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A N O T E  ON [ T E R A T I V E  P R E M [ U M  C A L C U L A T I O N  P R I N C I P L E S  

M. J .  GOOVAERTS a n d  F. DE VYLDER * 

GERBER (1974) has given a characterization of tile exponential ut i l i ty function 
by proving the fact tha t  a premiunl calculation prinmple of zero ut i l i ty  is l terat ive 
ifl the underlying ut ihty function ts linear or exponential.  In the present note we 
prove the nlore general result that  the premium calculation prmmple introduced 
bv B011LMANN. GAGLIARI)I, GERBER alld G'rRAUB (1977) is i terat lve iff the under- 
lying funchon c is hnear or exponential or when the principle is a mean value 
1)rincq)h • 

I. ON SOME PREMIUM CALCULATION PRINCIPLES 

A p r e m i u m  c a l c u l a t i o n  p r inc ip l e  is a rule  t h a t  a ss igns  a n o n n e g a t i v e  n u m b e r  
P ( the p r e m i u m )  to  a n y  g iven  r i sk  S (a p o s i t i v e  r a n d o m  v a r i a b l e ) .  I n  BOHL- 

M~.X'N (1970) four  p r e m i u m  c a l c u l a t i o n  p r i n c i p l e s  can  be found ,  n a m e l y  

a) the  ne t  p r e m i m n  p r inc ip l e  

P = E (S )  

b) the  s t a n d a r d  d e v i a t i o n  p r i n c i p l e  

P = E(S)  + ~ l / G 7  (S), ~ > o 

c) the  v a r i a n c e  p r i n c i p l e  

P =E(S)  + ~Var(S) ,  ~ > o 

d) t he  p r i n c i p l e  of zero u t i l i t y .  

I .e t  u(x) (x ~ R) be a twice  c l i f fe renciable  f u n c t i o n  wi th  u ' (x)  > o. T h e n  P is 

d e f i n e d  b y  the  e q u a t i o n  

E ( ~ ( s  -> - -  s) ) = ~,(o) 

W i t h o u t  loss of g e n e r a l i t y  one  m a y  a s s u m e  t h a t  

. . ( o )  = o ,  u ' ( o )  = l 

GERBER (1974) m e n t i o n e d  some  a d d i t i o n a l  p r inc ip l e s  

e) The  m e a n  v a l u e  p r inc ip l e .  

Let  v(x) (x ~ R*) be a c o n t i n u o u s  s t r i c t l y  i n c r e a s i n g  f u n c t i o n .  T h e n  one 

def ines  : 

P = v , sa" ( v ( S ) )  

where  v t d e n o t e s  t he  i nve r se  f u n c t i o n  of v. 

• \Ve are very much indebted to Prof. H. ]3uhhnann for providing an easier proof of 
tile restllt s tart ing from equation (A") 
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f) the m a x i m a l  loss principle 

F o r p  1> o , q  = 1 - - p  >/ o o n e s e t s  

P = pE(S)  + q Max (S) 

where Max (S) denotes  the r ight  end point  of the range of S. 

BOHLMANN, GAGLIARDI,  GERBER and STRAUB (1977) in t roduced a cer tain 
fami ly  of p r e m i u m  calculat ion principles. For  any  given risk the premiuln  P is 
defined as the solution of the equat ion.  

g) E(v(S  - -  zP)) = v( (1 - -  z)P) 

where v(t) denotes  a twice differentiable funct ion with v'(t) > o, v"(t) >1 o for 
t ¢ R*. In  the sequel wc shall focus our a t t en t ion  on this principle and gen- 

eralize a result  of GERBER (1974) who has shown tha t  the principle of zero 
ut i l i ty  is i terat ive,  iff the under ly ing ut i l i ty  function ~s l inear or exponent ia l .  

For  z = 1 this principle coincides with a zero ut i l i ty principle. For  z = o 
the mean  value principle is ob ta ined  as a special case. 

A p r emium principle H ( P  = H ( X ) )  is said to be i terat ive,  if H ( X  I Y)  is a 
risk and 

H ( X )  = H ( H ( X  I Y)  ) 

for any  pair  of risks X, Y. 

2. ANOTHER CHARACTERIZATION OF SOME PREMIUM CALCULATION PRINCIPLE 

Theorem: 

The Swiss principle is i te ra t ive  iff it reduces to a mean  value principle or to a 
zero ut i l i ty  principle with a l inear or exponent ia l  ut i l i ty  function.  

Proof  

To some ex ten t  our proof proceeds as in GERBER (1974). Clearly the mean  
value principle and  the zero ut i l i ty  principle with a l inear or exponent ia l  
under ly ing  ut i l i ty  funct ion is i terat ive.  For  a proof see GEktmR (1974). \Ve 
consider the risk with dis t r ibut ion funct ion 

FXIT(x)  = tH(x  - a) + (1 - t) H(x  - b) 

X ]  T thus denotes  a Bernoulli  risk: 

P ( x  I r = a)  = t 

p ( x l T " = b )  -- z - t .  

Let  P(I) denote  the p r em i um  for the given risk, then  

- ,)  P ( t ) )  = t v ( a  - z P ( O )  + - l)  v (b - zV( t ) )  
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The distribution function of the risk X is given by 

F x ( . v )  = m H ( x  - ~) + (1 - m)  H (x - b) 

where m = E(T). 

Hence X denotes a Bernoulli risk 

p ( X  = a) = m 

p ( X  = b) = 1 - -  ~t  

P(m) is cletermined by the equation 

v ( ( l  - z)  P ( . m ) )  = m v ( a  - z P ( m ) )  + (l - m )  v (b - z P ( m ) ) .  

l terat ivi tv  implies 

l , ( ,~ )  = H ( H ( X  I 7")), 

o r  P ( m )  satisfies 
1 

( , )  ~((~ - z) P(,,,~)) = I v ( P ( t )  - z P ( ~ ) )  d F T ( t )  
o 

The only conditions imposed on the distribution F T ( t )  are 
i i 

I d F ( t )  = I I t d F ( t )  = m 
o 0 

The above mentioned equation can be cast into the form 

(~) i [~ (P( t )  - ~ P ( , , O )  - v ( ( i  - z) P ( ~ ) ) ]  dFT(~) = o 
o 

together with the conditions: 

t 

(b) y aFT(t )  = 
o 

(c) i t d F T ( t )  = m 
u 

which imply tha t  

i 

y [v (P ( t )  - z p ( . ~ ) )  - ~ ( ( ,  - z) P ( m ) )  - ~t - < U F T ( t )  = o 
0 

where ~ and [3 are certain constants  (independent of t). 

Because this relation has to hold for an arbi t rary  F T ( t )  a theorem from the 
variational calculus implies: 

v ( P ( t )  - zP(m)) - v ( ( t - z)  P ( m )  ) - oct - [3 = o 

for all t a [o, 1]. 
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F r o m  the equa t ion  which de te rmines  P ( t )  one deduces  

P(o) = b 

P ( 1 )  = a 

Making  use of this b o u n d a r y  condi t ions  p rov ides  us wi th  the  poss ib i l i ty  of 
de t e rmin ing  the c o n s t a n t s  0~ and  ~. An e l e m e n t a r y  ca lcula t ion  vields:  

( A )  v ( P ( t )  - z P ( m )  ) - v((1 - z ) P ( m ) )  = 

[ v ( a  - z P ( m ) )  - 7,((1 - z) p ( m ) ) ]  l 

+ [v(b - z P ( m ) )  - v ( ( l  - z )  P ( . ~ ) ) ]  ( ,  - t) 

This  equa t ion  has to  l)e satisfied by  P(m)  as well as tile equ iva len t  one:  

t a ' )  v(P(1)  - z _ P ( m ) )  = t v ( a  - z P ( m )  ) + ( ,  - ~) v (b  - z l ' ( , , )  ) 

We wri te  it as 

( A " )  v [ P ( t )  - x]  = t v [ a  - x]  + (1 - t) r i b  - x] for a l l / ~ L o ,  I] 
for all x ~ [zb,  za]  

Dif fe ren t i a t ing  with respec t  to t we ob ta in  

(1) v '[P(t)  - x] P ' ( t )  = v i a  - x]  - r i b  - x]  

Dif fe ren t i a t ing  wi th  respect  to  x we ob ta in  

(2) v ' [ P ( t )  - x]  = l v ' [ a  - x]  + (1 - l) v ' [ b  - x]  

Hence  

C a s e  I v ' [ a  - x]  = v ' [ b  - x]  

v i a  - x]  - -  v [b  - x]  / ~ v l inear 

P ' ( t )  = l v ' [ a  - x ]  + (~ - t)  v ' [ b  - x ]  \ 

C a s e  2 I n t e g r a t i n g  P ' ( t )  and  using 
the  b o u n d a r y  condi t ion  P ( l )  = a we 

arr ive  at  

a + Y E a  - -  X] - -  r i b  - x]  t v 'Ea  - -  x ]  + (I  - t) v ' [ b  - x]  

(3) P ( t )  = v ' [ a  - x]  - v ' [ b  - x]  I n  v ' [ a  - x]  - 

Using  the  o the r  b o u n d a r y  cond i t ion  P(o) = b we get  

y e a  - x ]  - v [ b  - x ]  v ' [ b  - x ]  
( 4 )  b - a = In 

v ' [ a  - x ]  - v ' [ b  - x ]  v ' [ a  - x ]  

Consider  now the  special  case b = o. As o ~ [zo, za]  pu t  also x = (). 

~(a)  - v(o)  v ' (a)  
a -  i n - -  ~'(a) - ~ ' ( o )  ~'(o)  
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01" 

(s) 

AssunaiIlg 

~,'(~) - v ' (o)  v'(~O 
a x - -  = l n  

v(~)  - v ( o )  v ' (o)  

~(o)  = c > o 

v ' (o )  = d > o 

a n d  w r i t i n g  x i n s t e a d  of  a f or  t h e  v a r i a b l e  

~'(x)  - d ~ ' (x)  
- In ~ ; . >  (6) x v ( x )  - c 7 

v ' ( x )  • o ' ( ~  - ~  
- -  e v ( x )  c 

d 

v ' (x)  = d ' l " i x ,  v, v'J 

Since ~a 

? F  
- -  ', all ~ o 

bF 

by 

we have  exac t ly  one solut ion v(x) sa t i s fy ing  (6), and  the b o u n d a r y  condi t ion  

~(o)  = 

v ' (o)  = d. 

This  i~, as one easily verifies, the  exponent ia l  v(x). 
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