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I. INTRODUCTION AND SUMMARY 

This pape r  presents  a no rma t ive  model  for the sequential  re- 
insurance and  d iv idend -paymen t  prohlenl of the Insurance  Coral)any 
(I.C.). Opt imal  s t ra tegies  are found in closed form for a class of 
u t i l i ty  functions.  In  some sense the model  s tudied can be viewed 
as an adap t a t i on  of H a k a n s s o n ' s  i nves tmen t - consumpt ion  model 
of the individual  [3] or a general izat ion of Fr isque ' s  model  for the 
dynamic  m a n a g e m e n t  of an I.C. [2]. 

In  Section 2 the model  is fo rmula ted  as a d i sa  ete t ime dynamic  
p r o g r a m m i n g  problem.  The  object ive  of the I.C. is assumed to be 
max imiza t ion  of the  expec ted  ut i l i ty  of the d iv idend s t reams  prod 
to s tock/pol icy-holders  (s/p-holders). The initial reserves level is 

a s sumed  to be known. The  p remiums  to be collected in each 
period for selling policies are known in advance .  The  losses due to 
claims f rom policy-holders  are r andom variables  independent  f rom 
period to period. In  each period the I.C. mus t  decide on the port ion 
of the reserves to be pa id  as d ividends  and on the  form and  level 
of re insurance with  a reinsurer  tha t  quotes  prices for any  contract .  

Opt imal  s t rategies  in closed form are found in Section 3 when 
the  ut i l i ty  funct ion of the I.C. is given by  the discounted sum of 
one-per iod utilities of dividends;  and  when the one-per iod utilities 
belong to the  l inear r isk- tolerance class, which is given by:  (Ia) 
~(x) = (ax + b)C+l/a(c + I ) ;  ax + b > o ,  ac < o. (Ib) u(x) = 

log(ax + b)" ax + b > o. ( I I )  u(x) = - - e - ' ~ ;  y > o. 
The  results of Section 3 are discussed and  in te rpre ted  in Section 4. 

The  op t imal  dividend p a y m e n t s  are found to he linear in the 
reserves level" while the op t imal  reinsurance t r e a t y  t r ans fo rms  
the reserves level (as a funct ion of the  losses) in such a way tha t  
its form is independent  of the prere insurance  to ta l  weal th  of the 
I.C. I t  only  depends  on the I .C. 's  u t i l i ty  function,  the prices quoted 

* This study is based Oll my Ph.D. thesis submitted to the I 'mverslty of 
Catifornia, Berkeley (1975). 1 am grateful to Professor W. S. Jewell (Chair- 
man) as well as to Professors Nds Hakansson and David Gale for many 
helpful comments and criticisms. 
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by the reinsurer and the probabi l i ty  densi ty  funct ion of the prere- 

insurance losses. 
Finally, in Section 5 we discuss a generalization to include 

expendi tures  for promotion of sales and an extension to multipli-  
cative utilities. 

2. FORMULATION OF THE MODEL 

2.I. The description of the Insurance Company 

The I.C. is faced with a N-period problem. The periods are num- 
bered backwards,  thus the in terval  (t, t - - I )  is the t th period. 
We will use the following nota t ion:  

Pt" premiums collected by  selling policies during period t. Th ey  
are assumed to be collected at the end of the period for 
siml)licity and they  are known in advance.  

~,t:  claims paid to policy-holders during period t - - a  random 
variable which takes values on the internal  Xt  and whose 
value will be denoted  by  xt. For simplicity it is a s su m ed th a t  
claims are paid at the end of the period and are independent  
from period to period. 

Ct: dividends paid to s/p-holders at s tar t  of period t (decision 
variable). 

Rt : level of reserves at s tar t  of period t before dividends are paid. 
qpt(x): probabi l i ty  densi ty  function of the r.v. ~t. 

2.2. The utility fitnction of the I.C. 

We will assume tha t  the ut i l i ty  funct ion of the I.C. over  possible 
s treams of dividends C = C~v . . . . . .  C1, Co is given by  one of the 
three forms '  * 

(S) Discounted Sum" 

U(C) = z < < 
/ I , - o  

(MP) Multiplicative Posi t ive:  

u(c) = l] > o  
k , , o  

(MN) Multiplicative Negative" 
N 

U(C) = - -  1I [ - -  u(Cu_ k)] ; u( . )  < o 
I . o  

* For justification and discussion of these forms see [4], [5]. 
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In each case the object ive of the I.C. is to maximize the expected 
value of U(C). 

In the following we will concent ra te  oll the form (S). The forms 
(MP) and (MN) are briefly discussed in Section 5. For  rnore details 
the in teres ted reader  is referred to [6]. 

2.3 Rei~zsuranca 

\,Ve assume tha t  in each period t there is a reinsurer who accepts 
any  risk for the appropr ia te  premium. The way he quotes premium 
is the following. 

For  any  claims random variable ~,t (value denoted  by xtuXt) 
whose probabi l i ty  distr ibution lie knows, the reinsurer assigns a 
price function. P~,(xt) > o such tha t  the premiurn for assuming a 
cont rac t  Zt(~t), which promises to pay to the ccdent  $ Zt(xt) at the 
end of period t depending on the outcome xt of the random variable 
~t, is given by:  

~,[z~(~.~)] ~ f Zdx)P¢,(x)dx (~) 
21." t 

As a marginal case consider the contract Zt(x) = I ;  F x s X t  
which pays $z to the cedent at the end of period t under any event. 
The t)remium or present  value of Sz asked by  the reinsurer is 

PtEI] -~ J" P~,(x)dx ~ nt < I (2) 
X I 

I - -  1T t 

In other  words, - -  is the interest  ra te  for period t. 
7~t 

The descript ion of the reinsurance process above implies tha t :  

I) There  are no t ransact ion costs in reinsuring. 
2) Borrowing and lending rates are the same. 
3) Reinsurance contracts  have a span of one period. Tha t  is at 

the end of each period when the risks realize (the value of ~ i~ 
observed) the contracts  are fulfilled and then cease to exist. 

In the fol lo~ing we will denote  by  Pt(x) the price funct ion of 
the claims r.v. ~t of period t to avoid the complexi ty  of the notat ion 
.P~,(xt). 

2.4 Dynamic Programming for.mulat~on 
At the s tar t  of period t the I.C.'s reserves level is R~. I t  immedi-  

a te ly  pays dividends Ct thus remnaining with Rt - -  Ct which by  the 
end of the period grow to (Rt - -  Ct)/rct where 

~t ~ f Pd.~)dx (3) 
X I 
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At the end of the period the I.C. collects I)remiums Pt and 
pays claims x (the value of ~t) and thus, if it conducted  no rein- 
surance, the reserves level for the next  period ( t - - I )  would be 

17 t - -  C t 
R~-l(x) = - - - - -  -F P~- -  x. With reinsurance, however,  the I.C. 

rb 
sells to the reinsurer R~.~(.r) and buys Rt_t (x  ) ,~o tha t  the budget  
constra int  

f R,_,(x)P,(.~) = j" [~,--c,=, + ¢,,--.] &(.)d.~ 
X l .V I 

(4) 

is satisfied. 

i t  will be useful to denote  tile p r emmm demanded  by tile re- 
insurer for assuming tile risk ~t 1)3' 

p, = f x P , ( x ) d ~  (5) 
A t 

Now let 

f t(Rt): the naaximum expected u t ih ty  for a /-period problem with 
initial reserves level Rc 

Then the problem ol an 1.C., whose ut i l i ty  function is of t he fo rm 
(S) above, can be wri t ten as a D31namic Programming  problem: 

fdRt )  = max {u(C,) -F ocE[ft-l(Rt-t(~t))]}; o < ¢g < 1: (6) 
Co, 1~ z 

subject  to the budget  constra int  (4) and with bounda ry  condition, 

fo(Ro) -= ,u,(Ro) (7) 

3. CLOSED FORM SOLUTIONS 

The D.P. problem formula ted  by  (4), (6) and (7) cannot  in general 
be solved analytically.  In this section we will find closed form 
solutions to the problem when we addi t ional ly  assume tha t  the 
one-period ut i l i ty  funct ion of the 1.C. belongs to tile Linear  Risk- 
Tolerance (LRT) class. 

~"(-9 . 
The quan t i t y  ,u'(x) is known as the absolute risk aversion 

~'  (x) . 
index (Pra t t  [7]). The i n v e r s e , -  ',."(x---) is known as the r isk-toleranre 

index. Tile L R T  class is then defined as the solutions to the equat ion 

,,¢ (x) as  + b 
, , ,"(xi  - g (8) 
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where g, a, b reals and u"(x) < o and u'(x) > o. 

I t  can be shown tha t  the solutions to (8) are 

(ax + b) c ~t 
'/t(X) = a ( c  + I)  ; c ~ - -  I ,  aX -@ b > O, ac < o 

I 
u(x) = - l o g ( a x  + b); ax + b > o ,  a > o  

I 
it(X) = ~ (I - - e - ' l ' x )  " - CO < X < + OO, ~ > O 

I t  will be useful later  to split class [a into:  

a > o ,  c < - - I  -->u(-) < o  

a > o , - - I  < c  < o - ->u ( . )  > o  

a < o ,  c > o  - + u ( . )  < o  

Theorem Ia (Model Ia) 

Oa) 

(Ib) 

(ll) 

(Ia2) 
(Ia~) 

(II) 

(i2) 

(is; 

(14) 

(i5) 
t?t- trot bet b mt 1 

. _ _ _ . ,  _ [ 
R t - l ( ~ t )  - -  At-1 ~1/¢ AtRt + Bt + a [gt(~t)J 

b Bt_ 1 

+ aAt_ 1 -4t_1 

as long as the initial reserves Rt satisfy the condit ion:  

a(AtRt + Bt) + b > o 

where 

~t t 
D t = I + D t _ l  o l tc ,  D t  ~ I 

I 
At = ~ ,  o _< At < I 

I.C. to 

If u(x) belong to class (Ia) then tile solution to the t-period prob- 
lem as described by  (6) subject  to (4) and (7) is unique and is 
given by 

ft(Rt) = Dtu(AtRt -F Bt) (9) 

The optimal  dividend s t ra tegy is 

C~ = AtR t + 13 t (ZO) 

The optimal  reinsurance s t ra tegy  t ransforms the wealth of the 
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c a n  be calculated recursively s tar t ing with 

Do= r, A o =  I, Bo = o 

and 

j mt ~ L~dx ) ]  Pdx)dx (~6) 
X t 

Proof: The proof is incluctive showing the result to be valid for a 
1-period problem and then proving the induct ion step from t - -  I 
to t. 

One period problem (t = I) 

The DP  relation (6) becomes for t = I 

fi(R,) = max {u(Cl) + eE[u(Ro(~,))]} (17) 
C, ,  Ro 

subject  to (4) which for t - - - - I  becomes, 

I Rt(x)Pl(x)dx = R, - -  Ci + p,n~ - -  pt (IS) 
.r 1 

Fix. C,. To maximize the second term in (I7) subject  to (18) 
according to the calculus of variat ion R~(.) must  be chosen so tha t  

~,'(R;(x)~(x) = xp~(x)  (~9) 

where X is to be de te rmined  by subst i tu t ing in (18). 

Using the fact tha t  ,,,(.) belongs to class Ia we soh, e (19) to find 
)t/c "" ttc I _ b R~(x) = - -  - (20) 

a k ~(x)J a 

Upon subst i tu t ion of (20) in (18) we find 

x ' / c =  - -  R L - - C ~  + p t n l - - p ~  + - ~  (21) 
'Jl/~l a. 

with 01, mj defined in (5) and (16) respectively.  

Subst i tu t ing (20) and (21) in (17) we obtain after  some algebra: 

f , (R , )=~axu(C,)  + a ( c + I )  ~ R , - - C t + p t n , - - p , + ~ n t ] ]  t 

(22) 

where we have used the ident i ty :  

r E t \ - ~ /  l ~ J k-~-~J P~(x)dx ~ m, (23) 
X1 
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The second term in the RHS of (22} is strictly concave as long as 

a(Ri - -  Ct + plrcl - -  pl) + b T~I ) 0 (24) 

while the first term, u(C1), is strictly concave as long as 

a C , + b  > 0  (25) 

Differentiat ing the max imand  in (22) w.r.t .  Ct and equating to 
zero we obtain the unique optimal dividend s t ra tegy 

C; : A,R~ + B~ (26) 

with At, B1 as defined in (14) and (I5). 

Eurther,  when Ct is given by (26) the conditions (24) and (25) 
are equivalent and thus the only condition required is 

a(A~R~ + B1) + b > o (27) 

Finally,  subst i tut ing (26) in (22) we obtain 

fl(R~) = Dtu(A LI~L + B~) 

which is in the desired form. 

The t-period problem 

We assume that  the theorem holds for a ( t -  I)-period prob- 
lem and we show tha t  it holds for a t-period problem. The argu- 
ments are similar and we will thus be rather brief (a more detailed 
proof can be found in [6~). 

We first fix Ct and we find that  the optimal post-reinsurance 
wealth R~_ l({t) must  satisfy 

x ''° [P(,x)] ~'~ b_ _ B~_~ (28) 
RL'(x)- a A , _ ~  t~-~J - -  aA, , A,_~ 

where 

X I/c I I t3t-l Xt bx t  ] 
- =  - tR'  - -  c ,  + #,~, - -  p, + ~ ;~ + ~ ~ T h  (29) aA t- t mt 

Substi tut ion of (28), (29) in (6) yields 

) c~D~_lmt [aA~_, ( 
R t - - C t  + ptr~t--pt + ft(Rt) = max u(Ct) + a(c + I) t m~ 

Ct 

A ~_~.,-----G + aA ~_~/J i (30) 

Differentiat ing the maximnand w.r.t. Ct and sett ing equal to zero 
we find the unique optimal dividend: 

C~ = A t R  t + B t (3I) 
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as long as Rt ~s such that  

a(AtRt + Bt) + b > o (32) 

Final ly subst i tut ing (31) in (29) and using the definitions of At, 13t 
in (14) and (15) we obtain (II) and the Theorem is proved. 

Remark: If for a t-period problena the initial reserves R~ are such 
that  a(AtRt + Bt) + b > o and the optimal strategies (io) and 
(II) are followed, then at the start  of period t - - i  the reserves 
Rt-~ will again satisfy a(At_~ Rt..L + BL_~) + b > o To see this 
we only need to observe (II). This means that  follo~ing the op- 
timal strategies for a t-period problem we are guaranteed tha t  
we will be able to reapply them for a t - -  I period ploblem with 
no further conditions. 

Theorem Ib (Model [b) 

If u(x) belongs to class (Ib) then the solution to the t-period 
problem as described by (6) subject to (4) and (7) is unique and 
is given by 

ft(Rt) = l)tu(AtRt + Bt) + Et (33) 

The optimal dividend s t ra tegy is 

C~ = AiR t -4- B~ (34) 

"['he optimal reinsurance s t ra tegy transforms the wealth of the 
I.C. to 

* AtRt + 13 t + At (35) R t - ' ( ~ t ) -  At-I  Pt(¢t) aAt- ,  -1 

as long as the initial reserves Rt satisfy the condition: 

a(Atl¢t -4- Bt) -t- b > o (36) 

where 

D r :  I + o~Dt-,, Dt ~ I (37) 

I 
At - -  Dr' o _ < A t  < I (38) 

• t  1 b r : t  
6', = A,  p, + + .4T-, (39) 

o~ 

Et = - Dt-L[log~ + qt] + ~ E t - ,  (40) 
( t  
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can be calculated recursively s tar t ing with 

D o =  I, A o - -  I, 13o=o, E o = o  

and 

(41 ) 

[ qt ~-= E log \Pt(~e)/]  (42) 

Proof: is similar to that  of Theorem ia  and is deleted. For more 
details see [6]. 

Remark I" Except (33), (4o), (42) all the results of Theorem lb can 
follow from Theorem Ia by lett ing c - > - -  I and mt > z. 

Remark 2" The Remark at the end of Theorem Ia again holds as it 
can be checked by observing (35). 

Theorem I I  (Model II) 

If u(x) belongs to class ([I) then the solution to the /-period 
problem as described by (6) subject to (4) and (7) is unique and is 
given by 

ft(Rt) = Dtu(AtRt + Bt) + Et (43) 

The optimal dividencl s t ra tegy is 

C~ = A i R  t -F B t (44) 

The ol)tnnal reinsurance s t ra tegy transformb the wealth of the 
I.C. to 

I .B t  i l o g s  I [Pt(~,)~ 
1 - -  - - -  + - -  log i - -  i \  %(~) / 

l i t -  ( ~ t )  - -  At .t [-AtR-t + Bt] .fit-i yA t - t  "(At I 

(45) 

w h e r e  

Dt = i + r~tDt-1, D l >__ I (46) 

[ 
.4~ = Di'  o_< At _< I (47) 

"/r~t - ] w t  ~t  ] 
- -  - -  rot + l o g s  (48) 13t = :  A, p,rct 0¢ + At-] yAt - i  ":At-L 

DI-1 
E ,  - -  (~ - -  ~,)  + ~.E, .L ( # D  

Y 
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can be calcula ted recursively s ta r t ing  with 

D o  = I, A o = I ,  13o = o ,  E o  = o 

and 

X t 

Proof: Similar  to tha t  of Theorem In. An outline of the proof 
appears  in [6]. 

4. INTERPRETATION OF TIIE OPTIMAL STRATEGIES 

4. t The dividend strategy 

In all Models the op t imal  d iv idend s t r a t egy  is linear m the 
reserves level at the s ta r t  of the period. In our formula t ion  the 
dividends were not restr ic ted to be positive. Negat ive  dividends 
would, of course, mean tha t  the s/p-holders agree tha t  an increase 

in the reserves now is desirable for be t te r  profi ts  in the future. If, 
however,  we insist tha t  d ividends should be non-negat ive  we can 
easily achieve it 1) 3, restr ic t ing to Models IaL, In,e, tb  with - -  b/a > o. 
In the case of Model l I ,  a sufficient condit ion to guaran tee  the non- 
nega t iv i ty  of dividends for a N-per iod  problem is A N R N  + BN > 0 

Pt(x) 
and c~ > ~t(x) " xsXt,  I = N . . . . .  I. This can be seen by  looking 

at  (45). A necessary condit ion for the la t te r  is o~ >: =t for all t. 

4.2 The reznsurance strategy 

\Ve can in terpre t  \~t(~-ti] as n ,unit of post-reinsurance rishv 

asset for Model In. The name is suggested by observing  ( n )  since 

q~t([t) / is tile only q u a n t i t y  which is a function of tile ou tcome 

of the r andom var iable  I t  and  its form is independent  of the initial 

weal th  of the I.C. In this sense, mt can be in te rpre ted  as the cost of 
a ~.tnit of post-reinsurance risky asset. Similarly,  in Model l b  (35) 

the unit  of pos t - re insurance  r isky asset is P iT t )  and  its cost is I. 

In Model [ I  (45) the unit  of r isky asset  is log ~ and  its cost is wt. 

17n Models Ia,  Ib  the a m o u n t  of r isky asset  increases l inear ly 
with the initial reserves level, while in Model I I  the a m o u n t  of r isky 
asset is fixed independent  of the reserves level. 
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Pt(x) 
If q ~  is non-decreasing in x then the post-rcmsurancc wealth 

of the I.C. is non-increasing in .v in all 51odels. This of course means 
tha t  tile I.C. part icipates posit ively in the risk. Tha t  is, the larger 
the claims .~ paid to the policy-holders, the less the wealth of the 

I)t(X) 
I.C. af ter  reinsurance. \Ve c ~ t n  think of q~t(x) as the loadi~gfactor. 

An increasing loading factor  then means that  the reinsurer asks 
for a greater  loading to a cert if icate that  guarantees  final reserves 
of $i to the cedent  when the clain~s x paid to the policy-holders 
are large than when they are small. 

Fur ther ,  in Models [a and lb the post-reinsurance wealth Rt- ~(~) 

lower bound 

• ( x )  

\ 
x 

Models lal, la 2 

_ B t 

aA t A t 

R t (x) Rt (x) 
- 2 - -  5- 

?..*: 
r bound 

[ 
Model  I a  3 

lower bound 

t(x) 

~ x  

b B t 

aA t A t 

a ( x )  

~ X  

Model Ib Model II 

F i g u r e  ~. T h e  post-reinsul '~UlCC w e a l t h  A't(x) as  a f u n c t i o n  of t h e  c l a i m s  x. 
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of tile I.C. satisfies the condition a(At-det  ,(~t) q- Bt-,)  q- b > o .  
This condition inaposes upper or lower bounds on Rt -l(~t) depending 
on the sign of a which is negative for Model laa and positive for 
Models [at, la2 and lb (see Figure i). 

The negat ivi ty  of a makes Class laa the only one with an in- 
creasing risk-aversion index (Classes Ial, 1a.% Ib have decreasing 
while Class I1 has a constant  risk-aversion index). Thus Class Iaa 
(to which also the quadrat ic  uti l i ty function belongs) must be ap- 
plied with caution as it is doubtful  whether it has meaning in real 
life (for a discussion of this point see Arrow Lx]). 

5. GENERALIZATIONS - EXTENSIONS 

(a) All Models can be easily extended to an infinite horizon by 
simply lett ing the number of periods N tend to infinity. The 
optimal strategie~ remain qual i ta t ively the same. 

(b) All Models can be generalized to include a decision on ex- 
penditures to promote sales if we assume tha t  the sales volume is a 
concave function of the money spent. The optimal dividend and 
reinsurance strategms remain essentially the same. This is in- 
tuit ively expected by observing that  the quan t i ty  Pt (prenaiums 
collected from policy-holders) appears only in the constant  Bt and 
not in At. or Dt. or Et. 

(c) Multiplicative Utilities. If instead of the form (S) we assume 
tha t  the I.C.'s ut i l i ty  over dividend streams is given by (MN) or 
(MP) (Section e.z) we can again find closed form solutmns but only 
when (MN) is coupled with the Class Ia~ of ut i l i ty  functions or 
(MP) with Class Ia.,. The results are similar in nature with those of 
Section 3. Again the optimal dividend s t ra tegy is linear in the 
leserves while the form of the post-reinsurance wealth of the I .e .  is 
independent of its initial wealth. I t  only depends on the price func- 
tion, the probabihty densi ty function of the claims, the one-period 
uti l i ty function of the I.C. and the number  of periods remaining. 

These extensions-generalizations are t reated in detail in [6]. 
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