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E. F ranckx  [I] has established the dis tr ibut ion funct ion of the 
largest individual  claim of a portfolio. By  assuming the number  of 
claims to be Poisson distr ibuted,  H. Ammete r  was able to develop 
the dis t r ibut ion funct ion  of the total  loss excluding the largest 
individual  claim [2] as well as the distr ibution funct ion of the n th 
largest claim [3]. 

Of course, the nth largest claim is dependent  on the largest claim, 
second largest claim and so on, down to the (n th - -  I) largest claim. 
If we assume the number  of claims to be Poisson dis t r ibuted and the 
amoun t  of the individual  claim to be Pare to  distr ibuted,  the cor- 
re la t ion between the m TM largest and the n TM largest claim can be 
expressed by  an analyt ical  formula  which is susceptible to numerical. 
computa t ion .  

With  this knowledge we shall be able to compute  the var iance of 
the sum of the n largest claims and moreover  the correlat ion 
between the sum of the n largest claims and the to ta l  loss amount .  
Although an excess of loss reinsurance t r e a ty  and a t r ea ty  rein- 
suring the n largest claims are ve ry  different in their  construct ion,  
this paper  will show tha t  f rom a pract ical  point  of view there  
exists a s imilar i ty  between the two treaties. The correlat ion coef- 
ficient between the sum of the n largest claims and the sum of all 
claims exceeding a certain limit enables us to assess the degree of 
similarity.  

The correlat ion coefficient and thus the degree of s imilari ty will 
prove  to be high even in case of the reinsurance of only a small 
number  of largest claims. 

trinally, the knowledge of the two first moments  of the sum of the 
n largest claims allows us to compute  the premium and the securi ty  
or var iance loading for the reinsurance of the n largest claims. 



C O R R E L A T I O N S  I N  R E I N S U R A N C E  C O V E R S  261 

The methods applied in the following can also be used for the 
calculation of higher momeats of the distribution function of the 
sum of the n largest claims. 

A. The expected value of the product of the m us and the n tn largest 

claim 

Let xn be the n TM largest claim, t the expected number of claims 
and F(x) the distribution function of the individual claim amount. 
AH the following formulae will be based on the Poisson risk process. 
The probability of the largest claim being smaller than x is equal to 
the probability that all claims are smaller than x. Thus the distri- 
bution function of the largest claim in the Poisson case is: 

e-t tr 
~dX) = r---7" (F(x))r = e -" l -FIz l )  (I) 

r , , O  

The probability of the second largest claim being smaller than 
x is equal to the probability of all claims being smaller than x plus 
the probability of all but one claim being smaUer than x. Thus 

e-ttr 2 e-ttr 
42(x) = ~ (F(xl)  r + ( I - -F(x . ) )  r r---~- (F(xl)r-1 = 

r . . 0  r ~ l  

e-tlr 2e-tlr 
= - U -  (F(~)lr + t(~ - - F ( x ) )  --rT (F(x)y 

r - o  r , ,O  

= (z + t(z - - F ( x ) ) )  e -" l -FIx" 

4n(x) = lI + l(I - - F ( x ) )  + (2) 

12 t,~ - z I + ~., ( I - -F (x ) ) "  + . . .  + ( ~ - ' i ) !  (~ - -  F(x))"-t  " e-"l-FIx)l 

The probability of the largest claim being smaller than x and of 
the secoad largest claim being smaller than y is' 

e-tlr 2 e-ttr 
~12(x, y) = ~ (F(y)) r + ( F ( x ) - - F ( y ) )  r r--!- 

r - o  r , , t  

(r(y))~ -~ = 
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= e -t(~-~(v)) (~ + t ( F F ( x ) - - f ( y ) ) )  
t2 

¢13(x, y) = ~-,(1-F(v))(~ + t (r(x)- -F(y))  + ~ (f(x) _f(y))O) (3) 

e-t  lr 2 e-t  tr 
¢23(x, y) = 7 (F(y))r + r ( I - - F ( y ) )  ~ (F(y)) r-~ + 

r o r 1 

I 2 6-t [r + ~ r(r - -  I) (F(x) - -  F(y))  °" ~ (F(y)) r-2 + 
r,~2 

e- t lr 
+ r ( r - - I )  ( I - - F ( x ) ) ( F ( x ) - - F ( y ) )  ~.t ( F ( y ) ) r - 2 =  

r 2 

l ,2 = e -"~-r(v))  ~ + t ( ~ - - F ( y ) )  + ~ (F(x) - - F ( y ) )  ~ + 

+ t2(i - -  F(x)) (F(x) - -  f(y)) / 

Following the  same line of t hough t  as suggested in the  three 
previous formulae we arrive at the following general formula" 

¢,,,, ,, (x. y) = ¢., ,  . _~  (x, y) + 
r n - 1  

+ ( n - - I )  ! 

in - i ) 
= ¢,,,,n-~ (x, y) + (n--I)-----J" (I - - F ( y ) )  n - ~ -  

n - i  

where n > m .  (4) 

l % r m =  I w e g e t  

61, n (x, y) = ¢~, n-1 (x, y) + (~--I)-----~ (F(x) - - F ( y ) )  ~-~ = 

= e -t(~-F(v)) II + t ( F ( x ) - - F ( y ) )  + . . .  + 

[ 

x 

ln- 1 ) 

+ (n--I)------5 (F(x) - -  F(y))n-~ (5) 
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For ~/'f = 74 - -  I w e  get  
~Tb - i 

¢,,-~, n (x, y ) =  ¢~_~ (y)+ (n--~)! {(~--F(Y))"-~-- 

- -  (I - -  F ( x ) )  ' * - 1 }  (6) 

We now want to calculate the probability density q~m,n" 

o o  I t0  

The  first  f u n c t i o n  on the  r igh t  h a n d  side is equal  to  the  p r o b a b i l i t y  
t h a t  the  largest  c la im will be smal ler  t h a n  y. F r o m  (I) a n d  (3) we 
can  thus  der ive  the  two cond i t ions  

~ J" q~12(u, v) dudv = e -t(1-F(v)) 
o o  

x y  

J'j" q~,~(u, v) dudv = t(F(x) - -  F(y))  e -w-F(v) )  
y o  

The  two condi t ions  are sat isf ied b y  

dF(u) 
w h e r e f ( u )  - -  du (7) qh~(u, v) = t"f(v) f ( u )  e -t(~-F(u)) 

as can  easi ly be verified.  

~o13(u,  v) has  to  sa t isfy  the  fol lowing three  cond i t ions :  

y t e v  

S H  ~o13(u, v, w) du dv dw = e -m-wlv))  
o o o  

v. w/d,  dv = t I F I x / - -  
y o 0  

z w v  

H ~  q°13( u, v, w) du dv dw -- (12/2[) (F(x) - - F ( y ) )  2 e -~(~-F<v)) 
y y O  

qha(u, v, w) = t3 f (w) f (v) f (u) e -w-F(u))  

satisfies the  three  cond i t ions  l is ted above .  

The  genera l  f o r m u l a  runs  as fol lows:  

%~n(U~, u~ . . . . .  u,3 = q~,,(u~, u o . . . . .  u,,) ---- ~ . . . ~ ( u ~ ,  u~ . . . .  u,~) = 
n 

= t n IJ f(u~) e -t(~-F(u')), where  m < n (8) 
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F r o m  n o w  on we  shall  as sume that  the individual  claim a m o u n t  is 
Pareto  distributed.  

f (x)  = o~x-~,-1 I ~ x < oe) 

F ( x )  = i -  x -~  ( i  < x < oo) 

n 

~ m ~ ( u , ,  u ~  . . . . .  u , , )  = t'~o~ '~ lrI u j  - ~ - 1  e - ' -  ~ (9)  

N o w  we are able to c o m p u t e  the expected  value  

E (x,~ x.,,) 

In order to  i l lustrate  the procedure we  shall again start with  the  
s implest  case, namely :  E(xz x2) 

m w 

E(xl  x2) = II  u v ~,2(u, v) du dv = 
1 1 

m u 

= c~2t 2 j'J u - ~ v - ~ e  -¢u-~ d u d v  
I 1 

B y  subst i tut ing  x = lu-% y = tv -~ we  obtain 

i t  = E(x~ x2) = P/~ e-X x(~'-l/~l-l y-~/~' d x d y  
o 

0 ! U 

! I 

! 

The ex tens ive  ca lculat ion  leading to the general formulae  are 
omit ted .  

n - t  

~ " I  | 
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E(x,,, x , , ) -  

W e  also h a v e  

E(x i  xi) = 

( , , , -~),  [--1 ; ~  F - - -  = 

]~m l 

1 .... j~--I E(x~ x~) 
(m-- 1)! n ~ 

where  m < n 

(12) 

x8 

1 t 

This  f o r m u l a  has  a l r e a d y  been  g i v e n  1) 3, F[. A m m e t e r  [2] T h e  
genera l  f o r m u l a  runs  as fol lows 

E(x,~ x,~) = t 2/= (--~-~ F - -  (14) 

t 

F o r  smal l  n a n d  not  too  smal l  l the  i n c o m p l e t e  G a m m a  f u n c t i o n s  
in ( I i ) ,  (I2),  (13) a n d  (14) can be r ep l aced  b y  c o m p l e t e  G a m m a  
func t ions .  

I f  we t a k e  as an  e x a m p l e  ~ = 3 and  t = IO, t h e n  we p r o d u c e  for  
( E x a m p l e  I) 

r ( n ~ 5 2 ) / r  (~)-- n = 2 : - -  0,9999 
g 

l 

,, = i4: r ( ~ ) / r  ( ~ 7  2)= o,.82o 
I 

~= 24:F ("~5--~)/r (n72)=  o,ooo2 
| 

W h e n  us ing  c o m p l e t e  G a m m a  func t ions  in (14) a n d  (12) we a r r ive  
a t :  

I ( n - - I )  g . - - 2  
E(x,~ Xn) ~ - -  E(x , ,_ t  x,,_l ) (15) 

~ -- I O( 



266 C O R R E L A T I O N S  I N  R E I N S U R A N C E  C O V E R S  

7 ? . - -  I)  0 ~ - -  2 
E ( x m . x , )  m (n  - -  I) a - -  I E ( x m ' X n - l )  

I ( m - - I )  o ~ - - i  
- -  E ( x , ~  - 1  x , , )  

where m < n 

(I6) 

Formulae  (15) and (16) are exact  equat ions in the limiting case 
for t -~- oo. 

When  deriving the formulae (II),  (12) and (13) we obta ined  the 
following interest ing and useful i den t i t i e s  

1 e t U ~  d u  n du , ,  . . . d u  1 u - ~ , -  ~ u ( ~ , -  ~ .  . . u,;_~{ 1 u ,  7 ~ ,  _ 

0 v I e a ~ n  - 1 

| 

: t21~ _ _ I  f e - V v ( ( , z - i ) ~ -  2)/~ d v  
( , ~ - -  I ) !  o 

u I u.2 u n _  l 

I I I  f 
1 1 1 1 

I I I  
1 t 1 

= t~/~ 

u n  - t 

• I u ~  ~ -  ~ u , , ? _ i  1 u,7, ~ - ~ -  1 . . . . .  '/[~ji 4- 1 " " " 
1 

(17) 

. . .  U , ; ~ I  ~t,;oL e - t u , , - ~ "  d,lt n d ~ l , , - 1  . . .  d u i  = 

i . . .  . . . .  
= e -  v .  d v  n d %  d v  I - -  

o v I v ;  

t 
n - I  

f - e -  v v((,, - 1) e - e)l~, d r ,  where m < n 
( m  - -  I ) !  v0~ I 

v m 
o 

(is) 

Similar integral  formulae can be developed when deriving ex- 
pressions for higher moments  of the sum of the n largest claims. 

13. T h e  e x p e c t e d  v a l u e  a n d  l he  v a r i a n c e  o f  l he  s t u n  o f  lhe  n l a r g e s l  

c l a i m s  

Calculating the der ivat ive  of ~n in (2) we arrive at:  

~ n ( ~ )  = t f ( ~ )  e - w -  F/~)i  ( t ( i  - -  F ( x ) ) } ~ - I  = 
( n - -  I ) !  

o~tx-~,-~ e - t ~ - ~ '  ( t .x-~) " - 1  = (19)  
(n - -  I ) !  
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From formula (19), already given by H. Ammete r  [3], we can 
easily derive the expression for the average of the largest  claim 
excess A1 plus the average of tile second largest claim excess A2 and 
so on. For practical purposes it can be assumed that  Ax ~ A-. >/ . . .  
>/An 

n 

~EA,(x,I= I- +~V + +  
{ 1 1:11 - - ~  IA,2 - ~  

IA I I  - -  ~ 

Ao / (n"AnI) / ] + ~ V  ( 2 1 + . . . +  r (n) (2o1 
I! 

i A 2 - (X i f  ¢ l  l i  - ~ 

For very large l the formula reduces to 
n 

{ ' l  f ' ' l  

(21) 
the first terln on the right hand side already having been ment ioned 
by H. Ammete r  [3]. 

.~ = 
1 . 

= E E(xT)-- E E2(x,)+2 EE(x, xj)--2 ZE(x,)E(xs) 
I[ '!.  l " l  i < ]  I < J  

(22) 

(22) can be computed  for any n from the formulae (I2), (14) and 
(2o) respectively, arid for small n from the formulae (I5), (16) and 
(20). 

Example  II 

Let n = 3 

2 t2/c< 
Ir( ) 

t 

- r r < - 

t I 

(2!)2 [- + 
t 

i 8 "  
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+2 (~-~--~) f (2o~__) +2 e--i°c 2o¢--i°~ f ( . ~ )  + 
t t 

r(3~) (~j) ( ~ )  2 o ~ - - I  
t t t 

2 2 / 3 ~ - -  I'~I 

I t t t ',F(~)[ ~-2 ~-22~-2 ~-2 
m t °'/~ I + - -  + 2! + 2 - -  

O~ O~ O~ 0~-- I 

] r°(~)[ ( ~ )  
~--2 20¢--2 2C~--2 0¢--2 2 + 2 - -  - - + 2 - -  -- I+ 
~ - - I  2 ~ - - I  2 ~ - - I  

+ -  
4 

( ) ~  ]I 
+ ~___.__~ 2~_~I~z 

o~ -~- 2 , 5 '  

~. = 3,o: 

o~ ~ 4 , 0 "  

+ 2 - - +  + 

2 
%~+z:+z~ ~ 3,I985 t% 

2 ~ 1,363o t:h 
~ X l  + ~ 2 + ~ a  

~ 0,53696 t 'h ~ X l  + X ~  + X ~  

+ 

+ 

C. The  correlation between the s u m  o f  the n largest c laims and the total 

loss amoun t  

T h e  expec t ed  va lue  of the  to ta l  loss is in the  Po i s son -Pa re to  case 

0¢ 
E = t - -  (23) 

f t . - -  1 

The  va r i ance  of the  to ta l  loss a m o u n t s  to  

_ m  

V ~t~_2 G X t  • X 2  ÷ ' • " + X n 

0 ¢ - - I  

(24) 
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n ~l n n 

Z E(x~)--  X E'°(x,)+2 X E(x, x j ) - - 2  X E(x,)E(xj) 
- -  - -  I ' ' l  f ,1 ~ < 1 , , 1  t < J  1 + 

x x E(x~xj)--.S ~ E(xJE%) 
j r_ ~ . , 1  j n + l  ~ , . 1  J , , n + t  

From formula (22) follows 
n m ~ o0 

%,.  . . . .  x. X Z E(x l x j ) -  Z Z E(x~) E(xj) 

p - -  + '  , j  .+, ,..,, . . . . .  . _  (25)  

V 
We can consider the infinite sums in (25) as limits cf part ial  sums 

tha t  are converging slowly. As can be learned from Ex am p le  I, 
dozens of incomplete  Gamma  funct ions will usually have  to be 
calculated if we want  to de termine  p according to formula  (25) ,,~,ith 
reasonable accuracy. 

We have, therefore, pu t  some effort  into developing equat ions 
which allow us to replace infinite sums of incomplete  G am m a  
functions by  other  easily calculable functions. The only G a m m a  
functions tha t  we shall need for the calculation of p will be those 
already needed in (22) for the de terminat ion  of ~z,+x~+.. .z.  (when 
n >/3) .  For  small ~¢, when the incomplete  Gamma functions can be 
replaced by  complete ones, the de terminat ion  of two G am m a  
functions,  as can be seen in Example  II, is sufficient. 

The  expected value of the sum of all claims has to be identical  with 
tha t  of the total  loss. Using formulae (20) and (23) we can thus write:  

(n-- I ) !  ~ I 
n ~ l  t 

If we replace in (26) o~ by  ~ = o@~ > I we arrive a t '  

(27) ~-,(~--I)! / \  ~ / o~ m 
n l I 
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For  m = 2 the  r ight  hand  side of (27) is equal  to the var iance of 
the to ta l  loss (compare  (24)) , whilst the left hand  side of (27) is 
equal  for m = 2, because of (I4), to the second molnent  abou t  the 
origin of the sum of all claims. 

Thus  we can wri te :  

I t t t 1 

m ~o 

~" E(xzxk)= _z E x z = - - -  (28) 
~ ,  2 2 \o~ - -  I /  

t < k  1 t 1 

H. A m m e t e r  has establ ished the dis t r ibut ion funct ion of the 
to ta l  loss excluding the largest  individual  claim [2]. F r o m  this 
d i s t r ibu t ion  funct ion we can calculate  the second m o m e n t  a round  
zero, wi th  the following resul t :  

E x, = ~ + ~ - - 2  ( I - - e  - t ) -  

(~-~/~ F + ~°'~ (. = ~/~ F - 
l t 

- -  t2/~' , - -  r ( ~ - ~ - ~ ) -  . - -2" t--t2/= r (--~) + 
l ¢ 

+ 2 "2 E(x~  x~) 
'2 

(29) 

Combining (28) and  (29) we ar r ive  a t  the i m p o r t a n t  equat ion:  

E ( x l  x~) = - - -  + - -  e - t  l °'/~' 
2 \ .  - -  I !  . - -  2 - -  F + 

v ,2 t 

t t 

, ( 2 , -  2~! 
+12/~ , -  2 r \ , ]t (3o1 

1 
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From (12) we can derive 
~o 

E(x~ &)  - -  k - -  1 
i / + 1  ~ /¢ 

- c / °  ( k -  2)---------5 ( k -  ~ . -  1 F 
! 

and 

t '  k + l  

(31) 

Because of (26) we can now replace in (25) 

£ E(x,)E(xj) by 
I l I ~ ÷ 1  

n m r t  

I 1 J n + l  t , , l  I 

n 

t I t 

Because of (II) ,  (3o), (31) and (32) we cata replace 

X E E(x, xj) b y  
I ' ' l  I i + 1  

n m n - - I  ] 

i - I  ] u n + l  ] I i , , l  

(33) 

(34) 

E(x~ x,) - -  ( l - -  1)! ~ 

I , - I  t , k + l  

(32) 
For not too small t we can replace the incomplete Gamma func- 

tions in (3o) wi thout  any appreciable loss of accuracy by complete  
Gamma functions obtaining" 

CL 2 

£ r \ o ¢ - - I /  . \ o~ / 2 ~ - -  I 
t , , 2  
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l[( )0 ] (~)2 r - (7 )  lfo~ to~ e -  t if(= + i/cO 2 ~  I 
+ - - - - - ~  + 2  - -  - -  

I 

_,~,~ r (~)-,~,~ (~)~ r - (~ )+  
t t 

n # -1  

o~ _ _  2 t 2 1 ~ ,  l-I;~<_----7 F t--~-)i 
(35) 

For small  n, not too large = and not too small l, complete  instead 
of incomplete Gamma functions can be used. Using (I i ) ,  (2I), (25), 
(26), (32) and (33) we can then write: 

n-I # 

pen, o~, t) ~ ~ . . . . . .  ~" + ~ + 7.' - - ~ - - i  

V ~ 
- -  ~ # , t  d , t  

~r~ ,~ ~ ~ ~ ( ~ ) _  
. J - t  

__ . ~ ioc - -  2]  

# 3 d ~= 

~-~ I(?~ ~I F I?~+ ~!~-~ 

I '" r(<"+~"-~)l}/ V" t ( n - - T ) !  ~ % +  + '"  t (36) 
0 ~ - - 2  

Because of the identity 
n - I  # 

(36) can be replaced by 
n 

+ 
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n J - 1  

. . . . .  2 +  / ~ i j ~  + o~ e -  t tO/.F 2~ 2 / ~ - - 2 ] t  
+ - - 2  o ~ - - I  

J ,  a t . , ~  

, .  ,.,- ( ./. ) l ] /  ~ X t + X ~ +  • • " + Z r t  

n J - 1 

f o r n  = 2 w e p u t  _ ~  H 

/ 3 t z 

,~ - -  2 

- - 0  

0 t - - 2  

(37) 

Using  the  resul ts  f rom E x a m p l e  I I  we can  ca lcu la te  acco rd ing  to (37) 

n ~ 2  

25 
3 ° 
4 . 0  

6 1 o  

o.814o 0.7679 
o 7603 o 6545 
o 7085 o 5449 

t 8  

o 7232 
o.5921 
0.4676 

* z =  3 

25 
3 ° 
4 . 0  

0.8527 
0.8247 
o 797 ° 

TO 

0.8034 
o 7038 
0.6050 

18 

0.7564 
o 6365 
o.5t9o 

p is a decreas ing  f u n c t i o n  in t, wh ich  means  t h a t  the  g rea te r  the  
expec t ed  n u m b e r  of claims the  more  independer l t  t he  to ta l  loss 

becomes  f rom the  n larges t  claims. 
lira p(t) = o 

t - -~  oo 

p is, of course,  an  increas ing  func t ion  of n. p is decreas ing  in ~., i.e. 
t he  qu icker  the  P a r e t o  dens i ty  func t ion  f ( x )  = c<x -=-  1 converges  to 
zero, the  smal ler  becomes  the  c o n t r i b u t i o n  in pe rcen t  of the  n 

la rges t  c la ims to the  to t a l  loss. 

A p p e n d i x :  

In  analysi l lg  h igher  m o m e n t s ,  fo rmulae  s imilar  to  (28) cou ld  be 
der ived.  F r o m  (26), m a n y  f o r m u l a e  can  be de r ived  which  m i g h t  in 

cer ta in  cases be v e r y  i m p o r t a n t .  
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I shall restrict  myself  here to a few examples. 
a) Replace in (26) ~ by  ~ = ~2, e > I 

) F - - + n - - i  
n -- 1 t 

0~ 

Si,,_,i, F - +"-- 
b) Replace o~ by  ~ = ~(~ + i) where ~ > i 

- -  t-  1/~ 

£ t (2/c~ + i) ( 2~ ) ~ + I  
(;Z~! m ~ +n-2 - -  - - -  

n ,  1 t 

(38) 

(s9)  

c) 133, partial integration we  get: 
m 

~ - -  I ( n - - 8 !  
n , t  t 

Zi~-~I, ~ F i - 
n 2 ! 

e- t -t-- #/~ £ in=l), F 
1 1 , , 2  1 

- - -  - -  t + I - -  

n 1 1 

I 

(40) 

(4x) = 
(26) - -  (4o) 

n t l i 

n . , t  I 1 

(42) 
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(27) and (42) can be used as upper and lower bounds of m a n y  
similar sums with coefficients 

I I 

Example:  

n,-k t - 1  1 

< _~, E (xl xn) = 

I-- I,F - -  
l l , , k - I  $ 

C be ing  a su i tab le  c o n s t a n t  for a g i v e n  ~. 
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