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Amsterd~tm 

It  is rather a pity that we received only three papers especially 
devoted to subject 2, "applications of methods of operations research 
and modern economic theory".  Maybe the time for real applications 

of operations research techniques in the insurance field has still 
to come. However, I am convinhed that sooner or later such tech- 
n i q u e s - i n  connection with the use of the computor--wil l  play a 
more or less important part in the management of insurance 
business. An impulse to this of course will be the appearance of 
- - le t  me say - - " t ex tbooks"  on this subject; such as the book 
written by Wolff, Methoden der Unternehmensforschung im 
Versicherungswesen, Sl)ringerverlag 1966, a copy of which I received 
a few days ago. 

Meanwhile, the fact that only a few papers have been sent in 
gives me the opportuni ty to report on them in some detail and to 
make a few side remarks. 

The studies presented are: 

Botch. Dynamic decision problems in an insurance company. 
de Leve and Weeda. Driving with Markov-programming. 
d' Hooge, Franckx and Gennart. Utilisation pratique de la 
m6thode de simulation dans l'assurance "non-life". 

Prof. Karl Borch. Dynamic decisioT~ problems in an insurance company 

The paper Prof. Borch submitted, deals essentially with some 
problems related with random walk theory. Part ly it can be 
considered to be the counterpart  of the classical discontinuous 
ruin theory as its subject is the expected duration of life of the 
company and maximisation of the discounted value of dividend 
payments. 



5 2 OPERATIONS RESEARCII AND MODERN ECONOMIC THEORY 

The question of calculat ing the expected  dura t ion  of life and 
more specially the means  the c o m p a n y  has to influence its fu ture  
l ifetime involves reinsurance and ut i l i ty theory  to which topic 
in recent years  Prof. Borch has devoted a number  of very  interest ing 

publications.  
Tile ra ther  a l te rna t ive  problem t rea ted  b y  Borch,  the de te tmina-  

tion of the op t imal  dividend policy, belongs typical ly  to the domain  
of "opera t ions  research".  

The contri l)ution of Botch to this ASTIN-co l loquium is in m y  
opinion a very  valuable  one. The problems dealt  with are interest ing 

and the m a t h e m a t i c a l  t r e a t m e n t  is lucid and  instruct ive.  I consider 
it a pleasure and an honour  to be in the o l )por tuni ty  to repor t  on 
this paper .  

Pe rmi t  me now to review the article in some detail. Botch s tar ts  
with a ra ther  s imple random walk model for the capi ta l  S of the 
c o m p a n y  at  the end of the subsequent  years.  The classical ruin 

theory  considered only the possibil i ty of S becoming zero or nega- 
t ive ;  this means  the in t roduct ion of an absorbing barr ier  S = o. 
This model implies tha t  the COlnpany never  will pay  any  dividends 
and is therefore not so realistic. As Borch remarks  this has been 
pointed out a h e a d y  by  de Finet t i  in i957. I t  is sensible to add to 
the model a reflecting barr ier  S == Z and to assume tha t  the excess 

st = ,St - -  Z in year  t is paid out  a t  once as dividend. Fu r the rmore  
the supposi t ion is made tha t  the profi ts  of subsequent  years  are 
indel)endently d is t r ibuted  with the same dis tr ibut ion function F(x). 

E@eclcd hfe of bhc compaH,y 
Let S denote  the initial capi ta l  of the company ,  Z the reflecting 

barr ier  and D(S, Z) the expec ted  n u m b e r  of years  before ruin 
occurs. For  o _< S %7 Z the function D(S, Z) must  sat isfy the 
integral  equa t ion  of F redhohn ' s  type :  

D(S,  Z) = ~ + {~ - -  ~:(Z - -  S) } D(Z,  Z) + J~ D(x,  Z) f ( x  - -  S)dx, 
o 

with f(x) the der iva t ive  of the profi t  d is t r ibut ion funct ion F(x). 
This integral  equat ion has a unique soh~tion given by the Liouville- 
N e u m a n n  expansion.  Hence  we m a y  assume tha t  for a given 
profi t  d is t r ibut ion F(x), the function D(S, Z) is known. Now 
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suppose tha t  the only aim tho company  strives for is to survive 
as long as possible. To this end the company  may accept and com- 
pare reinsurance contracts.  If the company  acccpts an amount  l ) 
for a reinsurance contrac t  with claim distr ibution G(y), this deal 
is a favourable one in the case" 

jr DtS+ S' - -y)  aC(y) > D(S, Z ) .  
0 

Moreover the company  will prefer contrac t  A to cont rac t  1_~ if: 

j2 D(S + I ' , , - - y )  dG..,(y) > y l)(S ÷ l 'n - -  y) dgR(y). 
. o 

By meanq of the function D(S, Z) we obtain a preference ordering 
for reinsurance contracts.  D(.5, Z) can be interpreted as a ut i l i ty 
:function, which, owing to the spccicil l)roblem dealt  w{th, has the 
feature  o[ being completely defined. We here have vir tual ly  an 
application of util i ty theory.  

Maximum o S the e.~flccled &sco.n.n.tcd wd.ne of divide~d-paymenls 

The second problem Borch considers is the de terminat ion  of the 
value of the reflecting barr ier  Z which makes the expected dis- 
counted value of dividends a maxilnum. This expected value is 
given b y  : 

m 

V(5, Z) -- E( £ stvt) 
i i 

The au thor  shows that  for o ~ S ~ Z we have again an integral 
equat ion of Fredholm,  namely:  

V(S, Z) -- v f V(x, Z).f(.~ -- S)d.~ + v [ (  V'(Z, Z) + .~--- Z)j(.~ - -  .S')rL~. 
0 Z 

A s75ecial case 

When we assurne as profit  dis t r ibut ion:  

t S(x) = I ~  ~* . ,  > o 

1 e . < l e < ~ ,  

ra ther  simple analyt ical  expressions for D(S, Z) and V(.q', Z) are 
obtained. Now the funct ion V(S, Z) can easily be different iated 
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with respect to Z and it appears tha t  there is a unique max imum 
which is independent  of the initial capital  S. The au thor  remarks,  
tha t  probably  this last result does not hold in general. 

Finally he gives in two tables numerical values as regards 
D(S, Z) and V(S, Z). 

I t  is evident  tha t  both  wishes with regard to D(S, Z) and V(S, Z) 
cannot  be fulfilled at the same t ime as they "coun te rac t  each 
o ther" .  However ,  the real problem consists of a sensible, balanced 
combinat ion of the demands.  Theoret ical ly  speaking, we have 
again the quest ion of defining a ut i l i ty  funct ion:  

g(s,  Z) = ~JD(S, Z) + gv(S, Z), 

and calculating, for a given initial capital  S, the value of Z for 
which U(S, Z) is a maximum.  

Remark :  Wolff t r ea t s - -wi th  slight modif ica t ions-- th is  problem 
in his new book, I ment ioned already (see: chapter  V, especially 
pp. 237-239). Instead of considering the uti l i ty of the expected life 
of the company,  he pays a t tent ion to the ut i l i ty  of the ruin of the 
company,  what  is almost the same as he uses implicit ly the discount  
function. Besides he considers the insurance process to be 
continuous.  

In practice it may  be be t te r  to look at such tables as Borch gives. 
If we have extensive tables, e.g. for several "acceptab le"  profit  
distr ibutions and reinsurance contracts ,  we may perhaps get a slight 
idea how things are. This alone is worthwhile, as it may  influence 
future  managements  in a right way. 

However  as the au thor  says, the main problem is to spell out  
what  the company  wants in an unambiguous way. "The  general 
manager  and his board must  solve this problem, without  much 
help from actuaries and other  experts  on ot)erations research".  

G. de Leve and P. .]. Weeda. Driving wzth Markov-programming 

This morning a lecture has been given to us by Mr. Weeda on 
"dr iving with Markov-programming" .  Therefore  it seems ra ther  
superfluous to r epo r t - - in  the strict  sense of the w o rd - -o n  the 
contr ibut ion of de Leve and Weeda. Nevertheless allow me to 
make some remarks in relation with another  s tudy,  made in the 
past  on bonus systems. 
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Several important papers on automol)ile b~surance have--in the 
course of the years--been published in ASTIN-bulletin. Especially 
the colloquium at la Baule in ~959 was devoted to the subject 
"No claim discount in insurance, with particular reference to motor 
business". And in AST1N-bulletin, April I96O, we find important 
publications on bonus systems and related subjects by Franckx, 
Martin, Philipson and Thyrion. 1 will draw your attention once 
more to a paper on bonus systems published in I957 by Ulf 
Grenander in the Scandinavian yournal, titled "Some remarks on 
Bonus systems in automobile insurance". Where it treats, in the 
third part, essentially the same problem as that of de Leve and 
Weeda, it is proper to compare both studies and point out the 
differences. 

In my opinion, the study of de I.eve and Weeda should in the 
first place be considered as an application in the insurance field of 
Markov-programming, with the accent strongly on Markov- 
programming. As important parts of the common actuarial theory, 
including life insurance theory, can be reframed in terms of Markov 
theory, it is clear that actuaries ought to be greatly interested in 
certabl aspects of Markov-progra,nming. Obviously Markov- 
programmi.ng, although a difficult subject, is a very natural way 
for attacking certain--frequently occuring--types of decision 
problems. Hence the study of tie Leve and Weeda is certainly a 
very valuable contribution to ASTIN. Besides the :formulation of 
the decision problem of the motorist in precise terms and the 
working out of the mathelnatics involved is impressive. But we 
actuaries and especially those who are engaged with motor-insurance 
should not be deceived as de l.eve and Weeda only give advice 
to the motorist and have no pity at all with the insurance companies. 
The following up of the advice of de Levc and Weeda by the 
public must necessarily result in a rather bad financial outcome 
for the insurer. At any rate the insurance company should be 
watchful as regards possible "strategies" of the public. It is not sure 
whether the total premium income based on the planned bonus 
system remains sufficient to cover the claim costs. In the termin- 
ology of Markov-programming, the bonus system may become 
distorted in a high degree as a consequence of replacing the "natural  
process" by the "decision process". 
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Grenander  pays  a t t en t ion  to this question too. He begins his pape r  
with remarks  oi1 se t t ing up 1)onus s\ ,stems wi thout  considering 
" g a m e  aspec ts"  on tile side of the motoris t .  Firs t  of all he considers 
tile equil ibrium conditions.  The mean p remium income should be 

no less than  the expected  claim costs. Also the var iance of the 
p remium income should be not too large. This again means  a 
restr ict ion for the bonus sys tems  which can be considered. Then he 
realises tha t  the motor is t  m a y  take  an operat ions  research exper t ' s  
advice,  to minimize his costs of p remiums  and damages ,  this is 
once more a restr ict ion for in t roducing adequa te  bonus systems.  

I will now remind you brief ly of how Grenandcr  tries to solve 
tile problerrl~,. 

We assunle tha t  if an accident  happens  in class Ci, a claim is 
made  only if the damage  exceed~ a value s~. In te rms  of "game  
t heo ry"  the function sl will lead to the opt imal  s t r a t egy  for the 
motor i s t  if the costs on the long run are minimized.  By costs on the 

long run we m a y  unders tand  tile expected costs of the random 
walk or the discounted expec ted  costs as Grenander  does. The 
original t ransi t ion probabil i t ies  r:l j are by  the s t r a t egy  t ransformed 
into the probal)ili t ies: 

~i  j(s) =: ~ j J r f (x)dx ,  i, j = ~ . . . . .  /~, 
s 1 

f(x) the dis tr ibut ion function of the damage.  The expected  discount-  
ed value of future  p remium and damage  costs for a policy in class C~ 
will be (accidents only occur at  the end of tile year) :  

k k k 

F~ - -  p~ + v Z rci ~(s)pj  + v °- X ~ ~ , ( s )  ~ j ( s ) p j  + . . . +  
J t J 1 i~ 1 

o J I o 

with /5~ i - :  I . . . . .  h ,  tile p r emium in class Ci and r¢ the accident  
p robab ih ty .  

If  we introduce the vectors:  

I:(s) = (F~(s) . . . . . .  Fk ( s )  ) 

p = (p~ . . . . . .  p~)  ,, 

X = (X~ . . . . . .  Xk) with Xi = J" xf(x)dx, 
o 



OPERATIONS RESEARCH AND MODERN ECONOMIC THEORY 57 

we have  the mat r ix- for lnula :  

F(s) = p + v rl(s)p + v= rl~(s) p 
=),(s) + w i1(s) x (s) + . . .  + 

As v < 1 this series converges  and we obta in :  

F(s) = ( s -  v n(s) ) - '  (p + ,~x(s) ). 

If  there is a min imum we find it 1) 3 , d i f ferent ia t ing F(s) to s. I t  
appears  tha t  we have  to solve the ma t r ix  equat ion:  

v i l. ( / - -  v l-l(s) ) -~  (~ + =Z(s) ) = s. 

In this fo rmula  the p remium vector  p is not a funct ion of the 
vector  s Suppose,  tha t  g is the opt imal  s t ra tegy.  For  the expec ted  
discounted premiunl  income and the expected  discounted claim 
costs of the insurance c o m p a n y  we obtain similar  ma t r ix  expressions.  

For  instance the p remium income is given by  the scalar 

S(s) = ,~p,  + v .X n.~ X =l s ( s ) P s  + . . . .  
I - I  I I J 1 

ni = the number of policies in class C~. 

Or in ma t r ix  no ta t ion :  

f ( s )  = ~zp + ~tv l l ( s )p  + . . . . .  

~tv2 r, (s )p  + . . . . . . .  n ( r  - -  v It ( s ) )  ~ p.  

For  every  bonus sys tem fl and corresponding opt imal  s t r a t egy  
we m a y  now compare  I(g) with u(g). We should I)e careful tha t  for 
a certain range of the risk p a r a m e t e r  (accident-frequency)  7:, 
the  inequal i ty  : 

l(g) > U(g) holds 

In fact  this is wha t  Grenander  does. 

R e m a r k :  Grenander  ac tual ly  considers financial  equi l ibr ium 
condit ions for the s t a t i ona ry  s i tuat ion and  does not  app ly  the 
equivalence principle for discounted values. This difference however  
does not  influence our considerat ions in an essential  way. 



5 8 OPERATIONS RESEARCH AND MODERN ECONOMIC THEORY 

Now we may  re turn to the s tudy  of de Leve and Weeda and may 
ask : 

i .  whether  the methods used by  them, disregarding the discount  
factor,  lead for given bonus systems approximate ly  to the 
same opt imal  s t ra tegy g, 

2. what  arc the values of / (s)--U(s)  for certain types of decision 
processes and especially for the optimal  s t ra tegy  g for some 
existing bonus systems and - - theo re t i ca l - - c l a im  distributions.  

By  answering these two questions I think interest ing information 
becomes available for the insurance companies. 

d'Hooge, Franckx and Gcnnart. Uti/isation pratique de la mdthodc de 
simulation darts l'assurance ".non-life" 

The s tudy  of d 'Hooge,  F ranckx  and Gennar t  is largely a technical 
report  with many  figures, tables and graphs on the outcome of a 
simulation technique for the distr ibution of claim costs. A main 
reason that  the authors  take resort to Monte Carlo methods is the 
wish to avoid the wellknown difficulties of comput ing convolutions.  

As there is at this t ime a great  need of practical  evaluat ion in the 
insurance field of operations research methods,  with among them 
Monte Carlo techniques, this repor t  is very  welcome. As for the 
probabi l i ty  model the authors  use a claim costs distr ibution already 
studied by  l )e lapor te  in relation with motor  insurance. This 
COUlpound distr ibution consists of an empirical distr ibution for the 
number  n of claims for one policy in a year,  and the distr ibution 
for the size m of the  individual claim, given by 

F(m) = P[lu < .~] = : - -  e- "~ 

The costs for the different contracts  are considered as identical,  
independent ly  distr ibuted,  random variables. The simulation has 
been performed for 36o.ooo pohcies, and the technical  aspects crf 
the technique are described in an ins t ruct ive  way. The simulation 
for one policy has been carried out  by first s imulating the number  
of claims in a year  and next,  in case this number  is n, by simulating 
n times the size m of the claim. Then  the sum 

S ~ ~ ~n i 
f ,1 
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is the simulated value of the total costs of the policy. The method 
for generating values of random variables is thereby the classical 
one based on the method of producing random numbers in the 
unit interval. 

The authors pay attention to the characteristic properties of the 
distribution of the total claim costs by calculating the lower 
moments, the skewness, kurtosis etc. They give extensive tables 
of them for increasing size N of the samples and the number of 
contracts k. Also they compare, by graphical means, (probability 
paper), the outcome of the simulation with the normal distribution 
and some other well-known empirical distributions for a fixed 
number of contracts (k = IOO). 

After these questions of, let us say, identifying tile simulated 
distribution, the authors turn to such important practical questions 
as calculating the probabilities of excess and premiums for "stop 
loss" reinsurance. It is not quite possible to give here full informa- 
tion as regards the rich contents of this paper. However, it is 
important to mention the conclusions to which the authors come, 
namely: 

a) Tile simulation technique is very lal)orious and expensive. If we 
only need information as regards the lower moments of the 
distribution and functions of them such as the coefficient of 
variation, direct calculations should be preferred. 

b) The method of simulation is very valuable in judging the 
accuracy of the approximation by the normal distribution. 

c) For rather small numbers of policies simulation still gives tlle 
possibility of prediction and interpolation. 

Final remarks 

The papers submitted clearly show that the operations research 
methods have only value if the ends of the company and the insured 
people can be defined in a realistic manner. Botch stresses especially 
this point and remarks that for the solution of the important 
general decision problems, not lying in the technical sphere, which 
the company faces, the operations research expert is perhaps of 
little help. Besides, although the mathematics involved with 
operations research is very interesting, it can also be rather mis- 
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leading. To this I would add that in particular mingling of orthodox 
actuarial concepts and techniques of operations research is dan- 
gerous, as it may obscure very important liquidity aspects. 

Actuaries brought up in the private life insurance business stick 
to the equivalence principle, i.e. comparing discounted values of 
premiums, costs and benefits. Introducing the discount factor 
into the calculations actually means--in the terminology of 
I~orch--the introduction of a special preference ordering for the 
payments of subsequent years. We may ask ourselves whether the 
"uti l i ty function" v t describes the different preferences in a right 
way. Merely stating that the flmction v t may be replaced by another 
function is of course not x~,holly satisfying. Moreover what is the 
influence of the value of the discount factor, on the outcome of the 
optimalisalion problem ? In addition there may be some liquidity 
demands. To turn back to the examples we dealt with; there may 
be problems of shortage of cash on the side of the motorist and of 
investments for the company. Although the techniques of operations 
research are promising, there remains the important question of 
evaluating them for the practical use in the insurance field. Before 
definitely using a certain technique and mathematical model, it 
seems wise to perform calculations for alternative, detailed, models 
and to compare the results. 

This last remark also applies to 3,lonte Carlo methods as shown in 
a realistic manner by the simulation technique for claim costs 
distributions reported on. We may conclude that we actuaries 
have come in the stage of experimenting with operations research 
techniques. 

Received a f lerwards  : 

Jail Ohlin, A generalization of a result by Borch and Kahn on 
the opthnal properties of stop loss reinsurance. 

The study of Ohlin implies all extension of the results of Botch 
and Kahn on the optimal property of stop loss reinsurance in that 
this reinsurance scheme minimizes the variance of the remaining 
insured amount. 
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Ohlin proves two things: 

a) The property o[ stop loss reinsurance of minimizing the variance 
holds true for a quite general class of measures of dispersion. 

b) With regard to this property, nothing is gained by allowing the 
reinsurance schelne to depend on the claims of the individual 
policies. 


