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[. COMPOUN1) POISSON VARIAI~LES AND \¥EIGIITED COMPOUND 

POISSON VARIABLES 

We are  us ing the  fol lowing t e r m i n o l o g y - - e s s e n t i a l l y  fo l lowing 
Feller" 

a) Compoumt  Poissol~ Variable 
N 

This  is a r a n d o m  va r i ab l e  Y = X Xj  
J o 

where  X~, X a . . . . .  ¥,~ . . . .  i n d e p e n d e n t ,  iden t ica l ly  d i s t r i b u t e d  
(X.  := o) and  N a Poisaon c o u n t i n g  va r i ab l e  

hence  

G(x) = P ( Y =  x) = e-z lei F * k ( X )  where  F s t a n d s  for  the  
t u 

( common)  d i s t r i bu t ion  func t ion  of the  X :  with  ] ~ o  or in the  

l anguage  of cha rac t e r i s t i c  func t ions  

+(,u) = f c iuz dG(x) = a z[z0')-'l wi th  Z(U) : :  f d u* dF(x)  

b) Weighted Compoemd l)oissopt Variable 

This  is a r a n d o m  va r i ab le  Z o b t a i n e d  f rom a class of C o m p o u n d  
Poisson  Var iab les  I)3: we igh t ing  ove r  h wi th  a weigh t  func t ion  S(~.) 

3 

Z -- .\ ': where  I ' ( N  ~- k) -= a >' )J" 
/ u 

hence  

H(x) = P ( Z  = x) = Pk F *e(x) 
k o 

d:,(x)-~ p~. 
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or in the language of character is t ic  functions 

~(u) = f eZ"ZdIq(x)= f e >'t'<u)-'] dS(>0 = E pk[Z(U)] k 

2. I )ESCRI PTI O N  OF THE TIIANSIZORMATION 

Let [Z(I) ; l ~ o] be a homogeneous \¥eighted Compound Poisson 
Process. The character is t ic  function at the t ime epoch l reads then 

q0/ . )  = J" e m~( ' ' ) - l j  dS(x) 

I t  is most remarkable  that  in many  instances qot(',) can be 
rel)resented as a (non weighted) Compouncl Poisson Variable. Our 
main result is given as a theorem. 

Theorem: The t ransformat ion 

]" e xttz(u)-U dS(Z) = #(t) t~,(u)-q for  a l l  I >/ o 

with l*(/') ~ o 
Zt('/t) some character is t ic  

function 

is possible if and only if the weight function S(),) is infinitely 
divisible. 

The st imulus to the discovery of this t h e o r e m - - o f  impor tance  in 
the collective risk t h e o r y - - w a s  provided by the Filip Lundberg  
Colloquium z968 in Stockhohn.  In par t icular  we refer to the paper  
of Thyrion.  The special case where S(X) is the l~-distribution was 
already obta ined by Ammeter .  

May we state  tha t  we can prove the necessity of the above con- 
dition only under  the addit ional  assumption tha t  tile mean .f xdF(x) 
is finite, but  we believe that  the result even holds wi thout  this 
condition. 

3. T~I/,xliNOLOGV AND Tool.s  

a) l.nfi~dldy Divisible Distribztliol~s 
G(x) with character is t ic  function ,~(zt)= J" duzdG(x) is called 

i , f imtdy  divisible if any root +*/" (u) also represents  a character is t ic  
function. This means that  the random variable belonging to G(x) 
can be represented as tile suln of any finite number  of identically 
d is t r ibuted independent  summands.  
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b) Theorem of Feller (page 27z ) 

Let  G(x) be infinitely divisible and concent ra ted  on the non 
negat ive integers 

Then G(x) is necessarily Compound Poisson ; i.e. 

+(u) = J" d~*XdG(x) -- :[~o*)-q with p > / o  
¥( , )  some character is t ic  

function 

4. PROOF THAT THE CONDITION IS NECESSARY 

\,Ve assume tha t  J" xdF(x) finite 

Lamina: Let  Z ( u ) =  f du~dF(x) and .J" xdF(x) = ~ finite then 
lim n[Z(U/¢, ) - -  I ]  = [110~ 

Proof: lim [Z(.u/n)]~' = e i~'~ by the law of large numbers,  hence 

lira n log Z(u/~a) = iu= 

Observe that  

,,. l o g  z ( " /~ ' )  - -  < z ( " / " )  - -  I + o ( z ( u N )  - -  I)J 

I z (.:% - -  i I ~ c . ll/tl~ C = J" I x  I dS:(x) 
from which we conclude the lemma. 

Theorem: Let  9t(u) = .f d "tt×(u) qdS(X) --- c '*(t)G('0-q for all 
t > /o .  Then S(X) must  be infinitely divisible. 

Proof: qot(u) (as Compound Poisson character is t ic  function) is 
infinitely divisible and so 

~ , , ( " / ' 0  - -  J" d ' " t ~ < " / ' ° - U d S ( z )  

lira qp,,(ul~) -~ S ez"~°' dS()<) 1)y the lemma (dominated convergence) 

hence 

g(u) = J" d'°'dS(X) is an infinitely divisible character is t ic  function 
as limit of infinitely divisible character is t ic  functions. 
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5' ])ROOF THAT THE CONDITION iS SUFFICIENT 

Theorem" Let S(?,) be infinitely di~dsil)le 

Then opt(u) = f e xtf×(u)-H dS(X) = e tL(t)[~.'(u)-H 

f 
Proof: \Ve write pa.(l) for J 

Let  or(u,) = f d '°" dS(Z) 

~ , ( ~ , )  = 

for allt, ~ o  
with p.(t) >~ o 
Zt(u,) characterist ic function 

e_zt (?d) ~" k~ d.s(x) 
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Z( ' )] g gu - -  I 
hence ~t('u) = a 

1 

From ~(,u) infinitely divisible follows with a suitable distr ibution 
function S~JX) 
~lln(u) = f d ux dSn(?, ) for arbi t rary  (even complex) u whenever  
the integral exists 

= = f C xt(e'"-l) d,~q~(k) 

which again is a characterist ic funct ion;  hence St(u) infinitely 
divisible. 

It  follows from the above mentioned theorem of Feller that  

~t(,u) = e °(t)f~'Oo -q with yt(u) = E e i~'~" gA.(l) 

We obtain finally 

qot(u) = 2 pz.(t) [7.(u)]r = ~t, ( ln Z 

2 ( h l z ( u ) )  is a characterist ic 
R 0 

function this concludes the proof. 

k~ 
& o l o 

I eXt(e'-l) d S ( ) , )  
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