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ABSTRACT 

The prernlums for a bonus-malus system whtch stays in financial equthbrtum over 
the yeats are calculated This ts done by mlmmtzmg a quadrattc functton of  the 
difference between the premtum for an opttmal BMS wtth an lnfintte number of 
classes and the premium for a BMS with a ftmle number of  classes, weighted by the 
stationary probabthty of being in a certain class, and by tmposmg vartous 
constratnts on the system, 
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1. INTRODUCTION 

LEMA[RE and Zt (1994) analyze 30 bonus-malus systems (BMS) from around the 
world, wtth respect to four measures the relative stauonary average premtum level, 
the coefftctent of varlatton of the msured's  premtum, the effictency of the system 
and the average opttmal retentton They show that these measures are all posttlvely 
correlated. They also conclude that "an  apparently inescapable consequence of  the 
implementation of a BMS ~s a progresstve decrease of  the observed average 
premtum level, due to a concentration of pohcyholders  m the htgh-dtscount 
classes ". 

At the end of  30 years, the average premium level for a pol icyholder  goes from 
around 70% of the starting premium level for Belgwm to a low of  40% for Japan 
Thts financial tmbalance results from penalties that are not severe enough for bad 
drtvers 
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In this note, we report on the construction of three hypothetical BMS which have 
the property of staying financially balanced over the years SAMMARTINI (1990) also 
considers the problem of constructing a BMS which is financially balanced He 
does this by permitting a driver to move to a lower class only if the claim frequency 

of his preceding class is lower than a fixed value. 
We achieve a bonus-malus system financially balanced over the long term by 

using the premiums as parameters of the model. The premium for each class will be 
determined in such a way that the total premmms received should be at least equal 
to 100% of the mltml premium after a certain number of years, 

This note is organized as follows. Section 2 introduces the notanon and presents 
the model used. Section 3 reports the results of a snnnulation to calculate the number 
of policyholders in each class at periodic intervals, from which the stationary 
d~stNbutlon can be estimated Section 4 uses this reformation to construct an 
optimal BMS with a finite number of classes, with certain constraints ~mposed on 
the premiums so that the BMS is financially balanced at the end of a fixed time 
horizon. Finally, we present some concluding remarks. 

2. DEFINITION OF THE BMS 

Let n represent the number of classes of the system. The premium for class t, ~ = I, 
•., n, is equal to the product of a base premium P and a fraction 0.01 x C,. A driver 
m class t pays a premium equal to 001 x C, x P 

Let N, be the number of accidents a policyholder has during the period I t -  I, t). 
We will assume that N, has a Negative Binomial (NB) distribution with parameters 
(a = 1.0923183, b = 7 70077) These parameter values were derived from the data 
of WEBER (1970) 

In this note, we will consider three BMS: 
A) BMSI is a system with 18 classes (n = 18) The premium corresponding to class 

10 ~s equal to the base premium P, so that C~0 = 100. A new driver will start m 
this class. The class of a driver will be modified each year according to the 
following transition rules 
1. a driver with no accident during a year goes down one class. 
2 a driver goes up by two classes for the first accident m a year and by three 

classes for each subsequent accident m that year 
To model this system, let us denote by Y, the class of a driver for the period 
[t, t + I). This process Y, is thus defined by the following equation 

Y0 = 10 

Yt = Y t - 1 + 3 N t -  1, t ~ l ,  

with a minimum value of I and a maximum value of 18 
BMSI ~s similar to the old Belgian BMS except that this one had the additional 
restriction that a driver not responsible for any accident during 4 consecutive 
years, and whose class ~s higher than 10, will go back to class 10 
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B) BMS2 ~s a system Snnllar to BMS1, but with a higher penalty for an accident A 
driver will go up by 3 classes for the first accident m a year and by 4 classes for 
each subsequent accident m that year, so that Y, ~s defined by 

Y0 = 10 

It= Y~_l+4Nt-l,t~l 
C) BMS3 is a system with the same rules as BMS2 but with 24 classes. 

3. STATIONARY DISTRIBUTION 

When the random variables (r v.) N i . . . .  N, (defined m section I) are independent, 
the stationary dlstnbutmn of a BMS can be computed using DUFRESNE'S (1988) 
recursive procedure, as mgenvector of the transition matrix or as hm~t value of the 
transition matrix In the model where the r v N t 12, , N t 12 have a Poisson 
distribution and 2 follows a gamma distribution, the unconditional r.v. Ni,  , Nt, 
which follow a negative binomial distnbuuon,  are dependent 

To estmlate the number of drivels in each class after a large number of ycars, we 
must therefore resort to smlulauon. We start with an hypothetical portfolio of 
100,000 dnvers mltmlly m class I0 and smlulate for each of them their claim 
experience over the next 40 years, using the NB (1.0923183, 7 70077) distribution 
Table I contains the simulated number of drivers m each class for BMSI after 10, 
20, 30 and 40 years. The nurnbel of drivers in each class m year 40 is dw~ded by 
100,000 to estimate the stationary probabd~ty of being m class i, denoted f, (last 
column of Table 1) Tables 2 and 3 contain the same reformation for BMS2 and 
BMS3 respectively The period of 40 years was chosen as the approximate average 
driving career of a pohcyholder 

TABLE I 

NUMBER OF DRIVERS AT TIME I FOR BMSI 

Class \ t 10 20 30 40 

1 40544 61141 66085 66229 0 66229 
2 0 9024 5471 5658 0 05658 
3 24855 5431 6140 7675 0 07675 
4 0 1197 4049 2246 002246 
5 0 6146 1681 1985 0 01985 
6 14526 745 1104 2487 0 02487 
7 0 326 2780 992 000992 
8 0 4104 666 823 000823 
9 8518 227 523 1703 0 01703 

10 14 261 2151 648 000648 
II 36 2986 482 661 000661 
12 4759 289 543 1433 0 01433 
13 98 461 1759 676 0 00676 
14 238 2203 682 840 000840 
15 2885 663 886 1349 0 01349 
16 520 1086 1627 1078 0 01078 
17 1131 1907 1398 1492 0 01492 
18 1876 1803 1973 2025 0 02025 
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T A B L E  2 

NUMBER OF DRIVERS AT TIME I FOR BMS2 

Class \ t I0 20 30 40 

I 40320 51217 56205 56351 0 56351 
2 0 8798 3738 4881 0 04881 
3 0 3731 4173 4744 0 04744 
4 24881 3974 7682 5314 0 05314 
5 0 1007 1828 2056 0 02056 
6 0 7465 1622 3218 0 03218 
7 0 1099 1477 1800 0 01800 
8 14587 758 3867 1488 0 01488 
9 5 620 1072 1238 0 01238 

I0 79 5480 1037 2453 0 02453 
II 193 615 1062 1227 0 01227 
12 8510 799 2949 1264 0 01264 
13 277 1043 1135 1398 0 01398 
14 542 3766 1353 2257 0 02257 
15 1168 1336 1782 1650 0 01650 
16 4668 1876 2903 2164 0 02164 
17 1795 2656 2573 2797 0 02797 
18 3065 3760 3542 3700 0 03700 

T A B L E  3 

NUMBER O1" DRIVLRS AF [IML I IOR BMS3 

Class \ t 10 20 30 40 f~ 

I 40435 51266 56289 56019 0 56019 
2 0 8896 3638 5137 0 05137 
3 0 3660 3958 4488 0 0 4 4 8 8  
4 24747 4019 7784 4998 0 04998 
5 0 831 1595 1754 0 01754 
6 0 7503 1440 3540 0 03540 
7 0 880 1076 1497 0 01497 
8 14514 497 4090 1079 0 01079 
9 0 220 654 732 0 00732 

I0 0 5810 497 2772 0 02772 
II 0 248 402 596 0 00596 
12 8675 131 3338 542 0 0 0 5 4 2  
13 0 91 338 494 0 00494 
14 0 4259 325 2256 0 0 2 2 5 6  
15 I I01 332 497 0 00497 
16 4973 144 2764 494 0 00494 
17 I 234 412 591 0 00591 
18 29 3094 489 1973 0 01973 
19 71 298 676 776 0 00776 
20 2850 515 2276 1034 0 01034 
21 198 854 985 1296 0 01296 
22 425 2447 1486 2239 0 02239 
23 998 1512 2087 2143 0 0 2 1 4 3  
24 2083 2490 3069 3053 0 03053 
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4. OPTIMAL B M S  

I11 

LEMAIRE (1985)  has  s h o w n  that  m an op t ima l  B M S ,  wi th  an inf in i te  n u m b e r  of  

c lasses ,  the  p r e m i u m  for  a d r ive r  w h o  had N acc iden t s  in t years  was  g iven  by  

b a + N  
x P  

a b + t  

He also s h o w e d  that  this  o p u m a l  B M S  was f inanc ia l ly  ba lanced ,  l e. the ave r age  

p r e m m m  rece ived  each  yea r  by the  insurer  was  100% P. Wi th  our  e s t ima ted  va lues  

for  the  pa rame te r s  a and  b, we f ind m T a b l e  4 the pe r cen t ages  o f  P for the op t ima l  

p r e n n u m  for N--<4 and  t--<9 

T A B L E  4 

OIrl IMAL WEIGH r 100 x C(N ~ 

t \ N  0 l 2 3 4 

0 I0000 
I 88 51 169 53 250 56 331 59 412 61 
2 79 38 152 06 224 73 297 41 370 08 
3 71 96 137 85 203 73 269 61 335 50 
4 65 81 126 07 186 32 246 57 306 82 
5 60 63 116 14 171 65 227 16 282 66 
6 56 21 107 66 159 12 210 58 262 03 
7 52 38 100 34 148 30 196 25 244 21 
8 49 05 93 95 138 35 183 75 228 65 
9 46 II 88 32 130 54 172 75 214 96 

W e  can  a p p r o x i m a t e  each  B M S  in t roduced  in s e c n o n  2 by a table  of  the s ame  form 

as Tab le  4. T h o s e  tab les  give,  for  each  va lue  of  N = 0, 1, 2, 3, 4 and  t = 1 . . . .  9 the 

p e r c e n t a g e  C, o f  the p r e m i u m  P paid by a d r ive r  w h o  had  N acc iden t s  by t ime  t and  
who  is m class  t Note  that  the init ial  c lass  for a d r iver  is a lways  c lass  10 

T a b l e  5 a p p r o x i m a t e s  BMS1 .  For  cer ta in  values  of  N and  t, m a n y  c lasses  are 

poss ib le ,  s ince  the  class  m wh ich  a d r ive r  is, d e p e n d s  not on ly  on the total  n u m b e r  
o f  acc iden t s  N but  also on the way these  acc iden t s  are d i s t r ibu ted  a m o n g  the  t years  

For  example ,  a d r ive r  w ho  has  4 acc iden t s  m the  first two  years  can be in c lass  17 

or  18 at the end  o f  the s econd  year.  He wdl  be  m class  17 if these  acc iden t s  are 
d i s t r ibu ted  as (N~, N2) = (4, 0), but  he will be m class  18, if these  acc iden t s  are 
d i s t r ibu ted  any  o the r  way.  Th i s  p r ob l em a t i c  s i tua t ion can  occu r  w h e n  there  are 

m a n y  acc iden t s  (N>~4) ,  but  its p robab i l i ty  is very  small .  
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TABLE 5 

APPROXIrv|ATION FOR SBMI 

t \ N  0 I 2 3 4 

0 Cio 
I C9 Ct, C1~ Ci8 Ci8 
2 Cs Cll Cl~ Ci7 Ci8 
3 C7 C.i Cla Cl~ Cis 
4 C~, C9 C~2 C~s C~s 
5 C~ Cs Cll Ci4 Ci7 
6 C4 C7 C.~ C~ ~ C~6 
7 C~ C~ Co Ci2 Cl~ 
8 C2 Cs Cs Cii Ci4 
9 Ci C4 C7 Cio Ci~ 

As a general rule, we will then choose the highest class in which a driver can be. 
It also corresponds to the most probable class. With our estimated values for the 
parameters of the NB distribution, we find, for a driver w~th 4 accidents in 2 year,;, 
that the probablhty of being in class 17 is 0.000105747 (only when (Nm, N2) = 
(4, 0)), while that of being m class 18 ts 20 times higher (000222068) Class 18 
will also be the class of all drivers with more than 4 accidents in the first year and 
none in the second year 

A problemanc situation can also occur when the bottom class is reached for 
longer driwng periods. In this study, we hm]ted the ume horizon to t = 9 years. But 
with BMSI,  a policyholder who has only one accident m 12 years could be m 
class 3, 2 or 1 the following year, depending on whether this accident occurred in 
year 12, 11 or before This situation will occur more frequently than that discussed 
previously, if we consider long driving periods. 

Slmdarly, we can construct Table 6 to approxmlate BMS2 and Table 7 for 
BMS3 To find the optimal values of C, of Tables 5, 6 and 7, we will mlmm~ze for 
all (N, t), the quadratic error between the premium in a system with an infinite 

number of classes, 

b a + N  
x P, 

a b + t  

and that paid in the approximating BMS, 0.01 x C, x P ,  weighted by f,, the 
stanonary probabdlty of being In class t. 

It is eqmvalent to mimmlze the quadratic function 

f, x [ C , -  100CcN ' ,j]2 
(N, t) 

on the variables C,; we will impose certain constraints on the BMS 
I The constraints C ,+~-C,>~0 ,  i = 1 . . . .  n - I  will ensure that the premium 

increases with the class 
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TABLE 6 

APPROXIMAIION I'OR SBM2 

113 

t \ N  0 I 2 3 4 

0 rio 
I C9 Cia Ci7 Cla Ci8 
2 C8 Ci2 C1~ Ci8 Cis 
3 C7 Cii Cl~ Cis Ci8 
4 Ct, CIo Cl.~ Cis Cis 
5 C5 C9 Ci~ Ci7 CI8 
6 C4 C 8 Ci2 C16 Ci8 
7 C~ C 7 Cii Ci5 Cis 
8 C 2 C~ Cio Cl.~ Cis 
9 Ci C5 C,j Cl~ Ci7 

TABLE 7 

APPROXIMAI ION FOR SBM3 

t \ N  0 I 2 3 4 

0 Cio 
I C~ Ci ~ Ct'7 C2t C24 
2 C8 Ci2 Cl~ C20 C24 
3 C7 Cll Ci5 Ci9 C23 
4 C~, Cio Ci4 Cis C2_~ 
5 C~ Co Cla Ci7 C2i 
6 C.~ Cs Ci2 Ci6 C2o 
7 C~ C7 Cll Ci5 Cl~ 
8 C2 C6 Cio Ci4 Cix 
9 Ci C, C9 Ci3 Ci7 

2 We will set C~0 equal to 100 
3. To ensure that the portfolio is financially balanced In the long term, we will 

impose the inequality constraint Z ,~  C, i> 100 
Solving this quadratic progranumng problem for the three BMS with the IMSL 

software, we find the optlnaal solutions appearing in Table 8. For the reason 
discussed above on the length of the period of analysis, optimal premmm levels 
may depend on the maximum value of t used in the calculations. For this analysis, 
we limited ourselves to a period of  t = 9 years. 
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TABLE 8 

OPTIMAl. PREMIUMS FOR THE BMS 

Class BMS I BMS2 BMS3 Belgian BMS 

0 54 
I 79 2 70 I 54 I 54 
2 82 2 73 I 57 0 54 
3 85 5 76 4 60 4 57 
4 88 8 80 2 64 2 60 
5 93 8 86 5 78 5 63 
6 99 6 91 9 83 9 66 
7 100 0 98 2 90 I 69 
8 I 0 0 0  I 0 0 0  975  73 
9 1000 I 0 0 0  I 0 0 0  77 

10 1000 1000 1000 81 
II 1 8 0 2  155 I 147 I 85 
12 195 1 167 6 159 6 90 
13 220 8 179 3 174 0 95 
14 237 9 197 0 189 0 100 
15 258 I 2 1 2 0  2 0 4 0  105 
16 282 4 229 7 221 7 t I I 
17 306 6 250 9 233 6 117 
18 357 9 294 4 241 6 123 
19 26O 9 13O 
20 283 7 140 
21 311 1 160 
22 314 8 200 
23 343 5 
24 395 3 

With BMSI ,  we note that a single claim increases the premmm by 95 %, while 
four claim-free years reduce the premium by only 0.4% BMS2 is a better system 
since ,t produces larger bonuses than BMS3 The same conclusion is reached when 
comparing BMS3 to BMS2 With BMS3, a good driver can recewe a decrease of 
45 % of hxs premium after 9 years without any accident. This bonus is financed by 
the bad drivers, who may end up paying up to 4 times the imtlal premium BMS3 
would be preferred to BMSI and BMS2. 

The last column of  Table 8 presents the percentage of  the premium charged in the 
current Belgian BMS. The transition rules are somewhat different, however a 
driver goes up by four classes for the first accident m a year and by five classes for 
each subsequent accident in that year. After four consecutive claim-free years, a 
policyholder  can not be in a class higher than 14, comphcat lng the Markovlan 
structure of  the model. It ~s interesting to note that, hke BMS3, the Belgian system 
has a maximum bonus of 4 6 % ;  however, the maximum malus in the Belgian 
system is only 100%, compared to 295% for BMS3. 

BMS3 also has the interesting property that It stays flnancmlly balanced over the 
years. Table 9 shows the average percentage C of  the premium received by the 
insurer for t = 1 . . . .  40 As can be seen, the average premium fluctuates between 
96% and 115% of the initial premium over the next 40 years 
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TABLE 9 

FINANCIAL EQUII.IBRIUM FOR SBM3 

t C t C t C t C t C 

I 1102 9 993  17 9 8 0  25 9 8 9  33 100 I 
2 115 I 10 9 8 7  18 9 8 2  26 9 9 2  34 1004 
3 114 3 I I 98 9 19 98 4 27 99 5 35 I00 5 
4 1053 12 9 5 9  20 9 6 8  28 985  36 9 9 7  
5 1072 13 9 7 8  21 9 8 3  29 9 9 6  37 1004 
6 1030 14 9 7 9  22 9 8 6  30 9 9 8  38 1006 
7 1026 15 9 8 3  23 9 8 9  31 9 9 9  39 1006 
8 97 4 16 96 2 24 97 7 32 99 2 40 100 0 

5 CONCLUSION 

In th~s note, we have shown how to construct a BMS which stays in financml 
equilibrium over the years, using a quadrauc mm~m~zauon Docedure, with hnear 
equality or mequahty constraints We could add more constraints on the premmms 

of the BMS For example, ~f ~t ~s deemed desuable that the dffferentml m premmm 
between classes be at least k%, we would add the constraint 

C , + ~ - C ,  !> k 

This could allevmte some of the d~fficulues encountered w~th BMSI (high premmm 
increase following a first accident and many clmm-free years needed before 
receiving a bonus). The maximum bonus gwen to a drive,' and the maxmaum 
penalty a bad driver could recmve could be hm~ted with the constraints 

C~>~A 

C,, -< B. 

Some regulatory requirements as well as constraints of insurance executives could 
also be accommodated m the system 
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