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I. At an earlier A S T I N  Colloquium par t ic ipan ts  were iav i ted  
to present  11otes on problems which they  considered as i m p o r t a n t  
but  unsolved. There  was little response to this i11vitation, 1)resn- 
mab ly  because a problem,  oace it is well formula ted ,  is a lmost  
solved. 

I a  this Note  I do not present  arty new prol)lems. [rt s tead I t r y  to 
outlirte a f r amework  which m a y  be useful for analys ing different  
risk i)roblems and seeing them irt their proper  perspect ive,  h i  my  
view, a f r amework  of this kind is urgent ly  needed to place t o d a y ' s  
actuar ia l  work on a sound foundation.  

2 h i  gmleral an insurance cont rac t  will defi~le two s tochast ic  
processes. \¥e  lose little by  assuming tha t  the processes are discrete, 
alld describing them in the following maaner"  
(i) The paymel#  process: Xo, x~ . . . . v t  . . . .  where xt is the a m o u n t  
which the coml)any pays  to settle claims in period 1, or at t ime t. 
(ii) The premium process: po, pl . . .  p~ . . . .  where Pt is the p r e m i u m  

which the c o m p a n y  receives in 1)eriod/,, or at t ime t. 
If the cont rac t  is concluded at t ime I --o, the Pri~zeiple of 

Equivalence requires tha t  

E { "2 v~(p,  - -  xt)', = o (I)  
I o 

For  the typical  shor t - te rm coa t r ac t  with p r e m i u m  payab le  in 

advance  (1.) will reduce to 

po :~ E,x,. 
3 l:or a long- term insura~ce cont rac t  one usually requires tha t  

the inequal i ty  
-¢ 

F~ f £ v t ( p , - -  xl)l > o 
¢ o 

shall hold for all -r. This means  tha t  the c o m p a n y  mus t  never  be a 
net credi tor  of its customer.  
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From this requi rement  it follows that  

E [ X v t (p t - -  xt)} < O. 
t Z + l  

If the inequal i ty  is strict, the company  must  have addit ional  
income if it shall be able to meet its expected commitments .  I t  is 
natural  to formalize this I)), in t roducing '  
(iii) T h e  i n v e s t m e n l  i n c o m e  p r o c e s s :  Co, c t  . . .  c t . . . .  where ct is the 
company ' s  receipts from investments  in period t. 

This leads to a modified Principle of Equivalence:  

E l X v t (p t  + c t - -  xt)} = o 
t T 

OF 

E ~ "2 ~tc,} = E { X v ' ( x , - - p , ) l  (2) 
t T t T 

4. At this point  it is convenient  to switch from the " indiv idual"  
to the "collect ive" point  of view. Ill stead of considering the three 
processes as defined by a single insurance contract ,  we can take 
thmn as determined by the company ' s  portfolio of investments  and 
insurance contracts.  

With this in te rpre ta t ion  

v_ = ~ { ~: ~'-" (x t - - p , ) }  
t -: 

will be the familiar "p remimn reserve",  i.e. the liability side of the 
company ' s  balance sheet at t ime -r. 

Simnilarly 

t r 

will represent  the asset side of the balance sheet. 
The analogy is, however, not complete. U is as a rule not computed  

by  the actuary,  but  by the market ,  which presumably  evaluates an 
inves tment  by calculating something similar to the expected  
discounted sum of future returns.  There is no par t icular  reason to 
expect  the market  to do a be t te r  job than  the actuary,  bu t  if the 
company  should be forced to liquidate, assets will have to be sold at 
the evaluat ion of the market ,  no ma t t e r  what  their  "real  wor th"  is 
in the opinion of the actuary.  
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5. The mailagement of an insurance compa~ly call usually ilfflu- 
ence the development of the three stochastic processes which we 
have introduced. This is most obvious for the c-process. The invest- 
ment  manager call, if he wants  to, reduce this to a vir tually deter- 
millistic process, by placing the funds in governme~lt bonds of 
different maturities. The most obvious way of changing the .v- artcl 
p-processes is rei~surance. For  i~stance, a quota rei~surance on 
original origillal terms will reduce both xt and pt i~l the same 
proportion. I t  is, however, clear that  any  decision by marlagement 
with regard to the compally 's  operatiolls, will have some effect olt 
the two processes. The practical problem is usually to ascertain just 
what  these effects are. 

The practical 17roblem is both inti'igui~g and important .  I t  seelns 
obvious that  one must krtow the consequences of al ternative 
decisions in order to rm~ an insuraz~ce company in a rational man- 
ner. The basic problem is, however, to decide how one waists the 
stochastic processes to develop, i.e. how the objectives of the 
compa~ly should be formulated operatiolmlly. This prol)lem has I)eel~ 
taken up by de Finet t i  [3], and I have discussed it in a mmlber of 
papers, i.a. [z] and [2]. 

6. Before we s tudy  this problem, it may be useful to discuss the 
restrictions which government  regulatio~ls impose orl the company 's  
operations. The puqTose of these regulations is to protect the public, 
mainly 173, making reasoilably certain that  the company is solve,at, 
i.e. able to meet its commitments.  

In the accounting sense the company is solvent at time v if 

U : - -  l / :  ~ 0 .  

The solvency requireme~lt is, with few exceptions, absolute. If the 
inequali ty is not satisfied, the compa~ly will have to go into liquida- 
tion, even if there is a good chance that  it may regain solvermy later. 
This means that  one will want  the inequali ty to hold with a good 
margin, for instance 1737 requiring tha t  

U~ >_ (~ + X) V_ (3) 

where 2, > o. The purpose of maintainil~g a safety margin of this 
kind is obviously to avoid, or reduce the probabili ty of illsolvmlcy 
in the future. This objective may  be s tated directly by requiring 
that  
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Pr  {min (U,~, - -  V,+,) > o] > %  (4) 
r o t  

Here the set 7" may  consist of the non-negative part  of the real 
line, the positive integers, or some other suitable set. eT is the 
probabil i ty tha t  the company shall be solvent for all t in T, and 
should presumably be faMy close to unity.  

7. In principle the government  could specify a set 7" and a cor- 
responding probabili ty ~ , ,  and leave the company to find its own 
way to satisfy the condition (4)- This is not done in practice, 
presumably because the government  does not know how high safety 
requirements can or should be set. In stead of one geueral regulation, 
governments usually have issued a series of detailed regulations, 
about investment,  evaluation methods, premium rates, etc.. Some 
of these regulations may  have a poor theoretical foundation, but 
their intended effect is clearly to increase ~.T, at least for some 
sets .7". 

One can reasonably ask if such government regulations really are 
necessary, since most insurance companies will argue that  they 
maintail l  a higher safety s tandard than  the minimum required 1)3; 
the government.  This brings us right back to the question as to 
what  ohjectives an insurance company pursues. 

8. De Finett i  suggested tha t  the objective of an insurance 
company may  be to maximize the expected discounted sum of the 
dividends it will pay during its lifetime. This sounds quite accep- 
table, alld the suggestion is in good accordance with modern 
economic theory. The suggestion has the additiortal merit that  it 
leads to very interesting mathematical  problems. The snag is that  
with this objective, the company will never reinsure any part  of its 
portfolio, except on a reciprocal basis. Since we observe the corn- 
panics indeed reinsure, they  must pursue objectives, different from 
tha t  suggested by de Finetti .  
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