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INTRODUCTION 

The classical t reatment  of stochastic models in non-life insurance is 
to first derive the well-known Poisson distribution by  considering the 
question of how many claims take place during a definite period t. In 
deriving this distribution the following three assumptions are made : 

( I) The population studied is homogeneous. 
(II)  The occurrence of a claim is a rare event, viz. in an infinite- 

simal time interval It, t + At], the probabili ty of more than 
one occurrence must be of the order of magnitude o(At). 

(III) The occurrence of any later claim is not influenced b y  
previous ones (no contagion). 

In my purely theoretical s tudy [5] 1), the consequences of discarding 
one or more of the above assumptions were considered. By  so 
generalizing the Poisson distribution, a great many stochastic 
models can be built, although the results were not always successful. 
The following s tudy concentrates on some considerations based on 
assumption (II). The theoretical formulation of the model will be 
dealt with briefly and the author would first make reference to 
the instructive article of Thyrion [7] which was unfortunately 
unknown to him when he was preparing his already mentioned 
paper. Ammeter [2] and Arfwedson [3~ have also considered special 
cases of this generalization. With the help of the statistics over 
traffic accidents in the city of Zurich, I hope to throw some more 
light on the practical aspects of the problem. To the Statistics Office 
of this city I would express my  thanks for kindly placing all docu- 
ments at my disposal. 

I .  THE DISTRIBUTION OF MULTIPLE EVENTS 

(CUMULATIVE DISTRIBUTION) 

If we accept the three hypotheses mentioned in the introduction, 

l) Figures in brackets relate to the list of references a t  the end of this 
article. 
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the notions of event and claim cannot be distinguished, but  the 
situation changes as soon as (II) is not satisfied. We know from 
experience that  in many branches of insurance the element of 
multiplicity of the event cannot be simply ignored. It  is not neces- 
sary to think only of damage from perils such as fire or hail, the 
problem also arises in life insurance. The question of the total  
effect on a company of claims arising from a common cause but  
insured under multiple policies does not appear to have been 
investigated yet. However, in this s tudy we shall be concerned 
only with the application to accident insurance, particularly to 
damage sustained by  persons. 

An event (i.e. accident), other than one giving rise to purely 
material damage, will cause injury to, say, i persons ( i = I ,  2, 3 . . . .  )- 
We denote the conditional probabili ty of occurrence of an accident 
with multiplicity j by  K i and the corresponding "cumulative distri- 
but ion" by  {Ki}. The latter is therefore defined for j __> I, and is, 
by  its nature, discrete. From now on it will be assumed that  this 
distribution is independent of time. 

Observed statistics of multiple events often show a markedly 
skew form with a pronounced maximum for i = I and a fairly 
rapid decrease thereafter. A representative example of this is given 
b y  van Klinken [4] in respect of traffic accidents in Holland during 
the year 1953 and reproduced in table I. 

Table i 

N u m b e r  o f  N u m b e r  o f  
p e r s o n s  i n j u r e d  a c c i d e n t s  

I 19 311 
2 165 
3 12 
4 6 
5 5 
6 2 

7 3 
8 I 
9 I 

I O  I 

m o r e  t h a n  IO 3 

T o t a l  I 9  5zo  
T o t a l  o f  i n j u r e d  p e r s o n s  I9  84z 
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99 % of the accidents are in the class of one injured person, and 
the conclusion might be drawn that in this case no great significance 
attaches to the influence of multiplicity. In many examples, how- 
ever, the disparity will be far less extreme. 

The question can properly be asked which theoretical models 
could be considered for representing a cumulative distribution. 
Without  at tempting to give an exhaustive study, we would like 
to give a selection of important  possibilities. 

Of the simple one-parametric distributions which could be 
examined owing to their property of having a monotonously 
decreasing trend, the following are selected: 

(A) Poisson distribution. 

To limit the interval of definition of {Kj} to ] >_ I, the Poisson 
distribution must be modified accordingly. This can be done either 
through a simple translation 

xi-1 
KJ = e-~" - i =  ~, 2 . . . . .  ( i )  

( i - -  ~)! ' 

or by  use of a truncation: 

e -x  ~J 
K j - -  i _ _ e _ X j  I , i = 1 , 2  . . . . .  (2) 

(B) Geometric distribution. 

K i  = ; , i =  1 ,2  . . . . .  (3) 

(C) Logarithmic distribution. 

I pi 
K j  = _ l o g  (~ - -  p)  7 '  i = ~, 2 . . . . .  (4) 

(D) Discrete Pareto distribution. 

I Kj=~(~/-8, i=~ ,2  . . . . .  

co 

2 where ~ (8) = ~ is the Riemann Zeta-function. 
V--1 

(5) 
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One parameter  functions are however not  always adequate  for 
practical  requirements  as their  lack of flexibility prevents  adequate  
representat ion of observed data.  I t  then  becomes necessary to use 
a two parameter  distr ibution of which the following are considered: 

(E) Negative binomial distribution. 

K j = ( ° c + J - - .  2 / p ~ ( I - p ) i - 1  i = ,  1,2, . . . .  (6) 
\ ] - - I  / 

('~¢ ) p~' (I - -p) / ,  ," = I, 2 . . . .  (7) Ki - I + ! - - I  
I - - p  ~ , ] 

analogous to the forms {i) and {2). 
If, as shown by  table I, the single claim frequency is dominan t  

it  appears valuable to use a device similar to t ha t  applied by  
Aitehison [I]. 

We first a t tach  a discrete probabi l i ty  0 to the point j" = I, and 
for j > 2 the distr ibution is expressed by  one of the ordinary,  one- 
parametr ic  distr ibution laws {/~i}. We then have the form 

l0 i=I 
(F) K j =  ( I - - 0 )  hTi, i : 2 , 3  . . . .  (8) 

For  examples we shall use distr ibutions (B) and (C) which are 
then  wri t ten  as follows: 

K i = ~ a +  I ]  , i = 2 , 3  . . . . .  (9) 

(in the geometric distr ibution t ransla t ion and t runcat ion  at  the 
point /' = 2 are identical) 

and  K / =  I P / - '  , ] = 2 , 3 ,  . . . .  (IO) 
- -  log (I - -  p) i - -  I 

respectively 

I pi 
Ki  = __ log ( I  - -  #)  - -  # 7 '  i = 2, 3 . . . .  ( I I )  

2. THE DISTRIBUTION OF THE NUMBER OF CLAIMS 

(CLAIM DISTRIBUTION) 

In the practical section we shall consider the cumulat ive  distri- 
but ion  only, bu t  nevertheless the theoretical  aspects of the claim 
distr ibution will be briefly discussed. 
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The occurrence of the events as well as the number of claims at 
each event is of stochastic origin and follows, say, the distribution 
law {P~(t)}. The expression Pv(t) gives therefore the probabili ty 
of occurrence of v accidents during the interval t, where these 
quantities are to be dealt with as in § I. {Ki} and {Pv(t)} can be 
combined to give the distribution of all the persons injured. This 
leads to the claim distribution and its expression is, assuming 
independence between the corresponding stochastic variables: 

J 

Wi(t ) = ~ Pv(t) K~ v (12) 

v - o  

where regard must be paid to the fact that  the number of persons 
who sustain injury is at least equal to the number of accidents. 
K:" means the v-fold convolution of the distribution {Kj}: 

K~V : ~ K*(V- 1) Ki_ i 
~ l - v - 1  

while K7 v = o as soon as v > i, 
and we also have: 

K;  ~ = K j a n d K ~  ° =  f o r i =  o 
for i -~ o 

There is a simple connection between the generating functions 
of the three distributions. If they are denoted, in order, by  EK(z), 
Ee(z, t) and Ew(z, t), where by  definition 

EK(Z) = K,zr, 
r = 1 

it is easy to show that  

Ew(z, t) = Ep [EK(z), t] (13) 

while the corresponding moments are related by  the formulas" 

 w(t) =  p(t) 
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The classical theory  assumes tha t  the events being studied occur 
according to a Poisson process and  therefore t ha t  

Pv(t) = e -At (at)v (14) 
v! 

The claim distr ibution arising from this assumption is a so-called 
generalized Poisson distr ibution and with the help of the examples 
int roduced in § I for K i, the following representat ions of the process 
are derived. I t  is of advantage  on occasion to make use of the 
generat ing functions. 

(A) The two al ternat ives for K i give two different sets of proba- 
bilities, viz. : 

J 

and , -0 ® (15) 

wj(t) = e A,,,~-~-~, zJ V ~J (_ ~ L  t ° 1'~ ~ ~ ~e x -  I] 

The type  of this distr ibution can be bet ter  unders tood if use is 
made of the generating function. Thus for the second equat ion we 
get with the help ot 

eXZ__i 
E K ( z )  - -  

e x - -  I 

Ew(z ,  t) = exp i ~ ~e-:~At [e -x'l-"' - I] I 

which represents a Neyman  type  A distribution.  

(B) Using the geometric distr ibution we can derive the formula:  

J 
,~ J - 1  1 (arty 

W j ( I )  = e-At ( ~ _ ~ )  2 (~ I)~1 \~1 (16) 

which can be al ternat ively wri t ten as'  

G (t) = e -  At 
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where 1F1 is the confluent hypergeometric function of Kummer  
defined by  the series: 

o o  

r (~ + V) r(~) XV 

r(~) r ( ~ + v )  v! 

This distribution is a so-called Polya/Aeppli distribution. 

(C) The generating function 

EK(Z) -- log (I - -  pz) 
l o g  (1 - -  p)  

gives for the claim distribution 

/ I  - -  p z \  AS 
E w ( , ,  ,) = ( i8)  

and this, we know, is a negative binomial distribution. With the 
abbreviation 

A 
= x > o, it takes the form: 

- -  l o g  (1 - -  p)  

W,(t) = e -A ' (  i +  ~ - -  I) p (19) 

(D) In the case of the discrete Pareto distribution the represen- 
tation of the generating function 

m 

Ew(z , t )=exp - - A t  I - - ~ ( ~ )  N 

w - - 1  

cannot be simplified and the claim distribution is complicated. 

(E) This can be looked upon as a generalization of (B). We find: 

and '-° 
t=  

(21)  

w - 0  

respectively. 
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I t  is perhaps  not  immedia te ly  apparen t  how we can get (16) f rom 
(21) when c~ = I. 

Fo r  j => I,  we first deduce:  

Wj(t) = At e-A't(1-P) P(I-P)J-I1FI( j + I; 2;---~-- (22) 

Nex t  making  use of the  K u m m e r  t rans format ion  

1F1 (~; ~; x) = e* 1 G  (~ - -  ~; ~; - -  x) 

I 
as well as of the  pa ramet r i c  subs t i tu t ion  p -  - - I '  (22) is t rans-  
formed to  (17). a + 

(F) I t  will be sufficient to  give here the generat ing funct ion which 
is in general  

Ew(z, t) = exp l - -  At [I - -  zO-- (I-O) E~ (z)] 

In  the  special case (9) this can be wr i t ten  as follows: 

 w,z  '=expl A [I i 01z a,i  ,jll 

(23) 

The  probabil i t ies and moment s  of the dis t r ibut ion can then  be 
der ived from these formulas  in the usual way.  

Whilst  the use of the  Poisson process to  describe the  occurrence 
of damage  has been widely studied,  m a n y  a t t e m p t s  have  also 
been made  to generalize the model.  These efforts have  been con- 
cen t ra t ed  most ly  on the  negat ive  binomial  d is t r ibut ion for the 
reason t ha t  this dis t r ibut ion can readi ly  be adap ted  to  m a n y  
different  assumptions.  F r o m  (19) it  a l ready follows t h a t  if hypo-  
thesis (II) of page 8 5 were to be neglected, a negat ive  binomial  
d is t r ibut ion could be derived. I t  is also of interest  to no te  t h a t  the  
same result  follows for (I) or for (III) ,  so t h a t  it  is u n d o u b t e d l y  
convenient  to subs t i tu te  the negat ive  binomial  for the Poisson law. 
We can suppose for instance t ha t  our  popula t ion  is he terogeneous;  
it then  follows tha t  

J : (At) Pv(t) = e-At d S (A) 
v! 

0 
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where a Gamma distribution 

d S (A) - -  r (h/d) e-Aid A(h/a)-i d A 

is to be chosen for the structural function. 

The process (14) is now replaced by 

v \ t d + I /  \ t d +  I/ (24) 

Some examples will be given to illustrate this generalization 
(using the same letters as before): 

(A) For the truncated form we have now the generating function 

I - -  e ~'"-1'] -h/a 
Ew(z,t)  = I + td I - - - ~  ] 

and the probabilities 

td 
W/(t) = ( I  + ~-~-~-cX) v \i+td__e_X] (25) 

e = 0  

(B) The geometric distribution leads to 

which, with the help of the hypergeometric function 

v r ( ~ l + V )  r ( ~ + v )  r(~) x~ 
F(~i, ~ 2  x) 

' ~ r (~1) r (~) 
~7~ 

t - - O  

can be expressed as 

__( I i h/d W°(0 ~ / d - ~ ]  

: ~ \-h+l,t /  a \J ( ~ ta 

td _~)v 
+ i  

r (~ + v) v: '  

(27) 
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The distr ibution takes a somewhat  simpler form in the special 
case h = d, i.e. when (24) becomes a geometric distr ibution with  
the parameter  td. 

I t  is then" 

I 

Wi(t) -- td + I 

Wi(t )=  ~ -~ I - - i ,  2;2; td + I = 

Now using the formula 

F(--n,  a; a ; - - x )  = (I + x)" 

(28) is changed after  some easy calculations into 

td I [ td (a + i) + a ] j-1 
w j ( t )  - (td + i)2 a + l (td + l) (a + l) 

If the expression in brackets  is called B(t), we get:  

Wi(t) - - t d + I  I - - B ( t )  Bi-l(t), i = > I (29) 

This distr ibution is of type  (8), bu t  with the discrete probabi l i ty  
0 el iminated at  point  o. 

(C) Equat ion  (18) now becomes: 

Ew(z, t) : 1 log (I - -  p) \ I - - p / ]  

a dis t r ibut ion which could also be derived from heterogenei ty  
supposition (cf. [51). 

3" TH E CUMULATIVE D I S T R I B U T I O N  IN THE 

LIGHT OF STATISTICS 

The documents  pu t  at  our disposal include extracts  from reports 
on every kind of traffic accident which occurred in the c i ty  of 
Zurich. The persons involved in these accidents belonged to all 
classes of road-users, car-drivers or passengers, motor  cyclists or 
bicycle riders, pedestrians or public t ranspor t  users. The statistics 
distinguish three main kinds of accidents:  
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(a) Accidents in which persons suffered damage, for the present 
paper of special interest. 

(b) Accidents, in which only material damage occurred. 

(c) Pe t ty  cases, i.e. accidents where the value of damage is not 
more than Frs. 200.--. 

I t  is perhaps not surprising that  in a city district the greatest 
part of the accidents are of category (b). The two others are roughly 
of the same order of magnitude. For the past two years, the actual 
numbers were : 

Table 2 

I962 

a) D a m a g e  to  pe r sons  2 446 2 206 
b) D a m a g e  to  ob jec t s  3 975 4 298 
c) P e t t y  cases 2 318 2 18o 

T o t a l  8 739 8 684 

It  is noteworthy to mention that  the accidents recorded here 
are of course only those reported to the police. Having regard to 
the relatively small numbers conclusions must be drawn with 
considerable caution and must not be overstressed. The number 
of accidents causing injury to persons includes also cases where 
death has occurred to one or more of those involved in the accident. 
I t  would be valuable to make a closer s tudy of the cumulative 
distribution relating to fatal accidents. The numbers are, however, 
too small (I962:56 accidents with 57 dead persons), and this kind 
of accident  is therefore not separated from the others. Serious 
accidents are rather the exception in a town as a result of the 
generally slow speed of vehicles. 

We have assumed on page 86 tha t  the cumulative distribution 
is independent of time. Is this assumption really sound ? 

To s tudy this question, we have first analysed all the statistical 
documents on accidents which occurred during the past few years, 
from June to September. The results are presented in the table 3: 
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Table 3 

Number  of 
persons injured 

I 

2 

3 
4 
5 
6 
7 
8 
9 

IO  

I I  

Total number 
3f accidents 

Total number of 
persons injured 

emp. means ~ : 

emp. variances s~*: 

1955 

889 
I I O  

2 1  

6 

lO26 

1196 

1.166 

o.214 

1956 

8,~I  

I [ 2  

:5 
4 
4 

976 

1146 

1.174 

o.249 

Number of accidents 

1957 1958 

9oo 8o0 
99 lO4 
16 II  
2 4 
I 2 

i 
I 

I 

1 0 2 1  9 2 2  

118o lO78 

1.156 1,169 

o.276 o.314 

1959 196o 

781 842 
84 76 

8 16 
I 4 
I , I 

875 939 

982 lO63 

1.122 1.132 

o.147 o.187 

I 9 6 I  

852 
96 
I O  

958 

lO74 

1.121 

o.127 

1962 

734 
96 

8 

4 
2 

2 

846 

988 

I,I68 

0.263 

At a first glance we may reveal considerable fluctuations in the 
number of accidents, and there appears to be, rather surprisingly, 
a downward trend. (In that  respect, it must not be overlooked that ,  
during the same period, the number of material damages has 
markedly increased.) It is of interest to make a comparison with 
some other figures, although the connection is very loose: 

Table 4 

Inhabitants  
Motor-cars 
Motor-cycles 
Bicycles 

1955 

418 588 
36 951 
19 767 

lO8 847 

1959 

436 475 
5 5  5 5 1  
2 1  1 0 2  

94 531 

I962/I 

44 ° 784 
66 961" 
17 o27* 
88 937* 

Decre- 
ment  

from 1955 to I962/I 
in % 

13.9 
18.3 

* day of computat ion:  3o.9.1961 
I I I 
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In order to be able to compare the cumulative distributions of 
the different years, the figures of table 3 have been standardised 
to a total of IOOO accidents. We then obtain the following picture: 

Table 5 

N u m b e r  of 
persons  in jured  

I 

2 

3 
4 
5 and  more  

1 9 5 5  

867 
lO 7 

20 
6 

1956 

862 
1 1 5  

15 
4 
4 

N u m b e r  o f  a c c i d e n t s  

1957 

881 

97 
16 

2 

4 

1958 

868 
113 

12 

4 
3 

1959 

893 
96 

9 
I 

I 

196o 1961 1962 

897 889 868 
81 IOO 113 
17 I I  9 

4 - -  5 
1 i - -  5 

The run of these figures suggests that  dependence of time may 
not simply be rejected, the increase of one-claim accidents during 
the years 1959/61 is a little striking. To make, if possible, a more 
precise statement,  we consider the eight columns as independent 
random samples out of the same population and examine the 
significance of the means. To test the hypothesis that  the means 
are random sample values we need the test quanti ty:  

V - -  I £ I (N i - -  I )  S2j (3 O) 
K - -  I N j  (x] - -  ~)2 N - -  K 

~=1 J - 1  

where K = number of samples xj, s i as given in table 3. 

K K 

N i = sample sizes 

j - I  ~ - 1  

For large sample sizes this quant i ty  is, independent of the basic 
distribution, distributed approximately as F with (K - -  I, N - -  K) 
degrees of freedom (see e.g. [6]). The precision, however, improves 
with approach to normality and equality of the variances. 

Substituting the numerical values in (3o), we obtain: 

F = 2.09 
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From a table of the F-distribution we find as significance levels 
for (7, oo) degrees of freedom: 

F09 % = 2.64 
V05 % = 2.Ol 

These figures do not allow to conclude that  a significant differ- 
ence exists between the means of the different samples. 

The opportunity is here taken to mention two other forms of 
dependence in connection with the cumulative distribution, although 
these will not be studied in detail. 

I t  is generally known that  the frequency of accidents markedly 
increases during the summer half year, owing to heavy traffic. The 
question arises therefore, whether this phenomenon could influence 
the distribution of multiple accidents in the sense that  during the 
summer months a deplacement occurs towards cumulative cases. 
Quarterly statistics for 1962 are given in table 6" 

Table 6 

N u m b e r  of 
persons  in jured  

I I  

Tota l  n u m b e r  
of acc iden ts  

Tota l  n u m b e r  of 
persons  in ju red  

means  

I st  qua r t e r  

377 
44 

5 
2 
i 

429 

493 

1.149 

Number of accidents 

2nd qua r t e r  

571 
66 

8 

3 
i 

3rd q u a r t e r  4th q u a r t e r  

533 451 
73 39 

7 13 
4 ! 3 
2 

650 621 

755 738 

1.162 1.188 

506 

580 

1.146 

This result tends to support the supposition but further studies 
would be necessary to be satisfied of its reality. 
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The  second r emark  concerns the  place of the  accident.  I t  is clear 
t ha t  the  condit ions prevail ing on a h ighway  are different  f rom those 
in a town where,  prac t ica l ly  all over,  speed limits are prescribed.  
The  cumula t ive  accidents  should be much  more  numerous  on a 

Table 7 a 

N u m b e r  of 
persons  in jured  

i 

2 

3 
4 
5 
6 

i i  

Tota l  n u m b e r  
of acc iden ts  

Tota l  n u m b e r  of 
persons  in jured  

m e a n s  

Number of accidents 

Outer  d is t r ic ts  Cent re  d is t r ic ts  

1961 1962 1961 

784 744 
91 86 
19 14 

3 9 
- -  3 

2 

I 

1962 

944 826 
73 86 
I I  12 

3 I 
I I 

2 

1032 928 

1140 1055 

1.105 1.137 

899 857 

Io47 lO2O 

1.165 1.19o 

Table 7 b 

(standardized) 

N u m b e r  of 
persons  in jured  

I 

2 

3 
4 
5 and  more  

Number of accidents 

Outer  d is t r ic t s  Cent re  d is t r ic ts  

1961 1962 

872 868 
IOI IOO 

21 16 
4 I I  
2 5 

1961 1962 

915 890 
71 93 
IO 13 

3 I 
I 3 
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highway than on a town street, but even between districts of the 
same town, some differences can be noted. The city of Zurich is 
divided into I I  districts and the number of accidents is given 
separately for every district. In the preceding tables 7 a and 7 b we 
have grouped together and then compared those four districts 
which have the most important roads leading out of the town and 
four others which include, for the most part, the city centre. 

I t  is immediately apparent tha t  multiple accidents occur much 
more often in the outer districts, an unlikely result from random 
flunctuations. This will, however, not be closer investigated. 

Having now considered more or less closely some of the problems 
which arise in connection with the cumulative distribution we now 
approach our main task which is to find a theoretical distribution 
function which suits our needs. We examine the distributions 
mentioned in § i,  leaving out, however, the more complicated 
ones, especially (5) and (7). 

To estimate the parameters we make use of the method of 
moments, which is identical with the principle of maximum likeli- 
hood for (A) - - (C) .  We then have: 

(A1) ~ = x - - I  

^ f~ f~. 
(A2) ~ / ( I - - e -X)  = ~  o r I - - ~ . + ~ .  

(B) d = ~ - -  I 

X 

) I 
= ; o r ( I - - Z )  I + ~ + - +  . . . . .  (c) 3 x 

(E) The moments of the distribution (6) are: 

(F) 

z- -p  ~ - - p  
~£ = O{ ,. + I (12 = 0( 

# p 2  

Hence it follows 

s 2 s~ - -  (~  - -  z )  

In general we get for the moments of (8) 

~(~I = o + ( i - - O )  ~(~), ~2(~ 1 = (~ - - o )  [o(~ (~)-- z)2 + ~(n)]  
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and as for (9) 

t~(R) = a + 2 ,  *ziP) = a (a + I), 

the est imations of the  parameters  in (8) and  (9) can be expressed by:  

i(s  ) ~ = ~  + ~  - -  1 , 0  ~. I - -  
2 (1 - -  ~)~ 

S 2 + X  ( X - - I )  

(F') In addit ion to this last est imate there is a fur ther  one which 
can be direct ly obtained from the observations at  the point  ~ = i .  
For  the three distr ibutions (9), (IO) and (II) we have 

~ + ~ - - 2  _ xl d = 
n '  I - - 0  

n 

. ~ - - I  
--  ^ and 

' ( ~ - - l )  l o g ( 1 - - ~ )  1 - - 0  

respectively 
(~--l) 0og(1--~)+~l 1 - - 0  

To obtain a larger amoun t  of da ta  we have taken  the combined 
statistics of the years 1961 and 1962. The to ta l  number  of accidents 
2446 + 2206 = 4652 is spread over the different  classes according 
to column I of the following table 8a. The calculation of the 
observed moments  gives: 

5 = 1 . 1 4 6 8  and s ~ = o . 2 3 2 4  

Using these figures we get 

(A1) X = o.1468 
(A2) X = 0.2805 
(B) d = o.1468 
(c) ~ = o.2351 
(El) P = o.6317, 
(F) 0 = 0.8925, 
(F;) ~ = 0.8859, 
(F~) ~ = 0.8859, 
(F~) ~ = 0.8859, 

= o.2518 
d = 0.3650 
d = 0.2866 

= 0.3840 
= o.3146 
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Table 8a 

Number of 
persons injured 

i i  

Total 
Z 2 

degrees of freedom 

Recorded 
accidents 

4121 
43 ° 

71 
19 
6 
4 

Expected theoretical number of 
accidents according to 

(A1) 

4o16.8 
589.7 

43.3 
2'1 1 

O.I i 

415.o 

(A ,) 

4030.0 
565.2 

52.9 

3"7 1 

0.2 I 

(B) 

4056.5 
519.3 

66. 5 

8"5 1 

1.2 I 

4652 
215.3 59.2 

2 2 

(c) 

4080.7 
479.7 

75.2 
13.3 

3.1 

28.4 
3 

Table 8b 

Number of 
l'ersons injured 

I 
2 

3 
4 

5 
6 and more 

Total 
X 2 

degrees of freedom 

Expected theoretical number of 
accidents according to 

(El) 

4143.9 
384.3 

88.6 
24.5 

7-3 
3"4 

11. 3 
3 

(V) 

4151.9 
366.4 

98.0 
26.2 

7.0 
2.5 

23.3 
3 

(F~) 

4121.2 
412.6 

91.9 
20.4 

4"6 I 
1.3 

4652 
IO.O 
2 

(F~) 

4121.2 
42o.7 

80.8 
20. 7 

5.9 
2.7 

3-5 
3 

(F;) 

4121.2 
415.9 

87.2 
20.6 

5.2 
1.9 

5.8 
2 

W h a t  conc lus ions  can  be  d r a w n  f r o m  the  a b o v e  ? 

Cons ider ing  t h e  t a b u l a t e d  f igures,  we can  first  s ay  t h a t  a t r u n -  
ca t i on  of (A) gives  a b e t t e r  resu l t  t h a n  a t r ans l a t i on .  This  f ac t  is, 
howeve r ,  n o t  general ,  as a c o m p a r i s o n  b e t w e e n  c o l u m n s  (F~) a n d  
(F~) will show.  O u t  of all t he  o n e - p a r a m e t r i c  d i s t r i bu t ions  we h a v e  

s tud ied ,  t h e  l oga r i t hm i c  one (C) a p p e a r s  to  bes t  r ep resen t  t he  da ta ,  



SOME ASPECTS OF CUMULATIVE RISK lO3 

But  all these functions have the drawback that  the decrease for 
j ->- 4 is too rapid. The tail can be lifted b y  the introduction of a 
second parameter, but  the result is not always much better, cf. 
e.g. example (F). 

To provide a statistical test of the various models we have used 
the x~-test, grouping those classes with smaller frequency than 
2 with the first preceding one. For 2 and 3 degrees of freedom the 
usual significance limits of the x~-distribution are" 

f = 2 :  X295% = 5 . 9 9  X~gg%-~ 9 .21 
f = 3: X295 % = 7 .82 X2~ % = 11.34 

None of the one-parametric distribution functions are satis- 
factory judged by  this test. 

Among the two-parameter processes, hypothesis (El) turns out 
to be only slightly significant. On the other hand, our observations 
are well represented by  (F~), even better  than b y  (F~), although 
there is little to choose between them. A comparison with (F~) 
again shows the advantage of using the logarithmic distribution 
to represent the cumulative risk. 

The next step would be to s tudy the effects of the various 
models on the practical representation of the claim distribution. 
It  is of particular interest to know, when and to what extent the 
influence of the cumulative distribution may be neglected. However, 
this must be left for the moment, not without hoping for an in- 
vestigation of this interesting matter  at  some future date. 
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