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ON ORDERING AND DANGER OF CLAIM
FREQUENCY DISTRIBUTIONS

M. | GoovarrTts*

The notion of ordering and danger of claun size dustributions s extended to claun
frequency cistributions

1. INTRODUCTION

Let us consider the Swiss premium calculation principle. For any given risk
the premium n(X, v, 2) is defined as the root of the equation in 5.

E@(S —zp)) = v({1 = 2)p)

where v denotes a twice differentiable function with v'(¢) > o, v"(¢) = o, for
— o <t< + oo. Let n(X, «, v, z) denote the stop-loss premium for retention
litnit «, then 1t is the root of the equation in p.

v{(1~2)p) = v(~2p) Fse) + | vlt—a—zp) dFs(t)

xX

We will recall here a definition of a partial ordering among risks introduced

in Buihimann, Gagliardi, Gerber and Straub (1977).

Definstion 1
Let G, H be any distributions on the real line, then we say that ¢ < H if

1) } 2dG(x) < oo

0 (x=0)d6) < [ (r—t)dH(z) - w<i< + ©
We also recall the following defimition of dangerous distributions.

Definition 2

A distnibution H is called more dangerous than a distribution G if the first
moments say pe and gy exist and pe € gy and if there is a constant # such
that

G(x) € H(x) x<p

Gx) =2 H(x) x=2B
* K U. Leuven, Dekenstraat 2, B-3000 Leuven | he note and especially the prool of

lemma 3 has benefitted from a remark by Dr G Taylor [t has also benefitted from
a discussion with Prof. H Buhlmann and Prof H Gerber
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In Bunrymanw ET AL (1977) the ordening of risks as well as the notion of
dangerousness has been mtroduced for claim size distnibutions. The aim of
the present contribution consists in gencralizing these notions for claim
Srequency distributions As has been suggested by Prof. H. Buhlmann the same
definttions can be adapted for claim frequency distributions

2 SOME DISCRETE INEQUALITIES

We will formulate two lemmas on discrete 1nequalities involving convex
functions More gencral versions of these inequalitics can be found in KARLIN
and STUDDEN (1960)

Lemma 1

Let 9 be a convex function, let {a,, v = o, , 12} be a set of real numbers,
Then
(1) Z pluja, = 0 for % convex @ -
D=0

if and only if -

(2) Z (v—~F)ya, =0 k= o, LM
and
(3) Za =0

Proof See IXARLIN and STUDDEN (1066)

Lemma 2

Let {a, v = 0, ..., n} be a set of real numbers, such that

ZuaUSO,ZaU=O

y=0 y=0
k
(4) Za, <0 k= o, L %
V=9
k
(5) Za, =20 R=x -+ 1, L
then
(6) T (v=r)ya, <0 ¥ =0,1,..., 1

Proof: Sce KARLIN and STUDDEN (1906).
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Next we will formulate and prove the following:

Lemma 3
) = [ (ol =a—zp) = (= 2p)) dF*n(x)

with v/ > 0, v’ > 0, denotes a convex sequence.

Proof- We will aim our attention first to the proof of the convexity of the
spectal sequence.

yoln) = J ((k—a—zp) — (= 2p)) dF*n(x).

We thus have to prove that
?) yo{n+2) — 2ya(n+1) + yoln) > o
which is of course equivalent with
Yo(n+1) < & yoln) + } yoln+2).

Firstly we limit ourselves to the special case 7=0. We then have to show

[ (x—o)dF(x) < } | (x—aldFo(x) + } [ (x— «)dF*2(z).

a a

This incquality is a special casc of the more general result obtained in
BUuLMANN ET AL (1977)

T E((Xi— o)) < E((Z Xi—a)s)

f=1 i=1

where X1 and X arc distributed according to I with I'(o) = o.

Next we prove that the inequality (7) implies the following:
Yo(n+3) — 2yo(n+2) + yo(n+1) 20

For the present choice of v(x) = x one obtains
Yo(n) = [ (1= F*Hx))dx

Consequently:

yoln+2) = | (1 —I*0u+0)(x))dx

ax

(8) = [ (1 =F(x)dx +( J F(x) — Frm+o(x))dx.

x
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Write E(«) for the first term on the r h.s., then-

yoln+2) = Ela) + [ (Flx) — jr*<n+n(x y)dF(y)} dx

a

= E(@) + | [ (1= Fra+n(s— y))dF(y)dx

Reversal of the order of integration gives:

§ I} (1= F*o0(x — y))dxdF ().

(@  yo(n+2) = E@ + (f [+

¢

But because (7) holds one still has the following inequality
[ (1= Fron(x = y))dx < § [ (1~ F*0 () + 4 [ (1= F*n{x— ))dx.
B 8 ]

Inserting the r.h.s. into the r.h.s. of (9) gives:

yo(n+2)y< E(®) + 4 { f} (1 = F*(+0) (x — y))dxdF ()

R
R'—.E
pb-ﬂ

+ (] T+ T I} =Frnx—y))axdF(y)

= 3yo(n+3) + 2 yo(n+1).

Hence, our lemma has been shown to hold in case y(n) = yo(n). Next we
will show that the convexity of yo(n) implies this of y(n). By means of two
successive partial integrations one is faced with the following equality:

[ @x—a—2p) — v(=2p))dF*n(x) = v'(~2p) | (1~ F*n(x))dx
(10) + [v(t—a—zp) [ {1 —F*?(x))dx.

But
[ =F*(m)dx <} [ (1-F*®(x)dx + § [ (1- F*0+(x))dx.
8 8 (
Hence inserting the second member of the inequality in (10) gives:
yn) — 2y(n—1) 4+ y(n—2) 2 o0 q.e.d.

3. CONCLUSIONS

We are now in the position to introduce the notion of dangerousness and

ordering of claim frequencies in analogy to thc corresponding definitions for
claim size distributions.
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Defuintion 3

Let G, H be two claim frequency distributions, then G < [ if

)T 2dG(x) < oo

o ]

11) J(a=t)dGx)< [ (x—t)dH(x) o< t < w0
Defunrtion ¢

A claim (requency distribution [ is called more dangerous than a clum
frequency distribution G if the expected claim numbers pg and py exist and if
there 1s a constant p such that

G{x) < H(x) r< B
G(x) = H(x) x=p

Theoremn |

If a claim frequency distribution H 1s more dangerous than a claim frequency
distribution G then G < f.

Proof Immediately from lemma 2

Theorem 2

Let Fs, (x) = L pa F*n(x)

n=90

Fs,(5) = T p, Fan(x) °
8 Ly
Glx) = I pu, H(v) = X p,

IfG < H then Fs < Fg,.

Proof: immediately from lemma 1 and lemma 3.
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