
RECURSIVE C A L C U L A T I O N  OF THE NET PREMIUM FOR 
LARGEST CLAIMS R E I N S U R A N C E  COVERS 

E .  K R E M E R  

Universi ta ' t  H a m b u r g  

A B S T R A C T  

In the present paper  the author investigates the problem of calculating the net 
premium for some versions of  the largest claims reinsurance cover. A very handy 
recursive rating method is derived by applying some recursion formulas for the 
expectations of  order statistics. 

1. I N T R O D U C T I O N  

The calculation of the exact premium for an insurance treaty is a very old and 
fundamental problem in nonproportional reinsurance. Mathematical rating 
methods for the classical stop-loss and excess-of-loss treaties are already presented 
by HELBIG (1953) and AMMETER (1955). An alternative to the excess-of-loss 
cover, the so-called ECOMOR-treaty was investigated by the French actuary 
TH~PAUT (1950), whereas the more familiar largest claims reinsurance treaty 
came to a mathematical treatment not earlier than in 1964 (AMMETER 1964). 
Some few years ago the author of the present paper  took up again the problem 
of premium calculation for the last two treaties, inspired by a paper  of  BENKTAN- 
DER (1978). In a sequence of seven papers (KREMER 1982, 1983, 1984a, b, 
1985a, b) refined and generalized results were presented for those covers by 
applying results from the theory of order statistics. General asymptotic premium 
formulas were proved (see KREMER 1982, 1983, 1984b), as well as more special- 
ized finite statements (see KREMER 1985a, b). In the present paper  the calculation 
of the net premium is reinvestigated for a generalized largest claims cover and 
a theorem is proved, allowing a simple recursive premium calculation. The present 
paper  is in some sense a counterpart to a previous one by PANJER (1981), stating 
a method for recursive calculating the net premium of a stop-loss-treaty. 

2.  T H E  R E I N S U R A N C E  C O V E R  

Consider a collective K of risks and let N denote the random variable of the 
number of  claims. The corresponding claim amounts are described by the random 
variables X~, X 2 , . . . ,  XN. Denote by 

XN: i  ~< " " " ~ X N : N ,  

the claims ordered in increasing size. Furthermore let ct, c2, c ~ , . . . ,  cp be real 
constants and define for a given natural number p 

p 

R N ( C x , . . . ,  Cp) = ~ Ci" X s : N - i ÷ ~ ,  
i ~ l  
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(we make the convention that XN:N-i+~ = 0 if N < i) describing the amount  paid 
by the reinsurer. Consequently a vector (ct . . . . .  Cp) defines a reinsurance treaty, 
we call it generalized largest claims cover (in short: L C R ( c ~ , . . . ,  cp)). 

In the special cases: 

(a) ct = c2 . . . . .  co = 1 we get the classical largest claims treaty, covering the 
p largest claims. 

(b) c~=c2 . . . . .  cp_~= l, cp=(1-p)  we get the classical ECOMOR treaty, 
covering all claims in excess of the pth largest claim. 

Define by 

#p := # ( c l ,  c 2 , . . . ,  cp):= E[RN(C,, c2 . . . .  , co)] 

the net premium of the LCR(c ,  . . . . .  cp)-treaty. Assuming the claim sizes 
X~, X2, X3 . . . .  to be i.i.d, with continuous distribution function and independent 
of  N then one has (see KREMER 1985a) 

p 

(2.1) /.re= E c,E(XN:N_,+,) 
i=1 

Ci f o I = t=l ~ F ~  F-t(t)(1-t)'-'M(i'(t)dt' 

where: 

F-'(u):= inf{x: F(x )~  u} 

is the pseudo-inverse of  the claim size distribution function and M (i) is the ith 
derivative of  the moment  generating function 

M(s)= ~ P ( N = n ) . s "  
n = 0  

of the claims number N. So from the theoretical point of view there is no problem 
in calculating the net premium/%.  But from the empirical point of  view the above 
result is not satisfying, since one has to estimate F as well as M°)(s), i = 1 , . . . ,  p 
from known past claim sizes and claim numbers. This led to the development of 
different handier approaches for estimating/zp. Besides directly estimating ~,  by 
statistical methods, especially by the so called burning cost procedures, actuaries 
thought of  deriving simple upper bounds for/zp (see BENKTANDER 1978, KREMER 
1983) which become asymptotically exact (see KREMER 1982). In the following 
section we present a different approach,  which allows a simple recursive premium 
calculation. 

3 .  A R E C U R S I V E  R A T I N G  P R O C E D U R E  

We consider a family of  claim number distributions satisfying the recursion 

(3.1) p,=p,_~(a+b/n) ,  m = 1 , 2 , 3 , . . . ,  N 

where 

p . = e ( N = n ) .  
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Special cases are the Poisson distribution, the binomial distribution, the negative 
binomial distribution and the geometric distribution (see PANJER 1981). A charac- 
terization of the distributions following the above recursion is given in SUNDT 
and JEWELL (1981). 

A first step for deriving a recursive premium calculation method might be seen 
in the simple equation: 

~p = cpE ( XN:N-p+i) + ~p-i . 

But this leads to nothing new than to formula (2.1). A better approach is given 
in the following basic result, giving a higher order recursion: 

THEOREM. Assume the claim sizes to be i.i.d, and the claims number probabilities 
p, to satisfy the above recursion. Then one has for the net premiums txp, I.tp-~ , I%-2 
o f  treaties LCR ( c t , . . . ,  cp), LCR ( c l , . . . ,  cp-i), LCR (c l , . .  •, cp-2) the recursion 

(3.2) /z = / zp_ , ( l+  ce p - l + a + b )  c e p - l + a + b  
cp-i p Z l  -tzP-2cp_l p- -1  

a--1  
+ E ( N "  X N : N _ p + 2 ) ~ l C  p 

starting with 

tx l = c l tz ~ * , Ix 2 = c 2 tz 2* + lx l 

tx ~* denoting the mean value o f  the ith largest claim: 

~,* = E(XN:N), ~*  = E(XN:N-,)- 

The proof of the theorem is based on the following 
LEMMA. Under the assumptions o f  the theorem one has: 

E(XN:N-p+~) p - l + a + b  a - I  p - 1  E(XN.N-p+2)+. p - - I  E ( N "  XN.N-p+2).. 

PROOF. Denote by 

v . . . .  k := E ( X . : . _ k )  

for fixed claim number N = n. One gets from a well-known recursion (see DAVID 
1980, p. 46 with r = n - p + l )  

( p -  1)v . . . .  p + l + ( n - p +  1)t, . . . .  p+2 ='- n " Pn-I:n-p+l, 

implying by multiplying with p,, summing n from p up to oo and substituting 
p, = p , _ ~ ( a + b / n )  

( p - l )  ~ p.v . . . .  p + , = -  ~ (n-p+l)p.~ . . . .  p+2 
n~p n~p--I 

"1- a ~ npnvn:n-p+ 2 
n=p--I 

+ ( a + b )  ~ p.v . . . .  p+2. 
n=p--I 
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This means: 

(p  - 1)E(XN:N_p+~) = - E ( (  N - (p  - I))XN:N-p+?) 

+ a E ( N .  XN:N-p+2) + (a + b)E(XN:N-p+2) 

and finally: 

p -  1 + a + b E ( x r v : N _ p + 2 ) + a -  1 E(XN:N-p+t) E ( N .  XN:N-p+2) 
p - I  p - I  

[] 

PROOF OF THE THEOREM. Since 

I.,IT = £pE( XN:N_p+i) q- l.l.p_l 

1 
E(XN:N-p+2) = • ( I z p - , -  ~ . -2 )  

cp_j 

the statement follows at once from the Lemma. [] 

The above recursion is not very practicable due to the term E ( N .  XN:N-p+2) 
which is unknown. Nevertheless this problem can partly be overcome by the 
following: 

STATEMENT. Consider a sequence ( Kk, k i> 1) o f  collectives Kk with claims num- 
ber Nk satisfying 

V ar ( ) 
lim E ( N k ) = ~ ,  lim O. 
k-oo k -~  E ( N k )  

For the i.i.d, claim-sizes X, we assume 

0 < dl ~- Ix, I ~ d2, 

and for  p = Pk depending on k 

Then 

Vi  

lim Pk = S e ( 0 , 1 ) .  
k ' ~  E(  Nk) 

lim E(  NkXN~:N~-p~+2) = 1. 
k~oo E(  Nk)E(XNcN~_r~.2 ) 

PROOF. One has without loss of  generality 

Nk ~oo almost surely 

Nk 
- - ~  1 almost surely 
E ( N k )  

gnu: Nh-p~÷2 1 almost surely, 
E(XN~:N~-m+2) 
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since 

XN~:Nk_pk.2 ~ F-l(1--S) almost surely 

E(XNk:N~_r,+2)-- F-~(1 - s )  

(compare KREM ER 1982, p. 51). This implies the result with a version of Lebesgue's 
dominated convergence theorem. [] 

According to this result one tries to approximate 

E(NXN:N-p+2) 

by 

with 

1 

cp-t 

a + b  
A = E ( N ) =  

1 - a  

(see JOHNSON and KOTZ 1969, p. 37) resulting in the approximate recursion: 

(3.3) 

p.,p = ~p- t (1  + Kp) - I.tp_2Kp 

where 

Kp:= ce 
cp-i 

REMARK. (1) Denote by 

p.(k)= E(Nk)E(X;) 

the total claims amount. Then the above statement implies: 

lim (E(NkXN~:N~-p~+2)_E(Nk)E(XN~:N~-p~÷2)] =0. 
k--oo /-/" (k)  jL£(k) / 

Consequently the approximations (3.3) are mainly suited for calculating the 
premium rates: 

p - -  

~(k) 

(2) It can  easi ly  be  s h o w n  that  N a n d  XN:N-p+2 are pos i t ive ly  cor re la ted .  
Hence the recursion (3.3) implies an upper bound in the case, where c j , . . . ,  cp 
are positive. In particular this condition is fulfilled for the classical largest claims 
treaty. 
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4. EXAMPLE 

Suppose a, b are arbitrary, but that 

implying the approximate recursion (3.3) for the general treaty 

(4.1) I/zp ~ 2/.~p-1 

which is very attractive from the practical point of view. 

Let us compare this recursion with the premiums calculated by (2.1) in the 
case A = 100 and 

(a) For a Pareto claim size distribution function: 

• F ( x ) = l - x  -a ,  x ~ l .  

Denote by/zp the net premium calculated by the formula 

t2p=Ai/ ,  a F ( p + l - 1 / a )  
,~-1 F(p) 

io o F(y) = n y-~ exp ( - n )  dn, 

which is known to be a very good approximation to ~p (see AMMETER 
1964). Finally define by ~p the net premium calculated by the above 
recursion. With the mean total claims amount 

O/ 
/.z = E ( N ) - -  

a - 1  

one gets the premium rates 

(a.l) a = 2.0 

p =  

O2, 
P, 

p =  

o2, 
P, 

1 2 3 4 5 

8.9% 13.3% 16.6% 19.4% 21.8% 
8.9% 13.3% 17.7% 19.9% 22.2% 

6 7 8 9 10 

24% 26.0% 27.8% 29.6% 31.2% 
24.2% 26.2% 28.0% 29.7% 31.3% 

(a.2) ~ = 3.0 
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Pp 

Pp 

p =  1 2 3 4 5 

4.2% 7.0% 9.3% 11.4% 13.3% 
4.2% 7.0% 9.8% 11.6% 13.4% 

p =  6 7 8 9 10 

15.1% 16.7% 18.3% 19.8% 21.3% 
15.2% 16.8% 18.4% 19.9% 21.4% 

(b) For an exponential claims size distribution function 

F ( x ) = l - e x p ( - ( a - l ) ( x - l ) ) ,  x~>l. 
A 

Denote by /.zp the net premium calculated by the formula: 

) p a - l +  p 1_~ = ~ P r o b ( N = n )  
~P p -  1 a - 1 ~  .=o 

(see KREMER 1986) and by ~ the above recursively calculated net premium 
(see (4.1)). The premium rates tap and tip are defined as above. 

(b.1) a = 2.0 

p = l  

o? 
Pp 

p =  

Pp 

1 2 3 4 5 

3.1% 5.7% 8.0% 10.2% 12.2% 
3.1% 5.7% 8.3% 10.4% 12.4% 

6 7 8 9 10 

14.2% 16.1% 17.9% 19.6% 21.3% 
14.3% 16.2% 17.9% 19.7% 21.3% 

(b.2) a = 3.0 

p =  

Pp 

p =  

+ 
~p 

1 2 3 4 5 

2.4% 4.5% 6.4% 8.1% 9.8% 
2.4% 4.5% 6.5% 8.2% 9.9% 

6 7 8 9 10 

11.5% 1 3 . 0 ° / o  14.6% 16.1% 17.5% 
11.5% 13.1% 14.6% 16.1% 17.6% 

According to these numerical results the above recursion (4.1) can fully be 
recommended for practical premium rating. Notice that this gives a very simple 
and quick method to estimate the premiums of a classical largest claims cover 
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wi th  p > 2, k n o w i n g  o n l y  e s t i m a t e s  fo r  t he  e x p e c t a t i o n s  o f  t he  first a n d  s e c o n d  

l a r g e s t  c l a i m s  o f  a p o r t f o l i o  o f  r isks .  In  b o t h  e x a m p l e s  t he  s t a r t i n g  v a l u e s  c a n  b e  

c a l c u l a t e d  by  t h e  r e su l t s  in AMMETER (1964) .  

T h e  e x a m p l e  i n d i c a t e s  t h a t  t he  a p p r o x i m a t i o n s  r e s u l t i n g  f r o m  the  s t a t e m e n t  

a re  fa i r ly  g o o d .  T h e y  a re  u p p e r  b o u n d s  to  t h e  c o r r e c t  p r e m i u m  (cf. r e m a r k  (2)  

o f  S e c t i o n  3). 
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