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ABSTRACT

Reinsurance treaties defined as generalizations of the classical largest claims
reinsurance covers are investigated with respect to the associated nisk, defined
as the vanance of the insurer’s retaining total claims amount Instead of the
unhandy vanance corresponding handier asymptlotic expressions are used
With these an asymptotic efficiency measure for comparing two such remnsur-
ance covers 1s defined. [t 1s shown that with respect to asymptotic cfficiency the
excess-of-loss treaty 1s better than the classical largest claims trcaty Further-
more the problem of giving optimal wheights to the ordered claims of a
generahized largest claims cover 1s discussed.

INTRODUCTION

The choice of the appropriate treaty 15 a very old and fundamental problem in
the reinsurance practice and theory Already in the sixties actuaries discussed
the problem of the optimal choice of a reinsurance treaty. The stop-loss and
quota shares were shown to have some very interesting optimality properties
(sece e.g BORcCH (1960), KaiiNn (1961), LEMAIRE (1973), OHLIN (1969),
PEsONEN (1967), Vaipa (1962), VERBEEK (1966) and the recent paper of
PESONEN (1984)) Collective and individual treaties were compared and also an
optimality property was given for the excess-of-loss treaty with respect to the
class of individual treaties (see e.g OHLIN (1969), GERBER (1980)). A short
presentation of these results 1s given e g 1in KREMER (1986b)

Nearly nothing 1s known on the goodness of the largest claims reinsurance
treaty or of some of its interesting generalizations, which arc defined e.g in
KREMER (1986a), (1988a). Some remarks on certain dependencies between the
largest claims and excess-of-loss treaty can be found in BERLINER (1972).
Furthermore one knows that under certain conditions the net premium of the
classical largest claims cover (see eg AMMETER (1964)) is asymptotically
equivalent to the net premium of a corresponding excess-of-loss trcaty plus
additive term (see KREMER (1982)) A generalization of that result to the
generalized largest claims reinsurance covers was given by the author (scc
KREMER (1984)) some years ago Some more advanced results remain to show
In the following the author presents some first new investigations on the
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goodness of the (classical or generalized) largest claims reinsurance treaties that
are of the type one expects to get. Like in the already classical studies on the
stop-loss, quota and excess-of-loss shares (see BorcH (1960), LEMAIRE (1973)
and OHLIN (1969)) the author takes the inverse of the variance of the
corresponding claims amount as measure for the goodness of the reinsurance
treaty. Unfortunately one cannot give handy formulas for the vanances under
consideration. That’'s why the author replaces the vanances by asymptotic
formulas which were already cited in KREMER (1983). With these the asymp-
totic efficiency of two reinsurance treaties of the discussed type will be defined
as the ratio of the inverses of the suitably transformed asymptotic variances.
Like in the classical studies one takes the constraint that the net premiums of
both treaties are {asymptotically) the same. With the help of this new concept
of efficiency the classical largest claims cover (see AMMETER (1964)) is
compared with the excess-of-loss treaty Finally the author deals with the
problem of choosing optimally coefficients, weighting the ordered claims in the
generalized largest claims reinsurance treaty.

THE GENERAL TREATY

Consider a collective of insurance risks producing claims with sizes
X, X5, X5, ..., each year Denote with N the random varnable describing the
number of claims per year. The claims sizes are assumed to be stochastically
independent and identically distributed with distribution function F. Finally the
claims number is assumed to be independent of the claims sizes Investigated
are remnsurance treaties which are based on the claims ordered 1n increasing
amount 1.e. on the random vanables

Avi1SXy25... S Xyy

The reinsurance treaty conditions are defined by a famuly of weighting
coefficients

Curs i=1,2, R (B n=l,2,3...
and a function
h on the nonnegative reals .

With these quantities the part of the total claims amount
N
SN = Z Xl
=1

that the insurer retains, when concluding the treaty, is given according
N

RN = Z cM'h(XN r)'

=1
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Such a reinsurance cover was recently called linear reinsurance treaty based on
ordered claims ( see e g KREMER (1988b)) In the more special situation where
h(x) = x holds for all x, one often denotes those reinsurance covers general-
1zed largest claims reinsurance treaties (see e.g. KREMER 1988a)) The sense of
the definition of the generalized treaty becomes obvious when considering some
examples.

ExaMpLE 1. For the choice ¢,, = | forall 1= 1,2,3, . and n=1,2,3,
and the special function

h(x) = min (x, P)

with a given nonnegative priority P one gets the classical excess-of-loss treaty
with prionty P. The nsurer has to pay for each claim up to the maximal
amount P. V

ExAMPLE 2. In case thatc,, = 1 foralli=1,2,...,n—pand ¢,, = 0 otherwise
and that A(x) = x holds for all x, one has the (classical) largest claims
rewmnsurance treaty, where the reinsurer pays for all claims except the p largest
ones V

The reader 1s invited to give some more examples, e.g one can combine the
situations of the example 1 and 2. Notice that in the present investigations we
consider the claims amount remaining by the insurer and not like m the
previous studies (sece KREMER (1986a), (1988a), (1988b)) the claims amount
taken by the reinsurer. In other words, the Ry here 1s just the Sy— Ry of the
previous papers.

THE ASYMPTOTIC EFFICIENCY

Obviously the class of linear remnsurance treaties based on ordered claims 1s
farly large One can choose among many different such reinsurance covers
The question appears which of two given different treaties 1s preferable. For
deciding, one needs an appropriate measure with which one can select the
treaty which 1s more advantageous. A classical measure for judging the
goodness of a reinsurance treaty 1s the variance of the total claims amount
under consideration while choosing some parameters of the treaty such that the
mean value of the total claims amount 1s fixed (see e.g. OHLIN (1969) and
KREMER (1986b) chapter 5.1). In case of our above defined linear rcinsurance
treaty based on ordered claims no handy expressions for the expectation E(Ry)
and vanance Var (Ry) exist in general. Fortunately one can give elegant
formulas for both quantities with asymptotic considerations. More concretely
the author gave 1n a previous paper (see KREMER (1983)) expressions for
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E(R,) and Var(Ry) that are asymptotically equivalent to both quantities
These results are basic to all that follows and will be presented in the

sequel.
Consider a sequence of growing coliectives, indexed with the integer
k=123, ... Denote with N, the claims number of the collective no. £ and

suppose that

Im (E(Np)) = +w

k—cw

Var (Ny)
Iim | — =
e\ E(W)

with an arbitrary, but fixed constant ¢, The random varables of the claims
amounts are the same n each collective and denoted by the variables

Xl > X2 ’ X3 )
They are assumed to satisfy the conditions given n the beginning of the
previous section, especially they are assumed to be stochastically independent
of the claims numbers N, and to have the distribution function £ The linear
reinsurance treaty based on ordered claims now depends also on the collective

number k, more concretely the weighting coefficients are dependent of the
index number k-

cn=c® with k=123,

whereas the function 4 is independent of the number k. For giving the
asymptotic formulas for the expectation and variance of the claims amount

Ny
Ry=RE =3 % hXy, ),
=1
one defines the family of functions
bW m=1,2,3,..., k=123,
according
biF(0) = P,

5% (u) = ¢V for u 1n the mterval
((i—=N)/n,1/n]  and 1=1,2,3, .,n,

and assumes that there exist an asymptotic weighting furniction b and numbers

t, t=0,1, ,m+l
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with 1, < t,41, t, = 0, 1,5+, = | such that

hm (b)) = b

k= o
uniformly on closed subintervals of the complementary sct of {¢;,.. ,t,} and
for each sequence (n,,k = 1,2, ..) sausfying

The function b 1s supposed to consist of two parts
b = b5+bd’

where b; is of bounded variation and continuously differentiable and b, 15 a
step function with steps at the ponts ¢;, ,t,. Finally the function & shall be
nondecreasing, F be continuous and strictly increasing (from both sides) at the
points F~'(1), 1 =1,2,. ., m, with the convention

F ') = inf{x F(x)=u
With all these notations and assumptions one has the important resull that

with the expressions

oo

(1) (b, by = j b(F(x) h(x) F(dx)

0

oo

@ o2(b, h) = j r (min (F(s), F(1))= F(s) F(1) %
0

0

x b(F(s)) b(F(1)) h(ds) h(dr)

holds
E(RP
0) im (2R )
k=0 \ E(Ny)
Var (R
4) hm | YerG "‘)) = G2(b, W)+ ul(b, )
h—o E(Ny)

(see Theorem | in KREMER (1983)). In these formulas the distribution function
F is fixed and given The expressions depend only through the functions b and
h on the linear remsurance treaty based on ordered claims.

Now coming back to judging the goodness of a linear reinsurance treaty
based on ordered claims In the classical approach of comparing reinsurance
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treaties one fixes the expectation of the claims amount under consideration and
investigates the corresponding variance. According to the elegant result (3) the
fixing of the expectation can be formulated in an asymptotic sense according:

up(b, h) = constant .

Then according to (4) the investigation of the variance can be expressed 1 an
asymptotic sense as the investigation of the expression

ok(b, h).

All above remarks now are summarized in the following definition.

DEerFINITION. In the above setting consider two linear reinsurance treaties based

on ordered claims with corresponding functions b,, A,, i = 1,2 Suppose
that
(5) #e(bys h) = pp(by, hy)

1s satisfied. Then the value

HUW
EFF:(1:2) = M)

Urz"(bl', hy)

is called asymprotic efficiency of the treaty no. 1 relative to the treaty no 2. In
case that

(6) EFF(1:2) > 1

holds true, the treaty no. | 1s called better than the treaty no 2 (at the
underlying claims size distribution function F). In case that in (6) one has
equality, both treaties are called to be (asymptotcally) equivalent. ¥

Obviously this definition gives a practicable formal instrument for compar-
ing the linear reinsurance treaties based on ordered claims. In case of the
socalled generalized largest claims treaties (see above) one has A(x) = x for all
x, so that ur, 62 depend only on b. Then write shorter s (b), of(b) for the
special ug(b, h), (b, h). For illustration an important example shall be
discussed.

AN EXAMPLE

Consider the (classical) largest claims reinsurance treaty of the example 2 in the
above context of growing collectives. Denote the number p of the treaty in the
collective no % by p,. Assume that

Pk
Iim
koo ( E(Ny)

Il
5%
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for an arbitrary, fixed value 5 between zero and ome. This treaty shall be
compared with the excess-of-loss treaty with priority P > 0 (see the example 1).
With these notations one gets the corresponding functions.

(a) for the excess-of-loss treaty
b(u)y=1, for all u,
h (x) = min (x, P), for all x,

(b) jo‘r the largest claims treaty

b, (1) = 1, if u 1s smaller or equal to 1~—35,
0, elsewhere,

h,(x) = x, for all x,

and the interesting result:

THEOREM The excess-of loss treaty 1s better than the largest claims cover in the
just given setting V

ProoF. Since

wrbys ) = j x F(dx)+ P (1= F(P))
[0. P]

ur(by, hy) = j x F(dx),

[0, F~' (1=4)]

the equation (5) means nothing else but that
) j x F(dx) — j x F(dx) = P-(1-F(P))
{0, 7] (0, P}

with the priority P’ = F~'(1—s) This implies at once that P’ = P Since
F(P") < 1, one also has F(P) < 1. Consequently one has because of (7) the
stronger condition-

(8) P >P

Inserting the b,, h, into the expression (2) imples the in structure i1dentical
formulas:
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P P
) kb, k) =2 j F(r)-f (1= F@)) dr dr

0

(10) o2(by, hy) = 2- r. F(r) r' (1= F(¢)) de dr ,

0

r

from which one concludes easily with (8) that the excess-of-loss treaty 1s the
better one. V

This result can be seen as a theoretical justification for the common
preference of the excess-of-loss treaty on the international reinsurance market.
Surprisingly the proof of the theorem 1s fairly simple, when using the concepts
of the preceeding section. The result 1s new and fits well to the investigations of
BERLINER (1972). For given s € (0, 1) and distribution function F one can easily
compute the efficiency of the largest claums treaty relative to the excess-of-loss
treaty. Since s 1s given, the P’ 15 fixed, so that onc can compute the
corresponding priority P from the equation (7). For computing EFF(1:2) 1t
then remains to evaluate the integrals in (9) and (10) and then to take the ratio
Exemplarily one can take for F the classical Pareto-model

COROLLARY Suppose that F 1s the Pareto-model, 1.e
F(x)=1—x"° for x larger than 1,

with a given parameter a larger than 2. Define the following function:

_ 2(l-a) 1 2-a [@— 1) _
= (2‘(a—1))+y (a—2)

—yl_a' a _ a
a—1 2-(a—1-(a=2)
and the values:

al/(l—a) =l/a

yl = s

y2=s"""

With this notation one gets for the asymptotic efficiency of the largest claims
relative to the excess-of-loss treaty the result
g(yl)

EFFe(1:2) = ,
g(»y2)

in case that s is smaller than o/~ 9,
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Proor One evaluates with routine calculations the equations (7), (9) and (10).
More concretely (7) means with yl = P, y2 = P’ that:

y2
a- j x9dx = y1'7e
vl

what 15 equivalent with

yl=ai=a.

Since:
P =F'(l-s)=5"",

one has the formulas for yl = P and y2 = P’. Furthermore one shows that.

y Y
j F(r)'j‘ (1 =F())dt dr

0

= j‘ (1—r~9- ( r t“’dz)dr= =g(y) -7V

r

The Corollary shows that the efficiency depends for given parameters of the
distribution function F solely on the value of s.

OPTIMAL WEIGHTS

In this section the problem of how to choose the weighting coefficients c,,,
i=1,2,....,n,n=1,2 ..1s discussed for the situation that the function A of
the linear reinsurance treaty based on ordered claims is given and the insurer
likes to retain a net premium exceeding a minimum amount # Without loss of
generality let us assume that

h(x) = x, for all x.

This means that one deals with the generalized largest claims reinsurance treaty
and tries to find some 1n some sense optimal weighting coefficients for given
claims size distribution function F and on a constraint on the msurer’s net
income. Suppose that one has one in some sense optimal asymptotic weighting
Junction b for the treaty. Then an adequate choice of the weighting coefficients
is to take
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With this choice the treaty 1s in some sense asymptotically optimal So the
problem of giving adequate weighting coefficients reduces to the problem of
determining an optimal asymptotic weighting function. The above presented
concepts and ideas make it possible to define what might be regarded as an
optimal asymptotic weighting function b

DeriNtTION. Consider the class of generalized largest claims reinsurance
treaties with asymptotic weighting functions 4 1n the above context of growing
collectives. Suppose that one has with a given constant g the restriction on b:

(1) ur(h) 2 p,

where F 15 the fixed underlying distribution function of the claims sizes of the
collective. The asymptotic weighting function b, 1s called optimal 1n the class 4
if -

GF (be) = Inf (GF (),

where 4 1s a given class of asymptotic weighting functions with each be 4
satisfying (11) and the G2(b) is the right hand side of (4). A treaty with
corresponding asymptotic weighting function b, 1s called asymptotically opti-
mal 1n the class of treaties with weighting functions be 4. V

Assuming that the basic claims size distribution function F i1s continuous,
one can reformulate u,(b) and o7 (b) according

ur(b) = j b(u) ™" ()

0
agi(b) = j j(min(u,v)—u v)-b(u) b(v) F~'(du) F~'(dv).

Obviously g2 is something like a quadratic form and the x, nothing else but a
linear functional on the set of all asymptotic weighting functions b. In case one
restricts to uniformly continuous functions b, the determination of an optimal
b, reduces to a typical infinite optimization problem, 1e to the minimization of
the sum of a quadratic and a squared linear form under the contrant that a
linear functional exceeds a given constant For solving one can apply results of
the socalled infinite optimization thcory. The reader 1s referred to the literature
on this mathematical topic ( see e,g KraBs (1975)) Because of pracucal
reasons one will take 1n addition the condition on b that

b(u) is nonnegative for all u and
bounded by the amount .
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One knows that the optimal b, can be determined such that with a nonnegative
24 the tupel (by, 4,) 15 a saddlepoint of the Lagrange-function

L(b,A) = ar ()= 4 (up(b)—10)
with respect to all nonnegative b and 2

In practice one does not know F but only knows the corresponding empirical
distribution function F,,, defined with the known m past claims amounts
X, X,y,..., X, according-

]
F,(x) = (— ) < {number of X, < x).

m

Then one clearly mserts F,, for Fn the uz(b), o}(b), yielding as results

1 m
(12) #rm(b)=( ) Y b(—’)-x,,,,
m

—1 m

m—=1 m-1

(13) a,zrm(b) = ( ) Z Z (m oun (i,y)—1-))) %

1
2
m J=1

i
x b( - ) b (L) (Xm (1+l)_Xm 1)'(Xm (_/+l)_XI" _[)

n m

with probability one. Here one uses that for continuous F the ordered claims
are all different, 1€

(]4) Xm | < Xm 2 <. <X

nom

with probability one. In case some ordered claims are equal, both expressions
m (12), (13) have to be modified shghtly. Let us restrict exemplarily to the
situation (14) In (12), (13) the asymplouc weighting function b{(u) appears
only at the points v = 1/m, where i runs from | to m One can calculate optimal
values b, b,,. ., b, for 6(1/m),b2/m), ,b(1) by mimmizing 5}«’" (b) with
respect to the b (i/m) (with 1 = 1,2, .. ,m) under the constraints that

i, (b) 2 .

and that the 6 (¢/m) are nonnegative and bounded by 1 This 1s nothing but a
standard problem of the (fimite) optimization thecory, which can be solved with
the methods of the quadranc programming (see e g. Kunzi ct al. (1967)).
Having calculated the optuimal values b, (¢/m) =56, with 1 =1,2,. ,m,
one likes to have also values b,(u) for thc w uncqual to the ¢/m with
1=1,2,...,m A practical approach might thc simply to interpolate and
extrapolate the function b, («) between and from the points w = i/m with
1= 1,2, . ,m, by using a suitable method of the numerical mathematics.
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Since the methods of the quadratic programming nowadays work without great
problems on each modern computer, one can determine with the given
procedure an approximate optimal asymptotic weighting function b, 1n case
one has the empinical distribution function.

Clearly the problem of giving optimal weights ¢, (i=1,2,. .,n
n = 1,2,. .) or more concretely an optimal asymptotic weighting function b 1s
mainly of theoretical interest In practice the reinsurer clearly will not loose
time with computing such an “optimal” reinsurance treaty So the author
restricts to the above short discussion and closes the paper
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