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The theory of extreme values is a special branch of mathematmal 
stahstms and was mainly treated by E J Gumbel [4] *) This 
theory has only been apphed m a few cases to problems m the 
Insurance business The first practmal apphcatlon to insurance 
known to the author of the present paper is due to A Th6paut who 
has Invented a new reinsurance system called ECOMOR [5] 
According to this system the reinsurer covers the excess ask for 
the m largest claims and the ceding company retains an amount 
equal to the (m + i) largest clam1 The credit for having pointed 
out the Importance of the theory of extreme values belongs to 
R E Beard [x] Recently E Franckx [3] has found a most remark- 
able result by disclosing the general form of the distnbutlon for the 
largest claim occurring In a certain accounting period 

The present paper starts from the consideration that not only is 
the distribution of major claims, which might be ehmmated by 
means of reinsurance, of interest to an insurer but also the distri- 
bution of the remaining total loss after excluding the largest 
clmms The nature of this distribution is important not only m 
connection with stability and security, but also for statistical 
mvestlgatlons of tile observed claim ratio The credibility of such 
an investigation might be greatly Improved if a suitable number of 
malor claims were excluded To mmphfy matters, the present paper 
considers the case where only the largest claim is excluded 

The numermal computahons for the dtstnbutton in question 
raise some diffmultms and wllI not be discussed at the moment 
The purpose of this paper is to fred expressions for the first 
moments of the distribution function which are susceptible to 

*) Numbers m [] refer to the hst of references 
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numerical computations All formulas are based on the Potsson 
risk process The more general compound Polsson processes should 
hardly give rise to additional difficulties 

Finally the results will be illustrated by means of the Pareto 
dmtrlbutlon which seems most appropriate to represent malor 
claims and whmh leads to some remarkable results 

I THE GENERAL FORM OF THE DISTRIBUTION OF THE TOTAL LOSS, 

WHEN I H E  LARGEST CLAIM IS EXCLUDED 

In his paper [3] mentioned above E Franckx has defined the 
distribution function • (m) of the largest claim m by the expression 

¢ (m) = Q [s  (~)] (~) 

In this formula 

0 (s)= z sr qr 
e - o  

is the generating function of the &strlbutmn of the number of 
claims r, i e qr Is the probablhty that  exactly r claims occur during 
the observed period Furthermore S (m) means the distribution 
function of the xndtwdual claim amounts If one starts from the 
Pomson formula the distribution of the number of claims r 

qr - r w (2) 

the dlstnbutlon function of the largest claim m is--as already 
shown by Franckx---defIned by applying the generating function 
of the Polsson distribution (2) 

and 

(m) = e t (~ s ~mn (3) 

where t 1s the expected number of clatms 
The frequency function of the largest clatm m can be derived 

from formula (3) by dtfferentlatlon 

? ( m )  = t s (m)  e t E1 s ~mn (4) 
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Star t ing  from this formula the moments  Mk of the distribution of 
the largest claim (3) can be determined 

Ma = ~ m ~ ~ (m) dm (5) 
o 

To find the frequency function f (x, t , -x)  of the total  loss ex- 
cluchng the largest claim, a possible solution consists m developing 
the right hand side of formula (4) in the following way 

[ t 2t2S(m) 333S2 ] 
(m)=e's(m) 2' (m)+ 

• e t  f f  
= 7 r s (m) S r i (m) (4') 

r - |  

From th~s formula the frequency function fm (x, t , - - I )  of the 
remaining total  loss x can be derived If  the excluded largest claim 
hes in the interval  m, m + din, this equation ~s 

7 -  r s (m) [sra (x)]* (r 1) (6) 
r m l  

In  this formula Sra (x) denotes the frequency function of claims 
t runcated at the point m, 1 e 

sra (x) = s (x) when x ~ m 
and Sra (x) = o when x > m 

and [Sra (x)]* (r 1) 

is the (r--1)~n eonvolutmn of sm (x) At tent ion must  be focussed on 
the fact tha t  s (x) is first t runcated and then convoluted and  not 
first convoluted and then t runcated Tha t  Is to say tha t  

(," i )  dx 

ls the probabil i ty tha t  the total  amount  of claims x, after excluding 
the largest claim m, when r claims occur hes in the interval  x, 
x + d x  

The frequency functmn f (x, t, - - I )  for any  largest claim m m a y  
be derived from formula (6) by  means of integration over m 

f (x, t , - - I )  = Sfra (X, t , - - I )  am = 
o 
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= ~ ~ "TT  " s (m) I:~m (x)]* (. 1) d. ,  (7) 
r - - !  

The analogy with the well-known formula for the frequency 
function f (x, t) of the total claim x is strtklng, for 

~etff 
/(x, t) = - '77- s* '  (x) 

r - I  

Formula (7) thus gets the plausxbk, lnterpretatmn that  the con- 
voluted power s *r (x) m replaced by the expression 

r s (m) [s., (~)3" ~, 1) 

with subsequent lntegratmp over m 

II THE MEaN OF THE DISTRIBUTION OF TIIE TOTAL LOSS, 

WHEN THE LARGEST CLAIM IS EXCLUDED 

The  u n k n o w n  m e a n  m a y  be de s ,gna t ed  b y  ~(1 1) a n d  is g iven  b y  

the  i n t e g r a l  

i~ 1) = [ x  f (x, t, - - z )  dx 
D 

Since the total loss x in the formula (7) only occurs m the con- 
voluted power 

Es~ (x)]* c, x~, 

it might be helpful to deterrmne first the mean 

x [Sm (x)]* (' 1) dx, 
0 

which can be derived from the simple mean value 

s . . ,  = 7x,,,, ] , , ,  (,,i dx 
0 0 

The necessary link between these mean values may be found by 
considenng the corresponding characteristic functions 

am (z)= ~ e ~zx Sra (x) dx and 
0 

~,.,. 1 (z) = I e~x Is,. (x)]* (' 1) ,ix 
0 
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From these formulas the following relation may be found by 
d~fferentlatlon over t and then putting ~ = o 

x [s~ (x)]* (r i~ dx = i f - - i )  Sin, i S(,.) (8) 
@ 

Formula (8) may hence be denoted as 

= ~ ,. ff--I)s (m) Sm i S (m) am = 
o Tin| 

= ~ t~ s(m) Sm, l e ~ [I s(m)] dm (9) 
g 

I I I  THE STANDARD DEVIATION OF TIIE DISTRIBUTION 

OF THE TOTAL LOSS, WHEN THE LARGEST CLAIM IS EXCLUDED 

The second moment about the origin of the distribution (7) may 
be denoted as ~-1} and is given by the equation 

o 

The standard devlatlon can thus be calculated by using the well- 
known formula 

The second moment is calculated m an analogous manner to the 
mean From the corresponding charactenstm functmns the following 
relatmn is first obtained 

r 

~ [~ (~)],(, 1~ a~ = (,-~) (,-~) s~..l s('~) + (,-~) s ~  s(~), 
o 

where 

o o 

In a smnlar way as for the mean the following formula ~s then 
deterrmned 

;2 [ ~ i~ = e ~ t, s (m) , i f - -x)  (,--2) S~, I S (m) + 

o w - I  
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+ • (r--I) Sin,2 S (m) d m =  s (m) 

(to) 

IV THE SPECIAL CASE OF THE PARETO DISTRIBUTION 

In  a lot of cases the  c la im dis t r ibut ion s(x) m a y  be represented  
b y  the  Pare to  d t s tnbu t lon  

s(x) = (or - -  I) x ~ and  

S(x) = I -- xl • (~I) 

For  small  losses the  a p p r o m m a t l o n  of the  real frequencies b y  
fo rmula  ( i i )  is somet imes  ra the r  poor ,  for large amoun t s  the  fit is 
sa t is factory,  somet imes  even ve ry  good Moreover  B e n k t a n d e r  and  
Segerdahl  [2] have  p roved  t h a t  the  Pa re to  dis t r ibut ion ( I I )  is m 

a cer ta in  way  the mos t  s t r ingent  and caut ious a s s u m p t m n  for a 
c la im dis t r ibut ion A special analysis  of the  present  p rob lem when  
app ly ing  the  Pare to  d l s t r ibu tmn ( I I )  migh t  therefore  be of in teres t  

The  m o m e n t s  of the Pare to  dis t r ibut ion (H)  do not  exist  an 
general  if the  domain  of definit ion is not  t runca ted  in an app rop r i a t e  
manne r  so t ha t  e g A _~ • ~ M I t  ~s advisable  to  choose A = I 
I f  the p a r a m e t e r  at > 3 then  the first  and  second m o m c n t  exist  
even if there  is no uppe r  l imit  for the  c la im amounts ,  1 e if M tends 
toward  m h m t y  In  such a case the  m o m e n t s  for 0t > 3 are 

S0 = _i (~ - -  I) x - ~  d~ = I 
l 

S l  --~ ; (at - -  I )  X l ' ' '~t  dX - -  0 t - -20 t  - -  I ( I 2 )  

| 

S2 = _i (~ -- I) x~ -~ dx - - -  

I 

I f  e g ~ is assumed to be 3,25 

the  mean  is $1 = 1,8 

and  the  s t anda rd  devia t ion a = 2,4 
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For the moments of the Pareto distribution truncated at the point 
m the following formulas hold true 

Sm,l - -  - -  (I -- }n 2-~) (I21) 

Sin, 2 - -  - -  (I - -  m 3 - ~ )  (I22) 

According to formula (5) the first moment of the distnbutaon @ (m) 
of the largest claim m is m the special case of a Pareto distribution 
defined as 

co 

Mi = _1 t m s(m) e--all--S( m)] dm 
1 

= ( t  (0~ -- I) m i-~ e - ~  m i - - -  dm 
i 

Substituting 

we have for the mean value of the largest clalm 

1 i i 

Mi = t =-~i e--u #i--~du=~ =-i ¢--U.U = - I  ~$~ = ~ .IL ~\O~--I/ 

' ' (~3) 

where Dr(u) defines the incomplete D-functlon Even for small 
values of t and, of course, for large t the incomplete D-function 
can be replaced by  the complete P-functlon wRhout noticeable 
lack of accuracy 

The first moment can be denoted by 

1 

M i  __~-- f - - i  F ( ~ - - I ) ~  - -  z (z3') 

An analogous derivation glves, for the second moment, the following 
result 
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I t  is remarkable that  the gamma functmn appears in the 
formulas (13) and (14) with the reciprocal of the two first moments 
of the clmm dlstnbutmn s(x) as argument 

I t  must be stressed that  the mean value M1 of the largest clatm 
m increases less than linearly with the expected number of claims t 

1 
For ~ = 3  e g ,  the factor t = - - x = # ,  l e  the mean value M1 
increases proportionally to the square root of t This means that  
the mean value M1 is of the same magmtude as the standard 
dewatxon of the total loss which is defined by 

= V~ s 2  

For at = 3 the second moment $2 of s(x) however does not exist, 
In such cases M1 can, in a certain way, be considered as a convenient 
measure of dmpermon for the total loss x 

The moments of the dmtnbutlon of the total loss, when the 
largest claim is excluded, are gwen by equations (9) and (IO) If we 
assume for s(x) the Pareto distribution, the following expression 
may be determined for the mean 

~1(--1) = ; ~ 2  (-~ - -  I )  ~ m - ~  (1 - - m l - - ~ ) e - - , m '  ~ a m  = 

g 

__-- ,2 (GtOt__2-- 1'2 [f'e--'mt-=~n-adm--; e-$ral-=m2-2~tdm] 
1 1 

With the substitution 

U = t ~1----~ 

the following equation is gamed after some reductions 

- ~._~ _ t (o~ i )  (1 - -  ~ - , )  t 
0 t - - 2  ~ - - 2  -a-t \  I - - m /  

If the relation 
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ot - -  I "~"a(3 - -  2 ~ / =  o r - -2  

is used, e - t  neglected and the incomplete replaced by the complete 
P-function the following expression is finally obtained 

This formula 1st plausible, the first term on the right side is equal 
to the mean value of the total loss and the second term is equal to 
the mean value of the largest clasm according to formula (I3) 

In an analogous manner the expressmn for the second moment 
I.t~ - 1 1  c a n  be obtained from formula (IO) The final expressmn is a 
little more complicated 

"~- \ - ~ - ~ - /  L \ ~ - -  2 / j 
(i6) PP -51 [A 

In formula (I6) the hrst hne corresponds to the second moment of 
the dlstnbutmn of the total loss The other terms are, however, not 
equal to the second moment of the dlstnbuhon of the largest claim 
[see formula (I4)] but have a more comphcated structure Thxs is 
due to the correlation between the distribution of the largest claim 
and the d~stribuhon of the total loss after excluding the largest 
claim 

It  is well known that  the moment of second order does not exmt 
for a Pareto distnbubon with ~ ~ 3, for ~ ~ 2 not even the first 
moment exists These propertms are obvious if the moment 
formulas (x2) are considered where the denominators ~ - - 3  and 

o) I t  may  even be s h o t  n tha t  thxs formula m exact ,  if r ~s replaced by I~t 
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G¢ -- 2 vamsh for the cntmal  values I t  is most  remarkable  tha t  the 
exmtence domain for the moments  of the d ls t r lbutmn of the to ta l  
loss af ter  excluding the largest individual  claim, I e for the moments  
~t(-1) ~s broader  than  for the d m t n b u t m n  of the to ta l  loss wi thout  
excluding the largest claim I t  m a y  be seen tha t  the momen t  ~tl -x )  
exists for 0c > x,5, whereas the momen t  ~tx remains f imte for 0~ > 2 
only  For  the second momen t  ~I--1) bmteness  ~s a t ta ined  for ~ > 2, 
whereas ~t2 emsts only for 0~ > 3 This remarkable  p e c u h a n t y  m a y  
be seen f rom the following two tables where the brs t  two moments  
of the three ddferent  d l s tnbutmns  are consxdered for var ious 
parameters  ~ To s imphfy matters ,  the expected  number  of claims t 
was assumed to be xoo 

[.kl 
Mx 

Table x 

Comparmon of the mean values 

of the  t o t a l  loss 
of t h e  la rges t  c laml  
of t he  t o t a l  loss exc lud ing  the  l a rges t  clPam 

(i) 

i 5 Qo 
x 75 oo 
20 oo 

2 25 500 oo 
2 5 300 oo 
2 75 233 33 
3 o 200 oo 
3 25 18o oo 
3 5 i66  67 
3 75 157 I4  
4 o 15o oo 

5 o 133 33 
XO 0 I I 2  50 

co ZOO O0 

M 1  
(2) 

182 77 
57 72 
28 73 
17 72 
12 39 
9 40 
7 53 
6 29 

3 87 
x 80 
i oo 

(3) 

585 41 
518 24 
3x7 23 
242 28 
204 60 
~82 28 
167 6i 
157 27 
149 6x 
143 7 I 
I29 46 
IIO 7 ° 

99 oo 

decrease  m ~o 
c o m p a r e d  w i t h  

(x) 

36 6 
x92 
x23 
89 
69 
56 
48 
42 
29 
16 
io 

B y  excluding the largest claim, the mean is decreased to a remark-  
able ex ten t  for small values of the parameter  oc Thin influence is 
not  as big for larger values of a¢, but  it must  be borne m nund tha t  
only small values of ~ are of concern for practmal apphcaUons 
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G 

aM of the  largest  claim 
a(i) of the  to ta l  loss excluding the  
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Table 2 

Comparason of the  s t anda rd  deviat ions  

of the  to ta l  loss 

largest  claim 

G 

(z) 
i 

x 5 oo 

I 75 o0 
20 00 

2 2 5 oo 
2 5 oo 

2 75 oo 
3 0  co 
3 25 30 oo 
3 5 22 36 
3 75 I9 I5 
4 o 17 3 2 
5 o z 4 z 4 

xo o xx 34 
¢x) I O  O 0  

G M  

(2) 

oO 

oo 

oO 

GO 

00 

¢0 

oo 

z8 90 
9 72 
6 x~ 
4 26 
I 66 
o 27 
0 

~ ( 1 )  

(3) 

o0 

o0 

¢0 

86 28 
4 5  O I  

3I 22 
24 54 
2o 92 
I8 77 
i 7 22 
16 I9 
13 78 
i i  32 
I O  O 0  

decrease m % 
compared  wi th  

30 3 
I6 i 
i o  I 

6 5  
2 5  
O 2  

0 

For  the  s t anda rd  devia t ion  the  same m a y  be said as for the  mean  
The  decrease is considerable,  especially for ~ < 4 

The  present  pape r  lS res t rmted  to a few first  examina t ions  This  
in t roduct ion  will be cont inued m ano ther  pape r  m which not  only  

will the  proper t ies  of the c rmca l  values of the  p a r a m e t e r  = a t  the 
points  = = 3 and  ~ = 2 be discussed, bu t  m whmh the invest igat-  
Ions wall be ex tended  to the case where more  than  one largest  
c la im m excluded 
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