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PRACTICAL CREDIBILITY THEORY WITH EMPHASIS ON
OPTIMAL PARAMETER ESTIMATION

F. DE VYLDER¥

We develop Hachemeister's regression model 1 credibility theory (without
proofs) and indicate how the involved structural parameters can be estimated
from the observable variables (with proofs for the simple results and those
not yet published).

Large families of unbiased estimators are available. From the practical
viewpoint this 1s rather a handicap because it creates the problem to decide
what cstimators actually to use. In order to fix optimal estimators, we adopt
the small-sample criterion of minimum-variance But in the research for
gencral solutions three kinds of difficulties arise.

(i) The calculations become too lengthy.
(1)) The optimal estimators depend on some of the parameters to be esti-
mated (Then we call them pseudo-estimators).
(i1) The optimal estimators depend on new structural paramecters defined
m terms of fourth-order moments

Only a compromise allows to cope with this reality. Situation (ii1) creates
new estimation problems. They can only be avoided at the cost of the intro-
duction of special assumptions or approximations. Then problem (i) is more
or less automatically solved. By an obvious method of successive approxima-
tions pseudo-cstimators can serve as true estimators. Thus (11) is noreal problem.

1. GENERAL NOTATIONS AND DEFINITIONS
1.1. Matrices

The same main symbol is used to denote a matrix ¢ and its elements ¢]. Here
¢} is the element at the intersection of row ¢ and column 7. The row ¢ is denoted
by ¢; and the column j by ¢/. When the number of rows is s and the number
of columns #, we say that the matrix has dimensions ().

These conventions are most convenient for automatical calculation with
matrices For mmstance, if

(1) a=0bc d
@ @

a;=bed, @’ = bed?, ai:bicdj, a=2brced, ag= X bicid

then

gy o - -

e

* The author is thankf{ul to the referee who improved this paper.
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Hence the following gencral rules in case of a matrix relation such as (1),
with any number of factors in the last member.

(i) The same lower index can be placed at the matrix in the first member
and at the first matrix in the last member.
(1) The same upper index can be placed at the matrix n the first member
and the the last matrix in the last member.
(i) In the last member, an upper index can be placed at any matnx
and the same lower index at the following matrix, provided that index
be summed out.

Of course, according to the same rules applied in the opposite direction,
indices can also be dropped.

We recall that the trace of a square matrix ¢ 1s the sum of its diagonal
elements: tr ¢ =% ¢f. When a product, say abcd, of any number of any matrices
1s a square matnx, then any cyclical permutation, say cdab, 1s also a square
matrix (of possibly different dimensions) and tr(abed) = tr(cdab).

1.2. Random matrices

The expectation EA4 of a matrix A with random elements A7 1s the matrix
with elements EA3. The operators tr and E commute

To the (;) random column X is associated the (]) covariance matrix Cov X
with elements

(Cov X)] = Cov(X,, Xj) = E(X,X;) - E(Xy)E(X))
Using the accent for transposition, the last member can be displayed as
E(X, X" - E(X,)E(X"). Therefore
Cov X = E(XX') — E(X)E(X)), (1.

n
When X is (;), then Cov X is in fact Var X,
If tis (%) and X (;), then ¢X is (,;) and Cov((X) = ¢Cov X)¢'
Similarly, for the conditional covariance matrix:

Cov(X/0) = E(XX'/0) — E(X/®)E(X/0), (%)
The following relation is easy.
Cov X = E Cov(X/O) + Cov E(X/Q), ().
We define the scalar variance of any random matrix 4 by

ScaVar A = £ VarAl = £ E(AJ4"Y) — T E(4)E(A4"
J oy 5y o ]

i}

Y E(4. 4% — X E(A)E(A"Y) = tr E(44") - tr(EA.EA).

]
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Thus, when 4 1s the (,) column X, then ScaVar X = tr Cov X

To say that the () random vector X 1s N(m, v) means that X 1s normally
distributed with E X = m, Cov X = v. This imphes that m is (;) and that v
1s (). Similarly, “the conditional vector X, given 0, 1s N(m(0), v(©) )" means
that this vector is normally distributed with E(X/0) =m(0), Cov(X/0O)=2(0).

1.3. Miscellaneous

In case of multiple indices, the matrix rules are applied to the last indices
only For mstance, if the scalars x§, arc defined for vanable j, p, ¢, then, for
cach fixed 7, %, 1s the matrix with elements «7,,, %, is the p-th row of that
matrix and xf 1s 1ts ¢g-th column. These notations arc unambiguous 1f the
reader keeps in mind the number and positions of the subscripts on the initially
considered scalars Thus, in case of the just considered xyp, %,, %jp, 27 1t must
be remembered that the scalars xf, have two subscripts and onc superscript.
TFor any fimite sequence x; of squarc matrices, we define

Xy = Xxg, Xy = xglxi,

provided zxg* exists, for the last relation The sequence %; is the pre-normed
sequence vy In summations, all indices, matricial or not, must be completely
summed out, unless stated otherwise

If A is a random matrix, we denote by A° the centered matrix A° = A —
E A No confusions can arise between ° and a matrix index, because ° shall
never be used as a matrix index.

2. HACHEMEISTER'S REGRESSION MODEL. (HACHEMEISTER, 1975)

2.1. Definition of the model

We consider the array of observable random variables

Xll 1\,21 P JYkl
X12 X22 .. ch2
Xlt Xzz Ve th

The class 7 or 7isk 7 15 the () column X7 1n that array.

The index s in X, is interpreted as a time index. To Xj is associated the
structure variable @y (possibly multi-dimensional).

The possible values for ¢, 7 are always ¢, 7 = 1, 2, .. , k. It is assumed that
all quantities further displayed actnally exist and are finite.

The following assumptions are made

() Independence of completed classes: the couples (X1, O1), (X2, Q2), ...,
(Xk, O) arc independent.
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(ii) Eguidistribution of structure variables: the random variables 01, Oz, . . .,
@y are identically distributed.
(iil) Regression assumption: E(X;/0;) = vB(©y), (), where
y is a given (f) matrix of full rank g < ¢,
B(.) 1sa (;) vector of unknown functions (. ).
(iv) Covariance assumption: Cov(X;/0;) = ¢*(Oy)vy, (), where
a? (. ) 1s an unknown scalar function,
vy 15 a given positive definite ({) matrix

2.2. Interpretations and problem

The meaning of the obscrvable random variables X;; and of the matrices y, v;
is exemphfied in Hachemeister (1975)

At a first stage, it is 1imagined that the distribution of X; depends on a
paramcter 8;. Because it is unknown, this paramecter is interpreted as a
realization of some hidden random variable Q.

The actuary is interested in E(X;/®,) or equivalently, because of the re-
gression assumption, 1 By(Qy), (p=1, 2, , & Usually however, Bp(.) is
unknown and ©; cannot be observed. Therefore, the actuary replaces his
problem by a simpler one He approximates 8;(®;) by a linear expression.

Bip = a4 + z iz Xis
(£

of the observable variables X . The unknown coetficients a,, a;, (depending
on j, p) are fixed in such a way that

E(Bp(0;) — Byp)?

becomes minimum. The so obtained (:7) vector By is the credibility estumator

for B(0,).

2.3. Solution of the problem (SEE HACHEMEISTER 1975 OR DE VYLDER 1g76)
The credibility estimator Bj for f(®;) equals

(2) By = (1-29) b + 2z by, (0,

where

(3) 23 = ala+stwy) "1 (), wy = (Yu;ly) L (9),

(4) bi= (v'v3'9) w3 Xy, ()

and where

(5) a = Covp(Qy) (9), b = EB(O,) (}), s* = Ec%(0,).

With NORBERG (1979), we call a, b, s? structural parameters of the model.
Briefly we shall call a, b, s? the covariance matrix, the mean vector, the variance
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respectively. The matrix zj is the credibility matrix for class 5. When g = 1,
all thesc quantities are scalars.

3. THE GENERAL PROBLEM OF STRUCTURAL PARAMETER ESTIMATION
3.1. Small-sample properties of the estimators

Unbiasedness and minimum-variance shall be considered as most wanted
properties of the estimators for the structural parameters. These are small-
sample properties

Asymptotical properties of some estimators can also be proved. For instance
see NORBERG (1979, 1980).

Such propertics become only interesting in case of large samples of observed
random variables. How large? This certamly depends on the complexity
of the involved model. In casc of Hachemeister's model, no precise answer
to the question can be expected soon

32 Families of unbiased estimators

In DE VYLDER (1978), we proposcd families of unbiased estimators for the
structural paramecters. Here we shall propose the same families for b and s?
but a different one for a.

3.3. Minimum-variance estvmators

The minimum-variance estimator 1n a family of estimators & (b, s?) for a (b, s?)

is that one making ScaVar 4 (ScaVar b, Var 52) minimum. When looking for
such minimum-variance estimators, one may have the sad surprise that the
estimators contain some of the structural parameters to be estimated. However,
that situation 1s far from hopeless as we shall see in 3.4.

3.4 Pseudo-statistics and pseudo-estimators

We call pseudo-statrsiic any known function of the observable random variables
and of the structural parameters Similarly, pseudo-estimators may depend
on the parameters to be estimated. Such pseudo-estimators may nevertheless
work as true estimators For mnstance, consider the pscudo-estimators

-

(6) a = f(Xu y v e IYIct.. a, b), b = g(Xu, ey ng, a, b)

for a, b. Suppose that the last members in (6) are not too sensitive to small
variations of a, b. Then rather arbitrary initial estimates a(o), &(o) for a, b
can be used in (6), furnishing first approximations a(t), b(1). The latter can
be used again in (6), furnishing second approximations a(2), b(2) and so on.
When practical convergence of the scquences a(#n), b(n) is observed, the practi-
cal limits can be considered as final estimates for a,

Of course it amounts to the same to solve the system of equations
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(7) a = f(Xll, PP th, a, b), b = g(Xn, ey th, a, b)

in the unknown quantitics a, b.

Pscudo-estimators are used since several years by Dr. T. Bichsel in un-
published practical work

4. ESTIMATION OF THE MEAN VECTOR b

4.1. Fixed-class estimalor
From the regression assumption results. I X; = yb. Then E l;j = b by (4).
This means that Z;j is an unbiased estimator for 4. In fact b4 15 the classical
least squares estimator, 1n class 7, for b
4 2. Family of unbiased pseudo-estimators
It follows that
(8) b= X505 () (% (§), % = 1)
is an unbiased estimator of &. Since we do not exclude that the x, contamn
some structural parameters, relation (8) defines in fact a family of pseudo-
estimators for b
4.3. Mwmum-variance pseudo-estimator

In DE VYLDER (1978}, 1t is proved that the nummum-variance pseudo-
estimator in the family (8) is obtained when xy 1s the credibility matrix z;
pre-normed, i.e. x5 = z;. This minimum-variance estimator 1s denoted by

S

(9) b =Xz0;

It 1s noteworthy that TayLor (1977) and, in a particular case, BUIILMANN
and STRAUB (1970) obtained this optimal estimator automatically after the
introduction of suitable constraints

5. ESTIMATION OF THE VARIANCE s2
5.1. Fuxed-class estimator

The classical cstimator for s2, 1n class 7, is

A 1 " ’ a
(10) s = ig (X —=yby) v3 (X5 — yby).
It is unbiased See Dr VYLDER (1978)

5.2. Famzily of unbrased estvmators

It follows that

(11) $2 =3x8, (xg = 1)

defines a family of unbiased estimators for s2 We shall not consider the case
where the scalars x5 depend on the structural parameters.
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53 Muimimum-variance estimator under normal assumplions

531 Normal assumption

We look for the mimmimum-vanance estimator for s% in the family defined by
(11) Unless new structural parameters are introduced, this problem is scen
to have no solution under the general assumptions made hitherto. But 1t has
a very simple one under the assumption that we mtroduce here

Normal assumption

The conditional vector X, for @O, fixed, 1s normally distributed. Then it
results from the general assumptions that this vector 1s N(yB(0®;), c*©;)v;).
The following simple lemma is needed in section 6.

Lemma.

Under the normal assumption, the conditional vector py, for @; fixed, is
N(B(Oj), ¢*(Oy)wey).

Demonsiration

By (4), b; = 15 Xy, with the obvious definition of u; G-
Then

Cov (b,/0y)

u, (Cov(X4/0y) ) u, = o¥(0;) 15 v u,
62(®j)w_1.

Note also that the rclation E(p;/@;) = B(O;) results from the regression
assumption and (4).

Now the lemma results from the fact that a linearly transformed normal
vector remains normal.

5.3.2 Calculation of Var s2.
Theorem

Under the normal assumption,

X 2
(12) Var §2 = (£ xj) (s (1 + - ) — 5%,
where 52 1s defined by (11) and where

(13) st = (s9%, 5@ = E o4(0)).
Demonstration

By the independence of the classes and the unbiasedness of 3;,
(14) Var 52 = X aj Var s} = Z xj(E §;— E* §})
= T x(E §) —sY)
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By (4) and (10),

(t-g)s; = X;75 X,
where

ry= w3t —wiy(y v7ty) Ty ug ().
Then
vy =0, rpug = 1°—vly(y v3ly) LY, (15 05)2 = 750y,
tr(ryvg) = t — tr(y vyly(y vyly) ) =t — tr1°° =t — g,

where 1° and 1°° are respectively the (}) and (§) unit matrices and where we
used the cyclical property of the trace.
Then, for ©; fixed, we have by (A4) of the Appendix.

(t—g)2 E(5/0;) = E(X, 7 X5 X;7;X4/0y) =
o¥(©;) (tr2(ryvg) + 2tr(ry vg)?) = o*(0y) ((E—g)2+2(t—g)).
Applying E and using (14), rclation (12) follows.

5.3.3. Mimmum-vanance-estimator

Theorem

Under the normal assumption, the minimum-variance estimator in the family
(11) is

(15) §2 = 2 X 8.

Demonstration

Results from (12) because the minimum of % \c? under the constramnt xy =1 is

obtainedforx = %2 = . = x, = 1/k.

6 ESTIMATION OF THE COVARIANCE MATRIX
6 1. Fixed-class estimator
Theorem
(16) @y = (by—b) (by—=b) — s%wy, (§)

is an unbiased pseudo-estimator for the covariance matrix a.

Demonstration
The demonstration of the lemma 1 5.3.1 shows that

(17) Cov(bs/01) = o2(O)ws, E(64/05) = B(Oy)
(The normal assumption 1s not used at that stage). Then, because E j, = b.

E((by—b) (b5—2)") = Cov b; = Cov E(h;/®;) + E Cov(b;/Oy)
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(18) = Cov B(0y) + E 6%(Og)wy = a+sw;
The theorem 1s clear from this

6.2. Family of unbiased pseudo-estimators
From the theorem rcsults that

(19) d = Yxgdg (%5 (), %z =1)

defines a famuly of unbiascd pseudo-estimators for the covariance matrix a.
The matrix a is symmetrical, whereas 4 furnished by (19) 1s not. Therefore

NORBERG (1979) replaces 4 by

(20) 3 + 4)

(and also b, s® by estimators for these structural parameters)
We shall not perform the symmetrization at this stage. Of course, mn practical
work, any estimate for @ must finally be symmetrized

6.3. Mimmun-variance pseudo-estimator under normal and other assumpiions

6.3.1. Notation
We define

a' = E(B°(0,)8°'(0,)8°(9,)8°(9;).
Note that
a = E(E(0,)p(0y) ).

The notation st already introduced in (13) is also used further
a® and s are fourth-order structural paramcters

6.3 2. Independence assumption

We shall use the assumption of independence of o2(®) and B(©;). Briefly,
we call it the independence assumption.

6.3.3. Calculation of ScaVar 4.

Lemma

Under the normal assumption (5.3.1.)°

(21)  E(b7 xpwsb] b785/05) =
oHOn)tr(myxwy)tr(wy) + 20*(Og)tr(xyxgw awy)

4 o2(0))tr(v;xsw,8°(0,)B%(0;) )

(©,)tr(%,5°(07)B' (©5) )tr(wy)

(@) tr(wyxswy)tr(B°(04)8°(95) )

tr(x;xs8°(01)° (05)R°(0)8° (0) )

[

a
2

G

+ + + +
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Demonstration

By the lemma in 5.3.1, the conditional vector §3, for fixed ©515 N(B°(0y),
62(05)wy). Then (21) follows from (A4) in the Appendix with

a = xxy, b=1,m = g(0;), v = o*(0)w,.

Theorem
Under the normal (5.3.1) and independence (6.3.2) assumptions, for 4 defined
by (19)-
(22) ScaVara =  Zstr(xxpwi)tr(wy) + 285 tr(xx,w50;)

+ 4 Zs? tr(xyxyw,a) + sctr(vxga)tr(w,)

+ 2 s? tr(vagweg) tra + Ztr(xgx(a)?)

— I tr(xx,(a+ s2wy) (a + s2;) ).

Demonstration

Let T(§) denote the pscudo-statistic

(23) T =3 x6,b7 = Zxi(by—0) (by—0), ©)
Then

(24) d=1T — s2Z xwy.

Because the last term is non-random,
ScaVar 4 = ScaVar T = tr E(TT) — tr(ET.ET).
Using the independence of classes,
E(IT) = X Bl b5hy'x)

(25) = SEAEEE) + T EGlBECH ).

Similarly,
(26) ET ET = ?E(xjé;Z;')E(?;;Z;;'x;) + 13&:1 E(m@;i;;')E(Z;;f;;'x})
Thus, 1n the difference E(TT’) — ET.ET’, the sum 1n 1 # 7 cancels.
By the cyclical property of the tracc and the gencral relation E( ) =
EE( /0y), the trace of the first sum in the last member of (25) equals
S E E(by x5 656:19,).

The positive terms 1 (22) result from this expression and from the lemma.
The negative sum 1n (22) comes from the first sum 1n (26) after an application

of (18)
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6.3.4. Mimmum-variance pseudo-estimator.

Lemma

Forgj=1,2,...,kandn=1,2, ..., 7 let x; be vanable (g) matrices, let ¢y be
fixed (g) matrices and let s,; be fixed scalars. Then the extremum of

(27) Z s'];j tr(xj’xjc/nj’),
nf
under the constraint »,, = 1, 15 obtained for
(28) x5 = Jj,
where
(29) y5 = (B suslens+cpg) )72
Demonstration

Applying Lagrange’s method, we consider g2 multipliers — A2 corresponding
to the constraints . = 1. Expanding (27), we have to put equal to zero the
partial denvatives in the variables of
L= 2 spyafpxjacny — Z Ma,
afafy ipe
Derivation in x7,, gives the equation

S Y @ e
TSyl D Sy% Chs = 7\%,
ny no

or, in matrix form

(30) T sny%yeng + L suj¥iens = K %(E Suy(Cng+mp) ) =% %5 = Ay,

n

where y, 1s defined by (29). Summing over 5, we obtain 1 = A y,. From this
relation results A. Substitution in (30) gives (28).
Theorem

Under the normal (5.3.1) and independence (6.3.2) assumptions, the minimum-
variance pseudo-cstimator in the fanmuly (19) is

(31) d = T x5 dy,
where
(32) x5 = a3(sW— s%) (w;)2—1(3a2— a®) + (a + s20)?] .

TFor g > 1, that result 1s based on the approximations (33).

Demonstration
By the lemma, the mimimum of (22) 1s obtaned for the matrices xj, where
x;t = 2sWwytrwy + 45Mww; + 4stwia + 4staw;

+ 2s2a trwy 4+ 2s%wstra + 2 a® — 2(a+ shwy) (2 + stwy).
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Using the approximations (if g > 1)
g wytr wy + 2 wwy = 3 wwj
(33) atrw;+ 2aw, = 3aw
(w,tra + 2wja = 3wya

one obtaing

%70 = 6(sW —s%) (wg)2 - 2(3a% — @)+ 4(a+ s%ey)®.

From this results (32), except for a constant (not depending on ) pre-factor.
But such a pre-factor cancels in the formation of %;.
Comments

1. In any practical case, the quality of the approximations (33} can be tested
on basis of the numerical data, at least with a replaced by its estimate.

2. Let g5 (§) be defined by

(34) 3 — o) ()2~ 1(3a2 = al®) + (a + s2w,)2 = (a+s%wy)? gy.

Then, if g;=4, independent of j, we are rid of the fourth-order structural
parameters s and a®. Indeed, the inversc of the last member of (34) equals,
in that casc, ¢' (@ +s%2;) "% and the constant pre-factor ¢~* cancels i the pre-

norming of thesc matrices. Then wec obtain the following unbiased pseudo-
estimator for a.

(35) @ = Xz dy,
where
(36) 2P = a3(a + s2w,)" 2.

The irrelevant constant pre-factor a2 is introduced again, because so 2}2’ =
(z5)2 for g=1.
3. Les us now examine some cases where g; = g, constant.

(1) Of course g;=g 1n the trivial casc w; = w, constant.

(i) Let §(®;) = b be degenerated Then @ = ()2 = o and m (34) cach
remaining term can be simplified by the factor (w;)2 Then ¢5=g,
constant.

(i) Let a® = 3a2 For g=1, this means that the random varable B(Q,)
has a coefficient of excess equal to zero. That is the case if it is normally
distributed. Furthermore, assume the dcgeneracy o%(@) = s2 Then
s = stand g, = 1.

4. We summarize the arguments collected in favour of the pseudo-estimator

a (35)

— It 1s unbiased, because z{ = 1.

— It does not depend on fourth-order structural parameters.

— It 15 optimal in degenerated situations. It will remain approximately
optimal in cascs close to such situations. It must be noted that it is
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precisely in case of the degencracy described in (4) that the cstimation
of a 15 most delicate.
— For g =1, the weights 242 arc simply the squared credibility weights
g g ] pl3 q y weig

6.4. Practical estimation of the covariance matrix

6.4.1. Problem,

The pseudo-estimator @ (35) and more generally, the pseudo-estimators (19),
have a great inconvenience. Although they arc unbiased when & recerves its
true value 1in (16), they no longer have that interesting quality when & is
replaced, say by 1ts optimal pseudo-cstimator b (9) But that 1s precisely
what should be done in practice! The bias appcars because b does not figure
hnearly 1n the last member of (16) For s, there is no problem. Its replacement
by 52 (15) causes no bias. For the structural paramcters a, s? appearing in
z;.z) (36) the situation 1s diffecrent. Even when they are replaced by wrong
estimates, a (35) 1s unbiased because 2’ = 1.

Thus, we have only to correct the situation for b. We shall start now from
the pscudo-statistic

’

(37) T = 2 x5(b5—b) (b5—0)" (9), (%5 (@), %z = 1)

)

A look at (23) shows that T is T wherein b has been replaced by its optimal
pseudo-cstimator 5.

In case of 1), the rescarch for optimal weights x; 1s based on so lengthy
combinatorial calculations that 1t loses its interest.

In that respect, we shall simply transpose to the case of T , the results ob-
tamed in scction 6 3.4 1n the case of 7. At least for g=1, lengthy arguments
show that this is a good approximation.

6.4.2. A less “pseudo” family of unbiased pseudo-estimators for a.
T heorem

The relation

(38) i=T- st Sapwy + 23t a, (o (f), v = ),

defincs a family of unbiased pscudo-estimators for a.

Demonstration

We have

T = % x (b-2 7)) (i— Zibp)
{ b k
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because 1t follows from zz = 1 that the replacement of 3, by 4; is allowed. Then

T = Sxbib; + I xi@dihyze— Zxeibiby — T xbiby 7
[} 14

1k ik

Because Xx = 1, the x, can be summed out in the sum in 7k.

When we apply E, the dubble sums must be replaced by single sums and
the indices must be egalized, say replaced by 7. This follows from the fact that
the 5 have zero expectation and are independent. By (18) we then obtan

ET = Zxj{a+ swy) + S 25(a+ s2w05)z,— T xg25(a + s%wy) — Sx(a + s2w;)z

The first term 1n the last member equals a + s2 2 x4
From these consideration 1t is clear that

i=T - 2% xwy — T7,(a+ s2w,)z
(39) + T x,z5(a+ s20y) + T xsa+ stw,)z;,

1s an unbiascd pseudo-estimator for a. From the reclations

zy = 23t 2y = z3ta(a+ s2wy) "L
we obtain

L z)(a+s%wy)z; = Tzilazy = 251 a

(showing 1n particular that z3' @ 1s symmetrical) and similar relations allowing

to simplify the last member of (39). Fmally (38) is obtained.

6.4.3. Practical estimation of a.

Because a is symmetric, we adopt for 1t the pseudo-estimator (38) symmetrized
in the obvious way. As matrical weights x; in (38) we suggest to take the pre-
normed z{*) defined by (36), i.e. the same weights Z" asm (35).

7. SUMMARY OF ALL STEPS TO BE EXECUTED FOR THE CALCULATION OF THE
CREDIBILITY ESTIMATORS

Steps depending on 7 must be executed for j=1, 2, ..., &
0) Given. Xy (i), vs (1), ¥ (¢)

1) Calculate w; = (v vj ly)- (g)

2) Calculate by = wyv'v;X; (5)

1 4 I A
3) Calculate the scalar s? = m S (X;—yby) vt (X5 — vby)

4) Fix mitial a = diag(c, ¢, .., ¢) (§), (clarge)
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5) Calculate z; = a(a+s2wy)™" (9), 2z (§), 27 (§),
292)=a2(a+52wf)_'2 ©), 22 @), % = 22 (%)

6) Calculate b = X z; by (;)

7) Calculate S = Z x5(b;—b) (bsj—b) — s2 T xyws+23'a (§)

8) Calculate New a = $(S+S) (9)

)

9) Return to step 5) with a replaced by New a, as many times as necessary,
until a is stabilized.

10) Calculate By = (1—25)b + 2.

APPENDIX
Expectatron of products of quadratic forms in normal variables
Theorem

Let a, b, v be symmetrical (§) matrices, v positive definite. If the (;) vector X
is N(o, v), then

(A1) E(X'aX) = tr(av),

(A2) E(X'aX X'bX) = tr(av)tr(bv) + 2 tr(avdv)
If X is N(m, v), then

(A3) E(X'aX) = tr(av) + tr(amm’),

(A4) E(X'aX X'bX) = tr(av)tr(bv) + 2 tr(avbv) + 4 tr(avbmm’)
+ tr(amm)tr(bv) + tr(bmm)tr(av) + tr(amm bmm').

Demonstration
(A1)  E(XaX) = T EXw@Xj) = % dEXXy) = = alv} = tr(av)
(1% i 41

(Az) Let the (;) vector Y be N(o, 1). Then each component is normal with
zero mean and unit variance. Therefore

EYy=0, EYi=1, EY}=0, EY! =3

Moreover, Y1, Yo, . ., Y, are independent. From these facts follows the
combinatorial formula
(As) E(Y,Y;Y,Y)) = 38y + 3udy + 3ydsy

where 8;; is Kronecker’s symbol.
Indeed, if m, n, p, g arc 4 different indices, the possible patterns for ¢, 7, &, /
are

m n n H m m m
n nm n
n o n m % n m "

n n n m n no m

3

R
2
3
N
& R 3% 3
e xS

S~ S w,
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and for each pattern, the venfication of (As) is immediate. Then
E(YaYYbY) = £ E(YilY,YiblY) = I &blE(Y,Y,V,Y) =

Iy ikl
= ”gblk(SﬂSkz + 83y +3,85) = Zapf+ Talbl + T ajb) =
1At ik il 7}

T alZbk + Zaltt + Zaldt = tr.a.trb + tr(ab) +tr(ad).
4 [y 19

This proves (Az) for v= 1.
Now we prove (Az2) for X supposcd to be N(o, v). It is classical that for some
(t) matrix s, we have X =sY with Y N(o, 1)

Then
v = Cov X = s(Cov Y)s = s
and
E(XaXX'bX) = E(Y's'asYY's'bsY)

tr(s'as)tr(s'ds) + 2 tr(s'ass'bs)

tr(ass’)tr(bss’) + 2 tr(ass'bss)

tr(av)tr(bv) + 2 tr(avbv),

by the cyclical property of the trace.

(A3) We decompose X = Y + m, whereY = X -m is N(o, v)
Then

(A6) XaX =YaY + 2Y'am + m'am

and (A3) follows from (A1) and the relations

I

i

I

E(Y'am) = o, m'am = tr(m'am) = tr(amm’).
(A4) For (A4) we use (A6) and the similar decomposition
(A7) XX = YbY + 2m'bY + m'bm

The expectation of the product of (A6) and (A7) 1s best displayed in a table.
Making use of (A1), (Az) we obtain the table

Y'bY 2 m'bY m'bm
tr(av)tr(bv)
Y'aY + 2 tr(avbv) o tr(av)m'bm
2 Yam o 4 tr(amm,bv) 0
m’ am m amtr(bv) o m’ amm'bm

After slight transformations (use cyclical property of trace, and also that
a matrix and its transposed matrix have the same trace), formula (A4) results
from this table. However, some supplementary explanations may be useful.
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First, the matrix amm’b is not necessarily symmetrical. The corresponding
term 4 tr(amm’bv) is the right one because (A1) 1s valid even if a is not sym-
metrical (see demonstration). We have also to explam the zero’s in the table.
For instance, let us justify the relation

E(Y'aYm'bY) = o.

For some (§) matrix s, Y can be expressed as Y = sZ where the (}) vector Z
is N(o, 1). Then the components Z; of Z are independent and have zero ex-
pectation. The development of Y'aYm'bY is an expression X cix ZiZ17%.
Among the indices 7, 7, &, at least one must appear an odd number of times.
Therefore E(ZZ;Zk) =o.
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