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The most important  property of a distribution function to be 
used as a model for the distribution of one claim is of course that  
it fits the data  well enough. If  there is no natural truncation point 
in the data a more formal demand is that  all the moments of the 
distribution function exist. Further, to be of a real value to the 
statistician, the chosen d.f. ought to be reasonably handy to use. 
As all the moments of the lognormal d.f. exist the first point to be 
checked is whether the lognormal d.f. fits the data. The other points 
on the list below are the qualities that  I think are of the greatest 
value when using a distribution function, i.e. they reflect the 
handiness of the d.f. 

Does the lognormal d.f. 

I. Fit the data ? 

2. Give an unbiased and efficient estimate of the mean ? 
It  is important that  this estimate is not too difficult to compute. 

3. Give a practicable confidence interval of the mean ? 

4. Give a known distribution function of the estimate of the risk 
premium ? 

This paper is an a t tempt  to give an affirmative answer to these 
questions. As the lognormal distribution function has been treated 
in the monograph "The lognormal distribution" b y  J. Aitchison 
and J. A. C. Brown (Cambridge University Press) the theory of this 
distribution function will not be dealt with more than necessary for 
the context. 

DOES THE LOGNORMAL DISTRIBUTION FUNCTION FIT THE DATA 

This question can of course not be answered in general, but I 
will t ry  to shed light upon it by  giving some examples from widely 
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different fields of non-life insurance. The examples are given in 
the figures 1-6. 

Fig. I. Insurance against loss of profit due to fire I948-1952. 
The claims are measured by  the period of interruption. 
Industrial risks. 

Fig. 2. Insurance against loss of profit due to fire 1948-1952. 
The claims are measured by the period of interruption. 
Non industrial risks. 

Fig. 3. Fire insurance 1948-1951. Industrial and non industrial 
risks. 

Fig. 4. Accident insurance. Number of days of illness. Occupancy 
Group A. 

Fig. 5. Accident insurance. Number of days of illness. Occupancy 
Group B. 

Fig. 6. Motor third par ty  insurance. 

The figures 3-6 are given in the form of probit diagrams. Thus the 
observed d.f : s are plotted on a normal paper, where the scale on the 
horizontal axis is logarithmic. The lognormal d.f. is then a straight 
line which cuts the 50 percent-line in ~ and the 84 percent-line 
in ~ + a .  

The lognormal d.f. is 

i ~ flog y - ~,~, I I - 

- -  - e  , x  o / dy (1) L(x) V2 .. y 
0 

I t  must always be kept in mind that  ~ and ,a are not the mean 
and the variance of x (but of log x). 

As Seen from the figures the loguormal d.f. is of surprisingly wide 
applicability especially for the great and most important values of 
the variable. For the smaller values certain modifications of the data 
or the d.f. have been made in some cases. 

Fig. I and 2. Insurance against loss of profit due to fire. 
Claims in Sweden 1948-1952. 

The claims are measured by  the period of interruption. There are 
two censoring points in the data;  one at 18o days and one at 36o 
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days. These two censoring points correspond to the periods of in- 
demnity represented in the data. 

The figures show no true frequency function as the number of 
claims is not proportional to the area but only to the height of the 
line above the interval in question. 

Industrial risks 

Number of claims 217 . 
D.f. used is L (x; Vt, ¢t) truncated at IO days 
~L* = 1 ,85;  a* = 2,02 

X ~ = 3,0 with 5 degrees of freedom 

Non industrial risks 

Number of claims 3o7 . 
D.f. is the same as for industrial risks 
~* = 1,9; ** = 1,75 
X z =  4,2 with 5 degrees of freedom. 

F i g .  x .  Insurance against loss of profit duo to fire z 9 4 8 - z 9 5 2  

The claims are measured by the period of interruption. Industrial risks. 

Number of claims: Observed 
Estimated . . . .  
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Pig. 2. Insurance against loss of profit due to fire I948-1952. 
The claims are measured by the period of interruption. Non industrial risks. 

Number of clams: Observed 
Estimated . . . .  
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Period of interruption, days. 

Fig. 3- F i re  insurance.  

Claims f rom some Swedish compan ies  1948-195i.  

The  d.f. used is L ( x -  a ;  ~z, ~) where  a is small.  Of course a is 
the  smal les t  va lue  possible for x i.e. the  obse rved  values  of x smal ler  
t h a n  a should be  excluded.  This  has  not  been  done which is the  same 
as t r ea t ing  these  values  as g rea te r  t hen  t h e y  are. 

Industrial risks 

N u m b e r  of c laims 7.71i .  

t~* ~- 2,3 

Non industrial risks 

N u m b e r  of claims 38.075. 
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Fig.  3. Fire  insurance  I948-I95I. 
• Indus tr ia l  
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W* = 0,3 
e* = 2,4 

The  difference be tween the  d.f. of industr ia l  and non  industr ia l  
risks lies a lmost  ent i re ly  in V~ w h i l e ,  is pract ical ly  constant .  Thus  
the  difference is the  same as it  should have  been if the  bo th  
types  of risks had  had  the same d.f. b u t  were measured  b y  different  
m o n e t a r y  units.  

X 2 has  not  been calculated as i t  seems evident  t h a t  i t  will be  great .  
Still the  lognormal  curve  seems to  give a good fit  over  a r emarkab ly  
wide in te rva l  - -  f rom i .ooo Sw. cr. to  more  t h an  I,OOO.OOO Sw. cr. 

Fig. 4 and  5. Accident  insurance.  

The  da t a  have  been censored at  7,5 days. The  var iable  is not  
qui te  the  number  of days  of illness bu t  

a m o u n t  paid  

amoun t  insured per  d ay  

which in some cases is smaller t han  n u m b er  of days  of illness b u t  
the  difference is not  great.  
The  d.f. used is L ( x -  a; ti, ,) 

Occupancy group A. 

Num ber  of claims 2.840. 

~* = 2,77 
** = i , I  4 

X ~ = 25,47 
Degrees of f reedom 12 

Px, = 1,3 % 

Occupancy group B. 

Num ber  of claims 2.291 . 
Vt* = 2,68 
if* = I , I i  
X I = 25,21 
Degrees of f reedom i i  
Px, = o,8 % 

Fig. 6. Motor  th i rd  p a r t y  insurance. 

The  da ta  come f rom two geographical  areas. T h e y  are severely 
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Fig. 4. Accident insurance. 
Number of days of illness. 
Occupancy Group A. 
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Fig. 5. Accident insurance. 
Number of days of illness. 
Occupancy Group B. 
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t runcated inasmuch as about 80 % of the number of claims lie 
below the truncation point. Still the chosen d.f. covers the most 
interesting part of the claims as those claims are the source of more 
than 2/3 of the loss. 

The d.f. is of the form L ( x  - -  a ; V., ~) 
where a is larger than the truncation point. 

The observed claims that  are less than a have not been taken 
away from the data used in the figure. For many  purposes it will be 
necessary to make the truncation at a point that  is larger than a 
which causes about 90 % of the number of claims and 5o % of the 
claims amount to be excluded. 

The root of the difficulties is probably the fact that  claims arising 
from personal injuries and other claims have not been separated. 

Group A .  

Number of claims above truncation point 3.200 

~* = 0, 9 
~* = 2 ,2  

Group B 

Number of claims above truncation point 1.286 

~* = 1, 3 
~* = 2,1 

ESTIMATION OF THE MEAN 

The maxlike estimate of the mean is 

V . *  + - -  

--(2) 0t* = e * , where ~* -- - -  Z log xi and a ~* = _I 2 (log x i - -  ~*)* 
n n 

x = the size of the claim 
n = number of claims 

This estimate is asymptotically unbiased. If  the number of claims 
is small, the estimate 

O t ~  t ~ r l t * t  
I.L $ + - -  - -  

(3) ~ * *  = e ' ' ~  

may be used as it converges much faster towards 0t than ~*. 
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Fig. 6. Motor third par ty  insurance. 

• Group A 

z Group B 

/ 

1 2 3 4 5 6 7 8 9 

-g 
c~ 
+ 

+ 

+ 

I 

e 

I 

I 



LOGNORMAL MODEL FOR DISTRIBUTION OF ONE CLAIM 19 
The influence of the smallest claim on the estimates (2) and (3) is 

approximately the same as the influence of the largest claim. I t  is 
therefore often desirable to diminish this great influence of the small 
claims as they are of no economic importance. Statistically the 
small claims are of a special nature as the insured often does not 
bother to demand payment  for a small loss. This is easily seen by 
comparing two sets of statistical data  where one set has no excess 
but the other set has a certain excess. The following fig. 7 shows 
how much the Swedes are willing to sacrifice rather than ask the 
company for payment.  

Fig. 7. Small  c la ims for which  p a y m e n t  is n o t  d e m a n d e d .  
Payment not dernlnded e/o 
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There are several ways of diminishing the influence of the small 
claims on the estimates. 

A natural way is to censor the sample at a value that  is somewhat 
greater than zero. If the censoring point is denoted c and L(c) <_ o,2 
the estimates of ~ and a * are approximately 

t r ' * -  Y~r YI'~I~" + 0,4 1 / ~  Y x ' I ' ~ m ( l r  x "  .--, - -  logc) 

~,  = 17 x m .  ~ * .  0,4 
n 

where Y1 = y~ log xi + m log c for xi > c 
Y2 = Z log ~ xi + m log * c for xi > c 
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~1- Y1 

m is the  number  of claims < c 
r is the  n u m b e r  of claims > c  

EFFICIENCY 

The  efficiency of ~* is denoted  e (~*). 

e(0¢*)--~ I,  0~* is thus  asympto t ica l ly  efficient 

The  efficiency e(~) of ~ = I ~x~ is given b y  
n 

a 4 
G 2 - ~ - _  

e ( ~ ) - -  ~ i f  n is no t  small 
e a 2 -  I 

As seen f rom the  examples  given in the  fig. 1-6 a = 2 is a r a the r  
common value, e(~) = o,2 for ~ = 2 i.e. 0~* and  ~ give the  same 
in format ion  if ~ is based upon five t imes as m a n y  claims as ~*. 
The  point  is i l lus t ra ted in fig. 8, where it  is seen t h a t  ~ varies much  
more with the  different  years  t han  ~* in spite of the fact  e~)  for the 
da t a  in fig. 8 is as great  as o,8. 

T H E  CONFIDENCE INTERVAL OF 

2 

In  ~* = e 

~* and  a 2. are independent  and  

~* is normal ly  d is t r ibuted  N ~; 

and  ~ *  I ' -  dis t r ibuted,  with n -  I degrees of freedom. 
The  d.f. of log ~* is t hen  the  convolut ion  of a normal  and a 

F - - d . f .  
I have  not  been able to do this convolu t ion  and  there  is small need 

for doing so as the F - -  d.f. v e ry  soon becomes normal  as n grows. 
Log 0~* is then  approx imate ly  normal.  A confidence in terva l  of log 0c 
can thus  be cons t ruc ted  b y  the S tuden ts  t - -  d.f. and the  confidence 
in te rva l  of ~ then  follows 
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Fig.  8. Comparison be tween  ~* and ~ as es t imates  of t he  m e a n  claims amoun t .  
~* an ~ are ca lcula ted  f rom acc ident  insurance  data .  

pl 

J 
J 

/ \' 
t 

~, } , ,n ,  ~: 
1 b I I ~\l,..Z ' I il 

~"| ' I 
I 

r' j ! ' ~ j  . 
/ /I ,~, I 

j "4 

C 



2 2  LOGNORMAL M O D E L  FOR D I S T R I B U T I O N  OF ONE CLAIM 

e I - ~ + 2~s+xi 

where tp is the p-percent value of the t - -  d.f. 

T H E  D .F .  OF T H E  E S T I M A T E  OF T H E  R I S K  P R E M I U M  

The basis of the estimate of the risk premium is the d.f. of the 
estimate of the total  loss R. 

a~  
t~*+ - -  l 

R * =  v.  e . R* has the following frequency function 

/R (,1 = ~ - ~  . , _ .  . ~" I/~ . e- 0og,  -~.lvl°g° -M~. 

where v = number of claims 

~2 
M = V ~ + - -  

2 

~74 
S ~ = .  s + _  

2 

(72. 
where again ~* + -  is presumed to be normal. 

2 

To make the formula more lucid n m I and n + I have been 
replaced by n. 

The formula for [R (x) is not very pleasing but it does at least not 
contain any convolutions and it might not be too difficult to find a 
good approximation. 

When it comes to convolutions the lognormal d.f. has very nasty 
qualities. I t  is not even possible to find an explicit expression for 
the characteristic function. 

S U M M A R Y  

The lognormal d.f. shows a good fit--especially for large values 
of the variable in many branches of non life insurance. 

This d.f. has many nice qualities of which the following are of 
great value in the practical work. 
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I. The estimate of the mean is efficient and reasonably easy to use. 

z. I t  is possible to construct a confidence interval for the estimate 
of the mean. 

3. The frequency function of the total claims amount may  be ex- 
pressed as an infinite series, including only simple and weUknown 
functions. 

The lognormal d.f. has less nice qualities too. The following seem to 
be the most annoying. 

4. The integral in the characteristic function is not solvable and the 
convolution cannot be expressed explicitly. 

5. The less good fit for the small values of the variable calls for 
adjustments which often causes a good deal of work. 


