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S t imula ted  by the pape r  of W. S. Jewell  *) on mul t id imens iona l  
credibi l i ty I should like to show tha t  at  level 2 assumpt ions  (Jewell 's  
terminology) one can obta in  explicit  formulae  for forecast ing tota l  
losses in the fu ture  based upon to ta l  losses and n u m b e r  of claims 
observed in the past.  
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g) ",~, 0 are independen t  r audom variables  (level 2 assumpt ion)  

}) Given (-q, 0) the r andom  var iables  {ti, y,, y2, . . . ,  Yn, . . . }  are 
independent  

Given 0 the r andom var iables  [ y , , 3 ' 2 , . . .  Yn . . . .  } are inde- 
pendent .  

*) William s. Jm~ell, ,,Multi-I)imcnsional Credibility', Operations 
Research Center Report No. 73-7. Department of Industrial Engineering and 
Operations Research. University of California, Berkeley, This paper was 
presented to the 1oth ASTIN Colloquium heJd at the University of Essex 
I1 K. 1973. In agreement with the author it will not be published in the 
Astin Bulletin. 



2(3. 4 . COMPARISON OF CI{EI)IIMLITY FOICMUI.AE 

2. F O R M U L A E  FOR MOMEN'FS AND ~OME NOTATION 

E [ ~  I ('~. 0)] = ~~ (~).~,~ (0) 
2 . o o va t  ! r l  (-n. o)2 -= E~(-n). % (o) + sz:(o) ~. (-,,). 

We abbreviate as follows 

E~&-(-~)] = ,,~,, L'[E,,(0)J :- , , . ,  

and ol)tain for the operators E r . ' .  j and Vat [.] with respect to the 
probabil i ty over the product  space of observations and 1)arameters 

z [E(7" I (',~, 0))] = "~"~ ,a  

]; [Va~ (r I (',~, 0))] - -  "~*:'v + ("4  + w,) v,.  

3. T H E  CREI) IBILIT57  1;'ORMULA : \ND ITS ~ ]EAN ,QI'A1)RATIG E R R ( l l t  

VVe want  to est imate Ek('~)'Ev(O) 

by ~hf  + I~t~mv -k y~uk'mv 

where 0~, ~, y are such that  

l~(v., ~, y) -=/~'[v.# 2 4- ~3#,,~# 4- yn~/d,~t~--/z'~.('q) Ev(O)j~ - minimum. 

A rather tedious but  s traightforward calculation shows that  

V(£ p, 'r) = ~ [ m : , ,  + v:c,y: 4- (i - -  ~.F- I'ro:e',~ 4- w:e 'v] 'l 
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4. THE "f]lR}.:F. CAsEs 

I Usi%, bolh ]¢ alld #P (multidimensional CaSe) 

Then the minimizing parameters  (0¢'::, I~*, Y*) arc 

"ttl~'lU!l -IF ~U ]g77.,e2y 

]a 4- z~l (-~) 
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wa. 1) 

v~- + ~e,a- - C + D t (2) 

Observe that  [~,* may  be negative. 

1[ Usi~tg only k (case of auxil iary wtriable) 

1 7 . * = O  k 

w~, l) 
t~ * - -  - - - -  = (3) 

, , ~ + w ~  cT-D 
1 y'l~ = I -  - ~ *  

I I I  Using only k9 (onedimcnsional case) 

,m~w v + ~%~e,:, + wkm, ~ B + 1) 

,,q'.,.,, + ,.;~,. + , , ;s.  -~,.~. + , , 4 ~  + , ,4w, - : >J + u ÷ c  +so f 
o * ~ (4) ~ O  

) 

5. ()OMPARISON OF TIIE T H R E E  I:ORMULAE 

V(~, re,, y) measures the mean quadrat ic  error which now can. be 
used to decide which formula might be appropria te  

(.'CtSC [ 

From I) and 2) we obtain 

AB C1) 
v(~,.*, f~*, r*)  - d -t- s~ + c + / - 3  

Case H 

From I) arid 3) we obtain 

CI) 
(/(o, > *, r*) = s3 + 

C + D 

Case I f [  

]:rOlia I) and 4) u e obtain 

(A + C) (S3 + D) 
I/(c,. *, o, y *) - -  A -t- B + C + D 

increase to case [ relative 
increase 
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I t  is easy to show that  both Az and Art are always non-negat ive 
(as we know already by construction) 

Observe tha t  &HI < Au  if A = 13 = C = D 

however  A,z < & I U  if B sufficiently small 
(keep A ,  C, D constant  and let/13 -> o) 

This shows that  the formula of case I l l  is not necessarily bet ter  
than the formula of case II,  but  cer ta inly the formula of case I is. 
Whe the r  to choose it in any practical si tuation should be decided 
after  consideration of the numerical values of Am and A,I, .  

6. THE FORMULAE FOR N YEARS 

By changing from k (number  of claims in one year) 
to k(n) ( lmmber of claims in ~z. years) 

wc get the credibil i ty formulae for ~z years. 

The following identities are used for subst i tut ions 

, , 4  ''~ = ,~,i,,. u p >  (-~) = ,,u~.(-~) 
"i: ') " ~  ~i .(''> (~) " C ( ~ )  

701, *~) _ 11~27Uk. 

Case I 

F o r m u l a e  f o r  o~w year  o~* - -  
~ + Z  

(~,* t- [.¢*) 
i 

[ q- Z/~ 

#LkTU a + Uk?~Z/ 
Z ~ . . . . . . . .  2 

#lbkZUy -~- Wk~Vy 

V l,: 
Z k - -  

?Uk 

F o r m u l a e  f o r  n. years  One checks that  
Z 

g - - >  m 

Zi, 
Zl,: - * - - 

"lL 

hence 

(~.-* + f~':') , ,  = 

n - t 2  Z 

• Jr + Zl:" 
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Case I I  

I 7:a. 
For .mMa f o r  o~zc vcar  a*  --" Za. -- 

" t + Z~: wA 

I?, 
F o r m u l a  f o r  ~ years (~*), ,  -= 

Casc l I l  

For .mula  f o r  o~m year  

Formul(~ f o r  n 3,e**rs 

I m ~ v  v q-  v t  ~i: v + m ; v z :  
e L * - :  - - - - -  " + - -  " 

.m~w v + w l~w,v + t%.m;~ 

Z a,}7 
Z a.~ ' -> .j~ 

[rL order to compute also the expected error lz(~, ~, y) the for 
lowing substitutions must be made for the ,JL year formulac 

A -> 'n,A 
,/3 ~- 'J:l~ 
C .- JtC 
1) - > 'J : l ) .  


