
AN A P P R O A C H  TO T H E  ANALYSIS  OF CLAIMS 
E X P E R I E N C E  IN MOTOR L I A B I L I T Y  EXCESS OF 

LOSS R E I N S U R A N C E  

H. G. VERBEEK 
N e t h e r l a n d s  

Introduclion 

In this paper  motor  liability insurance is considered from the 
viewpoint  of an excess of loss reinsurer. 

The reinsurer  pays  por t ioas  of claim amounts  in excess of a con- 
t rac tua l ly  agreed limit, fur ther  refetxed to as excess point.  

Aspects of pract ical  interest  are the rat ing of new contrac ts  and 
cost-projections oil claims occurred in past  years which have not  ye t  
been reported.  

Wha t  causes a major  difficulty to a ra t ing approach is the t imelag 
between the occurrence of a claim and its se t t lement .  

During this timelag, which m a y  ex tend  to ten years or even 
longer, the size of a claim will usually increase considerably. This is 
due to such factors as inflat ion and more vict im oriented legal 
procedures.  

As a result of this phenomenon,  a claim, initially not involving the 
reinsurer, ma y  collfront him many  years  later, when its size over- 
takes the excess point. Hence,  each risk year  produces a generat ion 
of claims s t re tching far into the future.  

The problem facing the reinsurer t ry ing  to compute  premiums is 
tha t  he must  look, say ten years  into the future,  on the basis of 
incomplete  data.  

The table below is a schematic  presenta t ion  of the t ime h is tory  of 
a contrac t  tha t  s tar ted  k years ago. 

The experience is assumed to be expressed in numbers  of claims 
exceeding a constant  excess point.  

Successive rows show the generat ions of excess claims down to 
the last completed risk year  k. 

In  the pages tha t  follow we will a t t e m p t  to project  expected  
numbers  of excess claims into the future,  using informat ion as 
schematized in this table. 
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Table I 

y e a r  
o c c u r r e d  

I 2 

l l l l  1112 

n2l 1122 

/ 

n~.t 7) 

?, 'ear r e p o r t e d  

k - - x  k 

~ll .  ~-- 1 l l t k  

n2, & - i 0 

0 0 

We will restr ict  our  analysis to expected numbers  and ignore the 
size aspect. If this succeeds, the step from expected numbers  to 
expected claims cost does not  present  substant ial  difficulties. 

The  mean amounts  of excess claims for fixed excess points  
empirically show a ra ther  stable pat tern ,  which is s t r ict ly t rue in the 
Pare to  case. 

Hence,  to find est imates of the net claims cost we can mult iply 
projec ted  numbers  by  conservat ive est imates of mean excess claims. 

General oulline and assmnptions used 

In  this section we shall s ta te  all the assumptions which we are 
going to use. These assumptions permi t  us to formula te  a multipli- 
cat ive table of parameters  corresponding to the realisations shown 
in table I. Certain relations are then seen to exist between the 
parameters .  

We shall make  use of these relations to fit the entire collection of 
realisations in table I to the elements of the table of parameters .  
We shall do this by  employing the Maximum likelihood principle, 
thus  finding a number  of equat ions solvable by  a recursive proce- 
dure. 

The solution takes the form of two different sets of paramete rs  

which are the basis for our projection.  

We now list our assumptions:  
I. The  claim count ing variable in the basic risk business is a 

Poisson distribution. There  m a y  be reasons to prefer  a variable 
having a f luctuat ing basic probabi l i ty  s tructure.  We have  
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abstained from such model in view of the generally small num- 
bers of observations available for analysis. 

2. Claim events that  take place in a certain risk year have a 
probability r, of being reported in the same year, a probability re 
of being reported one year later and so on. All claims occurring 
in a risk year will be assumed to have been reported at the end of 
the k-th year. Hence the successive probabilities add up to unity 
if summed over the k years. 

3. To each of the k years covering out claims history we shall assign 
a conditional claim size distribution function. This distribution 
generates the size of any claim reported in that particular year 
regardless of the risk 3,ear in which the generation started. 
Hence, no size is at tached to the claim event before it is reported. 
We shall denote the sequence of distributions by Fro(x) where the 
index m runs from I, the oldest year, to k, the year preceding the 
present. 
The analytical structure of these distributions will not be 
specified. 
No explicit assumption is needed in the context in which they are 
used. 

4. We shall suppose that the respective generations of claim 
realisations have been suitably pre-manipulated so as to permit 
them to be treated as coming from identical basic business. 
Accordingly we assume that the k generations have been pro- 
duced by Poisson variables all having the same parameter  0~. 

5- No correlation betweell the r's and the claim size variables will be 
assumed. 

Multiplicative model of paramelers 

The assumed Poisson distribution for the number of claim events 
in the basic risks implies that all individual elements in the triangular 
table I are also realisations of Poisson variables. 

This follows from the fact that the counting variable of all indi- 
vidual element can be obtained by compounding the basic Poisson 
variable twice in succession with a binomial distribution. Com- 
pounding Poisson variables with binomial distributions any number 
of times will reproduce Poisson variables with a change in the 
parameter. 



198  LIABILITY EXCESS OF LOSS REINSURANCE 

Let  us now find the parameters  of tile entire collection of Poisson 
variables corresponding to the elements in table I. 

The following relation exists between the pa ramete r  ~ in the basic 
business and tha t  of the variable count ing the claims exceeding the 
excess point  Xo 

This refers to the oldest risk year.  A claim has a probabi l i ty  r~ 
of being repor ted  in its year  of occurrence. Hence the Poisson para- 
meter  corresponding to the e lement  n n  in table I, is rtX~. 

The  excess claims in the second risk year  have the pa ramete r  

= - -  F..(xo)]. 

Hence  the paramete r  rxM corresponds to the element  no.t. 
In view of assumption 3 in the previous section, the claim size 

variables in the second year  of the first generation and the first year  
of the second generat ion are identical. 

I t  follows tha t  nt~ has the pa ramete r  r2M. 
Repeat ing this a rgumenta t ion  k times we can write down the 

entire table of paralneters  corresponding to the realisations in 
table I : 

Table I [  

o c c u r r e d  

k m I  

k 

I L2 

rl) ,L r 2},,~ 

r~X~ r=ka  

rD,~- ~ r~kk. ~ 

rlk~ O 

year reported 

k - - !  k 

r k  - 1)4. - ! rk),& 

r~-iX~ 0 

o o 

o o o 

o o o 

We should note  tha t  in successive columns the r 's  carry  the same 
index number,  while in successive diagonals the lambdas  have the 
same index. 
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Estimation of the parameters 

I n  t h i s  s ec t ion  we  sha l l  o b t a i n  a r e c u r s i v e  c o m p u t a t i o n a l  p roce -  

d u r e  for  f i n d i n g  M L  e s t i m a t e s  of t h e  two  s e q u e n c e s  rm a n d  kin. 

W e  de f ine :  

P [ n ~  . .  n~k, . . ,  nk~ [ r~ . . r k ,  ?,~ ..?,k] = 
/c k - - ¢ + l  

= Ill l-I (rjk,+j-~)n~exp--rjZi+j-~ I n q l  
f = l  J , , l  

W e  f u r t h e r  def ine  t h e  l o g l i k e l i h o o d  f u n c t i o n  

L = In P [ n u . .  nlk,  • • n~t I r l . .  r~, X~. . ;~]  

Hence 
k k - f + l  k k ' f f + l  

L = - -  E E r) ,~+t_~ + E E n~lnrlX~+l_~ - -  

l l J ' ' l  f ~ ' l  J - - I  

/~ k - f + ]  

- -  E X In nO! 
l " l  t - - t  

S e t t i n g  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  to  t h e  k l a m b d a s  a n d  k r ' s  

to  zero  a n d  e n s u r i n g  t h e  l a t t e r  to s u m  to u n i t y  b y  i n t r o d u c i n g  t h e  

m u l t i p l i e r  s, we f i n d  t h e s e  2 k e q u a t i o n s "  

5L n u  n2t 
-- Zt - -  M - -  ... - -  Ze + - - + - -  + 

~L 
X2 

3 r2  

~L 

3rk 

+ . . . + - - + - - + s = o  
r l  r l  

n12 $~22 SZk - 1.2 
~ k + - -  + - - + . . . + - -  + s = o  

$$1k 
- - ) , ~ +  - - + s = o  

rk 

~L 

~L 

5~2 
$Z21 

- - r 2 - - r l  + ?--~ 
n12 

+ X2 o 

~L 

~kk 
r~ - -  ... - -  r2 - -  r l  + ~)-- + 

$~k - 1.2 

) ,k 

~ l k  

- -  + ' " +  Xk o 
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Mult iplying the above  equat ions  respect ively  by  rl, r2 . . .  r~. 
X~, M . . .  Xe and  adding up the resul t ing set of equations,  we find 
t h a t  the mul t ip l ier  s equals zero. 

We now int roduce the nota t ion :  

k + l - J  

J 

dj = ~ hi.J-t+1 

denot ing  respec t ive ly  the stuns of successive columns and diagonals 
of the  observed claims in table  I. 

Af ter  some man ipu la t ion  and reordering we can write the equa-  
t ions as follows: 

x~ = & (~) 

rk?,k = vk (2) 

kk-t  - -  r~),k-1 = d~.-~ (3) 
rlc-lXk-1 + r~_lX~ = Vk--L (4) 

X~ - -  Xr2 - -  . . .  rk-lXl - -  rkXl = di (2k-i) 
ram + r im + . . .  r~Xk-1 + rlXk = vt (21c) 

This  w a y  of wri t ing immed ia t e ly  suggests a s imple recursive 
procedure  for ob ta in ing  its solution. As d and v on the r ight  hand  side 
are known quanti t ies ,  we note  t ha t  ),~ is a l ready solved and  equals 
de as equa t ion  I states.  

Proceeding in this manne r  we find numer ia l  values  for the two 
sequences rm and ),m m, assuming the integers I through k. 

Project ion o f  expected numbers  of  claims 

The two sequences ex t r ac t ed  f rom the da ta  in table  I by  means  of 

the procedure  der ived in the previous  section are the basic ingre- 
dients for this  projection.  

For  this purpose  we use the sequence of the r 's  in una l te red  form. 
As regards  the l a m b d a  sequence we observe tha t  it will reflect the 

claims inf la t ion process act ing on the claim size var iable  in the k 
pr ior  years.  

Hence  their  values general ly show a s teeply  increasing t rend and  
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for projection purposes we shall need k new values obtained by 
extrapolating k yearly periods into the future. 

Empirical data suggest that  extrapolation by means of exponen- 
tial curves may be realistic. 

We shall not discuss this aspect, but just assume that we have 
accomplished finding k further lambdas. 

We are then in a position to extend table II as foUows: 

Table I I I  

y e a r  
o c c u r r e d  I 2 

I r l k t  r ~ =  

2 r~k~ r~Xa 

3 r~Xa r=X4 

k rtXi (rO, k÷ 1) 

k + i  (r.>,~+ ~) (r=M-+ =) 

y e a r  r e p o r t e d  

k - - 2  

r,~ - 2),/~ - 2 

r~  - -~),k - t 

k - - i  

r k  - xkt. - 1 rk),~ 

(rkX~+ x) 

r ~ -  ~),k ( rk  - lX~ + ,) (r~.Xx + =) 

( r x -  =),o.k- a) ( r ~ -  ,X=k- =) ( r k ) , = , -  a) 

( r ~ -  O,=k-  =) ( rx  - O , ~ : -  1) (r~x=k) 

The extrapolated parameters, referring to future years, are the 
ones shown between brackets. 

Thus we have extrapolated the successive generations of expected 
claims and also projected the expected claims for the next risk year, 
as shown in the bottom row of this table. By adding the elements of 
this row we find the expected number of claims generated by the 
next risk year k + I. 

Expected "run-off" on prior risk years is obtained by summing 
the bracketed elements in the higher rows. 

Conclusion 

The approach outlined ill the preceding pages hinges on the 
extrapolation of a time series k years into the future, where k might 
be a number in the order of Io. 

14 
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Without wishing to minimise the pretentiousness of such an aim, 
we would like to stress that it is inherent in any rating approach to 
the type of business we have discussed, although it may not always 
show up explicitly. 

In our view, a method such as presented here has the advantage of 
making explicit the quantities that have to be used for extrapolation. 


