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I n  m a n y  risk theoretical questions a central problem is the 
numerical evaluation of a convolution integral and much effort has 
heen devoted over the years to mathematical and computational 
aspects. The paper presented to this colloquium 1)37 O. Thorin shows 
the subject to be topical but the present note stems from a recent 
paper by H. L. Seal, "Simulatio~ of the ruin potential of non-life 
insurance companies", t)ublished in the Transactions of the Society 
of Actuaries, Volume XXI page 563. 

In this paper, amongst other topics, Seal has presented some 
simulations of ruin probabilities over a finite time interval. Some 
years ago (Journal Institute of Actuaries Students'  Society, 
Volume z 5, 1959). 1 pointed out that the form of ruin probability 
could be expressed as a successive l)roduct of values of a distribution 
function. To my knowledge no one has a t tempted to see if this 
product form was capable of development and the numerical values 
in Seal's pat)er prompted me to spend a little time on the l)roblem. 
In the time I had available it has not 1)een possible to do more than 
experiment, but the conclusions reached may be of interest to 
other workers in this field They showed that calculation is feasible 
but laborious. However, tile knowledge that it can be done may 
suggest methods of improving the techniques. 

Seal's first simulation example is the calculation of ruin probabili- 
ties when the distribution of the interval of time between the claims 
is negative exponential and the individual claim distribution is also 
negative exponential. Instead of following Seal's method we can 
determine the "gain per interval" and find that if X is the security 
loading the frequency function for the gain z is 

e z 
f ( z )  dz  - -  d z  - - c o o  < z < o 

2 + X  
e-zl (l+x) 

= d z  o < z < o o  
2 + ~  

i.e. a Laplace distribution. 
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The cusp at  z = o and  the exponent ia l  tails show immedia te ly  
tha t  numerical  work with this funct ion will be t roublesome and 
provide  a severe test  of any  app r ox ima t ion  techniques.  The fob 
lowing notes are concerned solely with a model of this form. 

Some pre l iminary  exper iments  led to the suggestion tha t  the 
"non - ru in"  l )robabil i ty at the end of operat ional  t ime I when .u = o 
could be expressed a~ 

( )( i i )  pX l -X 
t r= I---- I-- 
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and  direct  compar i son  with Seal 's  values conf i rmed the suggestion. 
For  u 4= o no simple p roduc t  form was at)parent.  

The probabi l i ty  of "non - ru in"  is, of course, the t runca ted  con- 
volution integral  

" P ,  - -  f f(z,) j: f(z.) . . .  i f(h) dz~ . . .  d z ,  (~) 
- -  u N z I u z I . . ,  '~L 

t 

which can be evah la ted  in the l .aplace case. The values for t --- z, 2 
being: 

u ), g - B 14 
PL ~ "P[  I e " [5 + 5), + X ~ 

2 + x t (2 + x) ~ (2 + x)~t 

For  X : -  o the exprensions are simpler,  i.e. 
e-U 

" P ~  = z -  , 2 
C zl 

'*P~ - I - -  - - ( u  ~ + 6 u + n ) ,  
i 6  

"P~ = i - -  y (2,,~ + 5) 

u ] ) ~  = I - - -  
3 S i t  

(4 ua -F 42u~ -Jr ]74 u -t- 279) 

The recurrence formula  between P7 and PT~ ~ has uot been in- 
\ 'es t igated to see if the polynomials  in u could be a p p r o x i m a t e d  in 
anv ~r &~ i 
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These early values were required for tests of subsequent  experi-  
ments.  

F rom the expression (~) for "Pl  we can wri te  

"Pt = i f(zt)" +z,p,_t dzt (}) 
- u 

and [rom tile integral mean value theorem 

tr io  t = l* , z l J  t UlJ l i • - - ' H  < z r < c o  

---- ' * + ~ ; P *  • * ~ + ~ P ° .  • • • U l J t  

• ks has been poin ted  out  (Ref. i page I33 ) fo rmula  (}) provides a 
recurrence formula  but  the quadra tu res  soon become unreasonable  
by normal  methods.  

Consider now 

\¥e know tha t  

"1', = f f(z,) f f (z2) dzldZ~ 
t~ u - z  l 

= f f ( z , )  " +:'P, d z ,  = " +71),  . u P  l 
- u  

f i t  f t # t  

- f , - 4 - . . .  2 6 

where,m, g~ are tlle successive momen t s  of f(z) between a and  coo 
and  t h e f t s  are successive differential  coefficients of f (z)  when z - -  m,. 
Since the m o m e n t s  of f(z) are common to each of the values of Pt  
a t t e m p t s  were made  to see if it was possible to calculate  the suc- 
cessive values of z, wi thout ,  however,  leading to any  appa ren t  
progress. 

Quadra tu re  formula  based on selected intervals  in the range-u, 
to m soon become t roublesome because of the increase in range at  
each stage. 

Accordingly invest igat ions  were made into the use of some form 
of weighted Gauss ian  type  formula.  These were inves t iga ted  by  me 
in some detail  in 1947 (see J . I .A.  Volume 73, page 356) in the form 

f(x) ¢(x) dx-= E arf(Xr) I ¢(x) dx + R,, f ¢(x) dx 
a r I a n 

where the ar and Xr are de te rmined  as functions of the successive 
momen t s  of ~(x). 
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This formula,  apa r t  f rom the remainder  term, avoids the dif- 
ferentials of f ( x )  and is in a sui table form for the present  p rob lem 
since the ar and Xr, can be de te rmined  once and used in each suc- 
cessive integrat ion.  The  technique also has the a d v a n t a g e  t ha t  the 
order of app rox ima t ion  can be control led by  using var ious  values of 
n to test  the convergence of the approx imat ions ,  coupled with 

knowledge of the numerical  coefficients in the remainder  terms. 

The compu ta t i on  rout ine would thus be 

(a) H a v i n g  regard to the known shape  off(z), auld the inferred shape 
of Pt  decide on the type  of fo rmula  and the value of n 

(b) For  a range of values of u, de te rmine  the a r and x r 
(c) Calculate values of ups  f rom u p ,  for the selected values of u 
(d) Repea t  (c) by  interpolat ion on '*P, etc. 

The interpolat ion in s tage (d) could he t roublesome if the mesh of 
u-values  is coarse but  var ious  options are available.  One is to express 
uP  t as zP 1, and  in terpola te  on the values of z. Another  is to express 
u P  t as a p roduc t  of P1 values and  interpolate  on z f rom uP  t = 
~- zPl • Pt-  ~" 

I t  will be noted, of course, tha t  the technique provides an ap- 
lwoximat ion  to the d is t r ibut ion of u P  s for a range of values of u. 

Turning  now to the calculations, the following are l imited to the 
case 7,-~ o. \Ve know tha t  f ( z )  is of Laplace  form so tha t  it is 
a lmost  essential to split the range of in tegra t ion at  z = o and  

o 

eva lua te  u P  t ill the form u P  t = S f (z t )  u +z,pt dz, 't- ~f(z l )  u , z , p t  dzi. 
- u  o 

For  the L.H. integral  a finite range  formula  is needed whilst an 
infinite range is needed for the R.H.  integral.  For  low values of t 
it was evident  tha t  a 3 te rm in tegra t ion  formula  was required on 

each par t ,  hecause of the exponent ia l  tail. Moments  of J" f ( z t )  dzt 

and f(z~) dz~ were calculated for values of u = 2(2) Io,  00. 
o 

For  example  

i ~ u o f (z)  P(z) dz = Z a r P(zr) f f ( z )  dz + R 3 f f (z)  dz 
u 1 - u  - u  
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2 1 . 1  f ( " ) ( ~ )  
R~  = - 6~. - - a <  z < o  

where for u = Io 

Y (I  r ZI 

1 69536 4009 
2 . 2 0 1 1 1  2 2 0 1 5  

3 °1353 5 9o27 

Values of up~ and uP  a calculated by this technique,  together  with 
their  t rue  values are as follows: 

u CalcMated "P. Trne 

I6 990,999 
14 999,997 
l 2 999,978 
I o .999,873 .999,858 
8 999,159 999oi I q 
6 .994,792 .994,733 
4 .970,267 .970,237 
2 .847,837 .847,748 
o 375,ooo 

Calculated u l),  True  

• 999,562 .999,5 J 9 
097,470 .(}97,42 
.987,2 z6 .987, ~4 l 
• 941,823 . 9 4 t , 6 f 9  
• 772.089 .77 t ,62'2 

Some diff iculty was experienced for u = 2 in i a te rpo la t ing  on 
z from uP  2 = z P t .  I t  will be noted tha t  the errors are all of the 
same sign, the calculated values being in excess of the t rue  values. 

I t  would be possible to improve  the app rox ima t ions  by  calculat ing 
values from I, 2 and 3 t e rm formula  and  use of the remainder  term, 
and  by using more  s igmficant  figures in certain stagea of the cal- 
culatiorls. 

I t  will be apprec ia ted  tha t  the a m o u n t  of a r i thmet ic  required is 
considerable but  not unexpec ted  in an exper imenta l  inves t iga t ion  of 

this type.  In  principle much of the calculat ion could be p rogram-  
reed for a compu te r  and, of course, higher order formulae and a 
closer mesh used for the u p  values. 
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