-Y is an over-dispersed Poisson random variable with mean m and

vatiance @-m.

Parameter Uncertainty: The risk, or variability, in estimating the distribution of future

payments for loss and allocated loss expense derived from the potential error in the
estimated model parameters, assuming the process generating the claims is known (or
assumed to be known). This type of uncertainty exists even if the process is known with

certainty.

Parametric Family of Distributions: A collection of distribution functions where each
member is specified by a fixed number of variables called parameters.” For example, the

mean and variance specify each member of the family of univariate normal distributions.

Parametric Model: A statistical model where the random samples are assumed to be

distributed according to a given parametric family of distributions. One goal of the
modeling process is to determine the value of the parameters. Examples of parametric

models include the Pareto and lognormal distributions.

Prediction Error: The square root of the MSEP. It is a measure of how well a model

predicts observations not used in fitting the model.

Process Uncertainty: The risk, or variability, in estimating the distribution of future

payments for loss and allocated loss adjustment expense resulting from the random nature
of loss and allocated loss expense occurrence and settlement patterns. More generically,
process uncertainty is the randomness of future outcomes given a known distribution of

possible outcomes.®

7 See Klugman, Panjer, and Willmot [34], page 45.
¥ For example, for a roll of a pair of “fair” dice, both the process and the possible outcomes are known in
advance, yet the process uncertainty of the result from a specific roll of the dice still remains.
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2

Pseudo-data: Generally refers to data that is “free data” in the sense that it can be
obtained without additional experimental effort. The resampled data referred to in the

Resampling Methods discussion below is an example.

Q-Q Plot: A quantile is the fraction (or percentage) of points below a given value. For
example, the 0.1 (or 10%) quantile is the point at which 10% of the data fall below and 90%
fall above that value. The Q-Q plot is a plot of the quantiles of one dataset against another
(to test if they have the same distribution), or a dataset against a know distribution, such as

the normal (to test if the data has the specified distribution).

Range of Reasonable Estimates: It is the range of estimates of the future payments, each
estimate arising from a different, yet reasonable, model or method. Future payment
estimates can also arise from knowledge other than that provided by the data. In contrast to
the “distribution of future payments”, the “range of reasonable estimates” is completely

determined by the practitioner using all available input and applying professional judgment.

Resampling Methods:” In statistical analysis, the researcher is interested in obtaining not

only a point estimate of a given statistic, but also an estimate of its variance and a confidence
interval for the parameter’s true value. Traditional statistics relies on the central limit

theorem and normal approximations to make these estimates.

With the development of modern computers, researchers can use resampling methods to
estimate standard errors, confidence intervals, and distributions for a statistic of interest.
Resampling involves drawing a number of repeated samples, each sample itself drawn from
the observed data. The statistic of interest is recalculated on the resampled data. The theory
of resampling describes how the distribution of the statistic from the resampled data enables

one to make inferences about the distribution of the statistic from the original data.

Reserve:" An amount selected for a specific purpose (for example, the amount to be
carried in the liability section of a risk-bearing entity’s balance sheet) which is a point

estimate of the actual amount that is owed and will ultimately be paid by a risk-bearing entity

’ This definition uses material from S-Plus 6 for Windows Guide to Statistics, Volume 2, Insightful
Corporation, Seattle, Washington.
' While reserves and liabilities are sometimes used interchangeably, they are given separate definitions in
this paper and used differently throughout, to help clarify the concepts discussed.
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for claims incurred on or prior to a given accounting date. In the field of Finance, the term
reserve refers to a segregation of retained earnings rather than an amount carried for a

liability.

Risk (from the risk-bearing entity’s point of view): The uncertainty'' (deviation from

expected) in both timing and amount of the future claim payment stream.'>" This definition
is different from that in Finance, which defines risk'* as the “measurable probability of losing

or not gaining value.”

Specification Uncertainty: See “Model Uncertainty.”

Standard Deviation: The square root of the variance of a distribution or sample.

Standard Frror: The estimated standard deviation of a probability distribution. When

applied to the distribution of future payments, it includes both parameter uncertainty and

process uncertainty.

Stochastic:  Describing a process or variable that is random, that is, whose behavior

follows the laws of probability theory. Stochastic is an antonym of “‘deterministic.”

Variance of a Distribution: The expected value of the square of the difference between a

random variable and the expected value of the random variable.

Variance of a Sample: The average of the sum of the squares of differences between
sample values and the sample average. The sum of the squares can be divided by n or n-1,

where n is the sample size.

2.2 Notation

""In section 3.6.1 of ASOP No. 36, sources of uncertainty are described and include the following:
random chance; erratic historical development data; past and future changes in operations; changes in
the external environment; changes in data, trends, development patterns and payment patterns; the
emergence of unusual types or sizes of claims; shifts in types of reported claims or reporting patterns;
and changes in claim frequency or severity.

"2 If the loss reserves are discounted, this would add an additional source of uncertainty to the expected
value of the future payment stream. For purposes of the paper, “interest rate risk” will be ignored and
reserves are assumed to be undiscounted.

13 See Shapland [58], p. 325.

' Dictionary of Finance and Investment Terms, Sixth Edition (2003), Barron’s Educational Series.
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This paper describes many of the future payment estimation models in the actuarial
literature. Many such models visualize loss statistics as a two dimensional array. The row
dimension is the annual period by which the loss information is subtotaled, most commonly
an accident year or policy year. For each accident period, w, the (w,d) element of the
array is the total of the loss information as of development age d."> Here the development
age is the accounting year'® of the loss information expressed as the number of time periods
after the accident or policy year. For example, the loss statistic for accident year 2 as of the

end of year 4 has development age 3 years.

For this discussion, we assume that the loss information available is an “upper triangular”
subset of the two-dimensional array for rows w=12,...,n. For each row, w, the
information is available for development ages 1 through n—w+1. If we think of year n as
the latest accounting year for which loss information is available, the triangle represents the
loss information as of accounting dates 1 through n. The “diagonal” for which w+d
equals a constant, k, represents the loss information for each accident period w as of

accounting year k."

The paper uses the following notation for certain important loss statistics:

c(w,d): cumulative loss from accident (or policy) yeat w as of age d . Think

“when” and “delay.”
c(w,n)=U(w): total loss from accident year w when end of triangle reached.

R(w,d): future development after age d for accident year w, ie, =

Uw)—c(w,d).
gw,d): incremental loss for accident year w from d -1to d.

f(d): factor applied to c(w,d) to estimate g(w,d +1) or more generally any

factor relating to age d .

F(d): factor applied to c(w,d) to estimate c(w,n) or more generally any

!> Depending on the context, the (w,d) cell can represent the cumulative loss statistic as of development
age d or the incremental amount occurring during the & " development period.
'® The development ages are assumed to be in yearly intervals for this discussion. However, they can be
in different time units such as months.
For a more complete explanation of this two-dimensional view of the loss information see the
Foundations of Casualty Actuarial Science [21], Chapter 5, particularly pages 210-226.
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cumulative factor relating to age d .

G(w): factor relating to accident or policy year w — capitalized to designate

ultimate loss level.

h(w+d): factor relating to the diagonal k along which w+d is constant.
e(w,d): a mean zero random fluctuation which occurs at the w,d cell.
E(x): the expectation of the random variable x.

Var(x): the variance of the random variable x.

What are called factors here could also be summands, but if factors and summands are
both used, some other notation for the additive terms would be needed. The notation does
not distinguish paid #s. incurred, but if this is necessary, capitalized subscripts P and I could

be used.

Finally, we use many abbreviations throughout the remainder of this report. Most of these

abbreviations are defined below.

AIC: Akaike Information Criteria GB: Gunnar-Benktander

APD: Automobile Physical Damage GLM: Generalized Linear Models

BIC: Bayesian Information Criteria MCMC: Markov Chain Monte Catlo

BF: Bornhuetter-Ferguson MIE: Maximum Likelihood Estimate
BUGS: Bayesian Inference Using Gibbs Sampling MSE: Mean Squared Error

CL: Chain Ladder MSEP: Mean Squared Error of Prediction
C1: Coefficient of Variation ODP: Over-Dispersed Poisson

EILR: Expected Loss Ratio OLS: Ordinary Least Squares

EPV: Expected Process Variance SSE: Sum of Squared Errors

I”HM: Variance of Hypothetical Mean

3. PRINCIPLES OF MODEL EVALUATION AND ESTIMATION
OF FUTURE PAYMENT VARIABILITY

Historically, the problem of quantifying a probability distribution for a defined group of

claim payments has been solved using “collective risk theory.”"® Actuaries have built many

'8 There are a number of good books and papers on the subject, including, but not limited to, Bithlmann [9],
Gerber [22], and Seal [57].
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sophisticated models based on this theory, but it is important to remember that each of
these models makes assumptions about the processes that are driving claims and their
settlement values. Some of the models make more simplifying assumptions than others, but
none of them can ever completely capture all of the dynamics driving claims and their
settlement values. In other words, none of them can ever completely eliminate model

uncertainty.

While it is possible to estimate some portions of model uncertainty, developing criteria
for evaluating different models will necessarily need to focus on parameter and process
uncertainty.” Indeed, a fundamental question for evaluating a model is: “How well does it
measure and reflect the uncertainty inherent in the data?” It is not simply a matter of
calculating statistics to measure the uncertainty. The evaluation criteria must focus on how
well the uncertainty is measured. Thus, another fundamental question is: “Does the model
do a good job of capturing and replicating the statistical features found in the data?”

Unfortunately, no single criterion will answer these questions.

As noted earlier, the goal of this paper is to set forth the current state of knowledge
regarding the models used to estimate the distribution of future payments for a given block
of claims (or equivalent). Many of the approaches to estimating a distribution of future
payments involve fitting a statistical model to the available loss development data.”’ This will
henceforth be called a future payment estimation model or model. A number of different modeling
techniques can be used to fit statistical models to a dataset. Furthermore, any given
technique can be used to specify a multitude of models. Therefore, the analyst needs to have
available the tools and concepts needed to evaluate each candidate future payment estimation
model. Based on these evaluations, the analyst can select the most appropriate models and

modeling methodologies.

Section 3.1 will enumerate a number of principles and considerations (which we will
collectively refer to as criteria) relevant to evaluating a future payment estimation model.
Once a model has been specified there will typically be one or more techniques available for
estimating the variability around the model’s estimate of future payments. Section 3.2 will

discuss three of these techniques.

1 Shapland [58], p. 337.
2% This is not limited to methods for evaluating loss development triangles.
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3.1 Model Selection and Evaluation

Recall the three concepts of uncertainty discussed earlier: process, parameter, and model
uncertainty. All three of these concepts are relevant for the purpose of estimating the
variability of a model-based estimate of future payments. Of these three kinds of
uncertainty, process uncertainty is often times (although not necessarily) the smallest when
modeled statistically, yet the focus of the analyst should be to minimize the other two:
parameter and model uncertainty. The goal of modeling insurance losses is 70f to minimize
process uncertainty, as this is simply a reflection of the underlying process that is generating
the claims. While some datasets exhibit a relatively small amount of process uncertainty,
others can generate a large amount of process uncertainty. The goal of the analyst should be
to select a statistical model(s), with the help of the criteria discussed below, which most
accurately describes the process uncertainty in the data while also minimizing the parameter

and model uncertainty.”

The general criteria for evaluating a model statistically can be quite numerous.
Unfortunately, there is no single criterion that establishes a supreme model in every case.
Instead, one must collectively review a variety of criteria in order to narrow the list to the
best model(s) for each data set. Therefore, we present several of the most useful criteria for
the practicing actuary. For ease of discussion, the criteria to be discussed have been
segregated into three groups, listed roughly in order from the most “general” to the most

“specific:”
° Criteria for selecting an appropriate modeling technique,
e  Overall model reasonability checks, and

° Model goodness-of-fit and prediction error evaluation.

3.1.1. Criteria for Selecting an Appropriate Modeling Technique

The criteria for selecting a modeling technique are a blend of the pragmatic and the

theoretical.

! The process of finding the “best” statistical model is a departure from the common practice of using
multiple models to “define” a range by using the highs and lows from among the models used. It is also
quite possible to end up with competing models that reflect different aspects of the historical information
or different views on likely future outcomes.
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Criterion 1: Aims of the Analysis. Will the procedure achieve the aims of the analysis? For
example, if the analyst requires an estimate of the distribution of future payments, a
stochastic future payment estimation model is likely to be preferred over a simpler,

traditional estimation method such as the chain ladder.

Criterion 2: Data Availability. Does the analyst have access to the data elements required
by the model and in sufficient quantity? Consideration should be given to whether the
model under consideration requires unit record-level data or summarized “triangle” data,
whether exogenous predictive information (such as historical inflation rates) is needed, and

whether the data at hand has sufficient credibility for the model under consideration.

Criterion 3: Non-Data Specific Model Evaluation. The analyst should consider whether a
particular model is appropriate based on general (non-data specific) background knowledge.

Considerations include:

e Has this model been validated against historical data that is similar to the data at
hand?

e Has this model been verified to perform well against a dataset that contains
known results and that contains similar features to those expected to underlie the

data to be analyzed?

e Are the assumptions of the model plausible given what is known about the
process generating this data?  Examples of such assumptions include the
independence of accident years, similar development patterns across accident

years, and constant claims (non-wage) inflation.

Criterion 4: Cost/ Benefit Considerations. 1t is possible that two or more models of varying
cost or complexity produce reasonable results. If this is the case, it is likely that the analyst
would elect to use the simplest and cheapest of these models. If a more costly or complex
model is expected to produce more complete or accurate results, then the analyst must
decide whether the marginal accuracy justifies the marginal cost. Other considerations

include

e Can the analysis be performed using widely available software, or would specialist

software be required?

¢ How much analyst time and computer time does the procedure require?

46 Casualty Actuarial Society Forum, Fall 2005



The Analysis and Estimation of Loss & ALAE 1 ariability

e How difficult is it to describe the workings of the procedure to junior staff or the

user of the model output?
3.1.2 Overall Model Reasonability Checks

By overall model reasonability checks, we mean “what measures can we use to judge the
overall quality of the model?” For this, we suggest a number of criteria that can be used to
test whether the summary statistics from the model are sound.”> Two of the key statistics
that can be produced for many models are the standard error of the distribution of future
payments™ and the coefficient of variation (ie., the standard error divided by the estimated
mean). ** While some of these criteria do not help distinguish between models, they do help

determine if the overall model is sound and thus gets onto the “models to be analyzed” list.

Criterion 5: Coefficient of Variation by Year. For each (accident, policy or report) year, the
coefficient of variation (estimated standard error as a percentage of estimated liabilities)
should be the largest for the oldest (earliest) year and will, generally, get smaller for the more

recent years.

Criterion 6: Standard Error by Year. For each (accident, policy or report) year, the standard
error (on an absolute unit basis) should be the smallest for the oldest (earliest) year and will,
generally, get larger for the more recent years.” To visualize this, remember that the
liabilities for the oldest year represent the future payments in the tail only, while the liabilities
for the most current year represent many more years of future payments including the tail.
Even if payments from one year to the next are completely independent, the sum of many

standard errors will be larger than the sum of fewer standard errors.

Criterion 7: Overall Coefficient of 1 ariation. The coefficient of variation (standard error as a
percentage of estimated liabilities) should be smaller for all (accident, policy or report) years

combined than for any individual year.

*2 Shapland [58], pp. 334-337.

» The standard error for an unknown distribution is analogous to the standard deviation for a known

distribution.

* These standard error concepts assume that the underlying exposures are relatively stable from year to
year — i.e., no radical changes. In practice, random changes do occur from one year to the next which
could cause the actual standard errors to deviate from these concepts somewhat. In other words, these
concepts will generally hold true, but should not be considered hard and fast rules in every case.

¥ For example, the total reserves for 1990 might be 100 with a standard error of 100 (coefficient of
variation is 100%), while the total reserves for 2000 might be 1,000 with a standard error of 300
(coefficient of variation is 30%).
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Criterion 8: Owerall Standard Error. The standard error (on an absolute unit basis) should

be larger for all (accident, policy or report) years combined than for any individual year.”

Criterion 9: Correlated Standard Error & Coefficient of 1Variation. The standard error should
be smaller for all lines of business combined than the sum of the individual lines of business
— on both an absolute unit basis and as a percentage of total liabilities (i.e., coefficient of

variation).

Criterion 10: Reasonability of Model Parameters and Development Patterns. For all modeling
techniques the estimated parameters should be checked for consistency with actuarially
informed common sense. In particular the signs and relative magnitudes of the parameters
should be checked against common sense. Similarly, the loss development patterns implicit
in the model’s parameters should be checked for reasonability and consistency with one’s

expectations.

Criterion 11: Consistency of Simulated Data with Actual Data. Whenever simulated data is
created based on a particular model, it should exhibit the same statistical properties as the
real data. In other words, the simulated data should be statistically indistinguishable from

real data.

Criterion 12: Model Completeness and Consistency. 1t is possible that other data elements or
background knowledge could be integrated with the model results, thereby resulting in a
more accurate prediction. For example, one might wish to incorporate one’s knowledge of a
changing inflation rate or claims settlement practice into the model. Similarly, one’s prior
expectations of an accident yeat’s ultimate loss ratio could be integrated into the analysis

through Bornhuetter-Ferguson or Bayesian methodology.

A significant portion of any liability estimate is the portion of the assumptions that lay
beyond the actual data triangle. The assumptions for future development, trends, normality,
etc. should be consistent with the modeled historical assumptions. This is not to say that
assumptions cannot change going forward; they can. This is simply to say that they should

do so in an explainable manner that is consistent with the modeled historical assumptions.

3.1.3 Model Goodness-of-Fit and Prediction Error Evaluation

26 Strictly speaking, this criterion assumes that the individual years are not negatively correlated.
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By model goodness-of-fit and prediction error evaluation, we mean “what measures can
we use to judge whether a model is capturing the statistical features in the data?” In other
words, does the model provide a good fit to the data compared to other models? For this,
we suggest a number of criteria that can be used to test statistical goodness of fit and the

general model assumptions.

Criterion 13: Validity of Link Ratios. Venter” shows that link ratios are a form of
regression and how they can be tested statistically. All models based on link ratios need to
be tested in order to validate the entire approach. Standard statistical methods for testing
regression models can be used for this and for regression models of future payments in

general.

Criterion 14:  Standardization of Residuals. 1t is most useful to analyze a model’s
“standardized” or “normalized” residuals. A standardized residual is the difference between
a data point’s actual value and modeled value, divided by an estimate of the value’s standard
deviation. Ideally, such residuals will be normally distributed, with a mean of zero and

standard deviation of one.

Many (if nearly all) models of the loss process make assumptions about the undetlying
distribution of the losses. In general, they either make a simplifying assumption that the
losses themselves or their logarithms are normally distributed or that the remaining “noise”
after the underlying distribution has been modeled and parameterized is normally
distributed.” A model’s standardized residuals should be checked for normality. Outliers
and heteroscedasticity” should be analyzed with particular care. Normality can be checked,
for example, by producing a Q-Q plot. Alternately, a histogram of the standardized residuals
can be produced, along with a superimposed standard normal distribution. If desired, the
kernel density estimation technique can be applied to the histogram of standardized residuals
in order to produce a smoothed estimate of the residuals’ distribution. This distribution

estimate can then be visually compared with the superimposed standard normal distribution.

7 See Venter [71].

* Not all models assume normality in the residuals. For example, GLM models can model the data
structure without assuming a form for the distribution.

¥ A model’s standard residuals are “homoscedastic” when they are equal, or have a similar spread, for all
variables. A model’s standard residuals are “heteroscedastic” when then have a different spread for some
variables. A plot of the residuals will usually allow the user to determine their scedasticity. Most
standard formulas assume homoscedasticity, so when heteroscedasticity is present, the standard error
estimates will usually be biased to the low side.
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Criterion 15: Analysis of Residual Patterns. In addition to the normality and outlier checks,
residuals can be checked against various dimensions of interest. In particular it is good

practice to plot standardized residuals against the following x-dimensions:
e Development period;
e Accident period;
e (alendar period; and
e Titted value.

Ideally, the residuals at each value of the x dimension of interest will be randomly
scattered around zero. Non-random patterns might indicate the need for additional

parameters or an alternate model.

Criterion 16: Prediction Error and Out-of-Sample Data. Perhaps the best way to evaluate any
predictive model is to test the accuracy of its predictions on data that was not used to fit the
model. In an extreme case, one can fit a model containing x parameters to a loss
development array containing x data points. The fit will be perfect, and therefore the
residuals will all be zero. In this extreme case, all of the residual analysis tests (Criteria 14
and 15) will be trivially satisfied. However, it is unlikely that such a model would make good

predictions going forward. In cases such as this, the model is said to “over-fit” the data.

One way to guard against over-fit is to set aside part of one’s data in the model fitting
process, and use this data to evaluate the model’s predictive accuracy. Such a dataset is
called a “holdout sample” or “out-of-sample data”. For example, one might set aside the
most recent one or two calendar periods (“diagonals”) of data from one’s loss triangle. The
model can be used to provide predicted values for each holdout data point, and these

predicted values can be compared with the actual values.

Criterion 17: Goodness-of-Fit Measures. In addition to using holdout data, one can evaluate
competing models by using various goodness-of-fit measures. The purpose of model
selection is to find the model that best fits the available data, with model complexity being
appropriately penalized. Such measures therefore analytically approximate validation on out-
of-sample data. They do so by combining some measure of the model’s overall “error”
(using a loss function such as squared error loss or log-likelihood) and an offsetting penalty

for the number of model parameters relative to the number of data points available.
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Goodness-of-fit measures include:

e Adjusted sum of squared errors (SSE): SSE is defined as the sum of the squares
of the differences between the modeled loss and the actual loss. Adjusted SSE
equals SSE divided by (n—K)?, where n is the number of data points and K is

the number of parameters in the model.”

e Akaike Information Criterion (AIC): The AIC states that one competing model
is better than another if it has a lower value of —2log(/)+2K . log(/) denotes

the log of the maximum likelihood.

e Bayesian Information Criterion (BIC): The BIC states that one competing model

is better than another if it has a lower value of —2log(/) + log(n)K .

Each of these concepts provides a quantitative measure that ideally enables one to find an

optimal tradeoff between minimizing model bias and predictive variance.

Criterion 18: Ockban’s Razor and the Principle of Parsimony. This is a philosophical principle.
When choosing between competing models, the principle of parsimony states that all else
being equal, the simpler model is preferable. While it is important to find the best model
and add enough parameters to capture the salient features in the data, it is equally important

not to over—parameterize.

Criterion 19:  Predictive Variability. What one ultimately wants is an estimate of future
payments involving as little uncertainty as possible. Furthermore, one would like to quantify
the uncertainty in one’s future payment estimate. Ideally this would take the form of
providing the probability distribution of the future payment estimate. An alternate approach
would be to estimate the standard error of the future payment estimate. Section 3.2 outlines

three general approaches to estimating this variability.

Criterion 20: Model VValidation. Another way to validate a model is to systematically
remove the last several diagonals from the triangle and make the same forecast of ultimate
values without the excluded data. This post-sample predictive testing, or validation, is

important for determining if the model is stable or not.

3% This measure was suggested by Venter [72].
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3.2 Methods for Evaluating Variability

3.2.1 Possible Approaches

The methods used to calculate distributions of future payments are grouped into three
general categories: analytical evaluation of incremental data, bootstrap simulations and

Bayesian models.

3.2.2 Analytical Evaluation

This subsection outlines the procedures for measuring variability in respect of future
payments. Such variability estimation can be implemented for future payment estimates that
are to emerge in each of the future periods, for each of the accident years, and for all the
accident years combined. Note that the analytical approaches described here are only for a
single line of business; in other words, no correlations among multiple lines of business will
be taken into account here in evaluating future payment variability. The procedure outline

presented below is largely based upon Clark™ and England and Verrall™ .

1. Data Requirement. The variability of future payment estimates can be estimated
from a data triangle of incremental payments. Let g(w,d) denote the incremental
payment for accident year w and development year d , and m , the expected value
of g(w,d). A distributional form is chosen for g(w,d), which could be an over-

dispersed Poisson, negative binomial, gamma, or many others.

2. A structural form is chosen for m,,, which could be either non-linear in the

parameters or modeled in a generalized linear model.

a) With a generalized linear model, a link function needs to be specified for the

relationship between m , and the parameters.

b) While modeling m , in a non-linear model, the emergence of incremental
payments needs to be modeled by selecting an appropriate reserve estimation
method. Section 4 surveys various methods used to obtain an estimate of future

payments.

3. The parameter estimation for the linear or non-linear model requires setup of a

31 See Clark [10].
32 See England and Verrall [18].
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maximum likelithood function and maximization of the function with respect to
relevant parameters. For the generalized linear model, most statistical software
packages have built-in procedures to do the estimation, and the user only needs to
choose the link function and the distributional form. For the estimation of the non-
linear model, a functional form should be specified for the percentage loss

emergence.

4. 'The variability of future payment estimates can be measured by the variance of the
distribution of future payments, which is denoted by Var[¢g(w,d)]. As stated
earlier, the variance of the distribution of future payments for accident year w and
total future payments, denoted respectively by Var,[¢(w,*)] and Var,[¢(*,*)], can
be evaluated within the framework of the above stated parametric models. Several

points should be noted here.

a) The variance of the distribution of future payments is decomposed into process

variance and the variance of parameter estimates, or mathematically,

Var [¢(*,*)]~ Var[g(*,*)] + Var[g(*,*)].

b) The calculation of the variance of the distribution of accident year future
payment estimates should take into account any correlations between the
predicted values for different development periods of the same accident year, in

addition to the variance of each of the individual predicted values.

¢) The variance of the distribution of the total future payments is the sum of the
variances for each accident year future payment estimate and the covariances

between accident year future payment estimates.

The variance of the distribution of future payments can be numerically derived through
some approximation method. Appendix A gives the analytical forms for these variances for

which approximation through the delta method is used in the derivation.

3.2.3 Bootstrap Evaluation

The residuals saved from estimating the generalized linear models or nonlinear models
can be used for the bootstrap simulation to obtain the distribution of future payments. For
instance, one way of bootstrapping is sampling with replacement from the scaled Pearson

residuals and constructing a large number of (equal to the number of simulations, N)
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pseudo past triangles.” For each of the N pseudo loss triangles, their corresponding lower
triangles of future incremental losses are estimated by following the procedures outlined in
Section 3.2.2. For each accident year, the mean of future payments, the parameter variance
and the process variance can then be calculated from the N future triangles. Note that the
parameter variance thus derived from the simulation needs to be adjusted by a factor equal
to n/(n—p). England and Verrall describe the calculation of the standard error’ of the
bootstrap future payment distribution. The mean and standard error obtained from the
bootstrapping should then be compared to the corresponding values calculated through the
analytical approach to check for errors.

A simplified bootstrap simulation procedure that yields identical results has also been
discussed in England and Verrall®. The authors propose using the standard chain-ladder
method in the simulation to obtain the future incremental loss triangles (the lower triangles)
as well as the past triangles (the upper triangles) instead of going through the complicated
procedures of solving the maximum likelihood functions of the over-dispersed Poisson
models. The detailed bootstrap procedure is outlined in Appendix 3 of England and Verrall
*.As compared with the analytical approach, one obvious advantage of the bootstrap
simulation is that it not only gives the future payment means and standard errors but also
provides the distribution of future payments. The percentile distribution of future payments
and the histogram of overall future payments and future payments for each accident year can

easily be obtained from the simulated pseudo data sets.

3.2.4 Bayesian Evaluation

A promising, though less frequently discussed, approach to estimating future payments
and future payment variability is the use of Bayesian modeling. At a high level, Bayesian
modeling can be viewed as an extension of classical or “frequentist” modeling in which the

analyst is willing to consider distributions on the parameters of one’s statistical model.

Let us sketch the outlines of the frequentist modeling paradigm. Suppose one has a
candidate model p(q|0) for the terms g(w,d) in a loss development array. g(w,d) denotes

the incremental losses for accident year w from development period d -1 to d and &

33 See England and Verrall [16].

 See England and Verrall [16,18]; England and Verrall call this the prediction error.
3 See England and Verrall [16,18].

3% See England and Verrall [18].
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denotes the vector of parameters to be estimated from the available data
{q(L), q(1,.2)...., q(1,n), g(2,1),.., q(2,n—=1),.., g(n,])}. Suppose maximum likelihood is
used to derive the estimate 6,,, of €. The missing terms of the array (i.c., the elements of
the future payments), R = {Rz,n,RlH,.R3,n,...,Rn,2,...,R”,n }, can be then estimated by
calculating {p(RW, 4 |6’MLE )}

The frequentist paradigm therefore takes the parameterized model p(q|9) as
fundamental. The data g are used to estimate @, and this estimate is then used, via the

model formula, to make forecasts or inferences.

The Bayesian paradigm expands this conceptual framework by treating the parameter
vector @ as a further set of random variables. Therefore just as the (observed) random
variables g admit of the probability distribution p(q|€), the (unobserved) random variables
0 admit of a further probability distribution p(@). p(@) is known as a prior probability

distribution.

The key insight of the Bayesian paradigm is that the data g can be used to refine or update
the prior distribution p(H) to a posterior distribution p'(@). This updating is performed via
Bayes Theorem.

r(q10)p(0)
[p(a16)p(©)d0

Notice that the first factor on the right side of the equation is the statistical model from

p'(0)=p@|q) = o p(q|6)p(0) 3.1)

the frequentist paradigm. This statistical model is also known as the /Jkelibood function.
Rather than filtering the data g through the model p(R|9) to produce a point estimate of

0, the data is used to refine the distribution of @ via Bayes Theorem.

The posterior distribution can in turn be used to generate the distribution of future

claims, R:

P(R|q)= [ p(R|0)p(0]q)d0 (3.2)

A concrete example of Bayesian loss estimation is provided by Verrall”. The
“frequentist” model Verrall begins with is the over-dispersed Poisson (ODP) model
described in England and Verrall **;

37 See England and Verrall [17].
¥ See England and Verrall [17].
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q(w,d) «c;; ODP, (x,,) (3.3)

where zd v, =1. The parameter vectors, x = {xl,xz,...,xn} and, y = {yl,yz,...,yn }
represent the rows (accident years) and columns (development periods) respectively of the
loss array. Note that the mean and variance of g(w,d) equal x,y, and @x, y,

respectively. @ is known as the dispersion parameter.

Within the frequentist paradigm, maximum likelihood theory (in particular the theory of
generalized linear models) can be used to estimate the parameter vector @ = (x, Y, (/)). These
parameters in turn are used to estimate the unknown elements of the loss array:
R,,=x,y,. England and Verrall also demonstrate how to analytically derive confidence
intervals around the sum of the future payment estimates. Note that this is a complex
derivation that only results in variance information about the distribution of future

payments.

Verrall * extends this frequentist model to a Bayesian model by introducing prior
distributions on the row and column parameters x and ». (Note that a prior distribution

could also be placed on ¢ but Verrall chooses to use a plug-in estimate for simplicity.)

The data g = {q(l,l),... , q(n,l)} are used to obtain a posterior distribution of (x,y):

n  n—i+l n

p(x,y1q.0) o [ [[[ODP,lg(w,d) | x, Y]] [ p(x)p () - (3.4)

w=l d=1 i=1
The posterior distribution in turn determines the distributions of the unknown elements

of the loss array:

PR, 19)= [ p(R,; |%,3,0)p(x, 7| ¢, ¢)dxdy. (3.5)

To summarize, Verrall develops both a frequentist and Bayesian ODP model of a loss
array. 'The frequentist approach uses the data and the ODP model to generate point
estimates of future payments and (with some labor) confidence intervals around these point
estimates. In the Bayesian approach, he introduces prior distributions of the ODP model
parameters (x,y). Bayes Theorem is applied to the known elements g of the future
payment array to generate the posterior distribution of (x, y). This posterior distribution in
turn determines the distributions of future payments {ij J } For example, the adoption of a
gamma distribution prior on each x parameter, in conjunction with the ODP conditional

likelihood, is shown to yield a gamma posterior distribution, and a posterior mean of future

%% See England and Verrall [17].
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{RW J } that may be interpreted as a Bornhuetter-Ferguson estimate.

Ultimately, one would like to calculate the mean and various percentiles of the
distribution of the total future payments R = ZRw, s - [Let p(R|q) denote the distribution

of the total future payments.]

Unfortunately, it is typically impossible to calculate such quantities analytically. Even
calculation of the posterior of a single R,,; will not usually be possible. Because of the
numerical difficulty involved, Bayesian methodology remained at a relative impasse for
several decades. However, recent developments in Monte Carlo integration have made it
practical to approximate the mean and percentiles of the distribution of future payments

with a high degree of accuracy.

The basic idea of Monte Carlo integration is to generate a large sample of draws from the
posterior distribution p(t9|q). This sample of draws allows one to easily approximate any
quantity that depends on the posterior density. To illustrate, suppose we have generated

q). (Reference to the dispersion

10,000 draws from Verrall’s posterior density p(x, y
parameter ¢ will henceforth be suppressed.) That is, we have a sample of 10,000 values of
0= (x,y). Let 8V ..., 8" denote these 10,000 estimates of . For each one of these
values ") | we can readily compute each unknown value {RW’ d} of the loss array (recall that
R, , =x,y,)and add them together: R = ZRW,d “.

In this way, we have generated 10,000 draws from the distribution of the total future
payments. The average value of these 10,000 draws constitutes an estimate of the future
payments:

10,000

RY ~ | p(R|0)p(0]|q)do 3.6
10,000 & [p(RI6)p(©6]9) (3.6)

Similarly, the empirical 5" and 95" percentiles of this simulated distribution {R(k)}

Future Payments =

constitute one of many possible variability estimates.

The surprising ease of these calculations is due the fact that we were able to generate the

O, 0" from the posterior distribution p((9|q). This sampling of the

draws 6
posterior distribution is accomplished by Markov Chain Monte Carlo (MCMC') simulation.
MCMC techniques are recipes for constructing a Markov chain of random variables 87
0", 6% ... that in the limit “forget” their arbitrary starting value 8 and converge to the

stationary distribution p(t9|q). Two commonly used MCMC' techniques are the Hastings-
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Metropolis Sampler and the Gibbs Sampler. Details of these MCMC techniques will be
omitted for brevity of exposition, but can be found in most modern introductions to

Bayesian modeling.

To summarize: one way of using Bayesian methodology to estimate the distribution of
future payments is to begin with a frequentist model (such as the England-Verrall ODP
model) of one’s loss array. One then supplements this model by assigning prior distributions
to many or all of the parameters of the model. Next, a MCMC technique such as Gibbs
Sampler can be used to generate an empirical posterior distribution of the model parameters.
Finally, this distribution of parameters can be plugged into the model to generate the
corresponding distribution of future payments. In short, MCMC integration makes it
possible to estimate not only the expected value and variability of future payments, but the

actual distribution of future payments.*

3.3 Feasibility and Merits of Each Approach

3.3.1 Analytical Approach

There are several techniques available for model evaluation. Some of the testing

procedures have been suggested in Venter *'.

The first one is to test the significance of
parameter estimates. Secondly, residuals can be used to test the validity of model
assumptions in various ways. The residuals can be plotted against the development period,
the accident year, the calendar year of emergence, or any other variable of interest. The
validity of model assumptions requires that the residuals appear to be randomly distributed
around the zero line. Any anomalous residual plot is an indication that some of the model
assumptions are incorrect or the model is misspecified. Thirdly, the goodness fit of the

model can be tested by using the AIC and BIC criteria.

For the generalized linear model, the table also reports the scaled deviance and scaled
Pearson chi-square, which are directly obtained from the computer-generated output. These

two scaled statistics, under certain regularity conditions, have a limiting chi-square

%0 Another example of Bayesian revision was given by Taylor, McGuire and Greenfield (2003) in an
ASTIN Colloquium keynote address (see
www.economics.unimelb.edu.au/actwww/wps2004/No113.pdf). This paper dealt with loss estimation
regression models.

' See Venter [72].
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distribution, with degrees of freedom equal to the number of observations minus the
number of parameters estimated. A scaled deviance close to one may be an indication of a
good model fit. However, the examination of the deviance for model fitness should always
be accompanied by the examination of residuals. As an illustrative example, Appendix B
uses a sample of incurred loss data to estimate the variability of expected future payments

and discusses the goodness fit of the model.

Besides parameter uncertainties and process disturbances, model misspecification may
exist, which should be reflected in the anomaly of the residual plots. For instance, leaving
out the calendar effect in the estimation could be a misspecification, considering the data
triangle used normally spans over a considerably long period of time. As a remedy, the data
elements in the loss triangle can be adjusted by some appropriate measures so that the
specification error coming from the calendar effect can be effectively removed. If the
calendar effect is caused by inflation, all the incremental loss data can be deflated to a
common basis before the model is estimated. On the other hand, some model specification
tests (for example, the WALD statistics) can also be used in examining whether the calendar

effect can be treated as a nuisance parameter.

3.3.2 Bootstrap Approach

The bootstrap was described in Section 3.2.3 in connection with an over-dispersed
Poisson model. It is seen there to be a numerical procedure, algebraically simple, in concept

at least.

The procedure may be generalized to any (non-Bayesian) model structure.”” It produces
an estimate of the whole distribution of future payments, rather than just a small number of

summary statistics.

Though the procedure is conceptually simple, it can involve some practical complexities.
For example, it assumes that all residuals are unbiased. This may be difficult to achieve
precisely with a suitably parsimonious model. Small regions of bias in the triangle of
residuals can be highly disturbing to bootstrap results.

Difficulties can also arise when the raw observations, and therefore the residuals, are

drawn from a long-tailed distribution. There are no difficulties from a theoretical

2 For detail, see Taylor [65], Chapter 11.
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standpoint, provided that all residuals are equi-distributed. In practice, however, this will
often not be so. Instead one may face residuals which are all long-tailed, but from somewhat

different distributions.

3.3.3 Marks & Chain Monte Carlo (MCMC) Approach

As discussed in section 3.2.4, the Bayesian approach to loss estimation produces the
distribution of future payments, not merely information about the mean and variance. While
it is in practice impossible to analytically derive the distribution of future payments, it is

readily possible to approximate this distribution though MCMC simulation.

A high-level statistical programming language for Bayesian modeling with MCMC' is
BUGS: Bayesian Inference Using Gibbs Sampling. The BUGS language is implemented in
the freely available WinBUGS software package developed by the Biostatistics Unit at
Cambridge University. Thus, both the methodology and necessary computing environment
are now readily available to the analyst who wishes to apply Bayesian methodology to loss

estimation problems.

Another merit of the Bayes/MCMC approach is that it provides an open-ended modeling
environment in which the analyst can integrate (possible vague or qualitative) prior
knowledge or beliefs with his or her stochastic model of the loss development process.
Verrall’s ODP model exemplifies this. The England-Verrall frequentist ODP model is similar
(though not identical) to the classic chain-ladder model. Verrall’s Bayesian extension of this
model provides a rigorous way to incorporate one’s prior beliefs about one or more accident
years’ ultimate losses into the ODP (chain-ladder) modeling framework. As Verrall points
out, his Bayesian ODP model is therefore analogous to the classic Bornhuetter-Ferguson

technique.

It should be emphasized that Verrall’s Bayesian ODP model is not the only Bayesian
model of loss development currently available. Other relevant contributions to date include
De Alba® | Ntzoufras and Dellaportas* and Scollnik *. Nor does Verrall’s presentation
illustrate the only way of integrating one’s prior beliefs with a model of the loss development

process.

# See DeAlba [12].
* See Ntzoufras and Dellaportas [49].
* See Scollnik [56].
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The Bayes/MCMC loss estimation framework, based on simulation of the distribution of
future payments, is a low cost application, providing rigorous incorporation of prior beliefs.

Though relatively new to the actuarial community, it appears to have considerable promise.

3.4 Categorization of Models

There are a number of properties of future payment estimation models that have a
bearing on the choice of procedure for evaluation of variability. These are discussed in this
section. The categorization of models so arrived at here differs from those appearing in
Sections 4.5 and 4.6, which is more concerned with their properties relating to estimation of

the mean of the distribution of future payments.

3.4.1 Bayesian and Non-Bayesian

The future payment estimation model may be Bayesian or non- Bayesian. Examples

appear in Sections 3.2.4 and 3.2.3 respectively.

In the case of a non-Bayesian model, variability will be estimated by reference to the
residuals derived from the data points and the corresponding fitted values according to the

model. These residuals may be manipulated by analytical means, or by bootstrapping.

The variability within a Bayesian model contains additional mathematical structure as it
relates to the Bayesian distribution of future payments, reflecting the prior distribution as
well as the data points. In principle, the variance of the distribution may be derived from its
analytical form but, as pointed out in Section 3.2.4, this will not be practical in many cases.
The MCMC approach described in Section 3.2.4 will then be the natural one.

3.4.2 Simple and Complex

At a fundamental level, a loss estimation procedure is a mapping from a set of data points
to the mean of the future payments. Mathematically, this mapping will be quite complex,

even for the simpler estimation procedures.

The corresponding procedure for estimating variability is a mapping from the data points
to the variance of the future payments, and is more complex again. Precise evaluation of

this variance will not be practical except in the simplest of models.

Equation (A.16) (found in Appendix A) provides an example of an approximation in a

specific, rather simple, case. As illustrated there, this result requires two ingredients:
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e FEvaluation of the partial derivatives of the model’s forecasts with respect to its

parameters; and
e The covariance matrix associated with the estimates of those parameters.

The difficulty in evaluation of these quantities will increase rapidly with increasing

complexity of model structure.

The weight of algebra in even only moderately complex models may be such as to defeat
feasibility of this analytical approach. This is exemplified by the method of Mack®, which
generates a complex expression for the estimated variance of future payments calculated
according to the simple chain ladder method. In most cases, it may be necessary to resort to

bootstrapping (Section 3.3.2) for estimation of variances.

Moreover, even when the variance of future payments may be estimated analytically, it
does not provide information on the thickness of the tails of the distribution of future
payments. Again, the bootstrap may prove useful in providing an estimate of the entire

distribution of future payments.

3.4.3 Models with Multiple Sub-Models

Some models are composed of two or more distinct sub-models. Examples given by
Taylor"” include the Payments per Closed Claim®™ and Projected Case Estimates models.

The first of these, for example, comprises:
e A model of claim closure counts; and
e A model of sizes of closures.

In such cases, estimation of the variability of future payments will require consideration
of variability within each of the sub-models. It is evident from the comment in Section 3.4.2
that there is likely to be substantial difficulty in attempting to pursue this analytically. The

bootstrap is likely to provide the most practical approach.

The bootstrap would need to be applied separately to each sub-model, and the sub-
models then combined. In the Payments per Closed Claim example above this would

produce say m realizations of forecast claim closure count arrays {f,(w,d), j=1,..., m},

4 See Mack [37].
" See Taylor [65], Chapter 4.
* Also referred to as Payments per Claim Finalized.
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and m realizations of forecast size arrays {s,(w,d), j=1,..., m}. These are then combined

to  produce  forecast  paid  loss  arrays {g,(w,d), j=1,..., m} where
qj‘(w’d) :fj(w’d)'s_/(wad) .

3.4.4 Independence of Data Observations

Care needs to be taken to ensure that estimates of variability account correctly for any
dependencies between data items incorporated in the model specification. The most
pervasive form of dependency in future payment estimation models arises in relation to
cumulative data. For example, since

cw,d+k)=c(w,d)+q(w,d+1)+q(w,d +2)+ ... +q(w,d + k), (3.7)
it follows that
Covlc(w,d),c(w,d + k)] = Var[c(w,d)], (3.8)

when all incremental paid losses are stochastically independent.

The bootstrap procedure described in Section 3.2.3 relies on the stochastic independence
of the residuals that it permutes in the production of pseudo-data sets. The residual

cotresponding to the j-th observation Y is of the form
R, =(¥, _Y/)/GJ (3.9)
where i;j is the value fitted to ¥, by the model and O'Jz- = Var[Y,].

Generally, the set of residuals {R ; } will not be mutually stochastically independent even
if {Y ; } is, since );J is a function of all the Y,. However, if there are many observations,
each I}J will depend only slightly on any one Y,. Then {R ; } will be “nearly independent”

and the bootstrap may be applied at least without gross violation of its assumptions.

This will not be so, however, if the ¥, represent cumulative data, e.g. ¥; = c(w,d) . Then,
with an alternative but obvious labeling of observations, (3.8) implies that Cov[R, ,, R, ;]
is likely to be strongly non-zero. Direct application of the bootstrap to models of

cumulative data will therefore usually be inappropriate.
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It will often be reasonable, however, to retain the model based on cumulative data but to

bootstrap by permuting the corresponding incremental residuals
Rw,d = {[C(Wa d) - C(W, d— 1)] - [é(W, d) - é(W, d— 1)] }/T‘/ D (31 O)
where sz. = Var[c(w,d) —c(w,d —1)] = Var[g(w,d)].

4. METHODS AND MODELS

In this section we distinguish estimation models from estimation methods, and describe

many of the estimation models in the actuarial literature.

4.1 Notation

This section uses the following notation, which is more completely described in Section
2.2

c(w,d): cumulative loss from accident (or policy) year w as of age d .
c(w,n)=U(w): total loss from accident year w when end of triangle reached .

R(w,d): future development after age d for accident year w, ie, =

Uw)—c(w,d).
gw,d): incremental loss for accident year w from d —1 to d .

f(d): factor applied to c(w,d) to estimate g(w,d +1) or other incremental

information for period d +1.

F(d): factor applied to c(w,d) to estimate c(w,n) or other cumulative

information relating to age d .

G(w): factor relating to accident or policy year w — capitalized to designate

ultimate loss level.

h(w+d): factor relating to the diagonal k along which w+d is constant.
e(w,d): a mean zero random fluctuation which occurs at the w,d cell.
4.2 Methods

A method is an algorithm or recipe — a series of steps that are followed to give an
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estimate of future payments. The well-known chain ladder (CL) and Bornhuetter-Ferguson
(BF) methods are examples. A more intricate method, suggested by Gunnar Benktander
(GB) in the April 1976 issue of The Actuarial Review, uses a weighted average of the CL and
BF estimates within the BF procedure. For a paid loss application, let F'(d) be the average
proportion of ultimate claims paid through age d, and U, be a ptior estimate of U(w).
Then the estimates of U(w) after observing c(w,d) are:
Ugyr(W)=c(w,d)+[1-F(d)]- U, 4.1)
Uy, w)=c(w,d)/ F(d) (4.2)

Ugs (W) =c(w,d) +[1= F(d)]-[F(d) - U, (W) + {1 = F(d)}-Uy(w)] w3
Ugs (W) =c(w,d) +[1=F(d)]- U 5 (W)

Thus the original estimate U, in BF is replaced by a weighted average of the CL
estimated ultimate and the BF prior ultimate losses, where the weight on CL is F'(d). This
is the same as replacing U, with Uz, (W) so is also called iterated BF. It is not hard to see
that the expected future development from this method is a weighted average of the future

development from the CL and BF methods, again with weight F'(d) on CL.

CL, BF, and GB are thus three methods of future payment estimation that have been
specified here up to the calculation of F(d) and U,. These calculations would have to be
defined to make the methods into complete algorithms. Since they are methods, they show
how to do the calculations but do not detail any statistical assumptions that might be tested

or used to calculate standard errors.

4.3 A Method for Estimating Ranges

One way to calculate a range around estimated ultimate losses would be to proceed as

follows:

1. For each age d, calculate age d to age d +1 loss development factors f(d) as the
average such factor over all accident years available and multiply these to get the age

to ultimate factors F'(d).

2. For each d, sum the squared deviations of the age d individual accident year factors
from f(d). With n factors in the column, divide by n—1 to estimate the average

squared deviation, then multiply by n/(n—1) to adjust for uncertainty about f(d).

Casualty Actuarial Society Forum, Fall 2005 65



The Analysis and Estimation of Loss & ALAE 1 ariability

Call the result s°(d). Set s>(n)=s>(n—1).

3. Calculate S°(d), the estimated variance of the age-to-ultimate factor F(d), working
backwards from S*(n)=s"(n) using the formula for the variance of the product of

two independent variates, SO

S*(d)= f(d)>S*(d +1) + F(d +1)>s>(d) + s> (d)S*(d +1).

4. Estimate the expected ultimate loss for each accident year w by multiplying c(w,d)

from the latest diagonal by F(d) and the variance for the accident year as
c(w,d)’S*(d).

5. Sum the estimated accident year losses and variances over all accident years, and
assume the sum is lognormally distributed with mean and variance equal to the

summed means and variances.

6. Use that lognormal distribution to estimate percentiles of outcomes of the ultimate

losses.

As with methods in general, this one tells you how to do the calculation, but does not

provide any statistical assumptions that could be used to validate its reasonableness.

Simulation could also be used as a method for calculating future payment ranges. For
instance, Patel and Raws" discuss an approach to this. The paper describes a procedure for
generating future payment ranges using a combination of actuarial judgment and statistical
simulation. In its application, the paper assumes a company writing multiple lines of
business over multiple accident years. It is assumed that ultimate loss estimates have been
generated by a vatiety of standard actuarial methodologies for each line of business/accident
year. The paper then describes how an actuary might use this range of estimates, applying
judgment to choose a loss distribution (and the associated specifying parameters) by line of
business/accident year.  Simulation techniques are then applied using the selected
distributions to generate a range of future payments across all accident years/lines of
business (i.e., a range of aggregate future payments). The paper examines three specific

applications of this process.

* See Patel and Raws [50].
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4.4 Models

A model specifies statistical assumptions about the loss process, usually leaving some
parameters to be estimated. Then estimating the parameters gives an estimate of the ultimate
losses and some statistical properties of that estimate. There are various methods that could
be used for estimating the parameters, such as maximum likelthood and various robust
estimators, but unless otherwise noted, “methods” here will refer to algorithms for

calculating loss future payments, not methods for estimating model parameters.

Mack presents™ a loss development model to address issues of weighted averages of CL
and BF estimators. He assumes that the payout pattern is already known with F(d) the
proportion of ultimate losses paid by age d, and looks at how to evaluate the accuracy of
the CL and BF estimators that use these factors and how they can best be weighted together.

In the current notation, he defines:
U,(w) = ptior expected value for U(w) with E[U,(w)] = E[U(w)].

U, (w) is assumed to be independent of U(w), c(w,d) and R(w).

Elc(w,d)/U(w)|Uw)]=F(d) (4.4)

Var[c(w,d)/U(w) [U(w)]=BUW)IF ()1 - F(d))], (4.5)
where B is assumed constant over d ’s.

AU (W) =U(w)’ BU(w)) (4.6)

Mack suggests that B(U(w)) could, for example, be assumed to be a constant or a factor
times U(w). Either way, the accident yeat’s difference in its proportion of losses paid by age
d from the long-term average F'(d) is highest near the middle of the payout pattern, where
F(d)(1-F(d)) is highest. The CL estimate gets better for mature ages as the annual
variation of the payout portion goes down and losses are grossed up by a lower factor
1/ F(d) . In fact, dividing the definition of B by (F(d))*:

VarlU ., (w)/U(w) | U(w)]=BUW)[1-F(d)]/ F(d) (4.7
which decreases in F'(d).
The accuracy of the BF estimate also improves over time since the factor 1—F(d) on

U, gets smaller. The expected squared error E(U, —U)> does not change with age,
however. Note that E(U, -U)* = E(U, - EU, + EU -U)* =Var(U,) +Var(U) by the

%% See Mack [38, 42].
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first two assumptions.

Mack considers credibility weighted estimators of CL and BF for R(w) of the form:
R, (w,d) =[1=F()|Z(w,d)c(w,d)/ F(d) +[1=Z(w,d)]U,(W)], (4.8)

which has the lowest etror for any given w when d is on the last diagonal.

He finds that the mean squared error (MSE) is minimized by taking
Z(w,d)=F(d)/[F(d)+ K(w)], where:
= ELAUW))] If K<0,setitto 0, so
Var(U,(w)) +Var(U(w)) = E[AU (w))] (4.9)
Z=1
Setting Y (w,d) =[1-F(d)]E[A(U(w))], Mack then finds the mean squared etrors of

some possible estimators as:

K(w)

MSE(R,(w,d)) = Y(w,d)[1+[1- F(d)]/ K(w)] 4.10)
MSE(R., (w,d))=Y(w,d)/ F(d)] @4.11)
MSE(R, (w,d)) =
Y(w,d){Z(w,d)*[1- F(d)]/ F(d)+1+[1= Z(w,d)]*[1- F(d)]/ K(w)} 4.12)

The latter formula gives the CL and BF formulas when Z =1 or 0. Mack shows that the
MSE of the BF method is less than that for CL exactly when F(d)< K(w) for w and d
on the latest diagonal, which gives a criterion for the best age to switch from BF to CL.
However, the credibility estimator is better still. Mack suggests that the GB method, which
does not use the optimal Z’s but is easy to calculate, is better than either CL or BF in most

practical cases.

To apply this model, the parameters have to be estimated. U, and Var(U,) are from
outside data, perhaps from ratemaking. Var(U) could come from a historical loss ratio
distribution. The F'’s and A’s are assumed known, but as often occurs in credibility theory
they are usually not, and could be estimated from historical loss development data. The
MSE’s above would then be the conditional MSE’s given the payout pattern, so the
unconditional MSE’s would be their expectation over the distribution of the expected
payout pattern — not the distribution of the annual payout pattern around the average, but
the uncertainty in the average. This would probably have little effect on the relative MSE ’s
for the different methods, but the difference between 1/ E[F(d)] and E[1/F(d)] could

have an effect for some distributions of F(d).
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This example of a method and a related model illustrates what a model provides: testable
assumptions about the claim development process, parameters to be estimated, and a mean
estimate and measures of deviation from the mean. This model is different from many,
however, as the model assumptions allow future payment estimators of various forms, and
the assumptions and the accuracy of each estimator at various ages can be calculated. Other
models specify a claim development process and look for the best estimator meeting certain
criteria, regardless of form. For instance, if the distributions of the observations are

specified, the maximum likelihood estimator of the future payments might be sought.

4.5 Types of Models

Here is a structure for classifying estimation models:
The first split is models based on individual claims histories #5. models based on triangles.

For models based on triangles, it is possible to model a triangle as a function of itself plus
other triangles, as examples, paid a function of paid and incurred, or auto property damage a
function of auto liability and auto physical damage triangles. So the first split of triangle
models is by models of single triangles »s. models simultaneously incorporating multiple

triangles.

For models of single triangles an important distinction is conditional »s. unconditional
models. For both of them, the parameters are estimated using the data in the triangle, but for
conditional models the data in the triangle is part of the set of independent variables used in
the expression of the model of future loss emergence, like:

gw,d +1)=c(w,d) f(d) +e(w,d +1) (4.13)

This model has one parameter for each age, as the factors are applied directly to losses.
For unconditional models the data in the triangle is not an independent variable in the model
equation for future development such as:

gw,d +1)=G(w) f(d) +e(w,d +1) (4.14)

This has a parameter for each age and one for each accident year as well.

Link ratios can be expressed as a conditional model. The 1972 Bornhuetter-Ferguson
method can be expressed as an unconditional model, where G(w) is the expected losses for

accident year w from pricing. Other models estimate G(w) from the data. It is not unusual
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to find conditional and unconditional models that will give the same estimate of the mean

total incurred.

Another distinction is whether or not there are diagonal terms in the model, like:

gw,d +1)=c(w,d) f(d)h(w+d +1)+e(w,d +1) (4.15)
gw,d +1)=Gw) f(d)h(w+d +1)+e(w,d +1) (4.16)

Another distinction is whether or not the model is parametric. To get future payment
ranges in the end, we need some parametric assumption, but this is not necessarily true for
getting estimates of standard deviations. The Mack and Murphy chain ladder models
discussed below are expressed as non-parametric, for instance. Of course, we could always
argue that using squared error implicitly assumes normal distributions, or at least gives us the
same answers as assuming normal distributions, but we can still call these approaches non-

parametric.

Models can also be distinguished by whether they have fixed parameters or varying
parameters. Varying parameter models let you have different parameters for each accident
year or lag, but the degree to which the parameters can change from year to year is
constrained by some kind of parameter variance limitation. However, this is possible for any
model, so it is not used as a categorizing variable for models but rather as a model building

tool that can be used in various types of models.

4.6 Some Estimation Models

Once a model postulates a process that generates loss development, estimation of the
parameters of that process will provide estimates of means and distributions of future
payments. This is shown in some detail for a few models, but is implicit in all of them.

Models are presented below according to the classification scheme outlined.
4.6.1 Single Triangle Models

4.6.1.1 Single Triangle, Conditional, Non-parametric, No Diagonal Terms

Conditional models estimate future development conditional on the losses emerged so

far. Basically if the expression for future development explicitly refers to emerged losses, it is
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a conditional model. The history of development factors is not entirely clear, but they go

back at least to Thomas F. Tarbell”’ . Thomas Mack and Daniel Murphy put development

factors into a conditional non-parametric framework in the early 1990s.

4.6.1.1.1 Mack’s Model

Mack™, develops formulas for estimating the standard errors of the chain ladder future

payment distributions. In developing the formulas, Mack makes three key assumptions:

1. Elc(w,d +1)|c(w,]),...,c(w,d)] = f(d)c(w,d), i.ec., the chain ladder model applies,

2. {c,)),c(v,2),...,c(v,n)} is independent of {c(w,1),c(w,2),...,c(w,n)} for v=#w,

and

3. Var[c(w,d +1)| c(W)),...,c(w,d)]=c(w,dWar| f(d)].

It’s clear from these assumptions that this formulation of the chain ladder is estimating

future payments conditional on the triangle of observations. To calculate the estimated

standard error of the future payment distributions, perform the following steps:

1. Calculate the weighted average development factors:
f(d)=Y comd+1)/Y c(w,d)
2. Calculate the weighted variances of the development factors:
Var[f(d)]=[1/n+d - l)]zwc(w, d)c(w,d +1)/ c(w,d) — f(d)]2
3. Estimate the variance of an accident year future payment distribution:

Var [R(w,n—w+1)]= nz_l“ Var[f(d)]( 1 . 1

@) de"” S et

4. Estimate the variance of the all accident years future payment distribution:

> See Tarbell [59].
32 See Mack [37].
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2
1
Var[ g R(VV,?Z—W-FD]: g Var, [R(W;n_W“rl)]-l-C(VV,n) g C(],I’l) nz_: 2VaU(d)]/f(d)
lél dl,d)
(4.20)

4.6.1.1.2 Murphy’s Models

Murphy> describes five conditional, non-parametric chain ladder models. After making
certain assumptions about the error term, he applies least squares regression theory to
estimate optimal link ratios. One of the models allows for an intercept, but the remaining
four are strictly multiplicative with the differences between them arising from how the error

term relates to emerged losses.

Three of the multiplicative models are of the form
c(w,d +1)= f(d)e(w,d) + c(w,d)"? e(w,d +1) where i = 0, 1 or 2. Of particular interest
is the model defined by i=1, namely, c(w,d +1)= f(d)c(w,d)+c(w,d)"?e(w,d +1).
Dividing each side by c(w,d)"? transforms the equation into a simple linear regression of
c(w,d +1)/c(w,d)"? onto c(w,d)"?. The least squares estimate of f(d) simplifies to
zw c(w,d +1) / zwc(w/ d), the weighted average development factor. Murphy labels this
model WAD.

In addition to the calculation of model parameters, Murphy shows variance estimates for
an individual accident year and for all years combined. In both cases, the estimated variance
of the estimated future payment is calculated as the sum of parameter variance (the
variability of the estimated future payment about its true mean) and process variance (the
variability of the actual future payment about its true mean). Both variance pieces are

developed recursively.

Continuing to assume the WAD model, Murphy’s method for developing a range about

the estimated future payments for accident year w is as follows:

For d=n—w+1 to n—1, estimate: the age-to-age factor f(d); the expected
cumulative losses at each future petriod starting with c(w,d +1)= f(d)c(w,d); and the
variance of the link ratio Var[ f(d)] = MSE(d)/ ZW c(w,d), where MSE(d) is the mean

33 See Murphy [46].
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squared error from the regression on column d .

Beginning with d =n—w+1 and stopping at d =n —1, estimate the parameter variance
recursively:
Var[c(w,d +1)] =Var] f(d)c(w,d)] = c(w,d)* Var] £ (d)] + Var[c(w,d)][ f(d)* + Var] f(d)]]
. For d=n—-w+1, the formula simplifies to c(w,n—w+1)*Var{ f(n—w+1)] because
Var[c(w,n —w+1)]=0. The parameter variance for the future payments is the value when
d=n-1.

Beginning with d =n—w+1 and stopping at d =n —1, estimate the process variance
recursively:
Var[c(w,d +1)| c(w,n —w+1)] = c(w,d)> MSE(d) + f(d)*Var[c(w,d)|c(w,n—w+1)].
This simplifies to c(w,n—w+1)> MSE(n—w+1) for d =n—w+1. The process variance

for the future payments is the value when d =n —1.
Add the parameter and process variance to find the total variance.

Given the total variance, make an assumption about the distribution of the error term and
derive a confidence interval. A common assumption is that the errors are distributed

normally so that a one-sided confidence interval at the a level equals R(w,n—w+1)+¢,

1/2

(process variance + parameter variance) '~ where ¢ is from a ¢-distribution with the

appropriate degrees of freedom.

4.6.1.1.3 Other Conditional, Non-parametric Models

1. Murphy also suggests adding an intercept to the chain ladder, so

g(w,d +1) = f(d)e(w,d) + j(d) + c(w,d)"* e(w,d +1) (4.21)
2. The Mack model of credibility weighting CL. and BF estimates models the ultimate

losses conditional on the observations on the latest diagonal. It can be expressed as:
cw,n)=Z(w,d)c(w,d)/ F(d)+[1-Z(w,d)][c(w,d) +[1 - F(d)|G(w)] + e(w,n), (4.22)

where G(w) is the prior estimate of ultimate losses for year w.
The idea of the credibility model discussed above is to minimize the variance of e(w,n).

3. Robbin™ and Venter” provide another credibility model for weighting together

3 See Robbin [54].
>3 See Venter [70].
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different estimates of claim count development and total loss development, respectively.
Besides the CL and BF estimates of future loss emergence, they also give weight to the
pegged estimate U, — c(w,d) , which does not update the total incurred as losses develop. A
credibility weighting similar to Mack’s is produced, but some weight goes to the pegged

estimate.

4. A credibility model is proposed by Neuhaus™. He uses the Bithimann-Straub credibility
model, so assumes there is a parameter W for the accident year that determines the

distribution. Then the assumptions are:
1. Forall d, the g(w,d)|W are independent;

2. Elgw,d)/ f(d)|W]=m(W), so dividing by f(d) grosses up incremental losses to

ultimate; and
3. Var[qg(w,d)! f(d)|W]=sW).

These lead to Var[c(w,d)|W]=F(d)s*> (W), which is different than Mack’s credibility
model. Nonetheless, the credibility formulas turn out to be the same, although estimation of

some parameters could be different than suggested by Mack.

4.6.1.2 Single Triangle, Conditional, Parametric, No Diagonal Terms

Any of the non-parametric models could have parametric assumptions introduced. Thus

you could have the model:

gow,d +1) = f(d)c(w,d) + c(w,d)""* e(w,d +1) (4.23)
and assume that e is normal or ¢-distributed with mean 0, or follows a positive
distribution shifted by its mean, like lognormal minus its mean, loglogistic minus its mean,

elc.
Gogol57 introduces a Bayesian estimation using lognormal distributions. He assumes:
1. c(w,n)=U ~ lognormal(u,c?); and

2. ¢(w,n)|U ~ lognormal(v,7°)

*® See Neuhaus [47].
3" See Gogol [26].
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He then shows that U |c(w,n) ~ lognormal( z,,,”), where 4, and &, can be estimated

from the data. This involves a credibility weighting of chain ladder and prior estimates.

4.6.1.3 Single Triangle, Unconditional, Non-parametric, No Diagonal Terms

Unconditional models estimate future development as a function of parameters of the
model, with no reference to losses emerged to date. Typically the loss history in the claims

triangle will be used to estimate the parameters, however.

The prototype of unconditional methods is the Bornhuetter and Ferguson.” As a model,

this method can be expressed as:
qw,d)=G(w)f(d)+e(w,d), (4.24)
where f(d) is the percentage of losses paid from age d —1 to age d and G(w) is the

prior estimate of ultimate losses for the year.

Since G(w) is given for each accident yeat, estimation of f(d) to minimize Ze(w, d )2

is just a no-constant regression, so then f(d) is estimated as qu(w,d)/zw G(w).

A popular variant is to estimate G(w) from the triangle as well as f(d). Strangely
enough, such models have been given names like stochastic chain ladder, even though they
do not estimate future development conditional on c¢(w,d). It would be more historically

accurate to call them stochastic BF models. One variant is:

gw,d)=G(w) f(d)exple(w,d)]. (4.25)
Since all factors are presumably positive, taking the log gives:
Ing(w,d) =InG(w) + In f(d) + e(w,d). (4.20)

This system is actually over-determined in that adding a number x to every In G(w) and
subtracting it from every In f(d) would give the same estimates. To fully determine the
system, one variable has to be set to a constant. One way to estimate the parameters is to
minimize the sum of the squares of the e(w,d)’s separately for each row and each column

of the triangle, which produces a system of 27 linear equations that can be solved for the

In f’sand InG’s.

It is not too much more difficult to make the error additive, so

gw,d) =G(w) f(d)+exple(w,d)]. (4.27)

%% See Bornhuetter and Ferguson [7].

Casualty Actuarial Society Forum, Fall 2005 75



The Analysis and Estimation of Loss & ALAE 1 ariability

Then losses do not have to be positive, but solving the system (still minimizing the row
and column squared error sums) ends up with 2n non-linear equations. These can be solved
iteratively, as in the Bailey minimum bias procedure. Venter” gives an example of this

procedure.

Another variant is to assume the expected values of all the accident years are at the same
level. This might hold for a triangle of on-level loss ratios, for example. Then the model
would be:

qgw,d)=Gf (d) +e(w,d). (4.28)

Thus, there is no dependence on w except in the error term — all the accident years are at
the same level G . Since Gf'(d) is constant by column, the projected future incremental loss
emergence is constant for each column. Thus, this model is sometimes called the additive
chain ladder, although it is actually an unconditional model. Also, it is sometimes called Cape
Cod, as a method by that name can be used to estimate G and the f(d)’s. The minimal
least squares solution for each column would just set Gf(d) to the average of the column,

with G arbitrary.

These models can all be modified by making the error term a function of the mean. One
variation is to make the variance of the error term proportional to the mean. This can be

done to any of the above models, e.g.,

Inc(w,d) =1In G(w) + In £(d) + e(w, d)[G(w) f(d)]" (4.29)
g(w,d)=G(w) f(d) + e(w,d)[G(w) f (d)]"* (4.30)
q(w,d) = Gf (d) +e(w, D[G(w) f (d)]'"* (4.31)

Other powers of the mean could be used as a factor on the error term as well.

Even though some unconditional models reproduce chain ladder estimates, they can be
distinguished from the chain ladder in their residuals. The chain ladder estimates each
incremental cell as a factor times the previous cumulative. The unconditional models
estimate the same cell as a factor times a single level for the accident year. Depending on the

data, one or the other could give a better explanation for the triangle being fitted.

4.6.1.4 Single Triangle, Unconditional, Parametric, No Diagonal Terms

The model g(w,d) =G(w)f(d)+e(w,d) can also be parametric, with the distribution

%% See Venter [71].
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of e specified. For instance Hachemeister and Stanard® take the case where G(w) f(d) is
the mean of a Poisson distribution, so q(w,d) is Poisson distributed with that mean. They
show that the MLLE estimates reproduce the chain ladder future payments®. Here e(w,d)
can be considered shifted Poisson, i.e., a Poisson distribution less its mean. Another option

would be to have e(w,d) a constant times a shifted Poisson, to change the error variance:

g(w,d) = G(w) f(d) +e(w,d) where e(w,d) ~ k [Poisson[G(w)f(d)] —
Gw)f(d)]

Renshaw and Verrall” discuss the over-dispersed Poisson, and show that it also gives the
same estimate as the chain ladder. Negative binomial can be used here instead of Poisson.
Actually, any of the non-parametric unconditional models can be made parametric just by

making a distributional assumption. A typical example is:
Inc(w,d) =InG(w) +In f(d) + e(w,d) where e is normal(0,5%).
This was proposed for instance in Kremer®.

Often the unconditional parametric models assume that the incremental observations are
independent even within an accident year. This helps with the estimation, but may be

unrealistic.

4.6.1.5 Adding in Diagonal Terms

Parametric »s. non-parametric is a less significant distinction than it may appear, in that
non-parametric models are usually fit by least squares, and so are equivalent to assuming
normality. Conditional »5. unconditional may seem not too important in that they both
estimate the parameters from the data, and we can set up unconditional models to reproduce
chain ladder estimates. However, the statistical properties of the models are quite different.
Conditional models gross up emerged losses to estimate future incurred while unconditional
models postulate emergence as a percentage of hypothetical mean ultimates. The process of
loss emergence is different for the two — they would be simulated differently for example —

and the tests of goodness-of-fit of the models and the estimated variances could be quite

80 See Hachemeister and Stanard [27].

% This was submitted to ASTIN Bulletin but never published, purportedly because the reviewers felt that
the results were already well known at that time. It was published in a German textbook by Kremer in
1985 and by Mack in an appendix in ASTIN 1991 and by others.

62 See Renshaw and Verrall [53].

8 See Kremer [35].
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different as well. Venter® gives an example where the fit of an unconditional model is quite a
bit better than a fit of a conditional model to the same data. For that data the losses
emerging are better explained as a percent of a constant ultimate than as a percent of the

losses already emerged. Other data could give the opposite conclusion.

A distinction that is significant both apparently and in practice is whether or not calendar
year effects are included in the model. These could result if inflation after the loss date
affects eventual loss payments, for example. They could also come from claim department
activity that makes some calendar years high and others low. Calendar year terms can be
added to both conditional and unconditional models. We use A(w+d) as a calendar year

effect, since w+d is constant on a diagonal. For example:

gw,d)=G(w) f(d)h(w+ d)exple(w,d)]; (4.32)
qw,d)=Gw) f(d)h(w+d)+e(w,d); and (4.33)
gow,d + D) =c(w,d) f(d)h(w+d + 1)+ c(w,d)" > e(w,d +1). (4.34)

The calendar year factors can be estimated by linear or non-linear regression. Venter®
provides some examples. However a significant issue arises: calendar year inflation induces
an inflation effect in both accident year and age of claim directions, so could be difficult to
separate from them. In fact one of the eatly papers on calendar year effects was Taylor®.
Although Taylor refers to some eatlier works, his paper was the first look at estimating
calendar year effects for many actuaries, and in fact models with such effects came to be
known as separation models. Taylor’s model is basically Cape Cod plus inflation:

gw,d)=Gf (d)h(w+d) + e(w,d) (4.35)

That is, the data is assumed to be normalized so that there are no systematic accident year
effects except as induced by calendar year inflation. This could be extended to adding
accident year parameters, perhaps selectively for years with significant deviation from the

original model.

An alternative would be to start with a general conditional or unconditional row-column
model and add in calendar year effects for diagonals that deviate significantly from the fitted.
This could pick up high or low diagonals that have been affected by specific issues for one

ofr two years — a new computer system in the claims department for example. This would

6 See Venter [71].
% See Venter [69].
5 See Taylor [17].
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remove the distortion such issues could produce on the parameters of the original model, for

example.

If the original data is adjusted for exposure changes but not price changes, the model of
Cape Cod plus inflation could show the overall effect of calendar year price changes on the
losses. If this in itself explains the differences across accident years, it would be evidence that
inflation, in fact, is working in the calendar year direction. Years with high inflation, for
example, would show up high along the whole diagonal. On the other hand, if inflation
affects a line mainly across accident years, high inflation years would affect the accident year

only. This distinction should show up in the residuals of the model.

Calendar year effects present issues for squaring the triangle also. The age effects are
quantified to the end of the square but the diagonal effects are only measured up to the last
diagonal. If only a few specific diagonals have been picked up as unusually high or low, then
perhaps no further projection in the calendar year direction would be called for. This would
be a finding that future inflation does not affect open claims — all inflation effects have been
accounted for by the accident year factors. Even in this case, however, future deviations up

or down could affect the variance of results.

On the other hand, if the model fitting has found significant ongoing calendar year trend,
this should be projected in filling out the future results, both for the mean and deviation
from the mean. The estimated trend for the latest diagonal could be the mean trend

projected, but this could be modified by econometric analysis of expected inflation.

4.6.1.6 Restricting Parameter Variation

Much of the recent literature has addressed methods for reducing the number of
parameters in a model by restricting parameter variation. The typical conditional model starts
out with n —1 parameters for n(n—1)/2 data points, while the unconditional model would
have 2n —1 parameters. Cape Cod reduces this down to n by forcing all accident years to be
the same. Adding calendar year inflation could double this. Besides reducing the degrees of
freedom, many parameters end up being statistically insignificant. For instance, it is not

unusual for all ages after about three to have f(d) less than its standard error.

The simplest way to constrict the parameters is to force some of them to be the same.
Perhaps none of the factors f(11) to f(19) are significant, but they all are close enough to

each other that if you allow just one parameter for all those ages it will be significant. The
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same thing can be done with calendar years or with accident years, which would be in the
direction of Cape Cod, but not all the way there. (A related alternative would be to force a
trend line, so all the parameters in a given range fall on the line, using up only two degrees of
freedom, or a curve can be used instead of a line, such as a power curve. That might also be

convenient for projecting age factors beyond the triangle.

An example is provided by Barnett and Zehnwirth®” who discuss the CL. model with an

accident year trend:

gow,d +1)=c(w,d) f(d) + a(d) + b(d)w + c(w,d)"* e(w,d +1) . (4.30)
Here a(d)+b(d)w represents a constant part of development plus the level of accident

year w.

There are also smoothing techniques that can be used to restrict the degree that a
parameter can differ from the one next to it. One simple version of this was presented by
Gerber and Jones.” If the true parameter is changing each period by a random amount with
variance a, and the direct estimation procedure has a variance v around the current true
parameter, then the smoothed estimate is an update from the previous smoothed estimate
based on a credibility weighting of the latest direct estimate and the previous smoothed
estimate. If the credibility of the i” direct estimate is Z,, then the (i +1)" direct estimate’s
credibility satisfies 1/Z,,, =1+1/(Z, + a/v), while the smoothed estimate from period i

gets weight 1 -7, to produce the smoothed estimate for period i +1. Here Z starts at 1,

i+1
since there is no previous smoothing for the first point, and goes down to a limit of

(J* 14+ —J/2 wheteJ =alv.

This is a simple example of a credibility smoothing procedure called the Kalman filter,
and is also related to exponential smoothing. This filter and a generalization of it aimed at

generalized linear models are discussed in Taylor, McGuire and Greenfield”.

The variances a and v do not have to be constant. For example, if the regression
diagnostics suggest that the parameter has changed a lot from one period to the next, a high
value of the change variance a can be postulated at that point, which would give high
credibility to the direct estimate of the parameter and low weight to the previous smoothed

estimate. Also smoothing can work in two directions — past and future. The smoothing

%7 See Barnett and Zehnwirth [2].
5% See Gerber and Jones [23].
% See Taylor, McGuire and Greenfield [67].
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could be reversed at the last point and continue backward as if it was still going forward, and
even reverse again at the beginning, etc. Whenever the process stops, the smoothed

estimates are the final estimates of the parameters.

Zehnwirth and Barnett use parameter restrictions like these in a family of models that
basically adds calendar year trend to Kremer’s lognormal model. The main idea is to have
parameters to model effects in each of the three directions (accident year, age of
development, and calendar year). The model uses logarithms of incremental data. This
postulates that trends are linear on a logarithmic scale and are easier to discern in
incremental data. Also the incremental data at each period is the new information that needs

to be modeled, where the cumulative losses are a mixture of new and old information.

The following modeling schema was presented at the 2002 CLRS.” In our notation:

w+d

Ing(w,d)=G(w) + Zd: f)+ Z h(j)+e(w,d). (4.37)

Here G(w) is the level of accident year w, f(i) is the single period development, and
h(j) is the increase in calendar year cost levels in one year. This is called a modeling
schemata and not a model because it would be inappropriate to just estimate the G, f, and
h parameters by MLE. There is multi-collinearity between the calendar year and accident
year effects, so direct estimation would not be meaningful. It may be reasonable, however, to
have constant or gradually changing trends within some time frames, perhaps with jumps to
new levels when regime change takes place. A process of model identification, estimation,
and validation is needed to find meaningful parameters that work together to model the data
triangle within this schema. The model is not fully specified until the parameter restrictions

have been established.

The age d factor could be represented as F(d) instead of the sum of the individual
f(@)’s up to age d, but doing it this way makes a difference in the application of parameter
restrictions. For instance, f(7) could be constant for several consecutive ages, which would
(assuming a negative trend) represent an exponential decline in payments before application
of calendar year trend. If the triangle ends with a constant value of f(i) for the last few

ages, this could be projected beyond the triangle to continue the pattern.

Similarly H(w+d) could be used to represent the sum of the A(j) up to w+d . This

01t is available at www.casact.org/coneduc/clrs/2002/handouts/barnett].pdf.
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would be a cumulative factor, but again it is probably more intuitive to apply parameter

restrictions to the individual annual trends A(j).

Another way of framing this scheme would be to make the parameters average trend

factors:
Ing(w,d) = p(w)+dgq(d)+(w+d)r(w+d)+e(w,d), (4.38)
where g(d) is the average development age trend through age d ; the development age

trend represents the expected change from one development age to another.

r(w+d =t) is the average diagonal (payment year) trend; the payment year trend
represents the mean of the (random) trend between payment year w—1 and w. If the data
is inflation adjusted for price or wage inflation, then the trends along the payment year

usually represent social inflation, and e(w,d), the error term, is distributed normal(0,5%).

In any of these setups, before a general framework for the model is decided upon, a
preliminary analysis can be performed on the loss array to determine the existence of trends.
It is difficult to determine the existence of trends separately in each of the three directions. A
preliminary determination of existence of trends in any particular direction can be

established by fitting a single development factor model such as:
Ing(w,d)=p+dqg(d)+ewd), (4.39)

where p(w) is constant across accident years and r(w+d)=0.

To estimate the observed log incremental losses and then charting and examining
residuals sorted by development year, accident year, payment year, and fitted values. If there
is a trend in a particular direction, it will be shown by the distribution of residuals by that
direction. Then based on the results of this preliminary analysis the original scheme
described by Zehnwirth and Barnett can be further specified depending on the observed

trends in any particular direction.

The accident year trend and the development age trend are essentially considered
independent of each other, as their trend vectors are orthogonal. However, the payment year
trend vector is not orthogonal to either the accident year direction or the development year
direction. That is, a trend in the payment year direction is also projected onto the
development age and accident year directions. Similarly, accident year trends are projected

onto payment year trends. The relationship between the three directions is as follows:

diagonal (payment year) trend = accident year trend ~+ development age trend.

82 Casualty Actuarial Society Forum, Fall 2005



The Analysis and Estimation of Loss & ALAE 1 ariability

The model scheme with cumulative trends can be re-expressed as:
Ing(w,d)=[p(w) +wr(w+d)]+d[q(d)+r(w+d)]+e(w,d). (4.40)
The components in braces can be considered accident year and age components, but due
to the calendar year trend, the accident year level at a cell depends on the time since the
accident, and the average development at any age is affected by accident year. This shows

that the calendar year trend r(w+ d) projects in both other directions.

The proposed model can also be modified if the loss triangle array being modeled
exhibits different trends during different periods of time. In such a scenario we could divide
the data into blocks of time periods so that each block of data exhibits homogeneous trends
and then model each of these blocks of data separately or have additional parameters to

model differing trends for different time periods.

Modeling log incremental puts certain limitations on the model, such as incremental
amounts being estimated cannot be 0 or negative. As a result, this model may be suitable for
modeling paid and case reserve amounts instead of paid and incurred amounts, which adds
the advantage of possibly being able to test case reserve adequacy if it is thought to be

changing.

An additional issue associated with multi-parameter models such as the one described
above is the multi-collinearity between independent variables described above. One way to
get around this issue is to use the Kalman filter or exponential smoothing to restrict the

parameters.
Other methods of smoothing could be used such as cubic splines. England and Verrall”
give a framework for some parametric unconditional models using spine smoothing:
Elg(w,d)]=m(w,d)and (4.41)
Var[q(w,d)] = km(w,d)’, (4.42)
where the distribution of g(w,d) is either normal, Poisson, gamma, or inverse gaussian for
i =0,1,2,3 respectively.
Inm(w,d)=(w+d)b+c+s, (w)+s,(d)+s,(nd). (4.43)

Here the s’s denote smoothing functions. With no smoothing there is a parameter for

"' See England and Verrall [17].
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each accident year and age. With infinite smoothing there is one parameter for all accident
years combined and age factors are forced to fall on a curve that is a linear combination of
d and Ind (ie, a so-called Hoetl cutve). The degree of smoothing can be controlled

separately for w and d .

This is a framework for models that fall into the category of generalized linear models. It
does not include truly non-linear models like:

qgw,d)=G(w)f(d)h(w+d)+e(w,d). (4.44)

However, such models are not difficult to fit with modern search techniques, even with e

following a #-distribution, log-#, or other distributions not in the i = 0 to 3 list. The model

can also be fit non-parametrically to minimize the squared-error sums of each row, column,

and diagonal of the triangle by the iterative procedure of Bailey minimum bias. Given

starting values for the parameters, the iterative equations for the next values are:

hwrd=0)=2  qw,d)GW)f(d)/Y, . Gw'f(d); (4.45)

Gw) =Y. qw.d)h(w+d) f(d)/ Y h(w+d)’ f(d);and (4.46)

f@)=2 qw,d)h(w+d)G(w)/ Y, h(w+d)*G(w)* . (4.47)

Convergence is usually fairly fast. Thus, with a large enough triangle this model has
problems neither with the non-linearity nor with the degrees of freedom. One problem it
does have is that inflation is being measured with both accident year and calendar year
parameters, whose effects overlap. Another is that many of the parameters will not be
significant. Thus some parameter restriction methods will usually have to be employed. A
starting point might be to use a single value of G for all years, then look at the residuals to

see if more G ’s are needed.

With smoothing procedures like filters there is an issue of how many parameters are in
the model, so the degrees of freedom can be computed. One suggestion, for instance
proposed by Ye™, is to define the generalized degrees of freedom used up (i.e., number of
parameters in the model) as the sum over all the observations of the derivative of the fitted
value at that observation with respect to the observation. This can be approximated, for
instance, by making a small change at an observation and seeing how much the fitted point
changes, and repeating for all observations. As an example, suppose you fit a cubic

polynomial to four points. The polynomial will go through all four. Changing any of the

2 See Ye [80].
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points by a small amount will change the fitted values by the same amount, so the sum of
the derivatives will be four. Thus, all degrees of freedom are used up. One way to think of
this is that each data point gets a degree of freedom initially, which gives it power to pull the
model towards itself. If it can completely control the model, so any change in the point
changes the fitted value by the same amount, the model has used up its entire degree of
freedom. If it can only pull the fitted value by half of the change, the model has only used "2

of its degree of freedom, etc.

4.6.2 Multiple Triangle Models

The initial multiple triangle models were just splits of one set of loss data into frequency
and severity components. For instance, Fisher and Lange” use a report year approach to

develop claim payout patterns and size of claim by settlement date.

Some more recent innovations were presented at the 2003 ASTIN Colloquium. For
instance, Quarg™ showed that the paid to incurred ratio at any point in development
contains information relevant to future development in both the paid and incurred triangles.
Conversely, if paid is high compared to incurred, then higher incurred and/or lower paid
development is likely. If incurred is high compared to paid, then higher paid and/or lower
incurred development is likely. Thomas Mack in his discussion of this paper suggested
multiple regression models for both paid and incurred. Using subscripts P and / to denote
paid and incurred, such a model is:

q,(w,d +1)= f,(d)c,(w,d)+ fp,(d)c,(w,d)+e,(w,d +1) ; and (4.48)
g (wd +1) = fp(d)e, (wod) + fop(d)epOn,d) +ep(wid +1). (4.49)
All the f’s would be expected to be positive, since higher paid leads to higher future

incurred and higher incurred leads to higher future paid.

Correlation in development between lines of business can be handled similarly. If lines
tend to develop in a correlated fashion, then information from one line can improve the
estimates from another. The above multiple regression model could be used, where instead
of paid and incurred, the triangles would represent different lines of business. Another paper

at the 2003 ASTIN Colloquium which discussed correlation issues is Gillet and Serra” .

3 See Fisher and Lange [19].
™ See Quarg [51].
% See Gillet and Serra [25].
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4.6.3 Models of Individual Claims Histories

Modeling individual claim development can give an alternative view to future payment
estimation by triangles of sums of claims, but it can also help with layer pricing, net reserves
after reinsurance, and distributions of ultimate claims. Models proposed include the

transition matrix model and conditional distributions.

4.6.3.1 Transition Matrix

The transition matrix method was introduced by Hachemeister”®. A follow up paper by
Hesselager” also discusses this method. The method is pretty simple but a good deal of
individual claims data is needed. Claims are put into categories that include size ranges, status
as to open, closed, unreported, percentage paid, etc. Then probabilities are calculated of
claims in one category moving to another category at the next evaluation. These probabilities
can be arranged in a matrix based on the combination of starting and ending categories.
Then the vector of claims by category can be multiplied by this matrix to get the vector of
claims by category at the next evaluation. Applying this many times can get to ultimate —
although different matrices at different stages of development may be needed. Several

companies that have tried this approach seem to feel it works well.

4.6.3.2 Conditional Development

Conditional development, broadly speaking, tries to find the conditional distribution of

sizes a claim may have given what we know about it today.

NCCI wuses a variation of this method for excess pricing studies. They have a large
number of claims that are not reported after age five, so they need a 5" to ultimate
development procedure that includes the spread in claim sizes that takes place during this
development. In a study of a sample of claims with a longer history available, they use
maximum likelihood to fit a distribution to the individual claim development factors for
future development for claims open at 5. For claims that close by the later evaluation, the
development factor is known so the contribution to the likelihood function from that claim
is the probability density at its development factor. For claims that are still open, all we know

for sure is that the development factor is greater than the ratio of the latest paid to date

® See Hachemeister [28].
" See Hesselager [32].
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amount to the incurred amount at 5" for the claim. So the contribution to the likelihood

function for such a claim is 1 — F'(x) , where x is the paid-now-to-old-incurred ratio.

NCCI concluded in one study that for 5" to ultimate an inverse gamma distribution with
CV of 90% best modeled the development factor distribution. Rumor has it that recent
studies have suggested a lower CV, perhaps as low as 40%, but it is not publicly known if the
development dates are comparable between studies. To apply this approach, in general we
would need to model other reports than 5. Presumably the losses spread more when they
are less developed. Perhaps an inverse gamma could be used with a CV that reduces for

motre mature losses.

Another problem with this method is that it does not use the latest incurred information
on open claims. One way to do this would be to replace the open claim by a number of
claims that range from the paid amount on upward, and scale the log likelihood function so
that all of these together represent a single claim. The California workers’ compensation
rating bureau uses the current incurred development factor for open claims as the censorship
point, which is not strictly what we know, but it does reflect the latest estimate and could be

a reasonable approximation.

Some published papers that discuss conditional development include Taylor, McGuire
and Greenfield ™ mentioned above and Norberg’s” papers. Also a major study of French
motor vehicle claims found that claims development varies by claim size, with a Weibull
distribution giving a good approximation to the conditional development given the claim

size.

Taylor et. al. model claim severity by a fairly heavy-tailed claim distribution where the
mean claim size is conditioned on the time of claim occurrence, the time of settlement, and
operational time, which is the proportion of total claims that closed before it did. Inflation is
modeled both as a function of accident date and settlement date, and the mean claim size
effects in both directions are also functions of the order of settlement. This allows
development to vary by claims characteristics, but does not provide for a single claim
developing into a range, which is what is desired for estimation of ultimate severity

distributions.

"8 See Taylor, McGuire and Greenfield [67].
7 See Norbeg [48].
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5. COMPARE, CONTRAST AND DISCUSS RESULTS

This section is an illustration of how we might evaluate the techniques discussed in
Section 4. It is important to appreciate that the results of any evaluation will depend on the
data used. A technique is only “good” with respect to particular data. A technique is “useful”
if there is a wide range of data for which it is “good”. To decide whether a technique is
useful, it must be evaluated on a large number of typical datasets, which is outside of the
scope of this paper. Certainly there are no published studies of this type, and there is only

anecdotal evidence on what features of models are important.

We have chosen two techniques to illustrate the application of the evaluation criteria of
Section 3.1: the estimated range (ER) method of Section 4.3 and the over-dispersed Poisson
model (ODP) of Section 4.6.1.4. The (ODP) model is a special case of the generalized linear
model with log link function described in Section 3.2.2. An example of its application is
given in Appendix B. Other techniques are mentioned in passing but are not systematically

evaluated.

5.1 Criteria for Selecting an Appropriate Modeling Technique

5.1.1 Criterion 1: Aims of the Analysis

Most of the techniques discussed in Section 4 will provide at least the mean and standard
error of the distribution of ultimate losses or future payments. The ER method and the ODP
model both do this. In addition, the ER method allows us to estimate the percentiles of
these distributions. The ODP model has no explicit distribution associated with it, so a
distributional assumption would be required to estimate percentiles. Distribution-free
models such as Mack’s model in Section 4.6.1.1.1 produce only means and standard errors,
but if percentiles are required, distributional assumptions can be added, as in Murphy’s
models of Section 4.6.1.1.2.

As discussed in Section 3.2.2, the standard error must include both process variance and
parameter uncertainty. For a model, it is usually clear how this should be done (although it
may be necessary to make some simplifications for computational convenience). For a
method, however, the only way to verify that the calculation of the standard error is correct

is to check an equivalent model, or to validate it on a large number of triangles.

In the case of the ER method, there is good reason to believe that it may understate the
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parameter uncertainty of the total — there is an allowance in the standard errors of the
individual development factors for parameter uncertainty, but there is no allowance for
correlation between the accident years resulting from parameter uncertainty. This is likely to
be important when the expected future payments are large for several accident years and the

triangle is relatively small (so the parameter uncertainty may be large).

It is particularly important to test distributional assumptions (see Criterion 14) if estimates
of percentiles are required. This is not possible for methods (unless there is an equivalent
model), which means there is considerable risk in relying on a method like the ER to

estimate percentiles.

5.1.2 Criterion 2: Data Availability
Both the ER method and the ODP model require only a triangle of data.

Zero or negative data may create issues for the ODP model (there are similar issues with
all models that contain logs of means or of data). The ODP model is unable to estimate its
full set of parameters when any of the row or column sums is zero or negative. Some
software packages may not allow any data to be zero or negative, so those values would have

to be omitted altogether from the calculation (this is done in the example in Appendix B).

In that case, there are several possible assumptions we could make for these missing
parameters (usually they are development year parameters). For example, we could assume
that the mean and variance of the corresponding incrementals are zero (which corresponds
to the chain ladder estimates). Alternatively, we could take the more conservative approach
of setting the missing parameters to the lowest or last development year parameter. The
example in Appendix B, which is based on incurred loss data, uses the last development year
parameter in place of missing development year parameters. Zero or negative values are less
likely to occur in paid loss data and so will be less of an issue. Figure 5.5 illustrates the

sensitivity of parameter estimates to the treatment of negatives and zeroes.

The quality of the available data should always be considered. If only one triangle is
available, this is not an issue, but when more than one triangle is available, a careful
assessment should be made of whether one or the other appears to give more reliable

forecasts.

When there is enough paid loss data available to give an adequate estimate of the losses in
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the later development periods, it may be the case that the predictive quality of the paid loss
data is better than that of the incurred loss data, as they are not influenced by the subjectivity
(changing company policy, individual preferences) that can affect case reserve estimates. In
addition, some actuaries have suggested that the use of distributions of future payments for
risk analysis (eg., risk based capital) should focus on paid loss data in order to keep the
subjectivity of case reserve estimates from biasing the risk measure.”’ If a method requires
projections of the number of claims closed, for example, it should be checked that their

stability has not been affected by changes within the company.

5.1.3 Criterion 3: Non-Data Specific Modeling Technique Evaluation

To validate a technique against historical data, we would need many sets of data where
the “rectangle” had already been completed. Each value of actual ultimate losses for the
rectangle would correspond to a percentile of the forecast distribution for the method
applied to the upper triangle. The distribution of these percentiles over many datasets should
be a sample from a uniform distribution on [0%,100%]. As far as we are aware, no such
validation has been published, for any of the methods or models of Section 4. An example
of how to validate a single dataset is provided in the discussion of Criterion 16 below
(Section 5.3.4).

An alternative is to use simulated data. This of course only tells us how the technique
behaves on data resembling the simulated data, but it may still be useful in identifying

deficiencies of a model and their practical impact.

With a method such as the ER, it is not possible to test the assumptions against what is
known about the process generating the data, as there are no explicit assumptions. However,
of the models in Section 4, the closest to this method would be Murphy’s model with i =2,
as this model’s estimates of ratios are based on averaging the individual ratios. Then
assessing the reasonability of this method/model would include evaluating the assumptions

of Murphy’s model.

The ODP model assumes (as do many of the Section 4 models) that the pattern of
development is the same in all accident years, that there is no or constant inflation, and there

is no dependence between accident years. Past experience may have shown whether these

% For example, see Shapland [58], p. 336 and the definition of Risk in Section 2.

90 Casualty Actuarial Society Forum, Fall 2005



The Analysis and Estimation of Loss & ALAE 1 ariability

assumptions are, or are not, usually satisfied.

Another test of the assumptions of a model for loss data is its behavior under scaling and
inflation. Clearly if loss data is multiplied by 1000, the forecast probability distribution
should be scaled by the same multiplier (this would not be true of count data, however). For
example, the Poisson generalized linear model (z.e., without the over-dispersion factor) does
not scale, so it should not be used for loss data, although it may be appropriate for count
data. Similarly, if the loss data is inflated by 10% per annum, the forecast probability
distribution should be inflated by the same rate. The ODP model does not satisfy this

property.

5.1.4 Criterion 4: Cost/Benefit Considerations

Like most methods, the ER method has a low cost, because it can be implemented
relatively easily in a spreadsheet. It is possible that appropriate diagnostics could be designed
that would indicate when the method could safely be used, but we are not aware of any
available at present. It appears that the standard errors of individual accident year totals may
be reasonable if the underlying estimation method for ratios is sound (which of course needs
to be verified). However, the standard error of the total of all accident years may be
significantly underestimated due to the potential for parameter uncertainty or inflation

correlating over accident years.

The ODP model (and related generalized linear models) is sufficiently complicated for its
implementation in a spreadsheet to require careful validation against a statistical package.
Because it may be numerically unstable in some cases, it would be unwise to rely on a “do-it-
yourself” implementation, so specialist statistical software is probably required. Some
learning time and customization of the software (for example, to calculate standard errors of
distributions of future payments) would be necessary unless purpose-built software was
purchased. The usual form of the ODP model does not allow the modeling of superimposed
inflation and is over-parameterized, although it could be extended to remedy these defects

(see Criterion 18).
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5.2 Overall Model Reasonability Checks

5.2.1 Criterion 5: Coefficient of Variation by Year

For the ER method, the requirement that the coefficient of variation (CV) of the liabilities
is generally smaller for later accident periods means S°(d)/[F(d)—1] should be an
increasing function of d. Some algebra shows that this will be the case when f(d)>1,
F(d+1)>1 and s*(d) is “small enough.”

In the example of Appendix B (incurred loss data with 40 periods, denoted below as
1L40), many of the later development factors are less than one. Note that in all examples of
the application of ER we will use arithmetic averages to calculate ratios, as this is the most
logical match to this method. For the last seven accident petiods, f(d)>1 and
F(d +1)>1. For these petiods, CV for accident liability totals decreases with increasing
accident period, as this criterion says should generally be the case. For the corresponding
paid loss data (denoted below as P1.40), there are two periods where s°(d) is large enough
to make the CV not monotonically decreasing (see Figure 5.1). It is likely that the analyst
would consider these large discontinuities implausible, casting doubt on the reasonability of

this model for this data.
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Figure 5.1 Coefficient of variation of liabilities versus accident quarter for the estimated

range method applied to the paid loss data P1.40

The results of applying both the ER method and ODP model to the data in Taylor and

92 Casualty Actuarial Society Forum, Fall 2005



The Analysis and Estimation of Loss & ALAE 1 ariability

Ashe® (denoted below as TA83) are shown in Figure 5.2. This data has relatively stable
exposures from year to year, so it would be expected to satisfy this check. However, the CV
increases with increasing accident year for both techniques in some periods. It appears that

this is due to over-parameterization in the case of the ODP model (see Criterion 18).
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Figure 5.2 Coefficient of variation of liabilities versus accident year for the estimated

range method and the over-dispersed Poisson model applied to the Taylor/Ashe “data

5.2.2 Criterion 6: Standard Error by Year

For the ER method, the requirement that the standard error is generally largest for later
accident periods means that c(w,d)S(d) should be greater than c(w—1,d +1)S(d +1).
This will certainly be the case if c(w—1,d +1) < f(d)c(w,d), and this is likely to hold if

the underlying exposures are relatively stable from year to year.

This is the case for the ER method with the I1.40 and PI1.40 data — the standard error
always increases if the ultimate increases, and sometimes it increases even when the ultimate
decreases, particularly in the later accident periods when the variability in the corresponding
development period is larger. It is also the case for the TA83 data, which has a more uniform

exposure — it has monotonically increasing standard errors for both techniques (see Figure

5.3).

¥1 See Taylor and Ashe [63].
%2 See Taylor and Ashe [63].
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Figure 5.3 Standard error versus accident year for the estimated range method and over-

dispersed Poisson model applied to the Taylor/Ashe data

5.2.3 Criterion 7: Overall Coefficient of Variation

The requirement that the CV of total liabilities be smaller than for any accident period
does not hold when one period has a very large CV of liabilities compared to the other
periods. This can happen with the ER method when one development period has a higher
variability in its development factors than the others. For example, this requirement does not
hold when the ER method is applied to the PL40 data, where the CV of the last accident
period is very high (see Figure 5.1).

On the other hand, if one period has a very small CV compared to the other periods, this
requirement may fail. For example, the earliest accident periods of the I1.40 data have a CV

of zero under the ER method, so the CV of the total liabilities is larger than this.

If the periods with zero or negative CV are excluded, this criterion holds when the ER
method is applied to the 11.40 data. This criterion also holds for both the ER method and
the ODP model when they are applied to the TA83 data (see Figure 5.2).

5.2.4 Criterion 8: Overall Standard Error

The requirement that the standard error of the total be larger than for any accident period
will always hold for the ER method, as the variance of the total is the sum of the individual

variances. Figure 5.3 shows that it holds when the ODP model is applied to the TA83 data.
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5.2.5 Criterion 9: Correlated Standard Error & Coefficient of Variation

There is no description for the ER method and the ODP model of how the results of
different triangles should be combined, so it is not possible to test this criterion for these

techniques.

5.2.6 Criterion 10: Reasonability of Model Parameters and Development
Patterns

As the ER method only relates to the calculation of standard errors, there is little that
“common sense” can say about its results, other than that they should behave according to
the criteria above and that the CV would be expected to vary smoothly between accident
years. A pattern such as that shown in Figure 5.1 appears to violate reasonability. It is a result
of the fact that the estimate of the standard error in this method is very sensitive to outliers.
For example, a single high value in accident quarter 1Q1998, development quarter 17,
produces a high standard error in the accident quarter totals from 3Q1999 onwards. Several
low values in the first development quarter are the main reason for the very high standard

error in the last accident quarter, 2QQ2003.

The parameters for the ODP model are easiest to assess for reasonability as fitted values,
cither on the original § scale, or on the log scale. The accident period parameters for the
ODP model fitted to the PL40 data are shown in Figure 5.4 on the § scale. The factor of two
between the last two parameters is surprising, as the actual data value for the last accident
quarter is only 40% higher than the average of the previous four values in the same
development period. However, the fitted value in the last accident period is always equal to

the actual value when using the ODP model, so the last fitted value is obliged to be 333.
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Figure 5.4 Fitted values ($ scale) for the first development quarter versus accident

quarter for the over-dispersed Poisson model applied to the PL40 data

The corresponding development period parameters are shown in Figure 5.5, this time on
a log scale, so that the smaller values can be seen clearly. Between development periods 5
and 15 there is a reasonably linear trend, corresponding to an exponential decay. After that,
it would appear that the parameters are just “noise”, and this is verified by comparing the
parameter estimates with their standard errors. This is not surprising, as there is very little
data greater than zero after development period 17. In fact, there is no data greater than zero
at all in periods 26-28 and 30-39. The assumption was made that the parameter in those
development periods should be set to the last parameter that could be estimated. From
Figure 5.5, it appears that this will over-estimate the forecast in those periods, so an

alternative assumption might give a better result.

It is possible to include negative and zero values in the estimation provided that the sum
for the development period is positive. The dashed line in Figure 5.5 shows that this has a
significant effect on some of the estimates. It would appear that the linear trend from
development period 5 extends as far as development period 25, after which the data is
essentially zero. It seems likely that it would be possible to find an adequately fitting model

with fewer parameters (see Criterion 18).
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Figure 5.5 Fitted values (log scale) for the first accident quarter versus development

quarter for the over-dispersed Poisson model applied to the PL40 data

5.2.7 Criterion 11: Consistency of Simulated Data with Actual Data

Without a model, it is not possible to simulate data, so this check can only be done on the
ER method if a corresponding model is specified. The way the variance of the loss
development factors is calculated in the ER method suggests the following undetlying
model: for any given pair of development periods, the individual accident year factors are
randomly chosen from some distribution with a variance that does not depend on the
accident year. This is precisely Murphy’s model with i = 2. The usual assumption is that the
distribution is normal. With these assumptions, it is possible to create simulated data,
although it is possible that negative ratios will occasionally be generated if the variance is

large.
Three triangles were simulated as follows:

1. Ratios were generated for each pair of development periods and each accident period,
using the mean and standard deviation of the ratios fitted to the last 10 accident
quarters of the PL40 data (PL10).

2. These ratios were multiplied into the first development period data for PL10.

Then a simple model was fitted to each of these triangles and the original PL.10 data. This

model was fitted to the logs of the data, had one parameter for each development period,
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and a single trend parameter in the calendar direction. The residuals from this model are
plotted against accident period in Figure 5.6. It is clear that the original data (bottom left) has
different properties than the simulated data. In the simulated data, random variation in the
second development period is propagated and amplified in the later development periods. In
the real data, this does not happen. It appears that the chain ladder assumptions are not

appropriate for this data.

 #td 5td Res s e, Ot |  #td 5td Res s e, Ot |

| Wtd Std Res s dee. Ot | | Wtd Std Res s dee. Ot |

Figure 5.6 Residuals plotted against accident quarter for three sets of simulated data and
one of real data (PL10)

There is a difficulty with testing this criterion on the ODP model — we need to assume

some distributional form for the errors to perform the simulation. Either normal or negative
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binomial would be reasonable choices, but it is possible that the data might follow some
other over-dispersed Poisson distribution. Some differences between the real and simulated

data could be due to differences in this error distribution.

5.2.8 Criterion 12: Model Completeness and Consistency

If additional information is incorporated, the model prediction may be improved. For
example, if there is a relevant index of inflation available, the plots of residuals versus
calendar period, suggested under Criterion 15, could be compared with and without inflation
adjustment, to see if one or the other appears more like a random sample. This could be
useful for models like the ODP that have no parameters in the calendar direction. Similarly,
an exposure measure, such as number of policies, may be used to normalize the data. Plots

of residuals versus accident period may indicate whether this gives any improvement.

Prior information may be useful when there is a large amount of uncertainty in any aspect
of the model parameter estimates. For example, if the triangle must be projected to future
development periods, information from other similar triangles may be used in conjunction
with information within the triangle. However, the prior information should always be
appropriately weighted by its uncertainty compared to the uncertainty of the estimate from

the triangle.

There is no obvious way to integrate other information into the results of the ER
method. Consistency of assumptions for future development trends with the trends in the
data could be difficult to determine for both the ER method and the ODP model, as neither
explicitly estimate trends. However, it would be possible to use the estimated levels for later
development periods to fit a parametric curve and to project that curve into future
development periods. It is less clear how to estimate the uncertainty associated with that

projection.

5.3 Model Goodness-of-Fit and Prediction Error Evaluation

5.3.1 Criterion 13: Validity of Link Ratios

If the ER method is used in conjunction with link ratios, it would be advisable to apply
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tests for the validity of link ratios, such as those in Barnett and Zehnwirth® and Venter™. As
an illustration, we will apply some of these tests to the Murphy model with i =2 applied to
the 11.10 data.

Venter’s second test compares this model with some alternative models. The plot on the
left in Figure 5.7 shows that there appears to be a linear relationship between the incremental
in the second development period and the cumulative in the first development period, as
expected under Murphy’s model. However, the plot on the right shows that there is also a
linear relationship between the incremental in the second development period and the
accident period. Statistically, the second relationship provides a better fit to this data. This
suggests that there may be a better alternative model to link ratios, at least for this

development period.
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Figure 5.7 Incrementals in the second development period of the I11.10 data plotted

against the cumulative in the first development period (left) and the accident quarter (right)

Venter’s fourth and sixth tests relate to patterns in the residuals against accident period
and calendar period respectively. The residuals do not appear to be random (see Figure 5.8),
particularly when plotted against accident period — the residuals are mostly greater than zero
in the latest six accident quarters, so the actual data is nearly always higher than the fitted

values from the model. This suggests that this is not a good model for this data.

% See Barnett and Zehnwirth [1].
% See Venter [71].
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Figure 5.8 Residuals from the Murphy model with i=2 applied to the IL.10 data plotted
against the accident quarter (left) and the calendar quarter (right)

5.3.2 Criterion 14: Standardization of Residuals

Q-Q plots are used to assess whether data has a particular distribution. The sorted data is
plotted against the distribution values at the corresponding percentiles. If the data follows
the selected distribution, then the plot will be approximately a straight line (the extreme
points are expected to have more variability than points toward the center). A plot that is
bent down on the left and bent up on the right means that the data have a longer tail than

the distribution.

This criterion cannot be applied to the ER method, unless we use some corresponding
model such as Murphy’s model with i=2. When this model is applied to the last ten
quarters of the IL40 data, the normality of the residuals is reasonable. However, the full 1140
data gives the Q-Q plot in Figure 5.9, indicating that the tails of the distribution of the

residuals are much heavier than would be expected if they were normally distributed. This
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may be indicating a lack of fit of the model — the residual plots should be checked carefully

for patterns.

Wid 5td Res Mormality Plot
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Figure 5.9 Normal Q-Q plot for the residuals when Murphy’s model with i=2 is applied
to the IL40 data

It is also problematic to apply this criterion to the ODP model, as there is no explicit
distributional assumption for the residuals. Some possible choices are the normal
distribution or the negative binomial. The negative binomial presents difficulties in doing the
usual Q-Q plot as the shape of the distribution can change with the mean, so the percentile
corresponding to a “standardized” residual depends on the mean. The normal Q-Q plot in
Figure 5.10 for the ODP model applied to the PL40 data indicates that the residuals are far
from normality. The highest point corresponds to accident quarter 1Q1998, development
quarter 17. It has a standardized residual of 12, having an actual value of 560 and a fitted
distribution with mean 51 and standard error of 43. Under any reasonable distribution this

will be an outlier. The model should be refitted with this point removed.
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PL40 - Res Normality Plot

Figure 5.10  Normal Q-Q plot for the residuals from the over-dispersed Poisson model
applied to the PL40 data

A lack of normality may be an indication that the variance assumption in the model does
not hold for this data. A plot of residuals against fitted values is a good test of this
assumption. Figure 5.11 shows this plot, with an estimate of the standard deviation of the
residuals shown as dashed lines. This estimate is about one for the lower fitted values, as
would be expected of standardized residuals, but increases to about 1.5 at the larger values.
This suggests that the assumption of the ODP model that the variance is proportional to the

mean may not be satisfied by this data.

PL40 - Res vs Fitted Values

0 1000 2000 3000

Figure 5.11  Residuals »s. fitted values from the over-dispersed Poisson model applied to
the PL40 data (residuals larger than 3 not displayed); dashed lines indicate estimated standard
deviation
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5.3.3 Criterion 15: Analysis of Residual Patterns

This test cannot be applied to the ER method, unless we use some corresponding model
such as Murphy’s model with i =2. When this model is applied to the last 10 quarters of the
IL40 data, there is an interesting pattern in the residuals plotted against accident quarter. On
average, the fitted values are higher than the actual in the early accident quarters, but lower
than the actual in the later accident quarters (see Figure 5.12). This pattern suggests that the
assumption that the development pattern is the same in all accident periods may be
incorrect, and the model may under-forecast in the later accident quarters, where most of the

remaining IBNR is found.
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Figure 5.12  Residuals »s. accident quarter from the Murphy model with i=2 applied to the
1140 data; the black line indicates the average of the residuals in each period

Plots of residuals against calendar quarters should be examined to see if there is evidence
for any calendar period effects. When the ODP model is applied to the PL40 data, there is
some suggestion of changing calendar period trends in the residual plot in Figure 5.13. If
there is relevant economic inflation data available, the triangle should be adjusted by that
inflation and the adjusted triangle’s residuals should be plotted again. If there are still
patterns in the residuals, some further tests are needed. Either the patterns could be
statistically tested directly, or a model could be fitted that accounts for those patterns and

tested to see if it has statistically a better fit than the original model (see Criterion 17).
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PL40 - Res vs Cal Qtr

Figure 5.13  Residuals #s. calendar quarter from the over-dispersed Poisson model applied
to the PL40 data; the black line indicates the average of the residuals in each period; residuals
with magnitude greater than 3 are not displayed

5.3.4 Criterion 16: Prediction Error and Out-of-Sample Data

This is the “gold standard” of the criteria — evaluating a model against data not used in
the model selection and fitting. A model that satisfies all the other criteria may still fail this

test, as the past is not always a good predictor of the future.

The first 10 accident quarters of the PL40 data was used to validate the ER method using
Murphy’s model with i =2 and the ODP model. The forecast means of the two models for
each future development and accident period are plotted against the actual values in Figure
5.14. The very high values for the ER method are all in the last accident quarter and are due
to a very large estimated ratio between the first two development periods. The ODP model is
less sensitive to individual high ratios, which in this case are due to two small values in the
first development period. In all other accident quarters, there is very little difference between

the forecast means of the two models.
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Figure 5.14  Forecast »s. actual values for the Murphy model with i=2 (left) and the over-
dispersed Poisson model (right), applied to the first 10 quarters of the PL40 data

Even if the model continues to hold in the future, the actual values will not match the

forecast mean due to process and parameter uncertainty, so we should take this uncertainty

into account when comparing forecast and actual values. For the ODP model, all the actual

values lie within two standard errors of the forecast mean.

We can also compare the actual total with the forecast distribution to see how plausible
the actual value is as a sample from the distribution. For this example, the actual total is
14,400. The forecast distribution for the ER method is lognormal with mean 35,851 and
standard error 38,474, so the actual value is 0.6 standard errors below the mean, a plausible

270 percentile of the distribution. The forecast distribution for the ODP model has a mean
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of 20,786 and standard error of 4,445, so the actual value is 1.4 standard errors below the
mean. The type of the distribution is unspecified, but if we assume normality, the actual

value is the 8" percentile of the forecast distribution.

Other tests can be done on the prediction errors. Do they follow the expected probability
distribution, for example, does a Q-Q plot indicate they are normally distributed? Do they
have any structure when plotted against development period, accident period, calendar

period or fitted value?

5.3.5 Criterion 17: Goodness-of-Fit Measutres

To use this criterion, we need a sufficiently flexible family of models to compare. Clearly
it is pointless comparing models that are not a good fit to the data, so the residual plots of
Criterion 15 should appear reasonably random for each of the models. Residuals of models
with a small number of parameters (for example, a single parameter for the accident
direction, or a two or three parameter curve for the development direction) should be

examined very closely, and compared with more generously parameterized models.

It should be noted that the AIC and BIC measures are intended to be used to compare
models in the same “family”. If models have different variances on the same observation,
their AIC/BIC are not comparable. In particular, you should not use the AIC/BIC to
compare models that have had different outliers removed, or have significantly different

assumptions about the variances of the error terms.

The different measures of goodness-of-fit will often choose different models. The other
criteria should also be applied and may suggest that one is better than the others on grounds
other than strict goodness-of-fit. However, particularly when process variability is low, there
may be several models that all qualify as “good”. The range of forecasts from these good
models gives some measure of model uncertainty. Allowance should be made for this
uncertainty in the spread of the forecast distribution, either informally, or formally by model
averaging techniques based on the statistical and common sense likelihood of the various

models.

The application of goodness-of-fit measures is illustrated under Criterion 18 where the
ODP model is compared with variations of that model that use fewer parameters. This test

cannot be applied to the ER method, unless we assume some underlying model.
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5.3.6 Criterion 18: Ockham’s Razor and the Principle of Parsimony

Applying the principle of parsimony also requires a sufficiently flexible family of models,
but in this case the flexibility must extend to allowing models with a small number of
parameters. One approach is to use smoothing, as in Verrall®® , where a smoothing parameter
controls the effective number of parameters. Another approach is to use a flexible family of
parameterized curves, such as the piecewise linear or constant curves used by Zehnwirth®,
This approach has the advantage that it is easy to add parameters in the calendar direction as

well as in the development and accident direction.

A simple first check of whether a model may be over-parameterized is to look at the ratio
between the parameter estimates and their standard errors (we will refer to this as the #-
value of the parameter). A formal statistical test can be done (such as an F -test), but as a
rough rule-of-thumb, if this ratio is less than two, the parameter is not significantly different
from zero and can probably be omitted. For example, in Table 3 of Appendix B, some of
the accident parameters and most of the development parameters are not significantly

different from zero.

Often models can be parameterized in many different ways, and some ways will make it
easier to spot the “redundant” parameters. The tests for non-significance should be based on
what we know about the way the loss process behaves. For example, Figure 5.4 shows that
the fitted values in the accident direction for this data tend to be more or less constant for a
number of periods with occasional jumps up. It would make sense to test whether the level
had changed between adjacent periods, and, if not, to use the same parameter for those
periods. On the other hand, Figure 5.5 shows that many of the fitted values in the
development direction lie more or less on a single trend line. It would make sense to test
whether this trend had changed between adjacent periods, and, if not, to use the same trend
for those periods. This kind of parameterization, with the addition of trends in the calendar
direction, is described in Zehnwirth®’, for the linear regression model applied to the logs of

the data. The associated design matrix is described in Barnett and Zehnwirth® .

This parameterization was applied to the ODP model on the IL10 data. When all 18

parameters are fitted, the standard errors are large (of a similar size to those for the

% See Verrall [73].

% See Zehnwirth [81].

%7 See Zehnwirth [81].

% See Barnett and Zehnwirth [1].
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parameter estimates in Appendix B, Table 3, 10 Accident Quarters, which use the same data
but an alternative parameterization). As a result, many of the f-values are less than two — for
nine of the ten parameters in the accident direction and for four of the eight parameters in
the development direction. A more parsimonious model can be obtained by removing

parameters until some goodness-of-fit measure is minimized.

A simple way of choosing the next parameter to remove is to choose the one with the
smallest absolute #value. Following this procedure, slightly different models are obtained
using different goodness-of-fit measures — the Adjusted SSE gives a model with eight
parameters, the “maximum absolute #-value > 27 gives a model with seven parameters and
the “F -test p -value > 0.05” gives six parameters. The AIC and BIC do not seem to be
useful — they continue to decrease until there are only two parameters left, at which stage the

tit of the model is clearly poor.

The various models can be compared visually by plotting the fitted values in the accident
and development directions. Figure 5.15 shows the fitted values in the accident direction (for
development quarter 1), for three models. The original ODP model has ten accident
parameters (one for each accident period). The minimum Adjusted SSE model has four
accident parameters (one for the first five quarters, one for the next two, one for the next
two and one for the last quarter). The F' -test model has three accident parameters (one for
the first five quarters, one for the next two, one for the last three quarters). Figure 5.16
shows the fitted values in the development direction (for the first accident quarter) for the

same models.

The accident parameter estimates from the parsimonious models are very similar to the
ODP model accident parameter estimates, except for the last accident parameter, where the
ODP model estimates this value from a single observation. The development parameter
estimates from the parsimonious models differ more from the ODP model estimates,
particularly in the later development periods, where the ODP model has to estimate four

parameters from just eight observations.
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The standard errors of the fitted values are lower on the parsimonious models. For the
original ODP model, the forecast standard error of the total is 2,996. For the Adjusted SSE
model, it is 2,446. The mean of the total may also be significantly different on the
parsimonious models to the over-parameterized model. On average, they should give more
reliable forecasts. In this case, for the original ODP model, the forecast mean of the total is
24,053. For the Adjusted SSE model, it is 21,997, and for the F-test model, it is 20,948.

There are two main reasons why these forecasts are lower. These models fit an
exponential decline to the data from development quarter five to nine, which gives lower
forecasts in development periods nine and ten. This would seem to be more in accord with
common sense. The F -test model fits a single parameter to the last three accident quarters,
which gives a lower forecast in the last accident quarter. As this forecast is based on a
number of observations, instead of a single observation in the original ODP model, it is less

sensitive to random process variation.

The plot of residuals against calendar period appears to have some trend structure. With
the parsimonious models, it is possible to add parameters in the calendar direction and test
whether they improve the model according to the goodness-of-fit criteria. In fact, it seems
that a better model for this data may be one that has a single accident level, three
development parameters and one calendar parameter. Under this model, the calendar trend
is zero in the first four quarters, then is 9.5% T 1.1% after 4Q2001. Actuatial knowledge

may indicate whether or not this is plausible.

Murphy’s model does not have a parameterization that lends itself to significance tests
between development periods. Often the incremental payments increase or decrease by an
approximately constant percentage for some development periods, so a “natural” parameter
might be this percentage change. Then this parameter could be tested for changes between
pairs of development periods. Similarly, inflationary effects act as an approximately constant
percentage change on incremental payments in the calendar direction. There is no obvious
way to test this under Murphy’s model as cumulating the payments disguises the changes in
inflation. There is no parameter corresponding to accident periods, so there is no way to test

for the difference between accident periods.

5.3.7 Criterion 19: Predictive Variability

The probability distribution of the future payment estimate is provided by the ER

Casualty Actuarial Society Forum, Fall 2005 111



The Analysis and Estimation of Loss & ALAE 1 ariability

method, although it is not based on any model, so its validity cannot be tested. The ODP
model does not provide a probability distribution, unless some assumption is made about
the distribution of the errors. Both provide an estimate of the standard deviation of the
future payment estimate, although the ER method may not make an adequate allowance for
parameter uncertainty in many cases. Care must also be taken with the ODP model when a
statistical package is used to estimate the standard deviation of forecast values, as the “built-

in” estimates may not include process variability.

5.3.8 Criterion 20: Model Validation

The process of validation using within-sample data is similar to the process in Criterion
16 of using out-of-sample data. It is particularly useful in determining if the most recent data
is indicating changes — perhaps a flattening of the tail of the development pattern or a recent
increase in superimposed inflation. These changes might suggest that the future could be
more uncertain than the model indicates. The absence of such changes in the most recent

data will increase our confidence in the model forecast.

5.4 Summary

The process of determining forecast distributions consists of a number of steps:

1. Choose a family of models that is suitable for your purpose and sufficiently flexible to

model all the features in the data (criteria 1-4).

2. ldentify the members of that family that provide an adequate fit to the data (criteria
14-15).

3. Select the “best” models. Are the models reasonable (criteria 5-8, 10)? Do they
validate well (criteria 16, 20)? Are simulated datasets similar to the real data (criterion

11)? Are the models parsimonious (criteria 13, 17-18)?
4. Ultilize any other information that would improve the model estimates (criterion 12).

5. Decide what assumptions are reasonable for the future, bearing in mind what the data

says about the past (criterion 12).

0. Produce forecasts that incorporate model uncertainty, parameter uncertainty and

process variability (criterion 19).
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6. FUTURE RESEARCH

The CAS Working Party on Quantifying Variability in Reserve Estimates has identified a

number of areas in which the reserving actuary would benefit from future research.
These areas are described below:

e [atent Liabilities;

Correlation of Multiple Segments;

Making Use of External Information;

Adjusting Data for Operational Changes; and
e  Making Use of Individual Claim Detail.

These five topics are described individually in the sections below. It is hoped that each of

these topics can be viewed as a Request for Proposal (RFP) for research papers.

6.1 Latent Liabilities

6.1.1 Statement of the Problem

The nature of US casualty insurance creates exposure to types of claims that do not fit
into standard loss development techniques. These exposures may be for coverages not seen

in historical loss experience, and are subject to lengthy litigation. These include:
e  Asbestos;
e Environmental Pollution;
e  Mass Tort Events; and
e Toxic Mold and Construction Defect.

The exposures are often described as “latent” because the insured and insurer may have
been unaware of the potential for losses at the time that the original policy was issued. A
common element of these latent exposures is that recognition of the loss is more likely to
take place on a calendar year basis. The assumption underlying most development triangle

methods is that each accident year will show a similar pattern of loss emergence; this
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assumption is patently untrue for latent exposures.

6.1.2 Estimation Techniques Used

Because traditional casualty loss development techniques are not applicable for latent
exposures, other approaches are needed. In broad terms, two types of approaches are taken

to estimating future loss emergence: “bottom-up” approaches and “top-down” approaches.

6.1.2.1 Bottom-Up Approaches

A bottom-up approach begins with a detailed review of individual contracts that the
insurance company has written historically. For example, for asbestos liability estimation
this begins with a listing of all the policies that either have had or can have claims made
against them, along with their historical experience. The historical policies can be grouped
into categories or “tiers” according to the relative likelihood of claims being made. For the
most exposed (tier 1) policies, the insurance company may simply set a reserve equal to the
available aggregate limit. For policies with less likelihood of claims, a reserve is set

judgmentally at some percent of the available limits.

This bottom-up approach may be applied on a sample of policies, with the results
extrapolated to the total population of policies written historically. A rigorous description

for the asbestos example is given in Cross and Doucette® .

6.1.2.2 Top-Down Approaches

Rather than working with a sample of detailed policy information and extrapolating to the
company level, a “top-down” approach instead begins with an industry-wide estimate and

attempts to determine the insurance company’s share of the total.

The most naive top-down approach is “survival analysis”, which simply calculates the

>
number of years until the carried reserve would be exhausted if losses were paid at the
current rate. The survival ratio is typically the total carried reserve divided by the average
annual payment of the latest three-year period. Survival analysis is not strictly an estimation
method, but rather a key benchmark statistic for comparing relative adequacy against peer

companies.

% See Cross and Doucette [11].
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More sophisticated methods involve taking an industry estimate for the type of latent
claim, and allocating it to the insurance company based on market share of premium for the
years of maximum exposure. The market share may include different percents based on
such things as state mix, mono-line versus package business, and reinsurance versus direct

insurance.

6.1.3 The Challenge for Estimating Variability

Given this brief description of the challenge in making a point estimate for the future

payments for latent liabilities, the challenges for estimating variability are apparent.

Estimating latent liabilities relies on judgment at many steps, rather than on a pure
statistical model. High and low selections can be made based on using more or less
optimism in the selection process, but it is not at all clear how the resulting numbers
correspond to a statistical distribution of outcomes, or to the “confidence level” associated

with the assumptions.

6.1.4 Papers Describing these Techniques

Current papers describing these techniques include: Bhagavatula, Brown and Murphy™ ;

Bouska’'; Cross and Doucette’®; Diamantoukos” ; and Madigan and Metzner™.

6.2 Correlation of Multiple Segments

6.2.1 Statement of the Problem

Techniques discussed in this paper provide various means for estimating the distribution
of ultimate unpaid losses, which correspond to an individual segment of relatively
homogenous claims. One can estimate the marginal distributions for all segments that
comprise the complete set for a given insurance company. What remains for the actuary

performing this analysis is a means to combine the various analyses into a single aggregate

% See Bhagavataula, Brown and Murphy [3].
' See Bouska [8].

%2 See Cross and Doucette [11].

% See Diamantoukos [13].

% See Madigan and Metzner [44].
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future payment distribution that provides management with a statistical picture of future
payment variability in total. The question may be posed as such: how do outcomes for
individual segments relate to each other? For example, if personal auto liability payments
run off requiring more money than was anticipated, would we expect commercial auto

liability payments to be more likely to exhibit the same “adverse” development?

There are really two parts to this question. First, we would like to measure the strength
of correlation between pairs of segments. The result would be a matrix of correlation
coefficients. Second, the correlation must be incorporated into a structure that defines the

aggregate future payment distribution.

6.2.2 Description of Approaches Published and In Use

We will discuss various published approaches to both parts of the question.

6.2.2.1 Single Triangle Approach

The simplest approach bypasses the first step. We may combine the loss development
data for individual segments into a single set of data for all claims. Then the same variability
estimation techniques can be applied to the aggregate data. This approach assumes that the
mix of business is constant over the historical period. To illustrate the potential problem of
this naive analysis, imagine a company that had written primarily long-tailed insurance until
five years ago, at which time the company shifted its emphasis toward short-tailed lines. All
of the development history for ages at which no further development is expected for the
short-tailed business is drawn from long-tailed business. Just as a future payment indication
itself is not selected this way, a variability analysis will be similarly distorted by non-constant

business mix.

6.2.2.2 Pair-wise Correlation Approach

A second method also ignores the question of explicitly measuring correlation
coefficients. An assumption that correlation between two triangles is fully exhibited in the
matched accident/development year increments can be readily incorporated into the
bootstrap methodology.” One defines a model for the loss development triangle of each

segment, and resamples repeatedly from the residual history of each triangle. For each

% See Kirschner, Kerley and Isaacs [33].
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resample, the residuals corresponding to the same accident/development increments in each
triangle are selected, so that the correlation contained in the pair-wise realization of the
triangles’ development is captured. The sum of ultimate unpaid losses can be compiled over
the trials of the bootstrap process to compute a range of estimated future payments.
Correlation between triangles could be measured explicitly, but is not necessary because the

aggregate future payment distribution is created in the simulation.

6.2.2.3 An Approach Based on Common Trend Factors

The construction of log-linear decay models also provides the actuary with information
useful for measuring correlation and aggregating future payment distributions.”” The model
created for each segment includes additive parameters in log-space which capture trends of
an incremental paid loss triangle over up to three directions: accident year, development
year, and calendar year. Where parameters are fitted for the same purpose in the models of
more than one segment, the fitting errors of those parameters may be used to induce
correlation in a simulation of simultaneous future payment runoff. Brehm” has suggested
that the vectors of calendar year parameters themselves can be used to measure correlation,
since inflation is a common effect on all segments. The actuary in this case believes that
how future payment runoff responds to inflation in the future is the primary source of multi-

line correlation.

6.2.2.4 Hindsight Approach

An ad hoc method for measuring correlation coefficients involves inspecting hindsight
future payment estimates by accident year in a development triangle”. One begins with
future payment indications that have been deduced from a survey of the results of multiple
estimation methods, then finds the implied future payment estimates which would have been
estimated at every point of the development history had the current information been
available. The result is a collection of alternate future payment indications that incorporate
all available information, but are sensitive to the unique payout of individual accident years.
Correlation coefficients can be measured across lines by condensing the triangles of
hindsight future payment indications into vectors of alternate viewpoints of overall liabilities

for each line that are sensitive to the loss development history.

% See Brehm [6].
7 See Hayne [31].
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6.2.2.5 Underwriting Cycle Approach

Another method to measure future payment correlation coefficients that has been
suggested relies on the underwriting cycle, or prospective correlation. Because many lines of
business are affected by the same market pressures on underwriting and case-reserving, one
can measure the correlation in ultimate loss ratios by year and make the leap that those
coefficients also apply to reserves. This method has not been explored in detail in the

literature.

6.2.3 Final Step in Combining Lines of Business

Once the actuary has designed a correlation matrix between marginal future payment
distributions, a model of the aggregate future payment distribution is required that is
consistent with both the correlation structure and the marginal probabilities. Two well
documented methods available are the normal copula algorithm” and the Iman-Conover

method. Mildenhall” has compared the two methods thoroughly.

While many suggestions have been made regarding reasonable approaches to the question
of measuring correlation between segments, little has been written regarding implementation
of the suggestions and testing them with actual or simulated data. For example, some
actuaries have indicated that the correlation coefficients measured from a pair-wise
bootstrapping approach are slight, but we have yet to see hard evidence in the literature.
There is room both for the testing of the proposed approaches and for exploration of new
or revised approaches. With an understanding of copulas and the Iman-Conover method,
the actuary is equipped with the tools to aggregate future payment risks, but the

quantification of correlation that drives the aggregation still demands study and innovation.

6.2.4 Papers Describing these Approaches

Current papers describing these approaches include Brehm'"; Gillet and Serra'’;

Hayne'”; and Kirschner, Kerley and Isaacs'”.

% See Wang [76].
% See Mildenhall [45].

1 See Brehm[6].

1% See Gillet and Serra [25].

12 See Hayne [31].

19 See Kirschner, Kerley and Isaacs [33].
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6.3 Making Use of External Information

6.3.1 Statement of the Problem

The reserving actuary is often faced with the problem that the data set available for
setting reserves is not sufficiently robust to estimate a distribution of future payments.

There may be a number of reasons for this.

One reason may be that the subject business has only been in place for one or two years,
and there is no historical pattern for use in deriving a development pattern. In this case, a
development pattern from some external source is used. The external data may be from
industry sources such as consolidated Schedule P, or rating bureaus such as ISO or NCCI, it
may also come from competitor companies or other business segments that are judged to be

similar.

If the business is very immature, a loss development factor approach may not be reliable,
and so the reserve is set based on an expected loss ratio (ELK) from a rate filing or from

industry averages.

A second reason for using external data may be that the data has too small a volume of
loss experience historically, even though the business has been written for a long period.
Excess and Umbrella books may fall into this category. Again, this may require the use of

external sources for development patterns or expected loss ratios.

6.3.2 The Challenge for Estimating Variability

The essence of the problem is that no single model, in combination with the available
data, is viewed as sufficient to set a reserve. The carried reserve is judgmentally selected
after a review of multiple data sources and models. How can we estimate a variance for a

reserve that we cannot assume results from a statistical model?

6.3.3 Papers Describing these Approaches

Current papers describing these approaches include: Halliwell '**; Robbin'"; and Verrall
106

1% See Halliwell [29].
195 See Robbin [54].
1% See Verrall [75].
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6.4 Adjusting for Operational Changes

6.4.1 Statement of the Problem

Loss development techniques based on triangles are typically used with an assumption
that the same patterns in the past will be repeated in the future, or that at least the historical
pattern is changing in a predictable manner. This assumption is often violated in reality.

Some cases in which the relevance of a historical pattern is questionable include:
° Changes in settlement practices, claims-handling, etc., including:

» Improvements in cellular and mobile technology allowing for faster
recognition of claims as well as allowing adjusters to evaluate the settlement

value of claims more quickly;
» Improvements in fraud detection; and
» Other claims initiatives.
e  Changes in operations due to a merger or acquisition
° Retroactive changes to workers” compensation benefits

e  Changes in tort law and/or a company’s willingness to litigate certain claims, often

driven by “size of loss” or “type of claim” criteria

This problem may be addressed by adjusting the historical data “as if”” the new conditions
had been in place. Other authors suggest using historical data up to some critical point in
the past and using that to restate the more recent diagonals. Claims initiatives also present
some dilemmas for the reserving actuary. These cannot always be summarized to changes in
settlement patterns or changes in case reserve adequacy. Often more sophisticated methods

may be called for in the adjusting of data triangles.

When these changes are made, how does it affect the variance structure? Articles have
been written to address how to determine when incurred and paid projections would be
improved by adjusting the data triangles and also address how to make those adjustments.
However, few authors address how this will affect the estimate of the range of results. We
would encourage research both into adjusting for operational changes and assessing how this

could affect the variance of the resulting distribution of results.
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6.4.2 Papers Describing Techniques for Adjusting Historical Data

Some of the basic methods for adjusting the data triangles or the development factors

that they generate and current papers include:

Use of re-stated historical results; ' 1% 109 110

Adjusting historical results for factors other than those addressed in the Berquist-

Sherman type papers (including various claims initiatives);''":

Preserving the historical results but restating the most recent diagonals and using a

frequency-severity approach; '

Using regression techniques to restate both paid and incurred chain ladder factors

simultaneously;'"” and

If operational changes have led to speed up or slow down in claims payment

patterns, then the mean claim amounts can be modeled as a function of operational

114 115
>

time (percentage of claims closed) using generalized linear models.

6.5 Making Use of Individual Claim Detail

6.5.1 Statement of the Problem

Loss development models typically work with data in a “triangle” format, or perhaps in

multiple triangles including loss dollars and counts. The methods for calculating

development factors from triangles were designed to be simple enough to be accomplished

with pencil and paper. The chain ladder technique is the most widely used technique in

estimating future payments. This method is based on very restrictive model conditions which

are quite commonly breached in practice. The underlying data need to be corrected for

multiple trends, superimposed inflation, seasonal effects and many other factors. It is very

difficult to quantify these factors within the chain-ladder paradigm. Should we instead be

197 See Berquist and Sherman [5].

1% See Thorne [69].

19 See Fleming & Mayer [20].

10 See Duvall [14].

"' See Halpert, Weinstein and Gonwa [30].
2 See Ghezzi [24].

"% See Quarg and Mack [52].

1% See Wright [78].

15 See Wright [79].
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looking at techniques that look at transaction histories at an individual claim level?

With advances in computer power, it is now possible to analyze individual claim level
transactions to estimate future payments. Working with individual claims, we can take care
of multiple trends, inflation, seasonal effects, accident quarter effects and other factors in a
more direct way. We also have additional flexibility in using interaction terms and choice of
error distribution. The stochastic framework also allows us to objectively compare candidate
models and to validate the model that was selected. This method also provides the actuaries

enhanced understanding of their data.
Future research questions that are of interest are:

e What level of data is best used for this analysis? Should we use individual claim level

data? Or should we summarize the data to a more manageable size?

e  What are the best ways to quantify multiple trends, inflation, seasonal effects and

other such effects?

e  What predictive variables are best used for this purpose? What interaction terms are

most useful? Should individual claim characteristics play a role here?

e How do we explain the models to regulators? Would a model based on individual
claim data be too difficult to explain?

6.5.2 Papers Describing these Techniques

Current papers describing these techniques include: England and Verrall [18]; Mack and
Venter [43]; Taylor [64]; Taylor and McGuire [68]; and Weissner [77].

7. CAVEATS AND LIMITATIONS

7.1 Understanding the Nature of the Problem

Recent commentary by rating agencies on reserving actuaries make it important that we
clearly define what this paper provides and what is does not provide so that there is no

misunderstanding.

7.1.1 Future Payments are Uncertain

As such, the probability that the actual ultimate amount will agree with any single estimate
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is zero. We know that the estimate will differ from the actual amount and the question is,

“what is the degree of variability present in the estimate at this time?”

7.1.2 The Estimate is at a Point in Time

Users of liability estimates need to understand that every estimate is an estimate of future
payments (and thus current liabilities) using the information available at a given point in
time. For a given block of historical exposures at a given point in time, the actual value of
the liabilities will emerge in the future as actual payments are made. As those future
payments are made, future estimates of those liabilities will become more certain as less of

the future payments remain to be estimated.
7.1.3 The Actual Future Payments are Currently Unknown

Given that we know that ultimate future payments will differ from any prior point
estimate of them, we as actuaries would like to provide the users of our product a
quantification of the variability of the estimate; that is, potentially how much could it
differ and what are the different probabilities at different levels of variability?

7.1.4 State of The Art in 2004

Given this intent, this paper represents a depiction of the “state of the art” circa 2004, of
the means of producing the quantification of variability. It is not all inclusive and what we
are doing is changing almost daily as new methods are being worked on, written about and
evaluated. This paper likely could be updated at periodic intervals, perhaps once every five

years.

7.2 General Items of Future Payment Uncertainty

The limitations mentioned in this paper do not specifically address the standard elements
of the estimation process that create uncertainty in the future payment estimate. Future
payment estimates and estimates of their distributions are forecasts of the future and are
generally based on specific assumptions regarding the future which are often based on past
performance. There are no guarantees that future events will correspond to these

assumptions. Some specific assumptions about the future that future payment models often
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make include the following:

e  Data quality, availability, homogeneity and credibility;

e  Emergence patterns, settlement patterns, development patterns;
e  Frequency and severity of claims;

° Limits or reinsurance;

e  DPolicy form or deductible levels;

e  Salvage and subrogation or collateral sources; and

e  Company operations.

7.3 Reference to Specific Papers

The limitations mentioned in this paper do not specifically include any limitations
mentioned in the papers that have been surveyed, but these are implicitly present. As such,
all limitations and conditions included in the original papers are implicitly carried forward

into this paper.

7.4 Predictive Value of the Past

As with the nature of most actuarial work, one of our biggest limitations is using past
history to predict the future. We are only as good as our assumptions of the future state and
our ability to estimate the likelihood of that future state (Bayesian approach). This includes

the distribution of future payments as well as the point estimate.

7.5 Model Uncertainty

Our biggest source of uncertainty is the model uncertainty:
e Do we have the right model or models?
e  Have we parameterized the model correctly?

e  How sensitive is the model and its variables and what does the sensitivity of each

variable imply for the distribution of future payments.
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7.6 Defining the Asymptotic Value

Who on September 10th could have imagined the events of September 11" ? The fact of
the matter is that is impossible to quantify the entire width of the distribution and to account

for extreme and unimaginable events.

7.7 Quantification is Not Elimination

The fact that we can measure and quantify uncertainty does not eliminate it. Therefore,
management must employ the estimates we provide with other tools to mitigate this

uncertainty. These tools include but are not limited to:
o Insurance;
° Reinsurance; and

° Hedging, etc.

7.8 What to Book

What to do with the estimate of variability is beyond the scope of this paper. We are
opening a lot of doors by creating the ability to estimate the distribution of future payments.
That being said, we are not stating an opinion as to what level within that distribution should
be booked. Assuming a reasonable distribution can be estimated, what to book becomes an
issue for various professional organizations concerned with financial statements such as the
AAA, AICPA, SEC, IRS, etc. It is possible that different professional organizations might
reach different conclusions as to the question of what to book, but the actuarial profession

should provide leadership and wisdom to the debate.
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Abbreviations and notations

The abbreviations and notations used in the paper are as follows:
AIC, Akaike Information Criteria

APD, automobile physical damage

BIC, Bayesian Information Criteria

BF, Bornhuetter-Ferguson

BUGS, Bayesian Inference Using Gibbs Sampling
CL, Chain Ladder

CV, coefficient of variation

ELR, Expected Loss Ratio

EPV, Expected Process Variance

GB, Gunnar-Benktander

GLM, generalized linear models

MCMC, Markov Chain Monte Carlo

MSEP, Mean Squated Error of Prediction

ODP, Over-Dispersed Poisson

OLS, Ordinary Least Squates

VHM, Variance of Hypothetical Mean
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Appendix A. Calculation of Variances of Future Payments Through Approximation

This appendix describes the calculation for each type of variance of future payments
(Var,[g(w,d)], Var;[¢(w,*)] and Var,[¢(*,*)]) through the delta method. Specifically, the
discussion will first present the calculation formulas for the parameter variance and their
simplified versions for the generalized linear models with logarithmic link function, then the
process variance calculation for the over-dispersed Poisson model, and summarize at the

end.

1. The calculation of Var,[g(w,d)] for each future incremental payment. By the first-order
approximation or the delta method, the parameter variance can be estimated, and

specifically, in matrix form, is:

Varig(n d)1= {%} ) [COV(pk1 > P, )] {%} ,

- —7 KxK - 7
IxK Kx1

(A.1)

where p, is the model parameter, and K is the number of parameters. Notice that g(w,d)
is the incremental loss function for development period d and accident year w. For the
generalized linear model with logarithmic link function, or m,, =In(c+a,, + ;) in which
a is an accident year-specific parameter and £ is a development year-specific parameter,

(A.1) can be simplified to

Varlq(w,d)] =i, - Varl7, 1, (A2
where, 77, =c+a,+f,. The value of Var[7,,] is calculated by using the variance-
covariance matrix of the model parameters, which can be directly obtained from the

computer output. For the nonlinear model, 0g(w,d)/0p, can be complicated to compute,

as §(w,d) may take complicated functional forms.

For the over-dispersed Poisson model, the process variance is simply

Varlg(w.d)] = pm,,. (A3)
The formula for calculating Var;[g(w,d)] is summarized as
T
. oq(w,d og(w,d
Var [G(w,d)] = VarlgOn,d))+ {%} [covip, ) {%’} S
k k
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2. The calculation of Var,[¢(w,*)] for future payments in a particular accident year.
The parameter variance of the future payment estimate for accident year w is calculated as:

Var[gw,*)]= D, Covlg(w.d,),g(w,d,)]= D Var[§(w,d)]+2 > Covl§(w,d,),4(w,d,)].

dy,d,eA,, deA,, dy,dyeA,,
dy#d,

(A.5)
The first term on the right hand side of the above equation, ZVar[é(W,d )], can be
deA,,
obtained from the calculation of Var,[¢(w,d)]; the computation of the second term,

however, is not straightforward. Again using the delta method, the second term is

approximated as:

. . oqg(w,d,) . oqg(w,d
> Covlmdy)qond)l= Y FEENEED coup py
Zl,djeAw zl,djeAw k apkl apkz ’

or in matrix form,

,\ ) 86 ,dl a6 ,dz T
3 Covlg(w,d,),d(w,dy)]= Y {—Q(W )}-[Cov(pkl,ph)]-{—“w )} A
N ———

dy,d,eA, dy,dyeA,, apkl apkz
d,#d, dy#dy, < v/ KxK - - -
IxK Kx1

In the case of generalized linear models with logarithmic link function, the formula for

parameter variance is simplified to:

Var[é(w’*)] = [mwd ] ’ [COV(deI s 77wd2 )] [mwd ]T H (AS)
IxJ" JYxJ" J"x1

woe .
where J" is the number of development years left for accident year w, and Cov(#7,, ,77,.4,)
is the variance-covariance matrix of 77,,, the elements of which are computed from the

variance-covariance matrix of the model parameters.

For the over-dispersed model, the process variance for the accident year future payment
estimate is the product of the accident year future payment estimate and the scale parameter
which tends to capture over-dispersion, or mathematically,

e -
Var[g(w,*)]= D ¢, . (A.9)
deA,,

In summary,

134 Casualty Actuarial Society Forum, Fall 2005



The Analysis and Estimation of Loss & ALAE 1 ariability

T
7 q aA Wad aA W,d
Var[goe)] = 3 Var[§ond)l+2 3 [M}'[Cov(pkl,pkz )]'{ " 2)} -
deA, zl,djEAw apk apk
(A.10)

In plain English, the calculation of the variance of the distribution of accident year future
payments should take into account any correlations between the predicted values for
different development periods of the same accident year, besides the variance of each of the

individual predicted values.

3. The calculation of Var.[g(*,*)] for total future payments for all accident years
combined. The parameter variance of the total future payment estimate for all accident years
combined should add in the covariance terms that account for the correlation between the
predicted values of different accident years. Mathematically, it is

Var[(#)]= Y Varlgon)1+2 Y Covld(n,,d,),d0ws.ds ).
weh dy.dyeA (A.11)

wy, Wy eA
W EW,

Similar to the results in (A.6), the calculation of the second term is approximated as:

(Wladl))(aé(wzadz)

S Covlgw.d).qown.d)]= Y T (X )Cov(py 1)

dydyeh dydyeh k 6ka 6pk2 (A12)
wy, Wy €A wy,w, €A
W EW, W EW,

or

b

dy.dyeh dy.dyeh o, Py
Wy, Wy €A Wy Wy EA Ym—eoro— ————— KxK
Wy #W, Wy #W, IxK Kx1

> Cov[g(w,d,), G(w,,d)]= D, {M][Cov(pkl,pkz)]'[m} " (A13)
I — -

For the generalized linear model, a simplified formula for calculating the parameter

variance 1s:

Var[§(*, 5] =[m, . |-[cover, . )] Ima I
TzT ZJWXZJZ ZJM

(A14)

where ZJ " is the total number of incremental losses in the future loss triangle (the lower

w

triangle).

Again for the over-dispersed model, the process variance for the total future payment

estimate for all accident years combined is simply
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Var[g(*,*)]= > .¢m,, . (A.15)

w,deA

In summary, the formula for calculating Var,[¢(*,*)] is:

A d n d T
Varf[c}(*,*)]zZVarf[c}(w,*)]+2' z [%}'[COV(Pkl’sz)].lzaQ(aW;’ 2):| )

wy, Wy €A
W EW,

(A.16)
In words, the variance of the distribution of the total future payments is the sum of the
variances for each accident year future payment estimate and the covariances between

accident year future payment estimates.
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Appendix B. An Example of Estimating Future Payment Variability

This appendix provides an illustrative example for the estimation of future payment
variability. A sample of triangle data set contains gross incurred losses for 40 accident
quarters (AQ) and 40 development quarters. The data relate to bodily injury coverage in

auto insurance.

Future payment is modeled in both generalized linear and non-linear models. Here are

some specific assumptions made in the estimation. First, for the nonlinear model,
m,, =U, [G(t,,0,0)-G(, |6,0)], (B.1)
where U is the ultimate loss for accident year w, and G(t, | 0,®) is the loss emergence

function, which is assumed to be a loglogistic function and has the following form

Gt 10,0)=—— (B2)
o 1,0 +60° '

Also in model estimation, the chain ladder estimation method has been used''®, which
implies that the loss emergence pattern has been assumed to be constant over the years.
This could be problematic, considering the changes in case reserve adequacy and in the rate
of settlement of claims over time."” Considering the possibility of time varying of risk
parameters, the 40-AQ triangle is divided into two smaller triangles, each of which only
contains the most recent 18 and 10 accident quarters, respectively. In the estimation, for this
particular data set, it is reasonable to assume that all incurred losses have fully developed
after 40 calendar quarters, or tail factors are ignored after 40 quarters’ development. For the
two smaller triangles, the tail factors are also assumed to be zero here; that is, no loss
development occurs after 18 and 10 accident quarters, respectively. In practice, appropriate
tail factors should be chosen if losses in the oldest accident period have not fully developed.

Second, the estimation of the GILM model assumes logarithmic link function and Poisson

distribution form.

The estimation and model evaluation results presented below are obtained for each of the
three data sets. All the calculations are programmed in SAS/IML. As the example is used

only for illustrative purposes, exemplifying the estimation results and the procedures for

"For the nonlinear model, there are 42 parameters in total (the ultimate loss for each of the 40 accident
quarters, € and @) that have been estimated.
"7 See Berquist and Sherman [5].
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model evaluation, the tables and figures will not be discussed in detail.

Table 1 shows the estimates of the means and standard errors of the distribution of
future payments for each accident quarter. The standard error for each accident quarter’s
future payment distribution, which is composed of process variance and parameter variance,
is calculated using the approach described in Appendix A. Several observations are worthy
of note. First, the standard errors are larger for more recent accident quarters, since a
smaller percentage of losses has emerged. Thus, more uncertainty is associated with these
quarters. However, the standard error as a percentage of the mean increases as the accident
quarter ages. This may show that the company’s bodily injury line is short-tailed, and
outstanding liabilities after several quarters’ development become very small. Second, for
the recent accident quarters, the percentage standard errors calculated from the nonlinear
model are larger than the corresponding ones from the GLM model. For instance, if using
the 40-AQ gross incurred loss triangle to estimate the most recent 10 accident quarters, the
nonlinear model yields the percentage standard errors that are generally 10%-20% larger
when compared with the GLLM model. This can be explained by considering that the GLM
model is virtually a specific and simplified version of the nonlinear model. Taking
logarithms on both sides of m , = x,y, would essentially give the GLM, except that in the
estimation of the nonlinear model, the loss emergence pattern is specifically modeled as a
random variable, while for that of the GLA, it is treated as parameters to be directly
estimated. Third, for a shorter development period (or equivalently, for the cases where
fewer accident and development quarters are used in the estimation), the point estimates for
future losses are much higher for each accident quarter. This is due to the fact that many of

the incremental payments become negative for higher development quarters in the data set.
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Table 1. Estimated Future Losses and Prediction Errors (PEs): GLM and Nonlinear Models

40 Accident Quarters
(1993Q3 - 2003Q2)

18 Accident Quarters
(1999Q1 - 2003Q2)

10 Accident Quarters
(2001Q1 - 2003Q2)

AQ Est. Future PE PE % Est. PE PE % Est. Future PE PE %
Loss Future Loss
Loss
GLM:
1999Q3 125 122 98% 10 34 328%
1999Q4 146 133 91% 29 58 201%
2000Q1 151 133 88% 39 65 168%
2000Q2 182 145 80% 58 84 146%
2000Q3 219 154 70% 102 108 106%
2000Q4 268 165 62% 103 108 106%
2001Q1 356 177 50% 121 114 94%
2001Q2 439 196 45% 213 149 70% 304 175 57%
2001Q3 501 201 40% 329 176 54% 553 271 49%
2001Q4 736 241 33% 545 226 41% 855 336 39%
2002Q1 968 272 28% 833 278 33% 1099 371 34%
2002Q2 1381 325 24% 1236 341 28% 1611 445 28%
2002Q3 2042 400 20% 1897 429 23% 2476 555 22%
2002Q4 2835 479 17% 2580 511 20% 3191 642 20%
2003Q1 4113 592 14% 4007 660 16% 4680 780 17%
2003Q2 7383 867 12% 8018 1049 13% 9285 1208 13%
Nonlinear Model:
1999Q3 184 168 91% 233 214 92%
1999Q4 215 182 85% 272 232 85%
2000Q1 217 183 84% 275 233 85%
2000Q2 246 196 79% 311 248 80%
2000Q3 289 213 73% 364 270 74%
2000Q4 308 220 71% 388 279 72%
2001Q1 324 226 70% 406 287 71%
2001Q2 393 250 64% 493 317 64% 977 404 41%
2001Q3 427 261 61% 533 332 62% 1032 418 40%
2001Q4 545 297 55% 679 378 56% 1280 470 37%
2002Q1 650 326 50% 806 416 52% 1473 512 35%
2002Q2 864 380 44% 1068 486 45% 1879 593 32%
2002Q3 1238 462 37% 1523 592 39% 2560 717 28%
2002Q4 1945 592 30% 2377 763 32% 3768 915 24%
2003Q1 3013 764 25% 3649 987 27% 5325 1147 22%
2003Q2 6439 1252 19% 7683 1626 21% 9731 1749 18%
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Table 2. Comparison of Estimated AQ Ultimate Losses: GLM and Nonlinear Model

40 Accident Quarters
(1993Q3 - 2003Q2)

18 Accident Quarters
(1999Q1 - 2003Q2)

10 Accident Quarters
(2001Q1 - 2003Q2)

GLM Nonlinear GLM Nonlinear GLM Nonlinear
AQ Estimates Estimates Estimates Estimates Estimates Estimates
1999Q3 10434 10493 10319 10542
1999Q4 11245 11314 11128 11371
2000Q1 10480 10546 10367 10604
2000Q2 10846 10910 10722 10975
2000Q3 11579 11649 11462 11724
2000Q4 11136 11176 10971 11256
2001Q1 10526 10494 10291 10576 10170 10994
2001Q2 11280 11234 11054 11334 11145 11818
2001Q3 10684 10610 10512 10716 10736 11215
2001Q4 11778 11587 11587 11721 11897 12322
2002Q1 11856 11538 11721 11694 11986 12361
2002Q2 12955 12439 12811 12643 13185 13454
2002Q3 14645 13841 14500 14126 15079 15163
2002Q4 16737 15847 16482 16279 17093 17670
2003Q1 17195 16095 17090 16731 17763 18407
2003Q2 19316 18372 19951 19616 21217 21664
Correlation 0.998 0.999 0.998
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Table 2 compares the ultimate loss estimates for each accident quarter using GLM with
those from the nonlinear model. The correlation between these two sets of estimates is
0.998, showing that the two models yield very similar ultimate loss estimates. Table 3

reports the parameter estimates, their standard errors, and p-values for the GLLM model.

The AIC and BIC criteria are calculated as follows, respectively,

22 latwd)=m, T,

AIC(K) = In(——4 )+ . and B.3)
n n
> > lg(w,d)—m,, T’
BIC(K) — 11’1( w_d )+ K ln(n) ) (B4)
n n

Note that K is the number of parameters that are estimated and 7 is the total number of
incremental losses. Table 4 gives the calculation results for AIC and BIC for the GLM and

nonlinear models.
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The Analysis and Estimation of Loss & ALAE 1 ariability

Figures 1 and 2 plot out the scaled Pearson residuals against incremental age for each of
the three data sets. For the loss triangle data used in this example, most of the residual
points are randomly scattered around the zero line for both models, and as a result, neither

of them should be rejected based on the validity of the model assumptions.
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Using a Simulation Model to Incorporate the Cost of
Catastrophe Excess Reinsurance into the Property Rate
Level Indication Using the Net Cost of Reinsurance
Method
or
How I Learned to Stop Worrying and Love the Net Cost
of Reinsurance Method

Eric Huls, FCAS

Abstract: Although much has been written on how to propetly determine a reinsurance premium, relatively
little literature exists on how a primary insurer, once it pays that premium, should incorporate the cost of
reinsurance into its rate level indication. This paper discusses two approaches for including the cost of
catastrophe excess reinsurance in a primary company’s rate level indication, reviews the pros and cons of each,
argues why one method is preferred, and then illustrates how the preferred method can be applied with a
complete example.

Keywords: Reinsurance; Catastrophe Excess Reinsurance; Catastrophe Modeling;

1. INTRODUCTION

In the simplest possible terms, reinsurance is insurance for insurance companies. In
exchange for a premium, the reinsurer agrees to assume all or part of some risk that was
previously assumed by the primary insurer. Primary insurers may purchase reinsurance to
increase capacity, stabilize underwriting results, provide protection from catastrophes,
provide surplus relief, obtain the reinsurer’s underwriting expertise, or facilitate withdrawal
from a jurisdiction or line of business.' Different types of reinsurance agreements exist to

meet each of these needs.

This paper will focus on catastrophe excess reinsurance. Under a catastrophe excess
agreement, the reinsurer indemnifies the primary insurer for aggregate losses in excess of a

given amount, called the retention, arising from an individual catastrophic event. In most

! Cass, R. Michael, Peter R. Kensicki, Gary S. Patrik, and Robert C. Reinarz, Reinsurance Practices
Volume 1, 1997, Page 33.
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cases, the reinsurer’s risk is limited to some amount, which is appropriately called “the limit.”
Often times, the reinsurer will only indemnify the primary company for a percentage of the

losses in excess of the retention.

An example will clarify the idea. Assume that a reinsurance contract provides coverage
for 50% of $600 million (the limit) in loss excess of $400 million (the retention). If no event
causes losses in excess of $400 million, the reinsurer pays nothing. If an event causes more
than $1 billion in loss, the reinsurer pays $300 million ($300 million = 50% x $600 million
limit). If an event causes between $400 million and $1 billion in loss, the reinsurer pays 50%

of the amount in excess of $400 million.

Insurance companies purchase catastrophe excess reinsurance when catastrophic events
could cause an unacceptable drain on surplus or, alternatively, when the company is unable
to achieve the required return on the capital it must hold because of the risk of catastrophic
events. In either case, the alternative to buying reinsurance is to reduce catastrophe
exposure by other means, such as non-renewing policies in exposed areas. To the extent
then that reinsurance contributes to the availability of insurance, it serves a legitimate
purpose not only to the primary insurer, but to the market as a whole. And as a legitimate
business expense, the cost of reinsurance should be included in the determination of the
underlying rate level. In fact, its exclusion would contradict Principal 3 of the Statement of
Principles Regarding Property and Casnalty Ratemaking, which states that a rate should provide for
“all costs associated with the transfer of risk,” and ignore the explicit statement from the
Considerations section of the document that “consideration should be given to the effect of

reinsurance agreements’ in the development of the rate”,

Despite the guidance provided by the Statement of Principles and presumably their own
self-interest, many insurers have not explicitly reflected the cost of reinsurance in their
indications.” And while this may be changing in more recent years, there remains a scarcity
of literature describing how it should be done. One of the few papers on the subject,
Reflecting Reinsurance Costs in Rate Indications for Homeowners by Mark ] Homan, describes two
possible methods for including the cost of catastrophe excess reinsurance in the indication.

This paper reviews those two methods, discusses the pros and cons of each, and suggests the

? Casualty Actuarial Society, Statement of Principles Regarding Property and Casualty Insurance
Ratemaking, 1988.

? Homan, Mark J., “Reflecting Reinsurance Costs in Rate Indications for Homeowners Insurance,”
Casualty Actuarial Society Forum, 1997, 223-254.
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approach that Homan dismisses as “theoretical only” and “not practically feasible,” is in fact
quite feasible and ultimately more illuminating. Finally, this paper illustrates, with a complete

example, how the preferred method could be applied.

2. THE REINSURANCE PREMIUM

Before discussing how to incorporate the reinsurance premium into the indication, it is
important to understand what comprises that premium. As does a primary insurance

premium, a reinsurance premium has three components:
1. Expected Losses and Loss Adjustment Expenses
2. Other Expenses
3. Profit and Risk Load

The amount of losses and loss adjustment expenses the reinsurer ultimately must pay
varies with the loss distribution of the risk or risks being reinsured and the terms of the
reinsurance contract. The reinsurer may or may not cover loss adjustment expenses. Often

times, only allocated loss adjustment expenses are covered.

Other expenses include the remaining costs the reinsurer incurs in the course of doing

business, including overhead, taxes, commissions, and other acquisition costs.

The profit and risk load represent the reward to the reinsurer for putting its capital at risk
by entering the contract. It should be noted that for certain types of reinsurance where
losses are volatile, as in the case of catastrophe excess reinsurance, profit and risk load can

make up a substantial percentage of the reinsurance premium.

Of these three components, only two, the reinsutret’s expenses and profit/risk load,
represent additional costs to the primary insurer. This is because the portion of the
reinsurance premium covering expected ceded losses is offset exactly by the corresponding
reduction to the primary insurer’s expected direct losses. Homan calls the additional costs
“transaction costs,” and the expected ceded losses the “reinsurance benefit.” The separation
of the reinsurance premium into its transaction cost and reinsurance benefit components
leads to two distinct but theoretically equivalent methods of including the cost of

reinsurance in the primary indication.
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3. INCLUDING THE COST OF REINSURANCE IN THE RATE
LEVEL INDICATION

The first method to include the cost of reinsurance in the indication simply adds the
transaction costs of the contract as an expense and leaves the expected losses unadjusted.
This is called the “Net Cost of Reinsurance Method.”

The second method adds the entire reinsurance premium as an expense and reduces the
amount of expected losses by the expected reinsurance benefit. To preserve consistency
within the actuarial literature, Homan’s terminology will be used. This is called the “Net

Loss Plus Reinsurance Method.”

Which of the two methods is preferable? Since the reduction in losses under the Net
Loss Plus Reinsurance Method is offset exactly by the inclusion of the additional portion of
the reinsurance premium as an expense, both methods should yield identical results. The
answer, therefore, is not determined on theoretical grounds. Instead, Homan suggests that
practicality necessitates the use of the Net Loss Plus Reinsurance Method. This, he says, is
because the Net Cost of Reinsurance Method requires the breakdown of the reinsurance
premium into its loss and transaction cost components—a breakdown that is “difficult, if
not impossible” to determine because “reinsurers do not file rates nor do they typically

release such breakdowns®*.”

But while reinsurers may indeed be reluctant to share information, an estimate of the
expected losses is actually required for either method. After all, ceded losses are subtracted
from direct losses under the Net Loss Plus Reinsurance Method. Therefore, even if the
reinsurer refuses to provide its estimate, the primary insurer can subtract its own estimate of
ceded losses from the reinsurance premium and still use the Net Cost of Reinsurance
Method.

In the end then, the choice between methods is not based on theoretical or practical
grounds, but instead on which method best conveys the information it contains. If the total
effect of the reinsurance on the indication is of interest, the Net Cost of Reinsurance
Method, by incorporating the net effect of reinsurance fully into one line item, is clearly

preferred.

* Homan, Mark J., “Reflecting Reinsurance Costs in Rate Indications for Homeowners Insurance,”
Casualty Actuarial Society Forum, 1997, 223-254.
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An example will better illustrate the point. Assume an insurer expects $100 in loss per
policy and has a 20% profit and expense ratio with no other expenses. The indicated rate,
as shown in Exhibit 1, Part A, is $125. Now assume the insurer purchases $30 worth of
reinsurance per policy for a high layer of loss that is expected to cover, on average, $10 of
loss per policy per year. (As shown in Exhibit 1, Part B, the net cost of this reinsurance is
$20.)

Using the Net Loss Plus Reinsurance Method, losses in the indication are adjusted from
$100 to $90 to account for the expected reinsurance benefit. The entire $30 reinsurance
premium is included as an expense and, after adjusting for variable expense and profit, yields
an indicated premium of $150, as shown in Exhibit 1, Part C. However, note that the
figures in Exhibit 1, Part C alone are insufficient to determine the impact of the reinsurance
on the indicated rate. This is because neither the amount of the reinsurance benefit nor the

total expected loss per policy is clear from the information provided.

Contrast the Net Loss Plus Reinsurance Method with the Net Cost of Reinsurance
Method, as illustrated in Exhibit 1, Part D. The expected losses are left unadjusted at $100,
and the net cost of reinsurance of $20 per policy is included as a single line item. The
indicated rate, again $150, is the same, but one can quickly quantify the effect of the
reinsurance on the indication by removing line item (2) from the calculation and

recomputing the indicated rate.

Now this is certainly not an earth-shattering insight, and one could easily imagine ways of
presenting the Net Loss Plus Reinsurance Method so that all of the relevant information is
captured in one exhibit. The fact remains, however, that the Net Cost of Reinsurance
Method more clearly differentiates between the transaction cost and reinsurance benefit
portions of the contract and better conveys the total effect of the agreement on the

indication. On these grounds, it is preferred to the Net Loss Plus Reinsurance Method.

4. A COMPLETE EXAMPLE

The simple example included in Exhibit 1 belies the potential difficulty in actually
calculating the net cost of reinsurance for the indication. It is therefore beneficial to
consider a more complete example involving the Flannel Insurance Company (FIC) and the

hurricane-prone state of Armstrongland.
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For the purposes of this example, two assumptions must be made. First, it is assumed
that the exposure base for the development of the hurricane catastrophe provision is the
Amount of Insurance Year (AIY), where 1 AIY = $1000 of dwelling coverage in force for
one year. Second, it is assumed that FIC uses a model to simulate a sufficient number of

years of hurricane experience from which to develop an expected hurricane loss per ATY.

Pertinent exhibits from the development of the indicated rate level change for
Armstrongland, prior to the purchase of reinsurance, are included in Exhibit 2. As can be

seen, FIC’s current rates seem to be exactly adequate.

After further consideration, however, FIC determines it must purchase reinsurance if it is
to continue putting its capital at risk by writing policies in Armstrongland. Consequently, it

enters into the contract displayed in Exhibit 3.

In exchange for $11 million, FIC cedes to the reinsurer” 50% of its first $400 million in
losses excess of $100 million caused by a catastrophic event. Although the contract
technically covers any cause of loss, it is assumed that only hurricane events will actually

trigger coverage. Armed with the contract, the company turns its focus to the indication.

The first task is to determine the expected loss savings provided by the contract. This

estimate can be obtained from the reinsurer or developed internally.

The primary benefit of using the reinsurer’s estimate of expected loss is that it eliminates
the need for the primary company to develop its own estimate. Unfortunately, the
reinsurer’s estimate, even assuming it can be obtained, may not be compatible with the
primary insurer’s estimate of its direct losses in the reinsured layer. For instance, an insurer
who expects an average of $10 million in hurricane loss per year could cede all of its
hurricane exposure to its reinsurer who estimates the average annual loss to be $12 million.
In such a case, it would not make sense for the primary insurer to reduce its expected direct
losses by $12 million, since doing so would yield negative net hurricane losses. And while
this example is extreme, the same issue may easily arise within any individual layer or portion
of loss that might be reinsured. In light of this drawback, primary insurers should use their

own estimates of expected loss whenever possible.

> Often times, multiple reinsurers assume risk under a single contract, particularly when the reinsured risk
is substantial. For the sake of ease, we refer to the “reinsurer” rather than the “group of reinsurers.”
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For this example, it has been assumed that a hurricane simulation model is used to
determine the average annual hurricane loss and that only hurricanes will pierce the
retention. Under these assumptions, the terms of the contract can then be applied to each

simulated loss event to determine an average annual savings.

Exhibit 4 displays the output of the simulation model. Before applying the contract
terms to each loss, one adjustment must be made. Since the amount of exposure assumed
by the model does not match the expected exposure level during the contract period, losses
must be restated to the expected exposure level for the period in which the contract is in
effect. This is done by multiplying each loss by the ratio of the expected AIYs to be earned

during the contract period and the AIYs assumed by the model’,

Once the losses have been adjusted, the contract terms are applied to each event. As
shown in Exhibit 5, losses under $100 million do not trigger coverage, losses over $500
million (= $100 million retention + $400 million limit) trigger maximum coverage of $200
million ( = $400 million limit x 50% of layer reinsured), and losses between $100 million and
$500 million trigger coverage equal to 50% of the amount excess of $100 million. As can be
seen from the exhibit, the estimated annual loss savings due to the contract is $4,767,530.
Subtracting this figure from the $11 million reinsurance premium, the net cost of reinsurance
is determined to be $6,232,464.

Once the net cost of reinsurance has been determined, there is one remaining hurdle: the
period covered by the reinsurance contract, a calendar year, does not match the period for

which rates are being set, a policy year’.

In a perfectly steady state, with no new business being written or non-renewed, the
mismatch can be ignored. By treating the calendar year cost as a policy year cost, the insurer
will collect the necessary premium to cover the expense, and each policyholder will pay for,

and receive, exactly one year of reinsurance coverage.

® The estimate of expected AIYs should consider both the expected change in the average AIYs per policy
and the expected change in the number of policies. In this example, it is assumed that 15,891,785 AIYs
will be insured during the first year of the reinsurance contract. Although the development of this figure is
not displayed, using an exponential trend to estimate the expected average AIY's per policy, and either an
exponential or linear trend to estimate the number of policies insured is a reasonable approach.

" In fact, under the calendar year contract, some reinsurance coverage will be provided to all policies
written between one year before the reinsurance takes effect and the last day the contract is in force, a span
of two complete policy years.
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An example makes this clear. Assume an insurer sets rates on a policy year basis and
purchases reinsurance for calendar year 2006. The insurer treats the reinsurance expense as
a policy year expense and includes it in the rates for policy year 2006. Policies written in
policy year 2005 have a portion of their term, what is left as of January 1, 2006, covered by
the reinsurance contract at no cost. Policies written in policy year 2006 include the cost of a
full year of reinsurance, but only a portion of their term, that prior to December 31, 2000, is
actually reinsured. The amount by which customers overpay in 20006 is offset exactly by the
“free” coverage from policy year 2005, and in total, each customer pays for and receives

exactly one year of reinsurance coverage.

Unfortunately, companies rarely operate in the perfectly steady state and, therefore,
estimates must be made. In the example at hand, FIC has purchased a three-year contract,
although the exact terms are only known for the first year. If the company believes that the
terms for the remaining years will be similar to those of the first year, it is perhaps easiest to
relate the net cost of the agreement to some base, such as house years or AIYs, and assume a

constant net cost of reinsurance relative to the base over time®,

Exhibit 6 displays the development of the net cost of reinsurance per AIY. Exhibit 7
then uses the figure to develop the net cost of reinsurance per policy for the period for
which rates are being set and to determine the final indication of 12.2%. The addition of
reinsurance increases the average indicated premium of $500 to $560.94. In exchange for
the additional premium, policyholders are more assured that coverage will remain available
both before and after a catastrophic event, and that their own losses will be paid in the case

of such an event.

5. INTERPRETING THE COST OF REINSURANCE

The example contract cost $11 million and was expected to cover, on average, only $4.7
million in losses each year. Even assuming the reinsurer had a 20% expense load ($11
million x 20% = $2.2 million), its expected profit was $4.1 million, or 37%’ of premium.
This figure may seem high compared to the primary insurer’s profit provision. Why the

difference?

¥ This is somewhat imprecise since expected losses within a specific layer of loss do not change exactly in
proportion with exposure. It is, however, a reasonably close and easy to calculate approximation.
’ While the example is hypothetical, the figures are not necessarily atypical.
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Quite simply, risk'’. Higher layers of loss are more risky and therefore require more
capital per dollar of expected loss than do lower layers. As a result, if all capital demands the
same return, higher layers of loss will require a greater return per dollar of expected loss than

do lower layers.

This point is often lost because, due to theoretical and practical difficulties in
allocating capital, primary insurance companies typically use one underwriting profit
provision for all states and lines, much less individual layers of loss. This profit provision
can be thought of as the average required profit provision over all layers of loss, in all states,
for all lines. If the reinsured layer is “riskier than average,” it is expected that the reinsurer’s
profit provision, the market price of risk specific to the layer, will exceed the primary
company’s, with the difference representing the amount by which the layer is being
subsidized by other, less risky layers. In fact, assuming the reinsurer is better diversified than
the primary company, the layer of loss may represent less risk to the reinsurer than the
primary company. If this is the case, the difference in profit provisions actually represents

the lower bound of the amount of subsidization.

6. MULTI-LINE AND MULTI-COMPANY CONTRACTS

The example contract covered one line of insurance for one company in one state. If
instead the coverage terms were more broadly defined to include other lines or companies,

the same process could still be used. Exhibit 8 includes such an example.

Assume that the sample contract covering Armstrongland Homeowners policies also
covered Mobilehomes, but was otherwise unchanged. First, simulated losses for both lines
are adjusted individually for differences between the actual exposure level underlying the
model and the expected exposure level during the contract period. Next, the contract terms
are then applied to the total adjusted losses from each event. Once the total amount of
reinsured loss for each event is determined, it is allocated back to the individual lines in
proportion to their adjusted losses for that event. The reinsurance premium is then allocated

in proportion to the total expected reinsured loss.

' 1t is tempting to site lack of regulation in reinsurance ratemaking as another reason for reinsurance profit
loads that exceed primary companies’. However, assuming the reinsurance market is a competitive one,
the market will not allow excess profits to persist over time.
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The process then continues as before with the Homeowners and Mobilehome lines each

developing their own net cost of reinsurance to use in their separate indications.

7. SUMMARY

The reinsurance premium can be divided into two parts: the reinsurance benefit, or
expected ceded losses under the contract, and the transaction costs, the reinsuret’s expenses
and profit that represent additional cost to the primary insurer. When completing an
indication after reinsurance has been purchased, the primary insurer can either subtract the
expected ceded losses from the expected direct losses and include the entire reinsurance
premium as an expense, or leave expected losses unadjusted and include only the transaction
costs of the contract as an expense. Because it more clearly illustrates the total impact of the
reinsurance agreement on the indication, the latter method, which is called the Net Cost of

Reinsurance method, is preferred.

The difficulty in applying the Net Cost of Reinsurance method lies primarily in
determining the expected ceded losses under the contract. However, when a simulation
model is available, one can simply adjust the simulated losses for each event to the level that
would be expected in the period for which the contract is in effect, and then apply the
contract terms to the adjusted losses to determine the average ceded loss over an extended
period of time. Armed with the expected ceded loss, one can determine the net cost of
reinsurance, adjust for differences in the reinsurance and ratemaking time periods, and
complete the indication. Once finished, the indication including the net cost of reinsurance
will better fulfill the requirements of the Statement of Principles Regarding Property and Casualty
Ratemaking by giving appropriate consideration to the effect of reinsurance agreements and

providing for all costs associated with the transfer of risk.
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Exhibit 1
Simplified Examples of Indicated Rate Calculations,
with and without Reinsurance

A. Indicated Rate Excluding the Cost of Reinsurance
(1) Expected Losses:
(2) Variable Expense and Profit:
(3) Indicated Premium (1) / [1 - (2)]:

B. Reinsurance Contract Information

(1) Reinsurance Premium:

(2) Expected Losses covered by contract (Reinsurance Benefit):
(3) Net cost of reinsurance (Transaction Costs): (1) - (2)

C. Indicated Rate Including the Cost of Reinsurance-
Net Loss Plus Reinsurance Method

(1) Net Expected Losses:

(2) Reinsurance Expense:

(3) Variable Expense and Profit:

(4) Indicated Premium: [(1) + (2)] / [1 - (3)]

D. Indicated Rate Including the Cost of Reinsurance -
Net Cost of Reinsurance Method

(1) Expected Losses:

(2) Net Reinsurance Expense:

(3) Variable Expense and Profit:

(4) Indicated Premium: [(1) + (2)] / [1 - (3)]

Fall 2005 Casualty Actunarial Society Forum
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1. All figures are for the policy year January 1, 2006 to December 31, 2006

Using a Simulation Model

Exhibit 2
Armstrongland

Development of Indicated Rate Level Change1

Projected Average Earned Premium at Current Rate Level:
Indicated Provision for Non-Catastrophe Losses and LAE:
Indicated Provision for Catastrophe Losses and LAE:

Indicated Provision for General and Other Acquisition Expense:

Commissions, Taxes, Profit, and Contingency Provision:
Indicated Average Premium: [(2) + (3) + (4)] / [1.00 - (5)]
Indicated Rate Level Change: [(6) / (1)] - 1.00

Armstrongland
Development of Indicated Provision

for Catastrophe Losses and LAE'

Projected Average AIYs Per Policy:

Indicated Non-Hurricane Catastrophe Provision Per AIY:
Indicated Hurricane Catastrophe Provision Per AIY:
Indicated Total Catastrophe Provision Per AIY: (2) + (3)
Indicated Provision for Catastrophe Losses and LAE: (1) x (4)
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$150.00
$200.00
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Exhibit 3

Sample Reinsurance Contract Terms

Type of Contract:
States Covered:
Lines Covered:
Perils Covered:

Time Period:

Placement, Retention, and Limit:

Reinstatement Terms:
Reinsurance Premium:

1. Including a// loss adjustment expenses.

Excess Catastrophe

Armstrongland

Homeowners

All, although only hurricane events are expected to
exceed retention

January 1, 2006 to December 31, 2008, with terms
renegotiable at the end of each calendar year

50% of the first $400 million in lossl, excess of $100
million, per catastrophic event

Reinstatement is automatic

$11 million for the first year

Fall 2005 Casualty Actuarial Society Forum
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Exhibit 4

Armstrongland
Simulation Model Output

Year # Event #
1 1
2 2
2 3
5 4
6 5
7 6
8 7
9 8
11 9
12 10
13 11
14 12
15 13
17 14
18 15
18 16
21 17
22 18
23 19
24 20
25 21
27 22
29 23
33 24
33 25
34 26
36 27
37 28
39 29
41 30

99,999 70,871

100,000 70,872

Total:

Average Annual Loss:

Assumed AIYs:

Average Annual
Loss per AIY:

1. Includes a// loss adjustment expenses.

160

Simulated

Loss'
6,128,735
22,090,811
4,359,872
97,275,005
593,781
3,098,383
12,090,087
1,213,789
14,345,608
2,526,670
80,912,765
3,819,857
1,381,858
12,698,935
10,068,671
14,651,275
1,068,056
1,669,525
3,615,780
1,473,317
1,387,427
544,510
505,777,829
2,133,670
11,829,695
1,317,634
847,174
9,505,643
2,348,683
2,119,024

12,380,298
6,109,828

1,258,581,945,000

12,585,819

13,248,231

$0.95
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Exhibit 5
Armstrongland Simulation Model Output
™ ¢ 3 C)) (6))
Simulated Adj. Simulated Reinsured
Year # Event # Lo_ss1 Lo_ss1 Lo_ss1
1 1 6,128,735 7,351,664 0
2 2 22,090,811 26,498,815 0
2 3 4,359,872 5,229,842 0
5 4 97,275,005 116,685,274 8,342,637
6 5 593,781 712,264 0
7 6 3,098,383 3,716,635 0
8 7 12,090,087 14,502,545 0
9 8 1,213,789 1,455,988 0
11 9 14,345,608 17,208,133 0
12 10 2,526,670 3,030,842 0
13 11 80,912,765 97,058,110 0
14 12 3,819,857 4,582,072 0
15 13 1,381,858 1,657,594 0
17 14 12,698,935 15,232,882 0
18 15 10,068,671 12,077,775 0
18 16 14,651,275 17,574,792 0
21 17 1,068,056 1,281,176 0
22 18 1,669,525 2,002,662 0
23 19 3,615,780 4,337,273 0
24 20 1,473,317 1,767,303 0
25 21 1,387,427 1,664,274 0
27 22 544,510 653,162 0
29 23 505,777,829 606,700,813 200,000,000
33 24 2,133,670 2,559,423 0
33 25 11,829,695 14,190,194 0
34 26 1,317,634 1,580,555 0
36 27 847,174 1,016,219 0
37 28 9,505,643 11,402,400 0
39 29 2,348,683 2,817,340 0
41 30 2,119,024 2,541,855 0
99,999 70,871 12,380,298 14,850,665 0
100,000 70,872 6,109,828 7,328,984 0
(6) Total: 1,258,581,945,000 1,509,719,575,000 476,753,600,000
(7) Average Annual Loss: 12,585,819 15,097,196 4,767,536
(8) Assumed AIYs: 13,248,231 15,891,785 15,891,785
(9) Average Annual
Loss per AIY: $0.95 $0.95 $0.30

1. Includes @/ loss adjustment expenses.
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Exhibit 6
Armstrongland
Net Cost of Reinsurance Per ATY
Reinsurance Premium:
Expected Loss Savings:
Net Cost of Reinsurance: (1) - (2)

Expected Reinsured AIYs:

Net Cost of Reinsurance per AIY: (3) / (4)
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Exhibit 7
Armstrongland

Development of Indicated Rate Level Change1

Projected Average FEarned Premium at Current Rate Level:
Indicated Provision for Non-Catastrophe Losses and LAE:
Indicated Provision for Catastrophe Losses and LAE:

Indicated Provision for Net Cost of Reinsurance:

Indicated Provision for General and Other Acquisition Expense:
Commissions, Taxes, Profit, and Contingency Provision:
Indicated Average Premium: [(2) + (3) + (4) = (5)] / [1.00 - (6)]
Indicated Rate Level Change: [(6) / (1)] - 1.00

Armstrongland
Development of Indicated Provision

for Catastrophe Losses and LAE'

Projected Average AIYs Per Policy:

Indicated Non-Hurricane Catastrophe Provision Per AIY:
Indicated Hurricane Catastrophe Provision Per AIY:
Indicated Total Catastrophe Provision Per AIY: (2) + (3)
Indicated Provision for Catastrophe Losses and LAE: (1) x (4)

Armstrongland
Development of Indicated Provision

. 1
for Net Cost of Reinsurance

Projected Average AIY's Per Policy:
Net Cost of Reinsurance Per AIY:
Indicated Provision for Net Cost of Reinsurance: (1) x (2)

1. All figures are for the policy year January 1, 2006 to December 31, 2008

Fall 2005
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$500.00
$150.00
$200.00
$48.75
$50.00
20%
$560.94
12.2%

125.00
$0.65
$0.95
$1.60

$200.00

125.00
$0.39
$48.75
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Parameter Uncertainty in Loss Ratio Distributions
and its Implications

Michael G. Wacek, FCAS, MAAA

Abstract

This paper addresses the issue of parameter uncertainty in loss ratio distributions and its implications
for primary and reinsurance ratemaking, underwriting downside risk assessment and analysis of sliding
scale commission arrangements. It is in some respects a prequel to Van Kampen’s 2003 CAS Forum
paper [1], which described a Monte Catlo method for quantifying the effect of parameter uncertainty
on expected loss ratios. He showed the effect was especially significant in pricing applications
involving the right tail of the loss ratio distribution. While Van Kampen focused purely on the
objective of quantification, this paper develops the functional form of the loss ratio distribution
incorporating parameter uncertainty that is implicit in his approach. This paper thus both underpins
Van Kampen’s work and allows us to apply it more efficiently, because it is easier to work with the
loss ratio distribution directly than to perform Van Kampen’s simulation.

Suppose we have a set of on-level loss ratios from a stable portfolio of business of substantial enough
size that it is plausible that the loss ratios can be viewed as a sample arising from an approximately
normal or lognormal distribution, the parameters of which are unknown. What is the distribution of
the prospective loss ratio? This paper discusses the drawbacks of using the “best fit” normal or
lognormal distribution to model the loss ratio, particularly for pricing or risk assessment applications
that depend on the tails of the distribution. While one fit is “best”, frequently a number of parameter
sets provide nearly as good a fit. Choosing only the “best fit” distribution means ignoring the
information contained in the sample about the other possible distributions. That information can be
reflected in the loss ratio distribution by weighting together a// the plausible normal or lognormal
distributions, given the sample, by their relative likelihoods. In the continuous case, where the
weighting function is the density function of the parameters, the resulting distribution is the Student’s
¢ ot log ¢ distribution, respectively. This distribution, which incorporates the uncertainty about the
parameters, is preferable to the “best fit” distribution for modeling the prospective loss ratio.

The paper illustrates applications ranging from aggregate excess reinsurance pricing to measurement
of underwriting downside risk to estimation of the expected cost or benefit of sliding scale
commissions, in each case comparing the results arising from underlying normal and lognormal
assumptions and both parameter “certainty” and parameter uncertainty.

Keywords: Parameter uncertainty, aggregate loss, aggregate excess, lognormal, Student’s t, downside
risk

1. INTRODUCTION

This paper addresses the issue of parameter uncertainty' in loss ratio distributions and its
implications for actuarial applications. Very few CAS papers have dealt with the subject of
parameter uncertainty, notably Van Kampen [1], Meyers [2], [6], Kreps [3], Hayne [4] and

Major [5]. The number is small compared to the dozens of papers that have discussed

! Sometimes also refetred to as “parameter risk”
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methods of addressing process risk. In fact, there may be more papers containing caveats
saying they do 7ot deal with parameter risk than there are papers that address it! In the view
of this author the subject deserves more attention. As actuaries develop increasingly
sophisticated models of risk processes, it is critical that we take account of our lack of
knowledge of the true parameters of these models. TFailure to do so can lead to systematic

overconfidence and wrong conclusions.

This paper was inspired by Van Kampen’s 2003 CAS Forum paper, “Estimating the
Parameter Risk of a Loss Ratio Distribution,”[1] in which he presented a Monte Carlo
simulation based approach for quantifying the impact of parameter risk in certain
applications. Both his presentation of the problem and his solution were refreshingly clear.
Unfortunately, in practice his simulation approach is a cumbersome one. This paper
develops the functional form of the loss ratio distribution incorporating parameter
uncertainty that is implicit in Van Kampen’s approach. It thus both underpins his work and
allows us to apply it more efficiently, because is it easier to work with the loss ratio

distribution directly than to perform the simulations.

1.1 Organization of Paper

The paper is organized into six sections. The first section is the Introduction, where we
describe the general framework. In the context of a given set of loss ratio experience that
has been adjusted to the prospective claim cost and rate levels, we define the prospective
loss ratio density f,(x) as the integral of the product of the conditional loss ratio density

/. (x|0) and the joint density function of the parameters f;(6).

Section 2 introduces the assumption that the conditional loss ratio distribution is normal,
which allows us to use results from normal sampling theory to describe the densities of the
parameters. We discuss the drawbacks of choosing the “best fit” normal distribution f; (x)
as the model of the loss ratio distribution in light of the uncertainty in the “best fit”

parameters, especially in the case of small sample sizes.

In Section 3 we show how to incorporate parameter uncertainty by applying the general
framework described in Section 1 to the normal scenario introduced in Section 2. We show
that the result is a Student’s ¢ density. We also show how that Student’s ¢ density can be

approximated as a weighted average of normal densities, where the weights are discrete
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probabilities associated with the parameters of the plausible normal densities, which we can

estimate from the information contained in the loss ratio experience.

In Section 4 we change the assumption about the form of the conditional density to
lognormal. Because the lognormal density can be derived from the normal by a simple
change of variable, we can easily determine the formulas for incorporation of parameter
uncertainty in the lognormal case from the formulas developed in Section 3. The resulting
distribution is a “log #”, which is the Student’s # analogue to the lognormal. We compare the

“best fit” lognormal and the log ¢.

In Section 5 we illustrate the four models (normal and lognormal under conditions of
parameter uncertainty and parameter “certainty”) in the context of three applications: 1)

aggregate excess pricing, 2) downside risk measures, and 3) sliding scale commissions.

Section 6 contains the Summary and Conclusions, where we recap the main objectives of
the paper, which are described as: 1) demonstrating how to derive and use the density
function of the prospective loss ratio f,(x) in pricing and risk assessment applications, given
on-level loss ratio experience and a normal or lognormal loss ratio process, and 2) showing,
mainly by means of examples, that f,(x) has fatter tails than the “best fit” alternative [/ (x),
which implies greater loss exposure in high aggregate excess layers and greater exposure to

frequency and severity of underwriting loss than that indicated by £ (x).

1.2 Framing the Problem

Suppose we have n accident years of loss ratio experience from a stable portfolio of
business, where the loss ratios have been adjusted to the projected future claim cost and rate
levels. Assuming the “on level” adjustments have been made perfectly and the accident
years are independent, we can treat the 7 loss ratio observations as a random sample arising
from the stochastic process governing the generation of loss ratios from this portfolio. Let

x represent the random variable for the prospective loss ratio and let x, x,, x5,...,x, denote

n

n
the observed loss ratios. Then the sample mean is X =in and the unbiased sample
in1

n )
. . X —X
variance is s° = ZM

n—1
i=1

In the basic actuarial ratemaking application, we need to determine the mean of the

prospective loss ratio distribution E(x). If x is symmetrically distributed about the mean,
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then we know E(x)=x. If all we need is E(x), then we don’t need to know any more about

x. On the other hand, if x is not symmetrically distributed about the mean, then not only is

. . . . © . .
E(x)#Xx, but to determine its value it is necessary to evaluate I x - [, (x)dx , which requires
—00

knowledge of f,(x). Likewise, in more advanced ratemaking applications, e.g., pricing
aggregate excess coverage or structuring a loss-sensitive rating plan, and in cases where x is

not symmetrically distributed, we need to know the distribution of x.

In this paper we will discuss how to use on-level loss ratio experience to determine the
distribution of x, given varying degrees of certainty about the parameters of the underlying
stochastic process, for the cases where that process is (a) normal, and (b) lognormal®.
Because parameter uncertainty can have a significant impact on the nature of the loss ratio
distribution, it is critical to the soundness of the pricing (and reserving) process that such

uncertainty is taken into account.

Let & refer to the set of parameters of the stochastic process that gives rise to the
prospective loss ratio. If f.(x]6) is the density function of the loss ratio, given the

parameter set 0, then the marginal density function of x is:

Fux) = f(x10)- fy(0)d0 (1.1)

Formula (1.1) shows that f,(x) can be seen as a weighted average of a set of distributions
of the form f,(x|6) where f,(0) is the weighting function. If there is no uncertainty about
the value of the parameter set, f,(6) collapses to a discrete probability function with
Prob(@)=1 for =6, and O for all other values of 6. In that case f,(x)=/,(x|6,) and for
notational convenience the 6, is usually omitted. However, in cases where the values of the

parameters are uncertain, care must be taken to maintain the distinction between f, (x) and

Jo(x10).

2. x| 8 NORMALLY DISTRIBUTED

Assume x16 is normally distributed with parameters 0={uc’}, these parameters

representing the population mean and variance, respectively. The values of the parameters

2 The parameter uncertainty regarding the correct distribution family is beyond the scope of this paper.
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are unknown. Treating these unknown parameters in Bayesian fashion as random variables,

in this context formula (1.1) can be rewritten as:
fo=] | Al w0?) fluo Jdotdu

:J.!,J.C,z fx(x|ﬂ»02)'fy(ﬂ|02)-faz(62)d02dﬂ 2.1)

h ,00)=—— 2.2
where fi(x | pu,0) ame (2.2)

is a normal density that depends on x and .

2

Because x is the unbiased and maximum likelihood estimator of g and s is the

unbiased estimator of &7, it is tempting simply to treat u# and s® as parameter constants
instead of as random variables’, and set #=X and o’=s* in formula (2.2), deem
Prob(u=%) and Prob(c*=s) to be close to 1, and conclude that, for practical purposes,

the density £, (x) can be approximated by the normal density:

£F ) =—1 e_%{% 2.3)

sN2m

Figure A is a graph of f/ (x) with x=67.79% and s* =0.07717.

3 The reader might find it confusing that we sometimes treat & and s? as parameter constants and sometimes

as parameter random variables. However, to avoid overly cumbersome notation and discussion that would
detract from the conceptual development, we will assume the reader can discern from context which form we
are discussing.
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FIGURE A

Density Function £ (x)

Given ¥=67.79% and s*>=0.0771%

Figure A and f(x) represent what is frequently called the “best fit”” distribution given
the sample data. However, we should be cautious about adopting this distribution as f, (x)
without first examining the error structure of the sample-based parameters, which we will

now do.

Given a random sample of n loss ratio observations, a Bayesian interpretation of results

from normal sampling theory allows us to specify the densities f, ¢, f (] o) and f (1) A

We will use those results to examine the risk in the sample-based parameters, beginning with

f2(@%):

el 71[(;171)#]
fo_z (0_2) — L}l ((i’l*lz)sz )7 e 2 o (2.4)

62 .72 r(nfl)

2

4 Strictly speaking, we should refer to f_» (? {x}), fulu I(6?,{x;}) and fu(u l{x;}). However, because
that notation is cumbersome and the conditionality should be clear from context, we will drop the reference
to the sample{ x;}.
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n—1 . . . .
Because yn_lz(—z)-s2 is a chi-square square random variable with n-1 degrees of

freedom, the density represented by (2.4) is sometimes called the inverse chi-square’. Figure
B shows fgz(az) graphically for values of n equal to 5, 10, 25, and 100, respectively, given

s*=0.0771%. The graph for n=5 is the most skewed. As n increases, both skewness and

dispersion decreases. The graph for n=100 appears nearly symmetrical.

FIGURE B
Density Function f,,(c?)

Given s?=0.0771%,n = 5, 10, 25, 100
500
4010
200
200

100

/L=

o.oo0s 0.0l ooms 0,02 0,025 0,03

The mean of ¢ is a function of n whose value approaches s* as n approaches infinity:

E(@?) =51 (2.5)

n-3

2

A measure of the confidence we should feel about ascribing to ¢~ a value of s? is the

probability that o falls within a certain tolerance of s*. Because we want to be highly
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n—1
confident that o?=s?, let’s set the tolerance at +1% of s. Because O_zzu.sz’ the
Yn-1

(n=1)

bounds of this interval are (n—_l):(.99)2 and ~—=(1.01)*> and thus associated with chi-
V-1 V-1

of (n=1) and (n=-1) s
(.99)° (1.01)%

square values, y,_;, respectively. The probability associated with this

interval is F,_, (’(%)—Fn_1 (%), where F,_; denotes the chi square cdf with n-1 degrees of
freedom. The results are tabulated in Table 1, which shows that Prob(99°s* <c* <1.01s*)

= Prob(0763 <o” <.077% ) is only 2% for n=5, rising to 11% for n=100. There is very little

2

basis for having much confidence in o =52=0.0771> and no basis for claiming total

confidence!
TABLE 1
Probability of o within +/- 1% of s = 7.71%
Given Sample Size n
Degtrees Probability Probability Probability

n lof Freedom | o <7.63% o <7.79% [1.63% < o <7.79%
5 4 39.51% 41.68% 2.17%

10 9 42.06% 45.38% 3.32%

25 24 43.40% 48.89% 5.49%
100 99 42.50% 53.67% 11.17%

Let’s now turn to the distribution of x. From sampling theory we know that the density

of u|o?, given a sample of size n, is:

1| u—x
2y _ 1 _5[0/«5] 9
fﬂ|02(ﬂ|o-) U/'\/;’\/ﬁe (2.6)

5 See Appendix A for derivation from the chi square with a change of variable.
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which is recognizable as a normal density. The marginal distribution f,,(x) is given by:

n

_ F(I—;) . 1 Hu-x 2 _5
Ju = e T [“H(s/ﬁ)] 0

which is a Student’s ¢ density with 7-1 degrees of freedom. The mean and variance of u are

given below as formulas (2.8) and (2.9):

E(u)=% 28)
s n-1
Var(u) R— (2.9)

Figure C shows f, () graphically for values of n equal to 5, 10, 25, and 100, given
X=67.79% ands*>=0.0771>. All the graphs are symmetrical about X. The graph for n=>5

shows the greatest variance and that of n=100 the least.
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FIGURE C
Density Function f,(#)

Given ¥ = 67.79%, s* =0.0771*, n = 5, 10, 25, 100

2l
40
a0

20

)Y >

10

n.3% 0.& 0.65 0.7 073 0.8 0.83

By the same reasoning we described for o?, a2 measure of the confidence we should feel
about ascribing to u a value of x is the probability that u falls within a certain tolerance of

¥. Because we want to be highly confident that x=Xx, let’s set the tolerance at +1% of x.

Because ¢, =#7% " the bounds of this interval are x +th.s/4n=.99%x and
s/Aln

—_ U _ — - _ 0 2 _ 2 . . .

X+t, -s/An=1.01x. If x=67.79% and s°=0.07717, this implies

=tk = 0l =0.08794n. The cumulative probabilities associated with the upper and
s/\/;

lower bounds are given by T,,(0.0879vn) and T, ,(-0.0879vn)=1-T, (0.0879/n ),
respectively, where 7,_; is the Student’s ¢ cdf with n-1 degrees of freedom, which means that
Prob(99% < 4 <1.01x) =2-7;,_1(0.0879\/;)—1. The results are tabulated in Table 2, which
shows that Prob(99x < u<1.01x) = Prob(6711< u<.6847) is 15% for n=5, rising to 62% for

n=100. While this is better than the case for o?, it still suggests that placing total confidence

in u=Xx=67.79% is unwise, particularly for small values of n.
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It should be clear from Figures B and C that the “best fit” parameters are far from the
only reasonable choice, given the loss ratio experience. Why not incorporate information

about those other reasonable parameter choices in our determination of f, (x)?

TABLE 2
Probability of w4 within +/- 1% of X = 67.79%

Given Sample Size n

Degtees Probability Probability Probability
n lof Freedom | p<067.11% | wu<068.47% |67.11% <pu < 68.47%
5 4 42.69% 57.31% 14.63%
10 9 39.36% 60.64% 21.27%
25 24 33.21% 66.79% 33.59%
100 99 19.07% 80.93% 61.86%

3. INCORPORATING PARAMETER UNCERTAINTY—NORMAL
CASE

3.1 Exact Density

In the previous section we showed that, especially in small sample cases, it is wrong to
treat the “fitted distribution” fF (x) given by (2.3) as #he distribution of x, because there is
too great a probability of significant variation in the true value of the parameters from the
“best fit” parameters. There are too many other good parameter choices to be sure that a
single set of parameters adequately captures all the important information from that sample.
In this section, we show how to use the results from sampling theory outlined in the
previous section together with the information in the sample to obtain the correct

characterization of f, (x).
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We can express the random variables x|ux0” and x|o” in formulas (2.2) and (2.6) in

terms of the standard normal random variable z as follows:
x| po?=p+zo (3.1)
p|ot=x+z,0/n (3.2)
The random variable o described in (2.4) can be expressed as:

o2 =D 2 (3.3)
Yn-1

where y,_; is chi-square with n-1 degrees of freedom.

Expanding formula (3.1) by replacing the parameter u with the random variable u|o?

given in formula (3.2), we see that:

x16% =(%+ 20/ n)+ z0 (Because u 1% =%+ 20/ n)
=E+(zl+22/\/;)~a

U L (Because (z+2/\n)=z-"2)  (3.4)
n n

Formula (3.4) implies the normal density f,(x|c”) given below as formula (3.5), which

depends on o but not on u:

¢ Subscripts are used to distinguish the separate instances of z in formulas (3.1) and (3.2).
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2

1| x-x

2 n+l
o

1
fix|o?)=———+ " 3.5
o (3.5)

We can alternatively expand (3.1) by replacing the parameter o with the random variable

o’ given in formula (3.3) to obtain:

xly=p+—2 s (Because zl-a=i~s)
¥ ¥
n—1 \/;
=p+t, s (Because Ao 1) (3.6)
y

n-1

where ¢, , is the standard Student’s # with n-1 degrees of freedom.

Formula (3.6) implies the Student’s ¢ density f,(xlu) that depends on u but not on o7,

given below as formula (3.7):

) [ (a2
ey [1+n_1( S )J 37

Returning to (3.4), if we now expand that formula by replacing the parameter o* with the

random variable o* described in (3.3), we see that:

X=X s ntl (Because z~a=i-s)
v n \/z
n-1 n-1
=X+1,,s ntl (Because ~ = teq) (3.8)
n y

n-1

Formula (3.8) implies the Student’s ¢ density f, (x) that depends on neither x nor o*:
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') T

N PR = (3.9)
5 nTH(n—l)ﬂ . F(Q) nl s@

S ()=

This is a Student’s ¢ with n-1 degrees of freedom, mean of x and variance of:

Var(x)=s"- — (3.10)

Figure D shows f,(x) graphically for values of n equal to 5, 10, 25, and 100, respectively,
given ¥=67.79% ands®=0.0771>. All the graphs are symmetrical about X. The graph for
n=5 shows the greatest variance and that of n=100 the least, with n=10 and n=25 in
between. The graph corresponding to n=100 is visually indistinguishable from the graph of

a normal density with mean 67.79% and variance 0.0771> (though the former has a slightly
larger variance of 0.0783%).

FIGURE D
Density Function £, (x)

Given X = 67.79%, s> =0.0771%, n = 5, 10, 25, 100
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3.2 Approximate Density

Note that formula (3.9) is the result of simplifying formula (2.1) by integrating over u
and o°. We can achieve a approximation to that integration by replacing the densities

Sl o?) and f - (¢?) in (2.1) with discrete probability weights in the following summation:

L@~ L= DD £l o) - plats | 02) - o)

Lo

L e ’
=22ﬁe | & | P |2 ple?) (3.11)
J

iJ

where D opli o= pe) =D puilod) ped)=1
i J i

Assuming the analyst has access to software to do numerical or exact integration, for
most applications it is both easier and more accurate to work directly with f, (x) as defined
by formula (3.9) rather than with the approximation f, (x) given by formula (3.11)".
However, we believe it is instructive to use formula (3.11) to illustrate how the Student’s #

density defined by (3.9) can be constructed as a weighted sum of normal densities.

We will illustrate the case of n=5 with sample mean and variance of x=67.79%
and s® =0.0771%. First, let us divide the domains of each of f (c?) and f#(,u|0'2) into 5

intervals associated with the following quantiles: 0, 0.04, 0.34667, 0.65333, 0.96 and 1. 'This
results in intervals of length 0.04, 0.30667, 0.30667, 0.30667 and 0.04, which we will use as

weights for the values of o and x|o? associated with each interval. The midpoints of these
intervals are 0.02, 0.1933, 0.50, 0.8067 and 0.98.

We associate a value of o* with each interval such that F . (a?) = midpt(j), which implies:

o7 =F_ (midpt()))

- (312)
Y~ (midpt(j))

” We have used CalculationCenter®2 by Wolfram Research to perform the integral calculations for this paper.
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whete Y, (midpt(j)) represents the chi-square inverse distribution function (with n-1 degrees
of freedom) evaluated at the midpoint of the /-th interval.
Similarly, we associate a value of u|o® with each interval such that FH‘Gz(yl-):midpt(i),
which implies:
1|07 = F o (midpt (i)
=%~ N7 (midpt ())& ; I\n (3.13)

where N7'(midpt(i)) represents the standard normal inverse distribution function evaluated at

the midpoint of the /th interval.

Because 4 is dependent on o, there are five values of u|c” for each u-related interval 7,

one for each of the values of &°.

The results are summarized in Table 3, which show the parameters for 25 normal
distributions and their associated probability weights. The interval midpoints F_, (o-?) and
the corresponding o ; are shown in the first two columns.® The interval midpoints E o2 ()

2

are displayed across the top of the table with the corresponding ;|

shown in the body of
the table below them. The probability weights associated with each row and column are at

the right and bottom of the table respectively.

Each value of o; in the second column is to be paired with each of the values of g, |a§
to its right. These parameter pairs define the normal distributions to be weighted using
formula (3.11). For example, of =4.51%” is paired with each of 63.64%, 66.04%, 67.79%,
69.54% and 71.94% to form (u,0°) parameter pairs (4.51%,63.64%), (4.51%,66.04%),
(4.51%,67.79%), (4.51%,69.54%) and (4.51%,71.94%), with associated weights of 4%x 4%,
4%x 30.67%, 4%x30.67%, 4%x30.67% and 4% x 4%, respectively.

. 2 .
8 We display O ; rather than O for presentational reasons.
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TABLE 3

Parameters and Weights for Normal Densities in £ (x) Approximation
Example with n=5, ¥ =67.79%, s*=0.0771?

Interval Midpoints F(u | o)
Interval 00200  0.1933 05000 0.8067 098000 Row
Midpt F(o?) o plo’ Weights
0.0200 451%|  63.64% 66.04% 67.79% 69.54% 71.94%  4.00%
0.1933 6.25%|  62.05% 6537% 67.79% 70.21% 7353%  30.67%
0.5000 8420  60.06% 64.53% 67.79% T1.05% 75.52%  30.67%
0.8067 12.15%  56.63% 63.09% 67.79% 72.49% 78.95%  30.67%
0.9800 23.53%|  46.18% 58.68% 67.79% 76.90%  89.40%  4.00%
Column Weights> 400% 30.67% 30.67% 30.67%  4.00%

Figure E shows this composite density f; (x) based on (3.11) and represented in Table 3

to be visually identical to the Student’s # density f, (x) defined by 3.9 for n=>5.

FIGURE E

Density Functions f, (x) and e

Given ¥=67.79%, s* =0.0771*, n =5
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A visual fit is not, of course, adequate for analytical purposes. Accordingly, if the
composite density is going to be used for analysis, the number and length of the intervals
should be chosen in such a way that the mean and variance of f, (x) and f,(x) match.
Matching means is a trivial process. Matching variances is more complicated. Fortunately,
there is a relationship between Var(x), Var(u) and E(c?) that we can use to facilitate this

process:

=E(c?)+Var(u) (3.14)

This means we can test the match between Var(x) and Var(x)" by separately comparing
Var(u) with Var(u)® and E(e?) with E(o?)" (the asterisks denoting the values of the

functions based on the discrete approximation).

For n=5, exact calculations give Var(u)=0.0771° ~§=0.00238 and  E(c?)
=0.0771>-2=0.01189, yielding a total Var(x) of 0.01427 (or 0.1195%). This compares to
Var(u)" =0.00163, E(c?) =0.01019 and Var(x)" =.01182 (or 0.1087%) based on the
approximation defined in Table 3. Because Var(x)" is only about 83% of Var(x), this
suggests the approximation could (and should) be improved by increasing the number of

2 are divided. However, because

intervals into which the domains of each of u|o? and o
our intent was only to illustrate a simple implementation of the approximation formula

(3.11), we will not pursue the optimization of that approximation here.

3.3 Section Summary

We can summarize about how varying degrees of knowledge about the parameters are

reflected in the applicable probability distribution as follows:

xX—p

e Ifboth xand o° are known, then f.(x|u,6”) is a normal density with z=
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e If only the value of o” is known, then f,(x1c”) is a normal density with z=

=
T
i

X—p
-

e Ifonly uisknown, then f,(xlu) isa Student’s ¢ density with f, , =

. . . . xX—X
e If neither x nor o* are known, f,(x) is a Student’s ¢ density with t,  =——=
n+1

n

Table 4 shows the 90" percentile loss ratios corresponding to these knowledge scenatrios,
given ¥=67.79% and s*=0.0771> and sample sizes ranging from 5 to 100. Several
observations can be made. First, from row 1 we see that sample size does not matter if we
have certainty about both u# and ¢?. Second, because the loss ratios in row 2 are always less
than those in row 3, it appears that if only one of x or ¢ can be known, it is more helpful
to know o?. Third, we can see that as the sample size grows larger,
fF(x)=f.(xlu=%,0%=5*) becomes an increasingly better approximation of f,(x) at the

90" percentile.

TABLE 4
90™ Percentile of Loss Ratio Distribution*

Given x =67.79% and s=7.71%

n=>5 n=10 n=25 1| n=100
fi(x|u=x, o’ = Sz) 77.67% | 77.67% | 77.67% | 77.67%

filx |o? =5%) 78.61% | 78.15% | 77.87% | 77.72%
f.(x|u=X) 79.61% | 78.45% | 77.95% | T77.74%
f.(x) 80.74% | 78.97% | 78.15% | 77.79%

The 90" percentile of the weighted normal approximation f, (x) illustrated in Table 3
and Figure F for n=5 is 80.30%, which is close to the true f,(x) value of 80.74%. Further
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accuracy could be achieved by refining the number and weights of the normal densities used

in the approximation.

4. INCORPORATING PARAMETER UNCERTAINTY WHEN x| ¢
IS LOGNORMALLY DISTRIBUTED

Suppose x 10 is lognormally distributed with unknown parameters 6={u,0}’. Then the

density of x 10 is:

1[1}1){—#]2
1 2l o

e
xo\N2x

fol(xlp,6%)= “4.1)

The lognormal distribution gets its name from the fact that wlf@=Inx16 is normally

distributed with mean u and variance o*:

! e_;[w‘;ﬂj 4.2)

fw(w |/1,O'2)=
o\N2x

Let w,w,,w;,..., w, denote the natural logarithms of the respective observed loss ratios

n
X, %,%,..., X,. Then the sample log mean is w = Zwi and the unbiased sample log variance
i=1

n —
.2 (w, W )?
n_
i=1

We can use formula (3.9) to determine the marginal distribution of w:

_n
2| 2
F(%) 1 w-w

f (w)= . [

w -1

Sw\/n—ﬂ(n—l)ﬁ F(g) " B il
n n

(3.9)

w

which, with the change of variable w=In x, can be restated as a function of x:

ful0)= folw0)-

dw
dx

9 . . . .
Note these parameters take on different values in the lognormal case from their values in the normal case.
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() B

_ 5 J14+ n171 Inx—w
X Sw\/m—l(n—l)/r . F(g) s n+l
n

w
n

4.3)

This “log £’ density bears the same relationship to the Student’s # as the lognormal does
to the normal.

In the same way, we can use formulas (3.5) and (3.7) together with the change of variable

w=Inx to determine the densities f,(xlo?) and f,.(x|u):

2 n+l

1 (o
—_— ¢ " 4.4
XO'1,n7H‘\/27Z'

fo(xlo?)=

n

F(;) 1 [ Inx- 2|2
fulxlp)=— e 1) -(1+ - (— ”) J 4.5)

Formula (4.4) is a lognormal density. Formula (4.5) is a log ¢ density.

If we ignore parameter uncertainty, the “best fit” parameters of x=% and o* =s2 imply
the density:

FF(x)= J[MZ:WJ (4.6)

1 p 2
xswx/z_zz

which is the lognormal analogue to formula (2.3).
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As we did in the case of the normally distributed x 16, we again counsel caution before
adopting this “best fit” lognormal f," (x)as the correct characterization of f,(x), because it

does not account for uncertainty in the parameters.

FIGURE F

Density Functions f, (x) and f. (x)

Given W =-0.3946,s> =0.1144> n =5

Figure F is a graph of the log ¢ density f,(x) defined by formula (4.3) with n=5, plotted
together with the “best fit” lognormal density f.(x) defined by (4.6). Values of
W=-03946 and s’ =0.1144> were determined from the same data sample that yielded
X =67.79% and s> =0.0771> used in the examples of Section 3. The log ¢ distribution clearly
has a larger variance and is slightly more skewed than the “best fit” lognormal. An analyst
relying on the “best fit” lognormal to draw conclusions about the behavior of x, especially

in the tails, will underestimate the likelihood of occurrences of x in the tails.

The log t density representing f,(x) can be approximated as a weighted average of
lognormal densities by using formula (3.11) with the normal density replaced with the
analogous lognormal density. In practice, it is usually easier to numerically integrate the log ¢

directly than to construct and then integrate the equivalent composite density.
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One drawback to formula (4.3) is that E(x) and Var(x) are infinite in realistic scenarios
where 7 is small and/or s is not small."’ For example, if @ =-0.3946 and s2 =0.1144*, E(x)
is infinite in the case of n=5.  In practice, this is not as bad as it sounds.  If

F1(9999) . .
J. xfy(x)dx is a plausible mean value of x, we can conclude that the non-convergence

of I xf(x)dx is due to behavior in the extreme right tail of f.(x). For practical purposes it

J‘ F.1(.9999)

is safe to approximate the mean of x as E(x)= x f(x)dx. For example, in the n=5

3.46
case just cited, F;'(.9999)=346% and J.o x fy(x)dx=68.43%, which is a plausible value for

the mean.

An implication of the assumption that x |6 is lognormally distributed that we do not fully

understand is that the value of E(x)= J:;c f(x)dx calculated directly using the density function

exceeds the sample mean x¥. We find it puzzling because (a) X is the unbiased estimator of
the mean of any distribution and (b) f,(x) was parameterized using the unbiased estimators
w and s} for x4 and o2, respectively. It seems both should be correct, and yet they do not
match. In the example we have been following, where X=67.79%, even using the lognormal

density given in formula (4.6), which implies no parameter uncertainty, we obtain

E(x)=67.84% . When we allow for parameter uncertainty (implying use of the log ¢ density
given by (4.3)), the underestimation of E(x) by x increases. In particular, for n = 5, 10, 25
and 100, respectively, E(x) equal to 68.43%'", 68.02%, 67.90% and 67.85%, implying

differences of 0.64, 0.23, 0.11 and 0.06 loss ratio points, respectively. The difference is

particularly noteworthy for n=5.
5. APPLICATIONS

5.1 Experience Loss Ratios

In this section we illustrate the application of the foregoing to real world problems, in

particular, to the pricing of aggregate excess reinsurance, the assessment of underwriting

10 . . . .
We draw that conclusion because our attempt to numerically integrate J-x f(x)dx did not converge to a

solution.

J‘ F,;1(.9999)

1 Calculated as x f,(x)dx, because IO x f,(x)dx does not converge.
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downside risk and the determination of expected commissions under sliding scale

arrangements.

Suppose we have been given 5 years of on-level loss ratios x; and their logs w; =Inx;,
which are shown in Table 5" Exposure has been constant over the experience period. The
sample means, variances and standard deviations based on equal weighting of the data points
are shown at the bottom. We know that the historical portfolio was large enough that it is
plausible that each year’s loss ratio arises from an approximately normal distribution.
However, it is also plausible that the loss ratio distribution has some residual skewness,

which means a lognormal model might be appropriate.

TABLE 5

On-Level Loss Ratio Experience

Accident
Year Weight X Inx;

1 20% 66.95% -0.40125

2 20% 59.68% -0.51623

3 20% 76.41% -0.26911

4 20% 72.52% -0.32126

5 20% 77.79% -0.25118
Mean 70.67% -0.35181

Variance* | 0.554% 0.01184

St Dev.* 7.45% 0.10882

* Unbiased, i.e., E(s*)=0".

For the applications illustrated in this section we will use four models for f,(x) based on:
(1) normal and (2) lognormal assumptions for x 16 under conditions of: (A) parameter

uncertainty and (B) parameter certainty.

12'The loss ratios in Table 5 were drawn from a lognormal distribution with parameters g =-0.3617 and

2 2
o~ =.0998", but let us assume we do not know that.
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Given the experience in Table 5, if we assume x 10 is normally distributed, then f,.(x) is
given by formula (3.9) with ¥=70.67% and s=7.45%. Alternatively, if we assume x 10 is
lognormal, then f,.(x) is given by formula (4.3) with @ =-0.3519 and s,=0.1088. On the
other hand, if we assume x|& is normal and we believe pg=x=70.67% and c=5=7.45%
with certainty, then we must use f,(x)=f[ (x) as given by formula (2.3). Similarly, if we
believe x|6 is lognormally distributed with x=w% =-0.3518 and o=s,=0.1088 with certainty

we must use f,(x)=f(x) as given by formula (4.6).

These four model choices and their characteristics are summarized in Table 6. It is worth
pointing out that the lognormal-based models A2 and B2 again both indicate the density-

based value E(x)to be greater than x.

TABLE 6
Summary of Models of f, (x)

Model | f.(x]60) 2] f.(x) Formula E(x)"
Al Normal | Uncertain t 3.9 70.67%
A2 | Lognormal | Uncertain Logt 4.3 71.37%
B1 Normal “Certain” Normal 2.3 70.67%
B2 | Lognormal | “Certain” | Lognormal 4.6 70.76%

* Given the loss ratio experience in Table 5

5.2 Aggregate Excess Reinsurance

The pure premium of an aggregate excess layer of L excess of R, where the limit I and

the retention K are ratios to premiums, is given by:

[ -r) fuwder i |7 fiv G.1)
R x L+R7* ’
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Suppose we are asked to price 20 points of coverage excess of a 70% loss ratio in four

layers of 5% each.

Table 7 summarizes the results of using formula (5.1) with models A1, A2, B1 and B2.
The models incorporating parameter uncertainty (Al and A2) indicate larger pure premiums
in every layer than do the models that assume parameter certainty (B1 and B2). While the
difference is modest in the first layer of 5% excess of 70% (on the order of 3% to 4%, it
rises rapidly as the retention increases. The pure premiums for the fourth layer of 5% excess
of 85% for models Al and A2 are respectively 300% and 200% higher than from models B1
and B2! Unless the parameters really are known with certainty, it is foolhardy to use model

B1 or B2 to price aggregate excess layers.

TABLE 7
Pure Premiums of Aggregate Excess Layers
Given Sample in TABLE 5

Limit 5% 5% 5% 5%

Model f.(x|0) 0 Retention 70% 75% 80% 85%
Al Normal | Uncertain 2.09% | 1.14% | 0.56% | 0.28%
A2 | Lognormal | Uncertain 2.04% | 1.17% | 0.64% | 0.36%
B1 Normal “Certain” 2.02% | 0.92% | 0.30% | 0.07%
B2 | Lognormal | “Certain” 1.97% | 0.95% | 0.37% | 0.12%

5.3 Downside Risk Measures

Suppose B represents the insurer’s underwriting breakeven loss ratio. The expected value

of the underwriting result UR is given by:

E(UR)= _[:(B—x)~fx(x)dx (.2)
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E(UR) can be expressed as the expected contribution from underwriting profit scenarios

UP >0 less the expected cost of underwriting loss scenarios UL > 0:

E(UR)=E(UP>0)-E(UL>0) (5.3)
B

E(UP>0)= Io (B—x)- f(x)dx (5.4

E(UL>0)= I:(x—B)-fx(x)dx (5.5)

As the pure preminm cost of underwriting loss scenarios, E(UL>0) is a measure of the

insurer’s underwriting downside risk.
The probability or frequency of the insurer incurring an underwriting loss UL>0 is given by:
Freq (UL>0)=Prob(UL>0)= I:fx(x)dx (5.6)
The expected severity of underwriting loss, given UL>0, is:
Sew(UL >0)=E(UL|UL>0)

J ) f 0
J.fo(x) dx

E(UL)

= (5.7)
Prob(UL>0)

Note that Sew(UL>0) is the Tail Value at Risk (for underwriting loss) described by
Meyers|2] as a coherent measure of risk and by the CAS Valuation, Finance and Investments

Committee[3] for potential use in risk transfer testing of finite reinsurance contracts.
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We can use the measures defined by formulas (5.5), (5.6) and (5.7) to describe the
insurer’s underwriting downside risk. Given an underwriting breakeven loss ratio of B =
75%, Table 8 shows the results of using the loss ratio experience contained in Table 5
together with the f,(x) models Al, A2, Bl and B2 discussed in our analysis of aggregate
excess pure premiums. For example, given the assumption that x 10 is normally distributed
with unknown parameters (model Al), there is a probability of 31.19% that the insurer will
have an underwriting loss averaging 7.48 points. This equates to an expected underwriting
downside cost of 2.33 points. In contrast, given the assumption that x| is normally
distributed with “known” parameters based on the loss ratio experience (model B1), there is
a probability of 28.06% that the insurer will incur an underwriting loss of average severity
equal to only 4.62 points, which equates to an expected downside pure premium of 1.30
points. Similarly, the lognormal model incorporating parameter uncertainty (A2) shows
much larger measures of frequency, severity and downside pure premium than the lognormal
model assuming parameter certainty (B2). It should be clear that ignoring parameter
uncertainty in characterizing downside underwriting risk has potentially very serious and

adverse consequences for an insurer’s understanding of the underwriting risk it has assumed.

TABLE 8
Measures of Downside Risk
Given Sample in TABLE 5

Model f.(x]6) ] Freq(UL) | Sev(UL) | E(UL)
Al Normal Uncertain 31.19% 7.48% | 2.33%
A2 Lognormal | Uncertain 30.95% 9.26% | 2.87%
B1 Normal “Certain” 28.06% 4.62% | 1.30%

B2 Lognormal | “Certain” 27.78% 5.34% | 1.48%
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5.4 Sliding Scale Commissions

Suppose a quota share reinsurance treaty has been negotiated where the ceding
commission is determined according to a sliding scale. A minimum commission of 20% is
payable if the loss ratio is 70% or higher. The commission slides up at a rate of 0.5 point for
every point of reduction in the loss ratio below 70%, up to a maximum commission of 25%
at a loss ratio of 60% or lower. The expected value of the ceding commission C can be

expressed by formula (5.8) below:

70% — x
2

EC)=20% | fux)dxs [ (20%+ foCondx+25% | 7 (00 d (5.8)
70% 60% 0

Given the on-level loss ratio experience in Table 5, what is the expected value of the
ceding commission? We have calculated the expected commissions based on normal and
lognormal assumptions for x|6 under conditions of parameter uncertainty and certainty
(models A1, A2, Bl and B2) and have tabulated the results in Table 9. In all cases the
modeled ceding commissions are higher than the 20% commission that would be payable at
a loss ratio of 70.67%. The differences range from 1.20% to 1.42%. The commissions
indicated by all the models are clustered very closely together, ranging between 21.20% and
21.42%. Because the ceding commission slides in response to loss ratios that are near E(x),
where the model differences are less pronounced, the effect of parameter uncertainty is

immaterial (at least in this example).
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TABLE 9
Expected Ceding Commissions
Given Sample in TABLE 5

C@

Model f.(x]0) 2] 70.67% E(©) Diff
Al Normal Uncertain | 20.00% 21.37% | 1.37%
A2 Lognormal | Uncertain | 20.00% 21.42% | 1.42%
B1 Normal “Certain” | 20.00% 21.20% | 1.20%
B2 Lognormal | “Certain” | 20.00% 21.24% | 1.24%

5.5 Unequal Loss Ratio Weights

The previous examples were based on the assumption that it is appropriate to weight
each observed on-level loss ratio in the historical experience equally. While that is a
convenient assumption, it is not a realistic one, because exposure tends to change from year
to year. Accordingly, in the interest of providing additional examples that are also more
realistic, we have tabulated another set of on-level loss ratios in Table 10. These observed
loss ratios arose from the same distribution as the loss ratios in Table 5. The sample mean,
variance and standard deviation statistics have been computed both on a weighted basis and
on the standard unweighted basis. The formulas for weighted mean and the unbiased

weighted sample variance s? are:

=
o
=

=
I

(5.9)

v'

N
al
Iy

n — \2
2=y ali-il 5.10)
c-(n-—

=

where ¢; denotes the weight to be used with the /~th observation, ¢ is the mean weight and

%, 1s the weighted mean.
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TABLE 10
On-Level Loss Ratio Experience
2" Sample
Accident
Year Weight X In x;
1 16% 53.88% -0.44823
2 18% 53.15% -0.63203
3 22% 70.62% -0.34790
4 23% 73.06% -0.31391
5 21% 56.55% -0.56998
Unweighted
Mean 63.45% -0.46241
Variance* 0.744% 0.01893
St. Dep.* 8.62% 0.13758
Weighted
Mean 64.00% -0.45392
Variance* 0.767% 0.01941
St. Dep.* 8.76% 0.13309

* Unbiased, i.e., E(s*)=0".

Though the loss ratio experience shown in Table 10 emerged from the same underlying
loss ratio distribution as that in Table 5, its mean and standard deviation are significantly
different. On an unweighted basis the loss ratio mean in Table 10 is more than 7 points
(more than 10%) less than the loss ratio mean in Table 5 (64.00% v. 70.67%). On the other
hand, the standard deviation is more than 15% greater (8.62% vs. 7.45%). The sample
variation illustrated by those differences is worth remembering when we are tempted to put

great weight on the credibility of a small sample.

We have calculated the aggregate excess pure premiums for the layers defined in Table 7
using the weighted basis loss ratio experience in Table 10 and displayed the results in Table

11. As in the example based on Table 5, the pure premiums for all layers are higher when
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priced using the models that incorporate parameter uncertainty (Al and A2) than the models
assuming the parameters are known with certainty (B1 and B2). Again the pricing difference
increases as the retentions increase. However, it is also worth noting that the differences in
pure premiums based on Table 10 are far less than the difference between those pure
premiums and those calculated based on the experience in Table 5. For example, in Table
11 we see the indicated model Al pure premium for 5% excess of 70% is 0.62% compared
to 2.09% in Table 7. The indicated pure premiums for all other layers and models are also
much lower in Table 11 than in Table 7. Both experience samples arose from the same loss

ratio distribution, but the two samples indicate dramatically different pure premiums!

TABLE 11
Pure Premiums of Aggregate Excess Layers
Given Sample in TABLE 10

Limit 5% 5% 5% 5%

Model | f.(x]6) ) Retention 70% 75% 80% 85%
Al Normal | Uncertain 0.62% | 0.46% | 0.34% | 0.25%
A2 | Lognormal | Uncertain 0.59% | 0.46% | 0.35% | 0.27%
B1 Normal “Certain” 0.51% | 0.33% | 0.20% | 0.12%
B2 | Lognormal | “Certain” 0.49% | 0.33% | 0.21% | 0.13%

Table 12 shows the downside risk statistics calculated on the basis of the weighted loss
ratio experience in Table 10. Because the sample mean Table 10 is much lower than in
Table 5, the indicated probability of underwriting loss is much reduced from that shown in
Table 8. While the severity of underwriting loss is not much affected, due to the large
reduction in frequency, the expected cost of underwriting losses is much lower in Table 12
than in Table 8. The difference is much greater for the parameter certainty models B1 and
B2 than for models A1 and A2. Models B1 and B2 now indicate minimal downside risk as
measured by E(UL) values of 0.49% and 0.54%. These compare to values of 1.30% and
1.48%, respectively, in Table 8, reductions of about two-thirds. On the other hand models
Al and A2 are less sensitive to the sample variation. Model Al’s E(UL) of 1.40% is 40%
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less than its value in Table 8. The A2 E(UL) of 1.87% is about 35% less than its value in
Table 8. Even at these reduced values both indicate significant downside risk and both show

expected underwriting loss costs more than three times as high as B1 and B2.

TABLE 12
Measures of Downside Risk
Given Sample in TABLE 10

Model | f.(x|6) ] Freq(UL) | Sev(UL) | E(UL)
Al | Normal Uncertain | 15.78% 8.86% | 1.40%
A2 | Lognormal | Uncertain | 15.88% | 11.75% | 1.87%
B1 | Normal Certain 11.53% | 4.27% | 0.49%
B2 | Lognormal | Certain 10.59% 5.06% | 0.54%

Table 13 shows the expected ceding commissions based on the weighted loss ratio
experience in Table 10. As we saw in the commissions based on the loss experience shown
in Table 5 and displayed in Table 9, there is little variation in the commission estimates based
on using the different models. The expected commissions in Table 9 range from 22.65% to
22.81% compared to a range of 21.20% to 21.42% in Table 13. The difference due to the
variation in loss ratio experience is far more important than the difference in models.
Models Al and A2 show only about 1.3 points increase in expected ceding commission and
Models B1 and B2 show only about 1.5 points increase, even though the sample loss ratio is

more than 7 points lower.
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TABLE 13
Expected Ceding Commissions
Given Sample in TABLE 11

C@
Model | f.(x|6) 0 64.00% | E(C) | Diff

Al | Normal Uncertain | 23.00% | 22.65% | (0.35%)
A2 | Lognormal | Uncertain | 23.00% | 22.76% | (0.24%)
Bl | Normal Certain 23.00% | 22.72% | (0.28%)
B2 | Lognormal | Certain 23.00% | 22.81% | (0.19%)

6. SUMMARY AND CONCLUSIONS

The main objectives of this paper have been to: 1) demonstrate how to derive and use
the density function f,(x) of the prospective loss ratio in pricing and risk assessment
applications, given on-level loss ratio experience and a normal or lognormal loss ratio
process, and 2) show, mainly by means of examples, that f,(x) has fatter tails than the “best
fit” alternative £ (x), which implies greater loss exposure in high excess layers and greater

exposure to frequency and severity of underwriting loss than that indicated by £ (x).

In distributional terms, we have shown that if we believe the on-level loss ratios are
normally distributed, our lack of knowledge of the parameters of that normal distribution
requires that f,(x) be characterized as a Student’s ¢ rather than a normal distribution. We
may still believe the loss ratio is normally distributed, but we do not have sufficient
knowledge to safely characterize it as such. The Student’s ¢, which does approximate the

normal for large sample sizes (see Figure D), is the best we can do.

Similarly, if we believe the on-level loss ratios are lognormally distributed, our lack of
knowledge of the parameters of that lognormal distribution means that f,(x) must be

characterized as a log # rather than a lognormal distribution, for the reasons described above.
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Two other points also bear repeating. First, for right-skewed distributions, the sample
mean x appears to give a lower estimate of E(x) than the one determined from the density
function parameterized with unbiased estimators derived from the sample. The difference is
less pronounced for large sample sizes, but for small experience samples it is sizeable. We
do not know what to make of this, but it adds to our discomfort about being overconfident
about conclusions drawn from small samples. Second, small experience samples can exhibit
significant variation from the characteristics of the population from which they arise, which
can lead to over-pricing or under-pricing even when using the correct form of fi(x).
Actuaries must resist the temptation to be overconfident about the inferences that can safely
be drawn from small samples. It is wise to avoid staking too much on the conclusions of a

pricing analysis based on a small sample.

Some further caveats apply. While the methods described in this paper incorporate the
consequences of our uncertainty about some critical parameters into estimates of the
projected loss ratio, note that they do not address other important sources of parameter
uncertainty, and accordingly, are likely to underestimate the total variance of x. They
address only the uncertainty arising from the sample loss ratios, given that those loss ratios
are themselves certain. However, those loss ratios are estimates. Therefore, these methods
do not reflect parameter uncertainty associated with loss development factors used for the
projection of reported loss ratios to ultimate, nor do they reflect uncertainty in the on-level
adjustment parameters. In addition, we do not know for certain that we have chosen the
correct model distribution in the normal or the lognormal. Thus, while this method is an
improvement over methods that do not incorporate any parameter uncertainty, a certain

amount of caution remains in ordetr.
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Appendix A

Derivation of Formula (2.4)

Assume v, is chi square with #-1 degrees of freedom. That implies

—-1 —y
F )=y e
22 1(5)

(n-1)

Perform the change of variable v, = —5, where o? is the new random variable.

o

dy

(n=1) >
do? ’

Then
(o2 )

and
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Abbreviations and notations

CAS, Casualty Actuarial Society

C, ceding commission rate

E(UL), expected value cost of underwriting loss scenatios

Freq(UL), frequency of underwriting loss scenarios

L, aggregate excess layer limit, in loss ratio points

R, aggregate excess retention, in loss ratio points

Sev(UL), mean severity of underwriting loss scenarios

M, first parameter of a normal or lognormal distribution, sometimes a random variable

0'2, second parameter of a normal or lognormal distribution, sometimes a random vatiable
0, parameter set

n, number of years in the loss ratio experience sample

¢, weight for the i-th observed on-level experience loss ratio

¢ , mean of the weights used with observed on-level experience loss ratios

s*, variance of the on-level experience loss ratios (unbiased)

SLZ,, weighted variance of the on-level experience loss ratios (unbiased)

sfv, variance of logs of the on-level experience loss ratios (unbiased)

Zn—b
W, random var for the log of prospective loss ratio given uncertainty about underlying distribution parameters

a Student’s # distribution random variable with #-1 degtrees of freedom

W | @, random rs variable for the log of prospective loss ratio given parameters of underlying distribution

W,, log of i-th observation of on-level experience loss ratios

W', mean of the logs of the on-level experience loss ratios

X, random variable for the prospective loss ratio given uncertainty about parameters of underlying distribution
X | 6, random variable for the prospective loss ratio given parameters of underlying distribution

X, &-th observation of the on-level experience loss ratios

X , mean of the on-level expetience loss ratios
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X ., weighted mean of the on-level experience loss ratios
Y 1> a chi square random variable with #-1 degrees of freedom
Z, a standard normal random variable
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