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1.

Introduction

1.1. Objectives
The CAS monograph Generalized Linear Models for Insurance Ratings by Goldburd

etal. (2025) is a comprehensive guide to creating insurance rating plans with generalized
linear models (GLM:s). It covers the technical foundations of GLMs and practical topics,
such as the model-building process, data preparation, selection of model form, model
refinement, and model validation.

This monograph assumes that the reader is familiar with Goldburd et al. (2025)1
and uses case studies to focus on various practical challenges in building GLMs. Many of
these challenges, along with suggested solutions, have been mentioned in the CAS GLM
monograph. Here, we expand on and demonstrate these solutions using the case studies
and discuss some additional practical challenges.

These practical challenges (which will be explained in more detail later on) include:

* Dealing with high cardinality categorical variables (HCCVs).

* Dealing with situations where part of the rating plan has to be calculated separately
from the main GLM (for example, geographical analysis). In these situations, we may
need to add back to our GLM the results of the separate analysis and then do further
GLM-based work.

* Removing from a GLM the effect of variables we are not permitted to use or that we
do not want to use. Here we will have to consider whether we allow ourselves to use
variables that are correlated with the forbidden variable.

* Dealing with highly correlated variables.

The case studies will require us to revisit various basic ideas discussed in the CAS

GLM monograph, including:

* How to measure model performance.
* Splitting the data into training and test sets.

* Dealing with nonlinear effects.

1 .and with the relevant chapters of An Introduction ro Statistical Learning (James et al. (2021)).
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Penalized regression is an approach to fitting GLM:s that is impossible to ignore. Sec-
tion 10 of Goldburd et al. (2025) discusses it and mentions that the main disadvantage
is that it is “much more computationally complex than standard GLMs.” On the other
hand, the advantages of using it are significant. The reader will see throughout the text
that it is easy within the penalized regression framework to ensure that models are not
overfitted and therefore perform well on future data (it will also make our life much eas-
ier when we develop the case studies). Regarding the issue of computational complexity,
while this can be an issue, significant computing power is easily available to us today,
either with high-specification machines running locally or in the cloud. Open-source
software exists that fits GLMs (and other models) on datasets which are too large to fit
into memory. For those who prefer not to write, debug, and maintain code, proprietary
software exists that makes it very easy to fit good penalized GLMs. Overall then, we really
have no excuse not to use penalized regression. We devote one chapter to reviewing its ba-
sicideas and some theory before applying it in subsequent chapters. Many of the practical
concepts above apply equally well whether one uses GLMs with or without penalization.
(The relevant R or Python code is also fairly similar.) Therefore, the determined reader
who wishes to remain in the “without penalization” world will be easily able to do so.

One word of warning: we discuss methods in this paper that seem automatic and
to reduce the level of human input in model training in general and in the setting of
insurance rating plans in particular. The reality is that most of the time, these methods
simply allow the practitioner to make more informed choices and avoid certain pitfalls.
The potential negative consequences of mindlessly creating rating plans without human

input and review remain as large now as they ever have been.
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2. The Case Studies

2.1. FAA-NTSB Data for Aircraft Incident Frequency

In the US, the Federal Aviation Administration (FAA) maintains records of all registered
aircraft, and the National Transportation Safety Board (NTSB) maintains a database of
all incidents (accidents and near misses) involving aircraft. Our main case study will be
based on these records. Our dataset consists of all aircraft from the FAA records. Each
aircraft is represented by one or more lines of data, one for each calendar year, depending
on its certificate issue date and expiration date. For example, if the certificate issue date
is July 1, 2010, and the expiration date is December 31, 2014, then the aircraft will be
represented by five lines of data, one for each calendar year from 2010 to 2014. The
exposure variable (named “ex” in our data) will be 0.5 (i.e., the six months from July 1,
2010 to December 31, 2020) for the first year and 1 (year) for the others. We added a
target variable (number of claims, named “num_cl” in our data) set to 1 where there was
a match to an accident on the N'TSB data and set to zero otherwise. Our aim will be to
build a frequency model that predicts the probability of an aircraft accident (given the
information we have about the aircraft, its use, etc.).

Although our focus will be on building a frequency model, almost everything we
discuss applies equally to severity models. We note also that sometimes in aviation, rates
for total loss insurance are supplied separately. Provided that the policy is on a declared
value basis,? and the rate is charged per dollar of declared value, a severity model would
not be needed. For example, our final model predicts a frequency of about 0.6 accidents
per 1,000 aircraft for the Cessna Skyhawk. If about a third of these accidents are total
losses, then an estimate of the total loss rate would be 20 cents per $100.°

NTSB accidents since 2008 are used, and only aircraft with some active registration
since that year are included. The FAA data includes the registration number (N-number)

for each aircraft and has fields for certificate issue date and expiration date. We merged

2 A declared (or agreed) value basis means the insurer and policyholder agree in advance on the amount
payable in the event of a total loss, regardless of the actual replacement cost or market value at the time
of the claim.

3 If one was using the NTSB data for such purposes, one would need to remember that total loss incidents

can happen without being reported to the NTSB.
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the claims where the FAA N-number matched the NTSB N-number and the date of the
NTSB incident was between the FAA certificate issue date and expiration date. On this
basis, about 50% of claims were merged into the FAA data. Inspection of the unmatched
incidents shows that many of them are for foreign aircraft not registered with the FAA.
Were we to be using this data as part of a real rating exercise, we would look into this in
turther detail. However, for our purposes, the resulting dataset is sufficient as it allows

us to illustrate and discuss various practical issues when fitting GLMs. For example:

* There are many different makes of aircraft, which leads to practical problems when
trying to create a rating plan which has make of aircraft as a rating factor.

* Theaccident frequency varies with aircraft age4 butnotinalinear way—see Figure 2.1.
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e o ° ()
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Figure 2.1. FAA-NTSB data. The frequency of accidents
varies with the age of the aircraft, but not in a linear
way.

An example of some of the data in the FAA-NTSB dataset is shown in Table 2.1.
(Note that across all of our observations, N-number is not a unique identifier of an air-
craft, because once an aircraft is deregistered, the same N-number can be used for a new

aircraft.)

4 Throughout this monograph, when we use the term “aircraft age,” we actually mean the number of
years since the FAA certificate was issued. This is an error as these two features are not the same. We
discuss this matter further in Section 10.1.
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Table 2.1. A sample of information in the FAA-NTSB data.
There is a separate line of data for each aircraft for each
calendar year. For example, the second aircraft in the
table will have eight lines in the data, from age 0 to age
7. ex is the exposure time (the proportion of the
calendar year during which the aircraft was operated).
num_cl is the number of claims (none of these records
was matched to an accident on the NTSB data).

n_number city aircraft aircraft ex num_cl
make age (years)

N106K KONAWA BEECH 25 1.00 0

N64882 GREELEY CESSNA 7 1.00 0

N6407 ASHEBORO HILLER 36 1.00 0

N6644V ~ COLLEYVILLE  BELLANCA 5 0.66 0

N9271W  SOUTH RIDING PIPER 11 1.00 0

Finally, we note that for the purpose of quicker fitting of our models, we used only a

25% random sample of this dataset.

2.2. Road Accident Frequency Model

In the UK, the police maintain a record of every road traffic accident involving injury
which they attend. The dataset is known as STATS19, and the UK government makes it
available for download in order to encourage research into road safety. It is (much more)
conveniently available through an R data package called stats19 (see Lovelace et al. 2019)
available on CRAN.> We summarized this data by geographic region and added some
fields from the UK census which provide sociodemographic features. Our aim will be to
build a model which predicts the probability of road traffic accidents in a given region.6

The data preparation process led to this dataset including many highly correlated
variables. Table 2.2 shows examples of some of the high negative correlations. We will see

that this presents practical difficulties when we try to fit a model.

5 https://cran.r-project.org/web/packages/stats19/index.html
6 Such a model may be useful in helping to target road safety programs and expenditure.
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Table 2.2. Some of the high negative correlations present
in the road traffic accident data. The meanings of some
key variables in this dataset will be explained as we
progress through this case study (see the footnote for an

example).

variable 1 variable 2 cor

c_ts011_hhd_0_pct c_ts011_hhd_3_pct —0.86
c_ts002_mcp_never_pct c_ts002_mcp_mrcp_pct —0.92
c_ts002_mcp_never_pct c_ts002_mcp_m_pct -0.92
c_ts002_mcp_never_pct c_ts002_mcp_mos_pct  —0.92
c_ts011_hhd_0_pct c_ts011_hhd_2_pct —0.95
c_ts004_cob_uk_pct c_ts004_cob_oth_pct —0.96

2.3. Simulated Data—Auto Insurance

We have simulated data to imitate some aspects of frequency rating for auto insurance.
When simulating the data, we decide in advance what the true underlying frequencies
will be. For example, we can decide that the starting point will be a frequency of 5% and
that risk is increased by 4.65 times for a 17-year-old male and 2.55 times for a 17-year-old
female. We call these true underlying frequencies and relativities the “ground truth.” As
part of our work on case studies using real data, we will be choosing performance metrics
to measure model quality. It is not always obvious what a good or bad value is for a
performance metric, and we will use these data to illustrate the values we might typically

€Xp€Ct.

2.4. The Challenges

2.4.1. High cardinality categorical variables (HCCVs)
In the FAA-NTSB dataset, the rating factor “make of aircraft” (Cessna, Piper, Beech,

etc.) is a categorical variable. It divides our data into groups or categories, and these
groups do not have a natural order or ranking. The CAS GLM monograph explains that
when using a GLM (not penalized), the prediction for any category is the average claims
experience for that category. There are many different makes of aircraft, and given the
overall moderate size of the dataset there may be some makes which have no accidents in
our data. If we include aircraft make as one of our rating factors, then our model will

predict a frequency of 0% for such makes. This is not a reasonable prediction. Also,

1 As an example, ¢ _ts002 mcp never pct and c_ts002 mcp mrcp pct both address
marital and civil partnership status. The former is the percent of the population in a region who were
never married and never registered a civil partnership, and the latter is the percent of the population
who are married or in a registered civil partnership. We clearly expect these to be negatively correlated.
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any category which does not have sufficient data for the observed claims frequency to be
sufficiently credible will potentially have a predicted claims frequency which is much too
high or much too low. In addition to unreliable predictions, we will see that in certain
approaches to modeling, including a categorical variable with many features will lead to
significant computational complexity.

Categorical variables with a large number of levels, to the extent that they lead to the
type of problem above (given the size dataset being used), are known as high cardinality
categorical variables (HCCV), and we will discuss how to deal with the challenges that
they present.

2.4.2. Combining other models with a GLM

In our FAA-NTSB data, we want to end up with a rate for each make of aircraft. As
discussed above, the make of the aircraft is an HCCV. Some techniques used for dealing
with HCCVs are quite different from GLMs and are most easily done in a separate exer-
cise. One approach therefore is to do some initial modeling with the GLM, but then to
leave the GLM behind and do some further modeling, and finally to combine our non-
GLM modeling back into the GLM. Even where HCCV modeling of make and model
of aircraft can be done within the framework of one single GLM, we may wish as a sec-
ond stage to adjust the rates based on underwriter or other input. In such cases, we will
need to integrate our changes back into the GLM.

Geospatial smoothing (something we might want to do whenever we think that the
level of risk depends on location) presents a similar issue. A GLM cannot directly do
geospatial smoothing. We may therefore wish to start off with some GLM modeling,
once again leave the GLM behind and fit a different type of model, and finally combine
the results back with the GLM.

Another example is credit modeling. In a rating plan, the rates might depend on
features related to an individual’s credit rating. We have a choice; we can include all the
credit-related features in the main model, or we can create a separate “credit score” model
and use the score as a feature in the main model. Separate credit score modeling has var-
ious advantages. For transparency, we might want to know the total impact that credit-
related features have on the rate, and this is very easy to know if a credit score is used. In
addition, score variables, such as credit, group records in ways that might not otherwise
be obvious from the underlying features. This allows for parsimony; the main model can
use fewer features. In addition, it allows us to more easily discover and estimate interac-
tions, since there might be strong interactions with the credit score that are not apparent

with the individual components of the credit score.
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2.4.3. “Controlling” for certain features

In our case studies and other examples, we will sometimes need to isolate the effect of one
or more features on a target variable. Once we know the effect, we might need to ignore
it (if it is a disallowed rating feature) or adjust it. We will discuss various approaches and

their impact on the final rates.

2.4.4. Highly correlated variables

Goldburd et al. (2025) Section 2.9 explains that when the correlation between any two
features is large, the coefhicients fitted by a GLM can swing wildly in response to small
changes in the data, and the standard errors associated with those coefficients will be-
come large. They propose two approaches to dealing with this; removing all but one of
any group of highly correlated predictors and preprocessing with principal component
analysis (PCA) or similar techniques. We will encounter highly correlated features in
one of our case studies and will use the opportunity to discuss the challenges posed by
highly correlated features more broadly and to look at the possibility of using penalized

I'CgI'CSSiOl’l to resolve them.

2.5. Next Steps

We have now seen the aims of our case studies—essentially in each case to build the best
frequency model that we can given any constraints. We also understand some of the chal-
lenges that we will face. However, before we start modeling we need to think about per-

formance measurement—and we look at that in the next chapter.
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3. Performance Measurement

Section 6 of the CAS GLM monograph discusses measures of model fit and comparing
candidate models. Likelihood and deviance are mentioned, as well as penalized measures
of fit (Akaike information criterion [AIC] and Bayesian information criterion [BIC]).

The authors note that comparing deviance across different datasets is not feasible.
This is because deviance, calculated and summed for each observation, results in larger
values for datasets with more observations. (Deviance can also not be compared across
models with different error distributions, as it depends on the assumed distributional
form.)

They explain that penalized measures of fit (AIC, BIC) are important. This is be-
cause without penalization, adding more features to a model always reduces its deviance
(when measured on data on which the model was trained). For instance, by including a
unique identifier as a feature in a generalized linear model (GLM), you could achieve a
zero deviance, but this is not a true measure of the model’s effectiveness.

The approach we have chosen to use for this note is to use a measure that does not
depend on the number of observations (pseudo—Rz) and to calculate it over data not used

in fitting the model (validation and test data).

3.1. Pseudo-R’

In linear regression, the R? measure quantifies the proportion of variance in the depen-

dent variable that is explained by the independent variables. The formula for R%is

R2 =1 Sum of Squares of Residuals

Total Sum of Squares

There are various problems with using R? to measure the performance of GLM:s (see
Cameron and Trivedi (2013)). Instead, measures called pseudo—R2 are used. We now
introduce the version we will use by way of an example.

We use y; to refer to the variable we are trying to predict and J; refers to the model

prediction. The subscript i refers to each individual record. Example data is given in

Table 3.1.
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Table 3.1. Example data. Four observations: two with
claims and two without. The model estimated
probabilities are given in the third column.

unique_id y; ¥

1 0 02
2 0 04
3 1 06
4 1 0.8

Under the Poisson distribution, the probability of y; if the Poisson mean is equal to

¥; (A or p are often used for this parameter) is given by:

~Vi -9
i€
y,-!

pr[y,-lﬁ,-] =

Given that y; are just our data and will not change from model to model, the denom-
inator is constant and can be ignored in further calculations. (If we kept it in, it would
cancel out in both the numerator and denominator of the expression we eventually de-
rive.)

We will move forward by taking logs and working with the log-likelihood. (The mo-
tivation for taking logs in the context of our discussion is not obvious. However, more
generally in the context of GLMs, it leads to mathematical calculations that are easier to
work with and estimators that have useful statistical properties.) In the text below, all
logs are to the base e.

Excluding the ignored constant, each individual contribution to the log-likelihood

of our data given our model (/,,,,4,;) is therefore:
log, priyil3;] = log,(5;'e ™)
=) 10ge()7,-) - P
The l,,,4¢; 0f the data in Table 3.1, given the predictions shown, is:

0xlog,0.2-0.2
+0 X log, 0.4 - 0.4
+1 % log, 0.6 — 0.6
+1 xlog, 0.8 — 0.8
=—2.734
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The simplest model we could fit would have no features at all beyond an intercept
and would just fit the mean. This is called the null model. The mean of y; in the above

datais 0.5, and the null model log-likelihood (/,,,;;) is therefore:

0xlog,0.5-0.5
+0 % log,0.5-0.5
+1 xlog,0.5-0.5
+1 xlog,0.5-0.5
= —3.386

The improvement in likelihood from the null model to the fitted model is therefore:
Lnoder = Lyuny = —2.734 — (=3.386) = 0.652

We can suggest that the “perfect” model would predict y; for each observation. This

is called the saturated model, and its likelihood (/,,-ateq) 18

0x1log,0-0
+0 xlog,0—0
+1xlog, 1 -1
+1xlog, 1 -1
=-2

The best possible improvement in likelihood is from the null model to the saturated

model:

l -2 —(—3.386) = 1.386.

saturated ~ lnull =

We can therefore say, that as a percentage of the best improvement in likelihood pos-

sible, the model explains:

lmodel - lnull _ 0.652 — 479,
lsaturated - lnull 1.386
This measure
2 lmodet = Luun
pseudo-R* =
lsaturated - lnull

is what we will use.
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Remembering (as mentioned in the CAS GLM monograph Section 6.1.2) that de-
=2x(
/

viance of a model is D L inoder)» it is easy to show that:

mode saturated ~—

D
pseudo-R? = 1 — —model
D

null

This now looks quite similar to the R? statistic that we started off with, where D,

represents the total variance and D,,,,;,; represents the residual variance. We can say that

mode
in the same way that R? measures the percent of variance explained, pseudo-R2 measures
the percent of deviance explained.

One advantage of using pseudo-R? is that it leads to a number that modelers can
remember. They can remember that typically a certain model can explain, say, 12% of
the deviance. It tends to be quite clear whether or not a new model is performing well or
not.

In Section 3.7.1 we will use our simulation study to help us understand what typical
values we might expect pseudo-R? to take in an insurance context.

In Section 3.7.2 we briefly discuss why we might need to give each line in our data a

different weight and how this affects the pseudo—R2 calculation.
3.2. Train—Validate—Test

The risk of overfitting GLMs and the idea of splitting the data into training and test
datasets is discussed in Goldburd et al. (2025), Section 4.3. Likewise, they discuss valida-
tion and cross-validation. We revisit this discussion and add some extra details.

The CAS GLM monograph required penalization of the performance metrics which
were based on deviance, because deviance of a GLM measured on the training data will
only ever decrease as more features are added. This will encourage models that are far too
complex and do not generalize well to data that the model was not trained on.

This issue can be avoided by never saying that a model is good because our pseudo—R2
measure looks good (i.e., high) on the data on which the model was trained. Instead we
hold out some of the data (typically 30%”) as a test dataset. (This is also known as a test
partition.) We say that a model is good if the pseudo-R2 is good on the test dataset.

No result (or graph) from the test dataset can ever influence the model structure or
features used or parameter estimates. If that happens, then it ceases to be a test dataset.
The authors of this monograph have seen practitioners who, when faced with a difficult
decision during model fitting, have a quick look at certain graphs or other metrics on the
test dataset. In such cases, training decisions have been made by use of the test dataset

and it is—by definition—no longer a test dataset, and good performance on it does not

7 Others might use similar but somewhat different values.
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mean that the model is good. There is at least one proprietary software that hides the test
dataset from the practitioner while the model is being fitted. In a team where data are
prepared by some colleagues and models are trained by others, it would be reasonable for
the data preparation team to withhold the test dataset until the training is complete.®

Besides needing to know the performance of our final fitted models, we might also
need to know the performance during the model fitting process. This is because, as we
will see in this monograph, when fitting GLMs many decisions need to be taken when
fitting GLMs, such as which features to include and how to allow for nonlinear effects.
In addition, we will see that when using penalized regression there is always one critical
parameter whose value has to be chosen based on performance while training the model.
If possible, we want to take data-driven decisions, i.e., decisions which improve the per-
formance of the model based on test data. However, we cannot do that. As soon as we
start taking model training decisions on the test data, it is no longer a real test.

Our approach to all decisions taken during training is to use k-fold cross-validation.
We explain this by example:

Imagine we have a dataset with 100 observations only. We set aside observations 71—
100 for the test data. We divide the remaining data into seven parts. Each part is called
a “fold.” The seven parts we choose are observations 1-10, 11-20, etc. We then train

seven models as follows:

e Model 1

In this model, observations 1-10 (fold 1) will be used for validation.

Train a model on all observations excluding 1-10, i.e., train on observations 11—
70.

Predict the model on observations 1-10.

Calculate the pseudo-R2 on observations 1-10.

* Model 2

In this model, observations 11-20 (fold 2) will be used for validation.

Train a model on all observations excluding 11-20, i.c., train on observations
1-10and 21-70.

Predict the model on observation 11-20.

Calculate the pseudo—R2 on observations 11-20.

and so on. The results might look something like Table 3.2.

8 This is also done for online predictive modeling competitions.
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Table 3.2. Seven models are trained. Validation
performance is measured for each model using the
validation data for that model. The average
cross-validation performance is 0.10.

model observations used for pseudo—R2
validation training
1 1-10 11-70 0.10
2 11-20 1-10and 21-70 0.11
3 21-30 1-20and 31-70 0.09
4 31-40 1-30and 41-70 0.10
S 41-50 1—40and S51-70 0.12
6 51-60 1-50and 61-70 0.08
7 61-70 1-60 0.10
average 0.10

Our performance metric will therefore be the average cross-validation pseudo—R2
over k validation folds during training.

If we are faced with multiple alternatives to evaluate during training, we will calcu-
late the average cross-validation performance for each one. We will then usually9 use the
option with the highest performance.

In the context of using cross-validation in place of a test (or holdout) dataset, Gold-
burd et al. (2025) Section 4.3.4, raise a problem with cross-validation. They explain that
every training decision must be taken within the training phase of each of the cross-
validation models. If features are “hand selected” with care and judgment, this process
would need to be repeated, in our case, seven times—once for each fold. Since highly
manual processes cannot be repeated so many times, they must be made before the data
are split into folds—which then invalidates the cross-validation performance measure-
ment.

The approach in our case studies is, in fact, to use automatic feature selection and en-
gineering techniques and to do so within each of our seven models. This means that each
of the models fitted in our cross-validation process may contain different features. There-
fore, once the model training is complete, a final model must be fitted on all the data from
all training folds using the decisions arrived at during cross-validation. The pseudo—R2
can be calculated on the test data. This data was not used in any part of the training, and
so performance on the test data should therefore be indicative of future performance of
the model on unseen data. The use of automatic feature selection and engineering tech-
niques does not mean that the use of care and judgment is now redundant. However, it

does mean that the analysis can sometimes proceed to a later stage before manual adjust-

9 There is room for some actuarial judgment.
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ments are made, so that cross-validation performance measurement can be carried out at

a later stage and help inform more of our modeling decisions.

3.3. Generalization Error

In the above discussion, we talked somewhat informally about “future performance of
the model on unseen data.” The formal term for the error made on future data by a model
trained on our training data is “generalization error”.

We proposed using cross-validation to help make modeling decisions and to estimate
generalization error. This is a common and accepted technique across many areas of ma-
chine learning in situations where there is not sufficient data to separate out datasets for
training, validation, and testing.

We will see later—and due to its importance we note now—that the performance we
see after implementing our models may be very different from our estimated generaliza-
tion error. The reason for this is as follows: Our cross-validation partitions are random
samples of our data, and so each partition will have a similar distribution of the features.
For example, if in one fold most policyholders are above 30, this is likely to be true across
all folds. Overall then, our cross-validation estimate of generalization error is for a port-
folio consisting mostly of policyholders over 30. If our modeling process leads to a new
rating plan which significantly increases prices for policyholders above 30 years old and
decreases prices for younger policyholders, then the distribution of the future unseen
data will be very different from that in the validation folds, and actual performance may
be different from expected. This will particularly be the case if there is a weakness in the
new rating plan which savvy policyholders notice and take advantage of. A vital part of
premium rating is therefore to monitor (in depth) the mix of business after implemen-
tation of the new rates. If the percentage of business written in one segment changes

unexpectedly, then performance of that part of the model should be reviewed.

3.4. Null Models

A null model is the most basic model possible—often an intercept-only model, where
the predicted frequency for each observation is the mean frequency.

For our simulated auto insurance data, we calculate the average frequency on training
data, and the null model predicts this value for every row in our validation or test data.

For our FAA-NTSB study, the most basic model possible is one which just predicts
the mean frequency on the training data for every aircraft in the validation or test data.

Under some performance metrics, performance of a null model can look very high.
For example, in the FAA-NTSB data, the average accident rate is 0.4%. This is true for
both the training and test sets. If model predictions are either 0 (no accident) or 1 (acci-

dent), we might decide to use accuracy (the percent of predictions that are correct) as a
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measure. A very naive model which predicts 0 (no accident) for every craft will have a test
accuracy of 99.6%. This might sound good, but the model is clearly of no use. Hence, be-
fore starting to train serious models, it is a good idea to create a null model to ensure that
we understand what zero performance looks like. It also helps us to set up a basic pipeline
for our model—training one model for each of the k-folds, calculating predictions and
performance.

In our case, we should expect both training and validation (pseudo—Rz) performance

to be 0% for a null model. This is because

lmodel - lnull
l b

null

pseudo-R? = 7

saturated ~

and for a null model the numerator is zero, since the (fitted) model is the null model.
We check this for a small sample (10,000 observations) of the simulated auto insur-
ance data. As discussed above, we first put aside 30% of the data for testing and divide
the remaining data into seven folds. (We did this by dividing the data into 10 folds and
using the last three for testing.) The folds were labeled 1,2, ...,7. We then “trained”

seven models as follows:

e Model 1

In this model, we used fold 1 for validation.

Find the mean frequency on folds 2-7. Itis 0.0887.

Predict 0.0887 as the frequency for all the observations in fold 1.

Calculate the pseudo—R2 for fold 1.
* Model 2

In this model, we used fold 2 for validation.

Find the mean frequency on folds 1 and 3-7. It is 0.0926.

Predict 0.0926 as the frequency for all the observations in fold 2.

Calculate the pseu.do—R2 for fold 2.

Andso on. Table 3.3 shows the results for all folds, and the results are indeed mostly close

to zero.
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Table 3.3. Performance under the null model. Pseudo-R?
is close to zero.

fold deviance_model deviance_null proportion_explained

1 2903 2902 —0.0001
2 2954 2954 —0.0000
3 3095 3095 —0.0001
4 3040 3040 —0.0001
5 2861 2859 —0.0004
6 3117 3116 —0.0004
7 2926 2925 —0.0001

There is a problem here. Why are the results not exactly zero? The null model is
an intercept-only model, which therefore predicts the mean. The model which we are
fitting also predicts the mean. These two models are identical, so why is the deviance not
identical? The reason is that we train our model, i.e., teach it to predict the mean, on the
training data. We calculate performance based on the validation data, which will have a
slightly different mean. This issue is discussed further in Section 3.7.4.

Although we will generally avoid looking at test performance until the end of the

study, we also fit the null model on all the folds and find performance on the test data.

Table 3.4. Performance on the test data under the null
model. As expected, pseudo-R? is zero.

fold deviance model deviance null pseudo-R2
99 8952 8952 —0.0000

We can see that performance of the model on the test data is also very close to 0%. In
addition, we can see that the deviances are about three times higher than those for each
fold. This is because the test fold contains three times as much data as each fold (30% of
the total simulated data compared to only 10% in each validation fold).

Although we do not show the results here, we checked on our other case studies and

confirmed that performance as measured by pseudo—R2 is zero for the null model.

3.5. Baseline Models

At this stage, before trying to deal with any of the practical problems this monograph will
address, it would be useful to train basic GLMs on the various datasets. The purpose of
this is to enable us to test later whether our suggested solutions to the practical problems

actually improve performance. The main case study we will focus on is the FAA-NTSB
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data,'? and therefore we would like in particular to show the results of a basic GLM on
this data.
Examples of the features potentially available to use in our baseline GLM are as fol-

lows:

* Information about the aircraft, e.g., aircraft make and model, engine(s) make and model,
maximum speed, number of seats, etc.

* Information about the use of the aircraft.

* Information about the owner of the aircraft, e.g., type of registrant (individual, corpo-

ration, etc.) and their location (region, country, city), etc.

Unfortunately, we were not able to fit a GLM when naively using all the features.
This is because categorical variables like aircraft make and model have many different cat-
egories. As we will discuss in Chapter 6, a naive use of these leads to various issues. When
we tried, there were memory problems or very long run times. For reasons explained later,
even had we managed to fit these models they would have been unlikely to perform well
on test data. We therefore excluded from the baseline model all categorical features with
more than 20 categories. Even then, GLM:s failed to converge. The reason for this is that
some of the features in the model are linear combinations of other features. An exam-
ple is whether an aircraft is licensed for carriage of cargo. Whether or not an aircraft in
our dataset is licensed to carry cargo can be determined from a (linear) combination of
airworthiness code and other operations it is licensed for. This is called multicollinearity
and will be discussed briefly in Chapter 7. We therefore found and dropped the features
causing the problem.

Having excluded the troublesome features, we were left with 22, of which seven were
numeric and 15 were categorical. For a given categorical feature, a GLM will fit one
parameter for each category other than the base level. For example “type_registrant”
has nine categories, and so the GLM will fit eight parameters. (The reason why our
GLM will not fit a separate parameter for the base level of categorical features is again
due to multicollinearity. Whether or not type_registrant is 1 can be determined from
type_registrant_2 to type_registrant_9.) Overall our GLM will fit 82 parameters for the
15 categorical features, so the model will have 89 parameters in total (besides the inter-
cept).

Seven GLMs were fit (excluding data from one of the seven folds in turn). For each
GLM, performance was measured for the six folds of data it was trained on (training
performance) and separately for the one fold of data which was withheld (validation per-

formance). The results are shown in Table 3.5, where we can see an average validation

10 The full dataset used is available as an R library from GitHub at FAANTSB. After installation of the
library, the help on the dataset (?dt_faa_ntsb_clean) providesa list of all the features and their meanings.
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performance on the seven folds of pseudo-R2 of 0.142 and the average training perfor-

mance is 0.157.

Table 3.5. Performance under the baseline model.
Average pseudo-R’ on validation data is 0.140. Train
performance is higher: 0.156. Some of the patterns fitted
by the model are just noise in the training data and are
not present in the validation data.

pseudo—R2

fold  train validation

1 0.153 0.136

2 0.151 0.124

3 0.156 0.143

4 0.165 0.145

S 0.148 0.135

6 0.149 0.138

7 0.169 0.159
mean 0.156 0.140

The GLM output contains, as usual, coefficients and p-values. Part of the output
is shown in Table 3.6. Given that we are using a Iog—link11 to create a prediction, we
sum the coefficients to find the linear predictor, and we then take the exponent. For
example, if the coefficients shown were the only ones in the model, the linear predictor

for a corporation (type_registrant 3) with a five-year-old aircraft would be
—2.447 4+ 0.410 4+ 5 x (—-0.086) = —2.467,
and the predicted accident frequency would be

exp(—2.467) = 0.085.

We can see some large p-values and one very large negative coefficient. If we were to con-
tinue using unpenalized GLMs, we would need to think about whether these are rea-
sonable to have in our model and, if not, what to do about them. We also note that the
impact of age on the linear predictor is linear in age—we will later consider whether or

not this is reasonable.

11 And the Poisson distribution, but that does not determine how we find the predictions given the fitted
coefficients.
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Table 3.6. Some of the coefficients and p-values from the
baseline model. Some p-values are large, and the
magnitude of one coefficient is very large. If we were to
proceed with unpenalized regression, consideration
would need to be given to how to deal with these issues.

Estimate Pr(>|t])
intercept = —2.447

type_registrant2 ~ —0.375  0.2628
type_registrant3 0.410  0.0000
type_registrant4 0.086  0.6987
type_registrant5 0.378  0.0685
type_registrant/ 0.425  0.0000
type_registrant8  —0.072  0.8563
type_registrant9 —12.756  0.9958
aircraftage  —0.086  0.0000

3.6. Benchmark Models

From our baseline model, we have an idea of the minimum performance that we should
expect from our GLMs. At the start of a GLM rating analysis, it is also useful to know
whatis a good level of performance, so that if we get close to it, we might consider moving
on to other projects, and if we exceed it, we should both be happy and double-check our
work. We will discuss later (Section 8.2) that a challenge in using GLMs is that we need to
be sure to feed them the right features—a topic we will discuss in detail. Indeed, we will
create a machine learning pipeline, with penalized regression at its heart, which should
do exactly that.

Tree-based machine learning models deal implicitly with nonlinear features and with
interactions. Their disadvantage is that they are hard to interpret. This means that if
we base rating plans on such models, it will be hard to explain in simple terms why the
price for a policy is a given amount or why the price has changed following a change in the
value of a feature. If all we want is to know what good performance looks like, then inter-
pretability is not necessarily a major concern. A difficulty with training machine learning
models is that there are often many parameters to fine-tune, and training them can be-
come an exercise in itself. That being said, there are both open-source and proprietary
software solutions that allow relatively easy fitting of machine learning models.

We chose an open-source implementation of gradient boosting whose default param-
eters are designed to give good performance “out-of-the-box” and which automatically
deals with HCCVs. As usual, we trained one model for each fold to get cross-validation
performance, and we also trained one overall model. Average cross-validation pseudo-

R?is0.165. In the authors’ experience, well-trained gradient boosting models can some-
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times outperform well-trained GLMs, so we would not necessarily expect our GLM to
meet this level of performance, but we would hope to get close.

Beyond using alternative machine learning models to check on our GLM’s overall
performance, we can also use these models and their predictions to check on certain as-

pects of our model fitting. This will be considered further in Chapter 9.
3.7. Practically Speaking
3.7.1. Typical values for pseudo-R*

Baseline model validation pseudo-R? for the aviation case study is 0.140. Is this good?

For the simulation data, we have the ground truth, so we know what perfect predic-
tions are. If we measure performance based on these perfect predictions, we get a pseudo-
R? of 0.051. Why does a perfect model have such a (seemingly) low performance? It is
because pseudo—R2 compares the part of the deviance that we explain to the deviance ex-
plained by predicting every observation at its actual outcome. Since the actual outcome
has some randomness, we will never achieve a model that predicts perfectly on that basis.

The typical values of pseuclo—R2 that we can achieve on a particular dataset and target
variable depend on the signal-to-noise ratio in the data. While we cannot quantify this,
it is not a major concern as pseudo-R? is typically used for relative comparisons between
models trained on the same target over a given dataset. In other words, for our aviation
case study, asking whether on not 0.142 is good is not a useful question. Rather, we
need to measure performance of the various models that we build, and we can then use
our performance metric to choose the best performing model. That being said, some
practitioners are fond of pseudo-R2 exactly because when applied with care, it can also
support inter-dataset comparisons. 12

In a business context, what we should almost always know is the performance of
the existing business model. Our aim is to create a rating plan which is more accurate
than the existing one. Therefore, we can define the existing model performance as the
benchmark we want to beat. If we are starting with a new model, then our metric allows
us to rank models, and while we don’t know up front what “good” is, by creating null
and baseline model predictions as discussed above, we can ensure that our models are an
improvement on a sensible starting position. As discussed above, one can find machine
learning models that are relatively easy to train. These can be used to give an idea of the

upper limit of good GLM performance.

12 At the end of this monograph, we discuss some errors made in preparing and cleansing the data. Cor-
recting these errors does indeed reduce performance levels towards those seen in the simulated data.
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3.7.2. Weights

In datasets for frequency models, it is rare for each observation to represent the same
amount of exposure. Even if all policies have a period of exactly one year, sometimes a
policy may cancel midyear—in which case exposure will be less than one year—or there
may be midterm adjustments for which a new line of data is created. In such situations,
the pseudo-R? calculation does not change much; y; and J; in Section 3.1 are the annu-

alized frequencies and the contribution of each prediction to the log-likelihood is multi-

plied by the exposure.
In slightly more detail, remembering that
D
pseudo—R2 =1- Ldel,
D,

the contributions of individual observations to the deviance are multiplied by exposure.
If the individual contributions to deviance are dmodel; and d null; and exposure for each

observation is ex; then

_ Y ex; X dmodel,
Y ex; X dnull,

pseudo-R? = 1

3.7.3. Creating folds

In Section 3.2 we said that we would divide our data into training and testing sets,and
that when training models we would use k-fold cross-validation.

There are various ways to create the folds. In Python or R (or any other language), it
is very easy to randomly sample your data without replacement. Or we can use packages
which contain functions or methods to do this. Different packages will do things difter-
ently, and it is worth reading the documentation. For example, in R, the caret package
will take care to generate balanced cross-validation groupings, i.e., that the frequency of
claims is almost the same on the data you use for training, regardless of which fold is being
left out.

Creating folds using random sampling can sometimes cause problems. If you for-
get to set the seed, then your analysis will not be reproducible. Similar problems arise if
you are working with different software and the fold is created in one software and not
the other. One simple solution is to use a unique_id for each record (such as the policy
number) to create the fold. Then, even if the folds are for some reason lost, they can be
recreated. If the dataset is changed slightly or updated, you can be sure that the folds will
be recreated in a very consistent way.

The authors have found the derivation of the fold from the policy number to be prac-

tically very useful for the reasons described above. Where the policy whole number is not
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numeric, typically one of the trailing digits is. Alternatively, a function that creates a
number from any object (known as a hash function) can be used, and the modulus is
then taken of the resulting number.

There is another reason why using the policy number to create folds may be impor-
tant. We want cross-validation folds to be independent tests of our training models. If
observations on a cross-validation fold are correlated with the training data, then we do
not have an independent test. In insurance datasets, multiple observations often come
from the same policy, either due to renewals of the same policy or multiple risks associ-
ated with the same policy (e.g., multiple insured vehicles in the same household). Such
records will be correlated. If we allow these records to be in different folds and we see
good performance, it might just be because the frequency of customer claims in the val-
idation fold is similar to the same customer in the training fold. There is no guarantee
that our model will perform well in trying to predict customers it has never seen before.
This is a form of “leakage”—an idea which we discuss further in Section 6.3. Using the
policy (or customer) number to create the fold variable will ensure that all observations
associated with the same customer end up in the same fold.

Some examples of the above issue need more specific care. For example, fire claims
in private auto insurance are relatively rare. However, it does happen occasionally that
there is a large fire in a parking lot and many cars are total losses as a result of the fire.
The resulting claims will likely be mostly in one region. If these policies are spread across
all the folds, then a model which trains itself to give a very high coefficient to the region
of the parking lot will have a deceptively good cross-validation performance and yet be
close to useless in predicting future fire claims (as well as overpricing the region where the
parking lot fire occurred). Another example of these high-severity, low-frequency events
is homeowners insurance, where large catastrophes (e.g., hurricanes, wildfires, etc.) may

impact a specific geography.
3.7.4. Rebasing predictions

In Table 3.3, our model was a null model which predicted the mean, yet the validation
performance was not exactly zero. For example, for fold 1, applying the trained model to
the validation fold gave a deviance of 385.88, yet the null deviance of that fold is 383.00,
[

so the numerator in our validation performance metric, / was not exactly

model — ‘null>

zZero.
The reason is that we train our (null) model, i.e., calculate the mean, on the training

data, whereas /,,,;; uses the mean of validation data itself. For any fold, the mean fre-

nul
quency is not the same on the training data as the validation data. Hence, performance is
not exactly zero. We can see in general that the performance rounds to something small

but negative. This is because /,,,;; has the advantage of looking directly at the validation

nul
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data and therefore gets closer to its mean.

In the very simple case of the FAA-NTSB null model, for the first cross-validation
model, the training data (folds 2—7) mean is 0.004579 and validation data (fold 1) mean
is 0.004593. We could rebase the model predictions by multiplying each of them by the
0.004593 _ 1.0031. Then, the pseudo-R2 would be focusing on the

0.004579
ability of the trained model to better segment different risks, rather than its ability to

ratio of the means

correctly estimate the overall level of risk. And then, of course, pseudo—R2 would be
exactly zero because the trained model, predicting always the mean, does not differentiate
at all between risks (and neither does the null model).

In the case of our Poisson log-link model, for any set of predictions, if their mean is
not the same as the target, we can improve the log-likelihood (and hence pseudo—Rz) by
changing the intercept of the linear predictor (i.c., applying a multiplicative constant to
the predictions) until the means are the same. To see this, we start with the log-likelihood,

which was shown above to be
lmodel = 2 Vi loge(j)l') - 2 JA"i'
i i

We will express the linear predictor for each observation as
n = Po + z;

where f is the intercept (which is the same for all observations) and z; is the rest of the

linear predictor. Given the log-link, the log-likelihood can be rewritten as

lmodel = Z yi(ﬂO + Zi) - Z CXP(ﬂo + Z[)~

1

To find the intercept which gives the maximum, we differentiate with respect to f:

almodel 0
aﬁo = a_ﬁo <Z yl(ﬂo + Zl‘) - Z eXP(ﬂO + Zi)>

i i

= Z(yi — exp(fy + 2;))
= 201 = 3.

At the minimum, the above sum is zero, which means that the mean of the predic-
tions is the same as the mean of the target. Hence, for any given set of predictions, if

the mean of the predictions does not equal the mean of the target, the intercept can be

24 Casualty Actuarial Society



From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

adjusted until it is, and the likelihood will improve.

In the case of our null model, rebasing makes sense. We know that performance
should be zero and that differences in predicting the overall mean are driven by noise
in the data and not any good or bad model performance. In the case of a more complex
model, the ability to get closer to the mean of the validation data might be driven by a
much more important issue. The mix of business by rating factor can change over time.
If one model is better than another in understanding the differences in risk between dif-
ferent levels of rating factors, and the mix changes, then both at the risk level and at the
overall level, performance will be better. This argument would suggest that when we are
dealing with complicated models, we should not rebase. However, given that our vali-
dation folds are assigned at random, it would be very surprising if there were significant
changes in the business mix between the folds.

In addition, a closer look at the means on training and validation data (not shown
here) highlights another issue. The difference between these means can vary significantly
and yet have only a small effect of pseudo—Rz. It therefore seems that pseudo—R2 is not
necessarily a good way to check whether models are on average predicting correctly.

One approach is to first rebase the predictions to be correct on average and only then
to use pseudo—R2 to measure how close the model is to the target on each individual
observation. The separate question of whether the model predicts correctly on average is
easily measured by seeing how much rebasing was needed. If we find that a model with
a better pseudo-R2 on average needs more rebasing, we should certainly investigate this
further.

We note that the above discussion mirrors the separation between basic and classifi-
cation ratemaking. The overall price level is determined according to basic ratemaking
methods, with its analysis of loss development, loss trends, premium trends, etc. The
classification rates are determined separately, and the resulting rating factors are then ap-
plied to the base rate. Since the task of classification ratemaking is not concerned with
estimating the correct overall rate level, but rather how much higher or lower a specific
risk class is compared to that base rate, our evaluation of the models which estimate the
classification rate should not be impacted by differences between the average prediction

and the average observed value.

3.8. Next Steps

We are almost ready to start addressing some of our practical issues. First, though, in
the next chapter, we recap the ideas behind penalized regression and refit our base-case

models using this approach.
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4.1. Introduction

Generalized linear models (GLMs) are fitted by maximizing the likelihood on the training
data. Adding an extra predictor will almost always increase the likelihood on the training
data, even if it is not a useful predictor for future observations (policies sold in the future).
If we fit GLMs looking only at the likelihood on the training data, we risk fitting complex
models, full of useless predictors, which will be inaccurate on future data. Approaches
have been developed which can be used after fitting GLM:s to avoid this pitfall, for exam-
ple, choosing the GLM with the lowest Akaike or Bayesian Information Criterion (AIC
or BIC, respectively, see Goldburd et al. (2025) Section 6.2.2).
AIC is given by

AIC = -2 X lmodel + 2p,

where p is the number parameters in the model other than the intercept. 13 This is the
equivalent of trying to make the log-likelihood on the training data (/,,,,,4,;) as big as pos-
sible, except that for every extra parameter, there is a penalty of 1 to be deducted from
the log-likelihood. Section 1.8.5 of Wood (2017) shows that AIC is an approximation of
how well the model estimates the true underlying patterns—and thus models chosen by
minimizing AIC will predict well on future observations not seen in the training data.
Why might models with fewer parameters perform better on future data? Consider
a very rare make of car—there are only 10 of them, and each is insured with a separate
private-auto insurer for one year. One of them has an accidentleading to a claim, and nine
do not. If each company uses a GLM on its own training data, then one of the GLMs will
predict a claim frequency of 100% and nine will predict a frequency of 0%. Across all the
companies, the average of the 10 GLM:s is exactly correct. Where the average prediction
of a model is close to the correct value across all the training sets it could have seen, we say
that it has low bias. However, for each company, the GLM has fitted itself to exactly the

experience of that company. This is reflected in the variance of the 10 GLM predictions,

13 Some sources include the intercept. This would not affect the comparison of models.
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which is large (62 = 0.09,6 = 0.30). Where models fit themselves exactly to random
fluctuations in the training data, we say that they have high variance. Sadly in this case,
the low bias does not help any individual company—the high variance means they either
give insurance away free or they charge far too much.

If the companies choose their GLMs based on AIC, the result would probably be
difterent as AIC would encourage the separate parameter for this car to be removed. The
GLM:s will predict for this make; the average frequency for all makes, say, is 5%. Now the
GLMs suffer from bias, since the average prediction is wrong (5% instead of 10%), but
the variance of the GLM predictions for this make is O (since they all predict the same).
In this particular case, every company is better off inasmuch as all their predictions are
closer to the truth. This is because while the simpler models have more bias (except when
there are redundant or unnecessary covariates in the more complex models), they suffer
less from variance. The possible improvement in performance by accepting more bias in
return for less variance is known as the bias-variance tradeoft.

In this chapter, we will discuss penalized regression, which also involves the applica-

tion of a penalty. However, there are some key differences in the two approaches.

* The penalty in AIC and BIC alters a diagnostic produced from a fitted model but
does not directly alter the model’s fit. In contrast, we will see that penalized regression
applies a penalty in a way that directly influences the training of the model, resulting
in different parameter estimates.

* AIC and BIC penalties are based on the number of parameters in the model, encour-
aging simpler models with fewer features. (We typically view models with fewer fea-
tures as less complex.) However, the effects of penalties in penalized regression (which
will be described in the following sections) can be more subtle. While they may re-
duce the number of features, they can also lead to models with coefficients closer to
zero. Whether a practitioner would call these models less complicated will depend
on the context. We will see in Chapter 7 that penalized regression can allow us to
fit very complicated models—albeit with small coefficients—in situations where non-
penalized GLMs could not be fit at all. On the other hand, in the method we use in
Chapter S to deal with nonlinear effects, smaller coefficients lead to less complicated
models.

* We will see that by combining penalized regression with cross-validation we can con-

trol the balance between simple and complex models and so manage the bias-variance

tradeoff.
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4.2. Types of Penalty
4.2.1. Ridge regression

In penalized regression, one common penalty is the sum of the squares of the coefficients
in the model. We will use /(f) to represent the log-likelihood of training data given the
fitted model and / »(P) to represent the penalized log-likelihood. Typically, the intercept,

By, is not penalized. The coefficients (8, f,, ... , B,) and fiy are now chosen to maximize
p
— 2
LB =1(B)— 4 ). B
j=1

(Regarding 4, see the footnote. '4)

This is known as “Ridge regression.” A is a non-negative parameter which must be
chosen. If it is zero, then a normal GLM will be fit. If it is exceedingly high, then adding
even one parameter with a small coefficient will not increase / » and a null model (i.e., an
intercept-only model) will be fit.

An alternative way to express Ridge regression is that we maximize the log-likelihood
subject to the constraint that the sum of the squares of the coefficients must not exceed

a certain amount, i.e.,

p
maximize /() subject to Z ﬂjz <.
j=1

If s is very large, then a normal GLM will be fit. If s is zero, then an intercept-only
model will be fit (normally the intercept, f, is not included in the constraints). While
this formulation is mathematically equivalent to the former, it is not generally used in
practice. It does, however, emphasize how regularization controls how large the coefhi-
cients can be.

Somewhere along the spectrum between the (simple) null model and the (compli-
cated) non-penalized GLM, might be a model which has smaller coefficients (and is po-
tentially less complicated) and performs better on future observations due to the bias-
variance tradeoft mentioned previously.

As a simple example of Ridge regression, we look at how accident frequency of air-
craft decreases with age. We include only the aircraft age in the model. An unpenalized
GLM (Poisson, log-link) fits the following model:

14 Sometimes, to simplify the math, % is used. Software will then just double 4 and the sequence of fitted
models will be identical.
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log of accident frequency =f, + p; X log of aircraft age
—4.352 — 0.548 X log of aircraft age

Taking the exponents of both sides gives:

accident frequency = 0.013 X aircraft age_0'548

We now train penalized GLMs with various values of A. Figure 4.1 shows the rela-
tionship between the A parameter (when we think of the penalized likelihood) and the s
parameter (when we think of the likelihood constrained by the condition that the sum
of the squares of the coefficients must be less than s). As we increase 4, we are in effect

insisting that the sum of the squares of the coefficients must be smaller and smaller.
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Figure 4.1. The relationship between the two different
ways of looking at penalized regression. Asking for more
penalization by increasing the value of 1 is the same as
insisting the the sum of the squares of the coefficients
must be smaller.

Table 4.1 shows the results from penalized regression. If A = 0, then as expected we
get the same result as unpenalized regression. As 4 gets larger, the coefficient shrinks to-

wards zero. Are any of these alternative models for how accident frequency depends on
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aircraft age more accurate than our original GLM? No. The third column is the mean
cross-validation pseudo—Rz, and we can see that any significant amount of penalization
reduces performance. In this case, there is no need for penalization to reduce model vari-

ance at the cost of increased bias because the model we are trying to fit is very simple.

Table 4.1. The log of aircraft age coefficient for various
values of .. When 1 =0, there is no penalization and the
coefficient is exactly the same as the unpenalized GLM.
The third column is the mean cross-validation pseudo-R°.
It can be seen that any amount of penalization reduces
performance.

lambda beta_1 mean CV pseudo-R?

0.000 —0.548 0.0273
0.001 —0.487 0.0270
0.002 -0.417 0.0258
0.004 —0.305 0.0219
0.010 —0.182 0.0150
0.025 —0.090 0.0079
0.064 —0.039 0.0034
0.163 -0.016 0.0012
0.414 —0.006 0.0003
1.049 —0.003 —0.0001
3.192 —-0.001 —0.0003

Ridge regression has other benefits besides performance. In the presence of highly
correlated features, an unpenalized GLM will either fail to fit at all or the coefficients will
be unstable. By “unstable” we mean that small changes in the training data can lead to
large changes in coefficients. We will see in Chapter 7 that Ridge regression solves this

problem.

4.2.2. LASSO

Another common penalty is the sum of the absolute values of the coeflicients in the
model (excluding the intercept). The coefficients (B, f,, ... , f,) and the intercept f,

are chosen to maximize

p
LB =1(B) = A ) 1B;1.
j=1
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This penalty is known as the LASSO 15 and was proposed by Tibshirani (1996).

Table 4.2 shows the results of the LASSO on our simple FAA-NTSB model, where
the accident frequency depends only on aircraft age. Once again, when 4 = 0, as ex-
pected we get the same result as unpenalized regression. However, once A gets large

enough, the coefficient becomes exactly zero—it is removed from the model.

Table 4.2. The log of aircraft age coefficient for various
values of 1. When 4 =0, there is no penalization and the
coefficient is exactly the same as the unpenalized GLM.
When /1 gets large enough, the parameter is set to
exactly zero (i.e., removed from the model).

lambda x10™3  beta 1

0.0000 —0.548
0.0279 —0.542
0.1487 —0.517
0.9561 —0.352
2.4240 —0.050
3.1925 0

The shrinking of coefficients to exactly zero—effectively removing them from the
model if 4 islarge enough—is a feature of the LASSO. It will happen if the benefit—when
measured in a certain way—of including a feature in the model is less than a threshold
controlled by the value of A. Hence, as A increases, more features will be removed from
the model. For a given set of features and a value of A the LASSO will select nonzero
coefficients for the subset of features which are most beneficial to the predictive power of
the model and will effectively exclude all the other features. Selecting some of the features
and leaving out others is known as “feature selection.” The fact that the LASSO does this
itself during training and does not require the user to choose which features to include
or exclude is known as “implicit” feature selection.

The LASSO is especially useful for datasets which have many features but only some
of which are predictive. It will create a model with good performance while keeping it
simple by excluding unhelpful features. The feature selection aspect of the LASSO will
also work in the presence of highly correlated features but may not be stable, i.e., the

features that it selects may differ with only small changes to the training data.

15 The acronym stands for “least absolute shrinkage and selection operator.” Tibshirani chose these letters
to form the word “lasso,” which has connotations of shrinkage and selection, and as a gentler alternative
to “garotte,” a term used by Leo Breiman for a related idea that inspired his work.
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4.2.3. Elastic net

Zou and Hastie (2005) proposed a penalty which is a combination of Ridge regression
and the LASSO, leading to

)4 p
L(B) =1(B)— 4| (1 —a)%ZﬂfﬂxZ 18,11
j=1 j=1

This is known as “elastic net.” « takes any value in the range [0, 1] and needs to be
chosen. If @ = 1, this simplifies to the LASSO, and if @ = 0, this simplifies to Ridge
regression.

We have discussed above that both Ridge regression and the LASSO can improve per-
formance through use of the bias-variance tradeoff. In addition, Ridge regression helps
fit stable models where our data contain highly correlated features, and the LASSO helps
fit simple models in the presence of large numbers of unhelpful features. Where our
datasets suffer from both issues, we can therefore consider the elastic net. From a prac-
tical perspective, given the risk that models with the LASSO penalty might be unstable,
practitioners will often use elastic net with & = 0.99 rather than the LASSO, even when

the focus is purely on feature selection.

4.3. Choosing 4 Using k-Fold Cross-Validation

In Ridge regression, or LASSO or elastic net, the optimal amount of penalization (i.e.,
A) needs to be chosen. Given that the aim is to find the model which performs best on
data which is not in the training data, we will use k-fold cross-validation, as described in
Section 3.2.

We divide the data into & folds (partitions). In our case, we have seven folds labeled 1,
2, ..., 7. We remove the fold 1 and train the penalized regression model on folds 2-7. We
don’t know which value of 4 to use, so we choose a sequence of (typically) 100 values of
A, ranging from a high value (which will tend to shrink all the coefficients to close to zero,
leaving us with an intercept-only model) to a very low value of A (low enough to give a
result close to a non-penalized GLM). We now measure the performance (pseudo-Rz)
for the models, one for each value of 4, on fold 1.

We apply this approach to the very simple case where the only feature is aircraft age.
Figure 4.2 shows the pseudo—R2 measured on fold 3 for the models trained on folds 1, 2,
and 4-7. (The x-axis uses log(4) rather than A simply to space out the lambdas.) We can
see that starting from the left of the x-axis, as 4 increases, the performance on validation
data first improves slightly and then decreases. This suggests that some penalization is

useful in this case.
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Figure 4.2. Performance of a model trained on folds 1, 2,
and 4-7 as measured on fold 3. The x-axis uses log(4)
rather than i simply to space out the lambdas which are
created using an exponential scale. Starting from the
left of the x-axis (low penalization), performance first
improves slightly as penalization increases and then gets
worse. The optimal amount of penalization is at

log A = —5.5.

However, performance might vary for models trained and validated on different folds.
We therefore repeat this exercise seven times, for example, training the model on folds 1,
3, 4, ..., 7 and then validating on fold 2, and then similarly for the other folds. Figure 4.3
shows the seven results—it can be seen that the results are different for each fold.

We therefore take the average performance across the folds for each value of 4. We can
now see (Figure 4.4) that on average the validation performance gets worse as we increase
penalization and, for this simple model, the optimal about penalization is zero. le

We have thus used k-fold cross-validation for choosing the optimal value for 4.

16 Tt has been pointed out to the authors—many times—that a graph showing a case where there is no
benefit to penalization is not the best way to introduce the reader to the benefits of penalization. How-
ever, even here there is a benefit of sorts—we know that the most complex model is the best performing
model and that we are not overfitting the data.
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Figure 4.3. Validation performance for each of the seven
folds. Though the validation curves mostly convey the
same message—that for this simple model less
penalization is better—the individual curves are
different. We therefore take the average of these curves
rather than rely on validation performance of one
particular fold.
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Figure 4.4. Average performance across the seven folds.
The model with the best average validation performance
is the model with no penalization (see footnote).
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4.4. Case Study—Penalized Regression
In Section 3.5 we saw that the validation performance of a GLM on the FAA-NTSB

data was 0.140. We now train penalized GLM:s to see if we can improve performance
by using the bias-variance tradeoff or if we can benefit from the feature selection aspect
of the LASSO. (For the purpose of exposition, in this monograph we first fitted a non-
penalized GLM and then moved to a penalized model. Penalized regression software
typically returns models representing GLMs for a range of As which include a model
close to an unpenalized GLM. Therefore, it is unlikely that, in practice, a practitioner
would ever need to run a separate unpenalized regression model.)

In order to investigate potential performance improvement and feature selection, we
trained three models: Ridge regression, elastic net with @ = 0.5, and the LASSO. (As
mentioned above, rather than the LASSO we actually use an elastic net with a = 0.99
to encourage model stability.) In terms of performance, the three penalized models were
similar, showing only a very small improvement over the unpenalized GLM. However,
the LASSO does benefit from feature selection, and we discuss its results.

Figure 4.5 shows the validation performance for each fold. Some of the curves are
slightly upward sloping to begin with, suggesting a small performance improvement for

small penalization.
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Figure 4.5. FAA-NTSB elastic net (a = 0.99) on features
excluding HCCVs. The performance on each fold is
slightly different but at least some of them show a small
benefit for some level of penalization.
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Figure 4.6 shows the average validation performance across all the folds. The dashed
vertical line is at the best performance—0.146—which is better than the baseline model
(0.140). The numbers along the top are a count of the variables with nonzero coefficients.
The best LASSO model benefits from having only 57 nonzero parameters compared to
89 in the non-penalized GLM previously fitted. (We actually gave the penalized regres-
sion model 105 features as we did not need to exclude collinear features. In addition, for
every categorical variable we gave it a separate feature for each category, whereas in the

non-penalized GLM we excluded the most frequently occurring category.)
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Figure 4.6. FAA-NTSB elastic net (« = 0.99) on features
excluding HCCVs. Average pesudo-R’> performance
across all the folds. The dashed vertical line is at the best
performance.

Previously (Table 3.6) we saw the non-penalized regression coefficients. In Table 4.3
we compare them with the coefficients of our LASSO model. type_registrant9 and
type_registrant4 which had high p-values in the non-penalized model have been penal-
ized out completely. Other levels of type_registrant remain in the model, but we can
see shrinkage (towards zero), which is generally greater when the p-values in the non-
penalized model were high.

In the above case, the benefit of the LASSO was mainly its implicit feature selection
(although there was a small performance benefit). In some cases, there can be clearer
performance benefits. For example, Figure 4.7 shows the cross-validation results for the
simulation case study. It can be seen that, starting from very low levels of penalization

(on the left), performance improves as penalization increases, but then decreases.
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Table 4.3. A comparison of the fitted coefficients of an
unpenalized regression and the LASSO. type_registrant9
and type_registrant4 which had high p-values have been
penalized out of the model. Other levels of this category
remain in the model, but we can see shrinkage (towards
zero).

unpenalized coefficient  Pr(>|t]) LASSO coefhicient

type_registrant2 —-0.375S  0.2628 —0.194
type_registrant3 0.410  0.0000 0.392
type_registrant4 0.086  0.6987 .
type_registrantS 0.378  0.0685 0.288
type_registrant/ 0.425  0.0000 0.390
type_registrant8 —-0.072  0.8563 0.048
type_registrant9 —-12.756  0.9958
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Figure 4.7. Simulation case study elastic net (« = 0.99).
The LASSO provides not only implicit feature selection,
but also a performance benefit compared to a
non-penalized model.

In other cases, there will be no performance benefit from penalization. The driving
factors are the complexity of the model and the size of the dataset. As the size of the
dataset increases, more complex unpenalized models can be fit with limited risk of over-
fitting. While we can describe this tradeoft in general, we cannot know without check-
ing whether overfitting is happening, and therefore using average cross-validation perfor-

mance (or similar methods) to check is required.
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Ateach level of penalization, the parameters fit are different. Understanding how the
parameters change as penalization increases can be useful, and we discuss this further in
Chapter 7, Section 7.4.4.

Above, based on Figure 4.6, we selected the model with the best cross-validation per-
formance and with 57 nonzero parameters. We can see that performance is quite flat
over a wide range of penalty sizes, and an even simpler model could have been chosen
for barely any performance reduction. If model simplicity is important to us, we might
accept a small performance degradation in exchange for a less complex model. We should
also remember that average cross-validation error (calculated by taking the mean across all
the folds) is only an estimate of the generalization error—we don’t know the exact value.
Hence, the true generalization error of what we took to be the best model might in any
case be less than the maximum cross-validation performance. We discuss this further in
Section 4.6.5.

4.5. The Relaxed LASSO

In our case study above, the LASSO had two effects. It removed some features completely
from the model. For example, it set the coefficient for type_registrant9 (Non-Citizen
Co-Owned) to exactly zero. In addition, for all other features left in the model, their
fitted parameters were smaller in absolute value than they would have been in a non-
penalized regression (using the same nonzero features). For example, the linear predictor
for aircraft age is shrunk toward zero; from -0.791 in the unpenalized model to -0.731
in the LASSO.

In general, when using the LASSO, each feature will either be set to exactly zero or
will be reduced in absolute value by an amount regulated by A (see Section 4.7.3 for a
proof of this in a simple case). This effect is known as soft-thresholding. An alternative
to soft-thresholding is hard-thresholding, where, if the coefficients are not set to zero,
they are left at their original values. Figure 4.8 illustrates the difference.

To illustrate an extreme example, we show in Table 4.4 the coefficients in our FAA-
NTSB model for a fairly high value of 4, only five out of 105 features have been selected.
The table also shows coefhicients from fitting an unpenalized model using only the five
chosen features, and the final column shows the difference between the penalized and

unpenalized coefficients (i.c., the shrinkage).
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Figure 4.8. Soft-thresholding compared to
hard-thresholding. In hard-thresholding, the coefficient
drops suddenly to zero. In soft-thresholding, when the
coefficient is not zero, it is still shrunk towards zero so
the transition is smoother.

Table 4.4. For a fairly high value of 4, only five features
are selected. The LASSO column shows the shrunken
coefficients. The unpenalized column shows the fitted
coefficients, where the selected features are fitted in an
unpenalized model; the unpenalized values are
significantly higher. There is no reason to assume that
the shrunk coefficients will provide the best performing
model for a model with only these five features.

coefficients
var LASSO (a) unpenalized (b) shrinkage (b — a)
type_registrant3 0.320 0.545 0.225
region2 —0.070 —1.194 1.124
regionC —0.093 —1.138 1.045
faa_eng_typell 0.299 3.716 3.417
veh_age —0.003 —0.071 0.069
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If we choose to use this simple model—with only five features—there is no reason
to assume that the best validation performance is with the amount of shrinkage shown.
And, in general, there is no guarantee that the penalized model which selects the best
subset of features will also fit coefficients for the selected features which are best for model
performance. In terms of the bias-variance tradeoff, once the LASSO has selected the
features to include, the continued penalization of the remaining coefficients might be
adding extra bias without reducing the variance.

One alternative is to allow those features whose coefficients are shrunk to exactly zero
to be removed from the model but choosing the unpenalized coefficients for the other
features. This is an example of hard-thresholding discussed above.

The relaxed LASSO (Meinshausen (2007)) allows for the above approach. It splits
model training into two separate parts. In the first stage, feature selection is achieved. In
the second stage, shrinkage is considered. It allows for hard-thresholding (i.e., no shrink-
age in the second stage), but it also allows for some shrinkage to be chosen. Running
the relaxed LASSO and comparing the CV performance curves allows the practitioner

to benefit from feature selection while still ensuring optimal model performance.
4.6. Practically Speaking
4.6.1. Software

A pricing department, which has so far been limited to unpenalized regression and wishes
now to use penalized regression, will need to choose a software. We used one or two
standard open-source software!” to carry out the analyses in this monograph. However,
there are many open-source and proprietary software tools available for fitting penalized
regression and other types of model, and the choice is not simple. Factors to consider go
far beyond the ability of the software to actually fit a model and are beyond the scope of
this monograph.

4.6.2. How many models?

Software used to train penalized regression models will often fit models for a sequence
of As from high to low, in order to be able cover in detail the full range of models from
simple intercept-only models to models with (almost) no penalization. Typically, models
for 100 values of A may be fitted. If we are using cross-validation with 10 folds, then 100
models will be fitted for each fold, and in addition 100 models for the full path of As will
be fit on the complete training data from which the final model will be chosen. Hence
1,100 models will be fitted. This is not as bad as it sounds because given a sequence of s,

the models are fitted in the order of most penalized first. This means that, mostly, for any

17 R and Python.
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model in the sequence, the coefhicient for a feature will be just slightly bigger than it was in
the previous model in the sequence. Therefore, the initial estimate of the coefficients for
agiven A can start from the final estimated coefficients of the previous A in the sequence.
These are called “warm starts.” Friedman et al. (2010) mention that there are actually
examples where it was faster to compute the whole path starting with the largest value 4
down to a small value of 4 than the solution only at that small value of A. In addition, the
models for the different folds can be done in parallel on different CPU cores. Overall, the
speed of finding the coefficients for all the models will depend on the hardware, how well
the software uses the hardware, and also the various technical tricks that the algorithm
uses to reduce the memory footprint and speed up the calculations.

For this exercise, our training dataset had about 2 million observations, and the open-
source software we were using took approximately 40 minutes to fit all the models. On
the same hardware, an alternative open-source software took many hours. Hence, if using

open-source software, it is important to experiment with the different choices available.

4.6.3. Penalization parameter names—4 and y

Amongst different software and academic papers, there is not always consistency in the
Greek letter used to represent the penalization parameter. Common choices are A or y.
In the software we used, the penalization parameter is represented by A, and the elastic
net mixing parameter is represented by . We have done the same here. When using a

new software, it is best to check the documentation rather than making assumptions.

4.6.4. Performance graphs—x-axis

The x-axis of our performance graphs displays log(4). When there is little or no penal-
ization, A approaches zero, making log(4) negative. Consequently, models with minimal
or no penalization—which are the more complex models—appear on the left side of the

graph, while simpler models appear on the right.

4.6.5. Choosing A

We discussed above that in Figure 4.6, performance is quite flat over a wide range of
penalty sizes and that we might accept a small performance degradation in exchange for
a less complex model.

Generalization error is the expected performance of a model trained on our train-
ing data over future data that it has not yet seen. In all of our work, we use the mean
cross-validation error as an estimate of the generalization error. Whenever we use a sam-
ple mean as an estimate, we can measure the uncertainty of this estimate by its standard
error. In our work, the mean is over the seven partitions we created. For any value of

A, we can calculate the standard deviation (s.d.) of the seven values of pseuclo—R2 and
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d. ..
hence the standard error of the sample mean (3—7) In an early work on decision trees

Breiman et al. (1984), there is a proposal that we should take the simplest model whose
performance is within one standard error of the model with the best cross-validation per-
formance. This approach was included as default in one of the early penalized regression
software, and we demonstrate it in Figure 4.9. Each red dot is the average cross-validation
performance for a given amount of penalization. The error bars show 1 standard error
around these means. The best cross-validation performance less 1 s.e. (standard error)
is 0.142, and a dashed horizontal line has been drawn at this level. Finally, the vertical
line labeled “1 s.e.” is at the simplest model whose cross-validation performance is 0.142
or more. Breiman et al. (Section 3.4.3) say that in a way, this model “has an accuracy
comparable to” the model with the maximum cross-validation performance.
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Figure 4.9. Choosing a model with a cross-validation
performance within 1 s.e. of the best cross-validation
performance. The error bars show 1 s.e. around the
mean cross-validation for each level of penalization. The
dashed horizontal line at 0.142 is at 1 s.e. below the best
cross-validation performance. The simplest model
whose performance is at or above this level is at the
dashed line labeled “1 s.e.”

The above approach should not be used mindlessly (and Breiman et al. certainly did
not). Itis introduced only to show the thought process which is available to us now that
we have available a trade-oft between performance and complexity. We can get further in-
sight into this trade-off by comparing the average cross-validation error (which has been

our focus until now) with the average training error. Figure 4.10 shows that for simpler
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models (to the right of the x-axis) training and cross-validation performance are the same.
As models start to become more complex, training performance increases slightly more
quickly than cross-validation performance as models begin to pick up some random el-
ements of the training data. At this stage, fitted parameters start to reflect effects in the
training data which are not present in the validation data. Atthe “1s.e.” model the gap is
quite small. At the “max” model the gap has widened; based on cross-validation perfor-
mance, the fitted parameters still predict the better overall. However, it is possible that
based on other unseen data, the extra noise picked up might reduce performance. This is

a further incentive to choose a simpler model than the “max” model.

training — validation
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Figure 4.10. At the max model the validation curve is flat
and the gap between the training and validation curve
has widened. The models around this level of complexity
have started to pick up patterns which are in the
training data only and which do not improve
cross-validation performance.

In our case, a further point to note is the consistency of performance differences for
the individual folds. We do not show details here, but for every fold, performance of the
“1 s.e.” model is worse than the “max” model.

In practice, while good performance of insurance models is exceedingly important,
simpler models are easier to understand and explain to underwriters, regulators, and pol-
icyholders. One option is to choose a model simpler than the “max” model, but still in
the relatively flat part of the cross-validation performance curve and not as simple as the

“1s.e.” model.
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4.6.6. Flavors of penalized regression

When we train GLMs, the coefhicients can take on infinitely many values. We hope that
penalized regression helps us to choose a set of coefticients which will perform well in the
tuture, but there is no guarantee that it will choose the best such model. In fact, there is
no guarantee that penalized regression will even choose the model with the best average
cross-validation performance.

The earliest type of penalized regression was Ridge regression. This gives a sequence
of 100 (say) GLMs. Back when this was the only widely known type of penalty, the
practitioner might have been forgiven for thinking that one of the 100 GLMs would be
the best model. However, given that in our discussion above we have seen three different
types of penalty and the fused LASSO, it should be clear that the sequence of models
from any one approach is not guaranteed to contain the best model.

Another flavor of penalized regression is the adaptive LASSO (Zou (2006)). It deals
with the problem in the LASSO that the strength of the penalty (4) is the same for each
feature, yet in practice this might not be reasonable. For example, we might, a priori,
have a belief that some features should be in the model and that there is sufficient data
to fit them correctly without any shrinkage. We might wish to ensure that such features
are subject to much less penalization or are not penalized at all. The adaptive LASSO
allows us to apply differing levels of penalty to each feature, depending on an initial es-
timate of their importance. We will see in Section 4.7.2 that after an adjustment called
standardization, the coefficients from penalized regression model do in some way reflect
the importance of the features. Hence the approach of the adaptive LASSO is to use the
coefhicients from a Ridge regression model to inform the amount of penalization applied
in the adaptive LASSO.

Sometimes, data contain categorical features that measure the same thing in slightly
different ways. This can arise, for example, where data have been enriched from different
sources covering similar types of features. In such cases, model interpretation and imple-
mentation will be easier if levels are included from one categorical feature or the other,
but not from both. A type of penalization, called the grouped LASSO, can help in this
case. We do not go into further detail here.

Where does this leave the practitioner? While we cannot assume that Ridge regres-
sion or the LASSO will give the best possible models, they are certainly a very good start-
ing point to help with both feature selection and model performance. Should there still
be performance or feature selection issues, it is good to know that other flavors of penal-

ization exist.
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4.7. Technical Note

4.7.1. Solving Ridge regression

Consider the very simple case where there is only one feature (x) in our model. Assuming

anormal distribution and identity link, unpenalized regression needs to minimize
1 n
1p) = — - — Bx;)>.
B =5 ;(y, pxi)
This is easy to solve directly. The derivative is
s 1 - 1 < 1 <
_ b _ _ _ 1 2 2
% =, ;20’[ px;)) X (—x;) = . ;x[yi‘F nﬂ;xi’
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We now repeat this exercise with the Ridge regression penalty. Our loss function is
1B = L - px + 4k
2n & ! ! 20

The derivative is
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So, the value of # which minimizes the loss function is

1 xn
A ;Zi=1 XiYi
Tt
o ui=1%i

We can see that the impact of penalization is to shrink the estimate f towards zero
(but not exactly zero) compared to the unpenalized estimate. The role of A here is not to-
tally dissimilar to the role of k in Bithlmann’s credibility factor Z = n+Lk’ which controls
the extent to which group-specific estimates are shrunk towards the overall population
estimate (see for example the discussion in Chapter 2 of Holmes and Casotto (2025)).

When there is more than one parameter, the relationship between A and each of the
fitted parameters is not as simple as that shown above. Each estimated parameter is still
shrunk towards zero (but not exactly zero) compared to its unpenalized estimate, and the

amount of shrinkage increases as 4 increases.

4.7.2. Standardization

We saw in the last section that the parameter estimate under Ridge regression is

=~ it X} + A
Consider a case where frequency depends on length (in meters) and for which
% > Xy = 10and % >, x? = 5. The unpenalized estimate is § = 2. The Ridge
regression estimate will depend on the value of A. If 2 = 5, then § will be shrunk to 1. If
we have an observation which is one meter long, the unpenalized estimate is a frequency
of 2 and the penalized estimate is 1.

. . . 1 . . .
We now move to measuring length in centimeters. = | x;y; will be 100 times big-
o =

ger (1,000) and % > xl.2 will be 1007 times bigger (50,000). The unpenalized estimate
1,000 1,000
50,000 50,000+5

mates are 2 and 1.9. We can see that the impact of penalization changed just because we

= 0.02 and the penalized estimate is = 0.019. The frequency esti-
changed the units by which we measure the length.

If there is only one feature, the issue above does not matter—choosing an appropriate
sequence of As will still give a range of estimates from unpenalized down to zero. How-
ever, when there are many features, then at any level of 4, a feature which is measured in
smaller units (and so has larger values and a smaller coefhicient) will be less affected by
the penalization. This can lead to some features being incorrectly penalized out of the
model. The same issue applies in any penalized regression, not just Ridge regression.

In order to make penalized regression estimates independent of the units by which
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features are measured, it is usual to standardize all the features before applying the rest
of the calculation. This means deducting the mean and dividing by the standard devia-
tion so that each feature has a mean of zero and variance of 1. The standard deviation
is % (x; — )'6)2. For a standardized feature, given that X = 0, the standard deviation is
% > xl.2 = 1 so that parameter estimate under Ridge regression simplifies when features

are standardized from

1 n
- ;Zi=1xiJ’i
ﬁ_1 no24
;Zi=1xt+

to | ;
A 2im1 XiYi
144

The default behavior of most penalized regression software is to standardize the nu-
meric features before fitting but to return the coefhicients which can be applied to the
original features. It can be useful when comparing coefficients to do so on the scale of
the standardized features. Table 4.5 shows the coefficients in our fitted model for the
number of engines and aircraft age. On the original scale, the magnitude of the coefh-
cient for the number of engines is bigger in absolute value than the coefhicient for the
number of engines. The number of engines ranges from one to four. The aircraft age
ranges from 0 to 50, and despite its smaller coefficient, it will have a large effect on the
linear predictor and it is more important in our fitted model. The coefficients on the scale
of the standardized features are comparable, and we can see that indeed the magnitude of

the aircraft age coefficient is larger.

Table 4.5. After fitting a penalized model on the
standardized numeric features, the coefficients can be
viewed on the original scale or on the scale of the
standardized features.

var original scale standardized
faa_acft_num_eng —0.277 —0.119
aircraft_age —0.073 —0.791

Categorical features are typically represented by a column of zeros and ones. For ex-
ample, for type of registrant category 3 (corporations), there will be a column which is 0
if the registrant is a corporation and 1 if it is not. Such features are often not standard-
ized. Their values are all 0 or 1, and so they are not on very different scales. And their
coefficients are easy to interpret. From a practical perspective, some software benefits in

memory usage and speed from sparse data (lots of zeros) and standardization of these 0-1
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variable would remove that benefit. If optimal model performance is key, then fitting a
model both with and without standardization of categorical features and comparing the
cross-validation performance curves is straightforward. In insurance pricing, a careful
review, and manual adjustment if necessary, of the coefhicients in the final rating plan is
crucial. This is particularly true where adjustments to the model fitting process make a
large difference to coefficients. Hence, if different approaches to standardization make a
large difference to fitted coefficients, great care should be taken to review the model based

on an understanding of the line of business.

4.7.3. Solving the LASSO

Reverting to our simple unpenalized case,

n
1 2
/ = — L — )7,
0)= 5, Z0n=h3)
we saw that

1 xn
n 2ic1 XiYi

1 2’
p im1 X;

b=
which, if x is standardized, is
1 n
p=- Z XiYi-
i=1
Now consider the LASSO, we need to minimize
1 n
_ _ 2
1p) = 5 izZl(yi Bx)* + AlBI.
Multiplying out the first term gives
1 n
§<Zy?-2ﬂ2xfyf+ﬂ22x"2)'
i=1 i=1
If x is standardized, then this simplifies to
1{ < R
3 (Zl,y,-z—Zﬁﬁ+ﬁ2),
=
where f is the unpenalized estimate.
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Ignoring the constant Y, yl.z, we need to figure out how to minimize

> (<268 + %) + 415,

For convenience we add the constant 2 so that this becomes
Lo 02
2B =P+ Alpl,

which given 4 and f is a function of f and differs only by a constant from the original
loss function I(f).

Consider the case when the unpenalized estimate f > 0. It can never make sense to
set B to be more than f§ because the first term in the loss function (%(ﬂA — B)?) will be
positive, and we can easily do better by reducing f to f which will set the first term to
zero and at the same time reduce the second term. So the impact of the LASSO must
always be to shrink the coefficients towards zero.

Now consider what happens when 4 > B. If we set B = 0, then the loss function is
% . We will now show that any other value of § gives a higher value for the loss function,
which implies that whenever 4 > f, f will be set to exactly zero.

If we allow f to be more than zero, then the loss is

(B> + B* = 2pP) + Ap.

0| =

Since A > f, we know that A8 > A and so the loss is greater than
1 A A A 1 A A A 1 A
5 (B + B2 =28p) + pp = 5 (B* + B* = 2P + 28B) = 5 (P* + 7).

which is certainly more than % B

Therefore, for all values of 4 which are greater than the unpenalized estimate f, our
penalized estimate is zero.

When 4 < f our estimate of § can be greater than zero. When f > 0 the derivative
of the loss function is 5/
ﬁ =p-p+ A

At the minimum this is zero and we have

p=p—4
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Overall therefore, when the unpenalized coefficient ﬁ is greater than zero, the penal-
ized estimate reduces that coefficient by the value of A, until 4 is greater than the unpe-
nalized estimate and the penalized estimate is exactly zero.

The same simple relationship does not hold if there is more than one feature. In
that case we can still say that given the final fitted penalized model, if we look at one
coefficient given all the other fitted coefficients, it will be shrunk towards zero by some
amount which will vary for each coeflicient but still depends on A.

When we move to using nonlinear link functions such as the log-link, the simple
relationship breaks down further. However, it is still true that the parameters are either

shrunk to exactly zero or reduced in size by an amount which gets bigger as A gets bigger.
4.8. Next Steps
We have now fitted a penalized GLM on the FAA-NTSB data. The model includes air-

craft age. Figure 4.11 shows the actual accident rate by aircraft age and the average pre-
diction from the model. The frequency predicted by the model (blue line) is reasonably
close to the actual frequency (red points), but in some places the shape is not quite right.
For example, from aircraft age 30, the model predicted frequency continues to decrease—
driven by the aircraft age effect in the model—whereas the actual frequency is reasonably
flat.

The aircraft age effect, shown by the green line, is limited by our use of the GLM to
being a very simple shape. The fitted model is

log frequency = --- — 0.0824 X aircraft age,
or, taking exponents of both sides:
frequency = -+ X exp [—0.0824 X aircraft age].

This gives the smooth decreasing green line in the figure, but the actual frequency does
not decrease in such a smooth manner.
In the next section, we will look at some approaches for modeling eftects which have

shapes not easily picked up by GLMs.
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Figure 4.11. FAA-NTSB LASSO on features excluding
HCCVs. The model predicted frequency (blue line) is
close to the actual frequency (red points). However,
from age 30 the predicted frequency continues to
decrease, driven by the aircraft age effect in the model,
whereas the actual frequency is reasonably flat.
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5.1. Feature Engineering

The aim of our models is to capture the relationship between things we know about the
risk and the frequency of accidents. We refer to the things we know about our risk as
features. We have seen above that, given a set of features, the LASSO and elastic net can
select the relevant features based on your data. This is known as “feature selection.”
GLMs cannot create features themselves. For example, we might know that the weather

at or near certain locations is extreme, and therefore certain types of claim have a higher
frequency at or near those locations. We know that for each policy we need to calculate
the distance from the nearest extreme weather area and to use that as a feature. Now we
add to each line of our data the location of all the extreme weather areas and of the pol-
icy itself. Although we have put the information into the dataset, the GLM will not do
the calculation itself and will not pick up the effect. For example, Table 5.1 shows some
sample data. Each observation contains the location of a risk and the location of high
risk weather area 1. The GLM will not pick up the fact that location A is near high-risk

weather area 1 and location B is not.

Table 5.1. Even if all of Latitude, Longitude, Latitude_1,
and Longitude_1 are features, a GLM will not pick up that
location A is near high-risk weather area area 1 and
location B is not. We need to add a new feature,
distance_1, which is the distance from the high-risk
weather area.

Location Latitude Longitude | Latitude_1 | Longitude_1

B (Sacramento,

A (Metairie,

. 29.9841°N | 90.1529°W | 29.9511°N | 90.0715°W
Louisiana)

38.5816° N | 121.4944°W | 29.9511°N | 90.0715° W

California)
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We need to do the calculation and add just one new column—the distance from the
nearest extreme weather area—into the dataset. In our example, we add a new feature,
distance_1, which is the distance of each location from high-risk weather area 1 (9 km
for location A, and 3,000 km for location B). Creating a new feature is called feature
engineering.

Another example of feature engineering is the creation of a credit score. It might be
that the credit score is created from S0 features. While we could include all S0 features
in the model, there are various reasons why we might want to create a credit score feature

and use only that:

* The model output will be easier to interpret.

* If many of the features underlying the credit score are only marginally effective, penal-
ized regression might remove them completely from the model so that the final credit
score implied by the fitted model is not as strong as it could have been.

* Creditscoreasawhole might strongly interact with other features in the model, whereas
this interaction would be very hard to fit to the individual components of the credit
score even if it is visible.

* There may be a separate department (or an external vendor) which understands all
credit-related features (and the legal aspects of which can be used and which cannot).
They might best be placed to build and maintain a credit score model, passing only the

result to the insurance model-building team.

Sometimes it is not obvious that we need to engineer new features. Consider aircraft
age on our FAA-NTSB model. We know that accident frequency varies with aircraft age,
and we have the aircraft age feature on our model. However, as we have seen above, this
is not sufficient because the relationship is not linear in aircraft age (or the log of aircraft
age). We need to somehow engineer new features to allow our GLM to pick up the right
shape for this effect.

Goldburd et al. (2025) discuss three approaches:

* binning the variable
* adding polynomial terms

* using piecewise linear functions.

They note various disadvantages of the first two approaches. Binning the variables
can add many extra parameters into the model, can lead to lack of continuity in the esti-
mates, and will ignore variation within the bins. Polynomial terms may behave erratically

at the edges of the data.
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We will look at two types of piecewise linear functions: step functions and hinge
functions. After discussing each of these, our approach will be simple. We will create
lots of them, add them to our data, and then use LASSO or elastic net to choose those

most relevant to our model based on our data.
5.2. Step Functions

A step function is a function which outputs 1 if its input is at or above a threshold and
zero otherwise. Table 5.2 shows an example. The function takes aircraft_age as an input

and returns 1 when aircraft age > 30 and zero otherwise.

Table 5.2. A step function which has a threshold at
aircraft age 30.

aircraft_age aircraft_age_stp_30

1 0
7 0
17 0
31 1
42 1

Let’s remove aircraft age from our model and replace it with the step function in
Table 5.2—the first column will be replaced by the second column.
We now fit a model using only the feature aircraft_age_stp_30. The fitted model is

log frequency = —5.2815 — 1.4689 X aircraft_age_stp_30
or, taking exponents of both sides
frequency = 0.00509 X exp [—1.4689 X aircraft_age_stp_30].

In other words, the model predicts a frequency of 0.00509 for aircraft ages 29 or less and
0.00509 x 0.2302 for aircraft ages 30 or more (exp[—1.4689] = 0.2302). This result is

shown in Figure 5.1.
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actual frequency -= predicted frequency
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Figure 5.1. A model for aircraft age using one step
function only. The step is at age 30. The GLM picks up
the lower frequency after age 29 but has not been given
any features to be able to pick up any changes in
frequency between age 0 and 29.

We can see visually that there are some big frequency changes near aircraft ages 5 and
15 which the GLM could not model since it was not given the relevant features. We can
therefore add two more features—these being step functions at 5 and 15. Our model will

now use the columns shown in Table 5.3 (except aircraft age).

Table 5.3. Step function with thresholds at aircraft ages
5, 15 and 30.

aircraft_age aircraft_age stp_5 aircraft_age_stp_15 aircraft_age stp_30

1 0 0 0
7 1 0 0
17 1 1 0
31 1 1 1
42 1 1 1
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The fitted model is

log frequency = —4.8292
—0.6881 X aircraft_age_stp_5
— 0.5711 X aircraft_age_stp_15
— 0.6237 X aircraft_age_stp_30.

Taken exponents, this simplifies to

(0.00783  if aircraft age <5
0.00394 it 5 < aircraftage < 15
0.00222 if 15 < aircraftage < 30
(0.00119  if aircraft age > 30.

frequency = 4

This result is shown in Figure 5.2. The shape of the GLM predicted frequencies is
closer to the actual frequencies but is still limited by the model only being given three

features.

actual frequency - predicted frequency

0.0100-

0.0075-

0.0050-

accident frequency

0.0025-

0.0000-
0 10 20 30 40 50
aircraft age

Figure 5.2. A model for aircraft age using three step
functions only. The GLM is now able to pick up some of
the key aspects of the shape, but there is clearly some
detail still missing.
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There is a problem with this approach so far—we are continually having to look at
the result and decide ourselves whether or not it is good enough. Given that we know
that LASSO and elastic net can simply select the features needed based on the data, the
obvious solution is to give the GLM many features—one step function for each age and
to allow the penalization to select the features which optimize k-fold cross-validation per-
formance. We therefore create 50 features—one step function for each age and run a pe-
nalized GLM. The k-fold cross-validation curve is shown in Figure 5.3. We can see that
at the best cross-validation performance there are 19 nonzero coefficients and that the
simplest model with a cross-validation performance within 1 s.e. of this performance has
11 parameters. As we have previously seen, when the standard errors are large, the “1s.e.”
model is not on the flat part of the cross-validation performance curve. Also, although
not shown here, for every fold the performance of the “1 s.e. model” is not as good as the
model with the maximum average cross-validation performance. We therefore choose
the simplest model with a cross-validation performance within 2%"3 of the best cross-
validation performance—the upper horizontal dashed line shows this level. Our chosen

model has 17 step functions.
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Figure 5.3. 50 step functions as features—one for each age. At the maximum
validation performance, 19 of these features are selected. The “1 s.e.” model is
simpler, with only 11 features, but is not on the flat part of the cross-validation
performance curve. The upper dashed line is at 98% of the best cross-validation
performance, and we have chosen the simplest model with this performance.

18 This is based on our judgment that the cross-validation performance is fairly flat at this point, and we
prefer a slightly simpler model where possible, as it might generalize better.
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Figure 5.4 shows the model predictions compared to the actual frequency. The pe-
nalized GLM has come close to picking up most of the shape of how actual frequency
varies by age but without overreacting to the noise. However, at aircraft ages greater than
20 years old the predictions look too high. The reason for this is that the LASSO has not
only selected the best step functions, it has also shrunk the coefhicients of the remaining
ones—and this is not necessarily optimal. A solution (the Relaxed Lasso) is discussed in

Section 4.5.
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Figure 5.4. Predicted compared to actual frequency. The
17 step-functions selected pick up much of the shape of
the actual frequency, though the predictions above age
20 look high.

5.3. Hinge Functions

If we look again at Figure 5.4 we see that the shape of the aircraft age effect is really made
up of three parts: 0 to 3 years—a steeply reducing linear trend; 4 to 28 years—a less steep,
but still reducing, linear segment; 29 years onward—a mostly flat segment. The flat step
functions we have been using so far cannot easily pick up an effect which is a slope. We
have to use lots of small flat line segments to pick up a slope. That is why we needed
11-17 step functions to get close to the correct shape. A simple way to pick up a shape
which is made up of segments of straight-line slopes is to use “hinge functions.” These
are discussed in Goldburd et al. (2025), Section 5.4.4. Consider:
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h(aircraft age, 28) = max (0, aircraft age — 28) ©

Examples of some values of this function are shown in Table 5.4, and the shape of

this function is shown graphically in Figure 5.5.

Table 5.4. A hinge function with a “hinge” at aircraft age
28.

aircraft_age aircraft_age h_28

0 0
20 0
28 0
29 1
49 21
20-
15-
10-
5 N,
O N,
0 10 20 30 40 50
aircraft age

Figure 5.5. An example of a hinge function with a “hinge”
at age 28. The function is zero until age 28 and then
increases with age. If there is a change of slope of the
age effect at age 28, this hinge function can pick it up.

19 This is sometimes expressed as (aircraftage - 28)+
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We now create two hinge functions so that our GLM will have (besides the inter-
cept) three features, age itself (which is a hinge function with the knot at zero), and hinge
functions with knots at 4 and 28. The penalized GLM fits the following model:

The fitted model is

log frequency = —4.5566
— 0.1599 X aircraft_age
+0.1011 X aircraft_age_h_4
+0.0336 X aircraft_age_h_28.

We can see that the slope gets less steep for ages 4 and above and then again for ages
28 and above. The actual and predicted frequencies are shown in Figure 5.6. With only
three features, the GLM has closely picked up the shape that we see in the data. This
is not surprising, given that we choose the knots having seen the data. Besides being
time-consuming if we were to do this for every continuous dependent variable, it is also
suboptimal as we may be misled by patterns that we think we see in the data which are

actually just noise.
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Figure 5.6. FAA-NTSB: A model for aircraft age using two
hinge functions only. This GLM closely picks up the
shape of the effect that we see.
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As previously, one approach is to give the GLM 50 features—a hinge function with
knots at each age. The k-fold cross-validation curve is shown in Figure 5.7. We can see
that the performance is very similar for models for the maximum number of features
down to much simpler models. As previously, due to the large standard error of the cross-
validation means, the “1 s.e. rule” seems to pick a model which is too simple. We instead

choose a model which is within 2%2° of the best performance (the upper dashed line in

the figure).
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Figure 5.7. A model for aircraft age, using 50 hinge
functions as features—one for each age. The left vertical
dashed line shows the choice of log(1) which maximizes
pseudo-R’. The average cross-validation performance is
quite flat at that point. We choose instead a simpler
model which has a performance within 2% of the
maximum—the upper dashed line. That model has
aircraft age and seven hinges.

The model chosen above uses only the original aircraft_age features and seven hinge
functions. The resulting predictions are shown in Figure 5.8. They seem mostly reason-

able, though predictions at ages 0 and 1 might be too low.

20 As above, this is based on our judgment. It leads to a reasonably performing model being chosen, and
at this point in our work we preferred simpler models, as they are easier to explain. However, a 2%
performance reduction is significant, and later on, when we were looking to maximize performance, we
did use models at the maximum of the cross-validation curve.
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As an example of hard-thresholding (see Section 4.5), in Figure 5.9 we show a model

with the same hinge functions as above, but without penalization.

—=— actual frequency -=- predicted frequency

& 0.0075-
c
(]
>
O
Q
= 0.0050-
c
(]
=)
(&)
(&)
®© 0.0025-

0.0000-

0 10 20 30 40 50
aircraft age

Figure 5.8. Predictions from a model using aircraft age itself and seven hinges
(the black diamonds show the points chosen for the hinges). The predictions at
older ages look better, but predictions for ages 0 and 1 may be low.

-e— actual frequency -= predicted frequency

0.0100-
& 0.0075-
c
(]
>
O
Q
= 0.0050-
c
[¢]
=)
O
Q
® 0.0025-
0.0000-
0 10 20 30 40 50
aircraft age

Figure 5.9. As an example of hard-thresholding. The age feature itself and the
seven hinge functions chosen by the LASSO are used in a model with no
penalization. The black dots show the points chosen for the hinges. Predictions
for ages 0 and 1 are closer to the data.
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5.4. Step Versus Hinge

Given our discussion of step and hinge functions, which is better? There is no clear
answer, but the following points might be considered by the practitioner.

We mentioned previously that a disadvantage of polynomial terms is that they may
behave erratically at the edges of the data. Step and hinge functions tend to behave in a
more stable—but different—way at the edges. Step functions are flat at the edges of the
data, and hinges may slope up or down.

Consider a feature such as annual mileage in private auto, where the last step or hinge
function is at 10,000 miles, but some policies have a declared annual mileage of 100,000
or more. If we use step functions and the last step is 10,000 miles, then the price will
be the same for all mileages greater than 10,000. If the last hinge was upward sloping at
10,000 miles, then prices at much higher mileage will be exceedingly high. The practi-
tioner may prefer one approach or the other.

Sometimes, we want and expect the “customer journey” through successive renewals
(i.e., change in premium charged) to be smooth. For example, we might wish the pri-
vate auto price to go down smoothly as customer age increases from age 17 to age 30. A
step function might be flat from age 17 to 20, followed by a significant drop at age 21,
and then flat again from age 21 to age 30. While a practitioner can smooth the results
of a GLM based on step functions, the cross-validation performance will no longer be
available (unless the practitioner repeats the smoothing for each fold looking only at the
training data). In these cases, hinge functions may be preferable.

There is one situation where monotonic step functions may be particularly useful:
ordinal categorical features.?! We consider this in more detail in Section 5.7.2.

If the practitioner does expect the price to suddenly change from one value of a fea-
ture to another, in a discontinuous manner, then step functions are preferred for that
feature.

As an aside, we note certain similarities to machine learning techniques. Step func-
tions are the functions used by tree-based predictive models, albeit usually with more
complicated conditions for assigning a one to a record. They are therefore the basic func-
tions used in random forests and gradient boosting machines. Hinge functions are a gen-
eralization of functions widely used in deep learning called Rectified Linear Unit (ReLU)
functions. These functions are not linear, but they are differentiable almost everywhere
and allow parameters in neural networks to be found through a differentiation process

called back-propagation.

21 Ordinal categorical features are categorical features which have a meaningful order—this will be ex-
plained later in detail.
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5.5. Multivariate Adaptive Regression Splines (MARS)

Our approach above was to create many features (either step functions or hinges) and
then to allow penalized regression to choose the most suitable hinges. We suggested creat-
ing one feature for each age. Doing this for every continuous variable will create possibly
hundreds or even thousands of features, and fitting a penalized regression model on that
many features is computationally expensive. If the full design matrix is stored in mem-
ory, then the problem can be memory intensive as well. While proprietary software exists
which uses custom solvers to solve this problem, we instead choose a limited number of
knots. Although this is likely to produce a less powerful model, if the knots are chosen
carefully, the reduction in performance may be limited. One approach is to choose knots
based on percentiles or weighted percentiles of the data. Alternatively (and as mentioned
in Goldburd et al. (2025) Section 10.4) we can use a model type called multivariate adap-
tive regression splines (MARS??).

MARS (Friedman (1991)) can be considered a type of decision tree, but using hinges 2
rather than step functions. Consider a decision tree using aircraft age. At the start of
training, the first decision will be created by finding the “best” aircraft age at which to
split aircraft into two groups, one with higher frequency and one with lower. By “best”
we mean that if we create predictions in this way, the performance will be better than if
any other split was made. It is exactly the same as using one step function in our discus-
sion above where that one step function is chosen so that it maximizes performance on
the training data. Likewise at the start of training, MARS will find the best knot so that
if it creates a spline at that point, and finds the best coefficient to apply to that spline, per-
formance will be maximized on the training data. Again, this is exactly the same as using
one spline function in our discussion above, where that one spline function is chosen so
that it maximizes performance.

After the first spline, MARS will continue to add splines in a stepwise manner (simi-
larly to stepwise forward linear regression), so that each added spline improves the perfor-
mance more than any other spline would have done. MARS is designed with interactions
in mind, in the same way as decision trees; however, typical implementations allow the

user to ask for interactions not to be fitted—which is what we will do.

22 Friedman, the inventor of this method, could equally have called it “Adaptive Piecewise Linear Regres-
sion for Multivariate Data,” but that would not have had the same catchy acronym. Because the term
“MARS” is trademarked, the implementation in R is called EARTH. Its creator, Stephen Milborrow,
said that the “backronym” for EARTH is Enhanced Adaptive Regression Through Hinges.

23 The “S” in MARS is an abbreviation for “splines.” A spline is a function that, in some sense, smoothly
passes through a set of points. MARS actually uses linear splines, which are essentially identical to the
hinges we have discussed. We will use the terms “hinge” and “spline” interchangeably.
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Given that MARS continues to add splines based only on improvements to training
error, without some adjustment, it would be guaranteed to overfit. This was understood
in its original implementation and a “pruning” method was included which removed
the splines most likely to lead to overfitting. However, in a manner consistent with our
general approach in this monograph, we turn off the pruning in MARS and allow the
LASSO to select the relevant splines.

There is a further issue we need to consider. In our first discussion above, our step
functions and hinges were created without reference to our target variable, in an unsu-
pervised manner. We then proceeded to use cross-validation to find the best level of pe-
nalization. Cross-validation works because it uses data which our model fitting process
has not yet seen. When we create splines with MARS, we are looking at the target variable
in order to decide where to put the knots. If we use all of our data to create the MARS
splines, by the time we get to cross-validation, our model fitting process has already seen
the values of the target variable on the validation folds and the chosen value of 4 will be
too low. We therefore take care during cross-validation to create the splines separately for
each fold.

Although we do not consider it further here, in the same way that MARS can be used
to create spline-based features for inclusion in the LASSO, decision trees can be used to

create the thresholds for step functions.

5.6. Case Study—Piecewise Linear Functions
Finally, we return to our FAA-NTSB case study. We still exclude the High Cardinal-

ity Categorical Variables (HCCVs) but for numeric variables, we use an approach based

on the above discussion. We use three approaches to choose the features to use in the
LASSO:

¢ Start with 25 equally spaced step functions for each numeric feature.
* Start with 25 equally spaced hinge functions for each numeric feature.
¢ Allow MARS to select the starting hinges. In this case, the starting hinges are created

separately for each fold.

Table 5.5 compares the cross-validation performance and the number of nonzero step

or hinge functions chosen for three methods.
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Table 5.5. Model performance (pseudo-Rz) and number of nonzero features based on
three ways of choosing the starting features to capture nonlinear effects.

feature creation  cross-validation performance nonzero features

step functions 0.150 67
hinges 0.149 77
MARS hinges 0.150 63

The three approaches have similar levels of performance. We don’t have a preference
between the step functions model and the MARS hinges model. Performance-wise, they
both perform slightly better than the hinges model. The step functions model is easier to
fit than the MARS model (we do not need to add the MARS step into the model building
of each fold). The MARS hinges function uses slightly fewer features and will probably

require less manual adjustment (interpolation) when creating the actual rate plan.
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Figure 5.10. The model seems to pick up key aspects of how frequency varies with the

features shown. The height of the yellow bars indicates the relative amount of
exposure for each value on the x-axis.

66 Casualty Actuarial Society



From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

One issue with the fitted model is that the predictions continue to reduce as the air-
craft age increases—even at high ages, where there is little data. This is the result of ex-
trapolation based on the hinges, as discussed in Section 5.4. Where a practitioner prefers
hinge to step functions but is concerned by this issue, they could consider manually ad-
justing the values of the hinge functions to be constant at the extremes of the data (for

example, for all values of each numeric feature greater than the 99th percentile).
5.7. Practically Speaking

5.7.1. Random features

In the above discussion on MARS, we allowed it to generate hinges which we then fed
into the LASSO to benefit from its implicit feature selection. Depending on the values
of certain MARS parameters, it will continue to generate hinges, even when those hinges
are picking up random noise in the training data, rather than signal. While we rely on the
LASSO to ignore irrelevant features, as datasets increase in size, having tens or possibly
hundreds of irrelevant features can cause computation time and resource requirements to
increase. We therefore added a random numeric feature®* to our data. Once the MARS
generated list of hinges started to select hinges based on this random feature, we knew that
it must be picking up random noise (because there is no signal in the random feature),
and we stopped the process from generating further hinges.

In general, the idea of adding one or two randomly generated features to a dataset can
be very useful. If whichever process is used to create the model ends up including these
features, we ought to be concerned.

The idea of “shadow” variables in some machine learning techniques is similar. Each
feature is randomly shuffled and added back to the data alongside the original feature.?
If, in the final model, the random version of the feature is more important than the orig-

inal feature, there is probably something wrong with the modeling process.
5.7.2. Ordinal categorical variables

Consider a feature “quality of pilot” which takes the values poor, worse than average,
average, better than average, and good. This is a categorical feature—it has five different
categories. There is also meaning in the order of the variable—each level of the category
is “better” than the previous level. Hence, this feature is called an ordinal categorical
variable. In a GLM, one simple way we can deal with ordinal categorical variables is as

follows. We first replace the text of the categories with numbers. “Poor” becomes 1,

24 We simply created a new feature which was the row number of the dataset, and then we shuffled it.

25 See for example Kursa and Rudnicki (2010). In our MARS work, too, a shadow variable could be
created for each feature, and hinges for that feature would not be used after MARS starts creating hinges
for its shadow feature.
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“worse than average” becomes 2, and so on. We should not simply put this new numeric
feature in the GLM. That is because although 2 is twice 1, it is not true to say that “worse
than average” is twice “poor.” Actually, even if that were true, there is no reason to assume
that incident frequency will increase or decrease linearly with quality of pilot. However,
given our discussion above, what does seem natural is to use step functions at each level
of quality. Each level of pilot quality will be represented by five step functions (Table 5.6

shows their values).

Table 5.6. Values of step functions applied to levels of an
ordinal categorical feature.

category step_1 step_2 step_3 step_4 step_S
1 - good 1 0 0 0 0
2 — better than average 1 1 0 0 0
3 — average 1 1 1 0 0
4 — worse than average 1 1 1 1 0
5 — poor 1 1 1 1 1

If accident frequency for some level of quality and above is worse (or better) than
accident frequency below that level of quality, then the step function will pick this up.
For example, if a nonzero linear predictor is fitted for step_2, it will be applied to all pilots
whose quality is less than good.

We don’t have pilot quality on our FAA data, but to provide some sample output,

we simulated this feature. Table 5.7 shows the fitted coefhicients for each step function.

Table 5.7. The first row shows the coefficient for the step
function. The next row shows the exponent of the
coefficient. Finally, the last row shows for each level of
the ordinal categorical feature, the relativity applied to a
pilot with that level of experience.

category step_1 step_2 step_3 step_4 step_S
coefficient 0 0.515 0 0211 0.206
exponent of coefficient 1 1673 1 1235 1.229
cumulative product 1 1673 1.673 2.06 2.539

Table 5.8 compares the fitted effects to the true relativities (which we know because
we simulated the data). We can see that the step functions have correctly fitted an effect

which increases for poorer quality and which is not linear.
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Table 5.8. A comparison of the ground truth with the
fitted effect. We can see that the fitted effect is
monotonically increasing. The fitted effect for some
levels of the factor is quite far out—this is driven by the
randomness (and limited volume) of the simulated data.

category true relativity fitted effect
1 - good 1.00 1.00
2 — better than average 1.66 1.67
3 — average 1.80 1.67
4 — worse than average 2.01 2.07
5 — poor 2.06 2.54

We decided, before fitting this model, that we wanted the pilot quality effect to be
monotonic increasing. For example, we wanted the relativity for a “worse than average”
pilot to be more than an “average” pilot. We achieved this by adding a constraint on the
linear predictors for each level of pilot quality to be non-negative—hence the coefficients
in the first row of Table 5.7 were guaranteed to be non-negative. This ensured that the
relativity applied to each function was greater than or equal to 1 and so the overall cumu-
lative effect is monotonic increasing. Adding such constraints is often not a good idea.
It is often better to “let the data do the talking.”

If the effect of pilot quality on accident frequency is indeed monotonic increasing
then, as long as we have sufficient data in each class, we will get that effect. On the other
had if our classification process for quality of pilot is poor, so that the accident frequency
for a “worse than average” pilot is actually better than that of an “average” pilot, the con-
straints will hide this effect and we will not be able to feed the problem back to the busi-
ness or whoever created the classification system. Some practitioners therefore have a
strong preference to avoid such constraints.

A turther example of the above issue is the discount scale in private auto insurance for
where a car is parked overnight. There are typically atleast three levels for this feature; 1—
garaged, 2—parked on a driveway, 3—parked on the road. We might have the expectation
that the frequency of claims will be least for the garaged car. For example, it is least likely
to be stolen or vandalized or knocked into overnight by a car driving carelessly down the
road. It might be tempting therefore to treat it as an ordinal categorical feature and apply
non-negative constraints to the linear predictors.

However, in practice, the level 1—garaged feature often has a higher claims frequency
than the others. This is because the parked overnight feature is self-declared, and a sig-
nificant proportion of vehicles declared as parked overnight in a garage are not (in fact, a

fair percentage of such policyholders don’t actually have a garage). Beyond misreporting
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of this feature, it may also serve as an indicator for the potential misreporting of other
self-declared information.

In some cases, insisting on monotone increasing effects does seem reasonable. For
example, for the number of historic claims declared at policy inception. We should expect
tuture claims frequency for a policy to increase in line with historic frequency. However,
often there is only a small amount of data for three or more historic claims. This can lead
to three or more claims being predicted with a lower frequency than one or two claims,

which would not be a reasonable rating plan to bring to the market.

5.7.3. Surrogate GLMs

Various machine learning model types are much more flexible than GLMs and, with suffi-
cient data and careful tuning, have the potential to perform better than well-fitted GLMs
in predicting the value of a target variable given the features. In addition, they can just be
given the numeric features and will find a way to make good predictions even if the effect
is not linear with the numeric feature. A downside to some of these models is that they
are not easy to interpret—there is no easy way to explain to a human the link between the
value of the features and the prediction output by the models. Techniques have therefore
been developed to help interpret the outputs of such models.

In Interpretable Machine Learning: A Guide for Making Black Box Models Explain-
able, Molnar (2020) provides an accessible introduction to this topic. One of the ap-
proaches he mentions is “surrogate models.” This is explained as when “an interpretable
model...is trained to approximate the predictions of a black-box model.” A surrogate
GLM is a GLM which is trained to approximate the predictions of a machine learning
model which is not easily interpretable.

This suggests the following approach to nonlinear effects:

* Train a good machine learning model on the data (for example, a Gradient Boosting
Machine)
* Extract information about the shape of the nonlinear effects

¢ Use the above information to fit a GLM
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5.8. Technical Note

5.8.1. Step functions and the fused LASSO

The penalty term used in penalized regression will impact both the features in the fitted
model and their coefficients. In our work above, we wanted the coefficients for aircraft
ages near each other to be similar. This is because we have a prior belief that aircraft of
similar ages pose a similar risk of accident (all other factors being the same). An early ap-
proach to this problem in the literature is called the “fused LASSO.” In their work on this
approach, Tibshirani et al. (2005) had n features that were “close” to each other, much
in the same way that aircraft ages are close to each other—that a priori they expected

coefficients to be similar. And they proposed to minimize

min (—l(ﬁ) + 4 ) 1B+ A D) 1B - ﬂi_ll) :
i=1 i=2

The first penalty term is the familiar LASSO penalty term, and the second term adds an
extra penalty for changes of coefficient from one feature to the next. This is a very direct
and clear way of ensuring that the coefficients for features near each other are the same if
possible.

In the fused LASSO, the penalization added by a coefficient depends not only on
itself but also on the values of the coefficients next to it. This creates complications in
trying to find the optimal coefficients. The approach we have taken here is not to change
the penalty term but to change the features going into the model.

In the paper behind the aglm R package (Fujita et al. (2020), Kondo (2021)), the
authors show a strong connection between the fused LASSO and using step functions.
As an example, consider the case where we have four aircraft only, with ages 0, 1, 2, and
3. There is an intercept which picks up the base frequency for age 0 and which is f,.
The coefficients for ages 1, 2, and 3 are f;, ff,, and f5. For convenience, we assume that
P, > Py and 3 > f,. Under the fused LASSO, the total penalty is

Ay X (B + By + B3) + Ay X [Py + (B — By) + (B3 — B)].

(The first term inside the A, multiplication is the full value of the first coefficient since
there is no previous coefficient.) If we set A; to zero, the penalty is 4 X f5.

Using step functions, we would have steps at 1, 2, and 3. If we choose the intercept
to be the same and the parameters to be f;, f, — f1, and f5 — f,, then we will get exactly
the same predictions, so the likelihood will be the same. In addition, the penalty will be
A Y 1B;] = A X ps, which is also the same.
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Hence we see that our use of step functions is the same as the fused LASSO with
Al = 0

5.9. Next Steps

From the results in Section S.6 we now have a reasonable model for the FAA-NTSB
data, with nonlinear effects being fitted and with a better performance than our baseline
model. However, it excludes all features that are high cardinality categorical variables. In

the next section, we will consider how we might help our GLM to model such features.
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6. High Cardinality Categorical Variables
(HCCVs)

6.1. Introduction

Generalized linear models (GLMs) require every feature to be in numeric form. This is
because there is always a stage whether in training the model or in creating predictions
where each feature is multiplied by a numeric coefficient. However, in the GLM that we
built in the last section, there are 15 categorical variables—such as the type of aircraft,

type of engine, and type of registrant. For example, two of the engine types are

* Turboprop?® (code “2”)
* Rotary® (code “11”)

and our fitted model does have coefficients for these: —0.09 for turboprop engines and
3.58 for rotary engines. Since the GLM could not take the codes or descriptions of engine
type as features, the software we are using first created additional numeric columns to deal
with these features, and it was these features that it provided to the GLM fitting process.
For example, it created a column called “faa_eng_type.11,” which is 1 whenever the en-
gine type is rotary and zero otherwise. It did the same for all other engine codes and also
for all levels of any other factors. The extra columns are sometimes called dummy vari-
ables, and this process is known as one-hot encoding. The 15 categorical features in this
model had between them 99levels. To represent these levels, the GLM model matrix used
84 columns of 0/1 indicators. One level from each categorical feature does not require a
separate column as it is captured by the imtercept.28 In the full FAA-NTSB data there are
2 million rows, and the 84 new columns of the model matrix require 900MB of memory.
Actually, since the new columns consist only of zeros and ones, we can use a sparse way

of storing the matrix, which only stores the ones and the extra storage required reduces

26 Turboprop engines are fitted on fixed-wing craft and use a gas turbine to drive a propeller.

27 Light engines with a high power-to-weight ratio. In our data, these are often used in home-built or
custom-built aircraft.

28 When fitting non-penalized GLMs, this approach is required. When using penalized regression, all 99
levels can be used.
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to 90MB. In our data there are 97 different countries, 16,304 different cities, and over
40,000 different makes of aircraft. These are referred to as HCCVs because they have a
large number of levels.*” If we were to use the same one-hot encoding approach for these
variables, we would need a large amount of memory. Given that this is not a particularly
large dataset and HCCVs could be far bigger cardinality than this, the memory issues are
potentially significant.

In this chapter, we discuss methods for handling HCCVs. The central idea is to shift
from representing each HCCV level with a separate column (resulting in hundreds or
even thousands of columns) to encoding each level with one or a small number of values

(leading to just one or at least only a small number of columns).

6.2. Target Encoding

If the one-hot approach to HCCVs would create models that performed well on future
data and there was absolutely no other way to deal with the issue, then we would certainly
find a way to overcome the large memory requirements seen above. For example, we can
train models on one row of the data at the time (this is known as online learning). We,
therefore, further consider the impact of using one-hot encoding for HCCVs.

Adding a huge number of one-hot features to our data and then using unpenalized
regression is likely in general to encourage overfitting and to lead to unreliable parameter
estimates for levels of the feature which have few observations. If we were to use penalized
regression, then these problems could possibly be overcome. Consider the simple case of
Gaussian regression with an identity link function and using only one feature, which is
an HCCV. A small amount of algebra (see Section 6.8.1) suggests that, given the one-
hot approach, it is not unreasonable to use the following coefficient for the k’th one-hot

column (which is the one-hot representation of the k’th level of the HCCV):

ﬂkz(yf—_y) fork=1,2,....p, (6.1)
A
k

where f is the coefficient, n, is the number of ones in the one-hot column (which is
the same as the number of observations in level k), there are p levels (where p is large), y

is the overall average response, J is the average response for the kth group, and A is the

29 There is no particular dividing line for when to use one-hot encoding and when to use the methods
discussed in this chapter. In fact, some software have a parameter for the number of levels below which
one-hot encoding is used and at or above what another method will be used. The optimal level for this
parameter can be chosen by cross-validation.
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regularization parameter chosen by cross-validation. The predictions would then be

k=D
y + J;'k—7
=+1
Ay
which can be rearranged as
e 1

(E-'-l) (E+l)

The outcome of this approach seems reasonable. For example, assuming that A is
fairly high, if we have only one observation for a given level of the factor, the coefficient
for this group will be shrunk to close to zero, and the prediction will be the estimate of
the overall mean. However, if we have a very large number of observations in a group, the
coefficient for that group will be close to the difference in the mean level of the response
for that group and the overall mean.

The formula for predictions, being a weighted average of the overall mean and the
mean for each level, with the weight on the mean for a level increasing with the number
of observations, is familiar to us as a credibility estimate. We show in Section 6.8.2 that the
penalization parameter plays a similar role to the ratio of the “between group variance”
to the “within group variance.” (An early version of this estimator is known as the James-
Stein estimator and is discussed in the very interesting note by Efron and Morris (1977).)
There is, however, a clear difference in the approach. In the credibility theory, the ratio

of variances>°

is assumed to be the optimal parameter. Here, we do not claim to know, a
priori, what is optimal. We find A which optimizes average cross-validation performance.
So long as our validation data is representative of future data and is large enough to give
stable results, we may end up with better generalization performance than the traditional
credibility approach.

While the manner in which we derived the above simple result does not apply where
there is more than just the one HCCV feature in the penalized regression or for cases
besides the Gaussian identity link, the general idea of some amount of shrinkage between
the overall mean and the group mean, depending on the number of observations in each
level of the factor, will be preserved.

Based on the above, besides the huge memory problems, it seems like penalized re-
gression would deal with HCCVs well. However, there is another issue. The A which

we need to be using to deal with the HCCV might not be the same level of penalization

30 In Empirical Bayes Credibility/Nonparametric Credibility one estimates the expected value of the pro-

cess variance and the variance of hypothetical means from the data.
Casualty Actuarial Society 75



76

From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

required to optimally deal with all the other features which are not HCCVs. This could
possibly be dealt with using a versions of penalization discussed in Section 4.6.6, such
as the adaptive LASSO or the grouped LASSO. Overall, it seems that using the one-hot
approach with penalized regression would lead to reasonable results, but it might present
some significant technical or practical problems along the way.

Given Equation 6.1, it does seem that we can achieve results very similar to one-hot
penalized regression on HCCVs in a different way. For each level of the categorical fea-

ture, x;, k =1, ..., p, we replace x; by

x}c = M fork=1,2,...,p

o +1
and use this feature in the penalized regression.3 1 This simple approach resolves all the
technical challenges mentioned above. In our FAA-NTSB case, this would be very sim-
ple, for each make of aircraft we calculate the difference between average frequency for
that make and the overall average frequency, shrink it towards zero, and then use those
values as a new feature in the model.

This type of encoding is often called “Target Encoding” or “Mean Encoding.” Care
needs to be taken when using software with such methods to make sure that there is
some credibility adjustment, since implementations will often only replace the HCCV
with the mean response (e.g., the mean accident frequency in our case). We note also that
where there is a natural hierarchy, the complement of credibility can be chosen to reflect
it. This is discussed this further in Section 6.4.3.

The discussion above was based on an additive model. In the absence of significant
credibility for level k, we shrink the value of the target encoded feature for level k (x} ) to
zero. We can be more explicit about the shrinkage towards zero by adding a term where
zero is the complement of credibility and it is multiplied by 1 minus the credibility factor.

Equation 6.1 then becomes

: e
X, = x 0+
k
241 K|
s s

X, —§) fork=1,2,... (6.2)

In a multiplicative world, in the absence of significant credibility, we shrink the value

31 Note the difference in the letter used in this formula compared to the almost identical formula 6.1.
Previously the formula gave a suggestion as to what might be a reasonable coefficient to be fitted to a
one-hot column representing the k’th level of our HCCV. That is why 6.1 uses , = .... Here, we are
creating a new feature, hence the use of the letter x’. With appropriate choices for 4, it may turn out
that the value for the k’th level of the new feature is similar to the coefficient that it would have been
fitted as the k’th one-hot column in a GLM.
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of the target encoded feature for level k to one. This suggests that we replace the equation

above with
A
xh= | x1+ 7 X (F /7)) fork=1,2,... (6.3)
=+1 =+1
03 03

If our target, y, is the number of claims, then (¥;/7) is the ratio of average claims
frequency in group k to the overall average claims frequency. (3;/9) is an example of the
ratio of actual to expected experience since ¥y is the actual experience for the group and
yis the expected experience for the group (under a simple intercept-only model). We will
refer to this as the actual versus expected (AvE) ratio. If level k has a high AvE ratio and a
large number of observations, it will be represented by a high value of the target encoded
feature.

An alternative formulation to 6.3 is to shrink the log of the AvE ratio towards zero

s

log(x) = f X0+ p
L1 241

X log(y,/y) fork=1,2,...

In the case study in Section 6.6, we will be using the log of the target encoded feature
in the GLM. This formulation gives that log directly and is potentially better suited to
its use in this context.

In any case, when using the log of the target encoded feature with the log link func-
tion, then the multiplicative contribution of this feature to the prediction is xfée, where
B, is the coefficient fitted to the target encoded feature.

There remains the practical issue of how to choose A. This is discussed in Section 6.6.

6.3. Leakage

We give our GLM various useful features like aircraft age, make, and model, and we es-
sentially ask the GLM to find a function which takes these inputs and to provide as an
output the estimate of the claims frequency. This function is not necessarily going to
be very accurate, but we expect that on future data it will perform better than a naive or
baseline model. In order to help the GLM get accurate results during training, we could

just give it a new feature which, for each observation, is the value of the target it is trying

32 See Goldburd et al. (2025) Figure 1 and Section 2.4.1 which states: “When a log link is used, it is often
appropriate to take the natural logs of continuous predictors before including them in the model, rather
than placing them in the model in their original forms.” In our case, if §,, ends up being close to 1, then
the final relativity for each level of the target encoded feature is close to its (shrunk) AvE. This seems
reasonable and is an outcome which is easy to communicate to underwriters.

Casualty Actuarial Society 77



78

From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

to predict. In this case the GLM would get perfect results during training by ignoring
all other features and just setting the prediction to be equal to the target variable which
we have given it. This model would be totally useless—it could not actually make a pre-
diction on future observations since for future observations we don’t yet know the value
of the target. And any useful relationships between the other features and the target will
not be picked up because the GLM can get a zero training error just using the one target
feature that we gave it.

Allowing the GLM to see the target or part of the target during training is called
leakage. And given that it is guaranteed to make our model less good, we try to avoid it.

In the above approach (target encoding), we have introduced leakage. We allow the
GLM to see the average value of the target for each level of the HCCV. While this is not
quite as bad as allowing the GLM to see the value of the target for each observation, it
is not far off—since for HCCVs many of the factors may only have one observation or a
small number of observations. The solution to this is that for observations in any one of
our validation folds, we only allow the target encoding to use observations from all the
other folds.

For example, consider the aircraft manufacturer (known as “make” in our dataset).
This is certainly an HCCV, having over 40,000 levels in our dataset. If for one of the
makes, we have six aircraft split into three folds as in Table 6.1, then the target encoded
feature for fold 1 is the average frequency for folds 2 and 3, which is % = 0.75. Likewise
the feature value for fold 2 is % = 0.50 and for fold 3 it is i = 0.25.

Table 6.1. Target encoding for each fold.

across other folds

fold accidents | aircraft accidents frequency
0.75
0.75
0.50
0.50
0.25
0.25

W W NN ==
=)
L LT
— =N DN W W

We end up therefore with a separate target encoding for each fold. In the above ex-
ample, the target encoding for fold 1 is estimated only using data from the other two
partitions. We now create a model using the data from folds 2 and 3 and the target en-
coding for fold 1. We can now safely validate performance on fold 1 data, since the target
encoding used did not see fold 1 data.

By the time we are finished training our model, we will have one column on the train-

ing data which is a target encoding of the HCCV. However, its value for a given make
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will depend on the fold the observation is in. When we wish to predict on test data, we
need a single value for the target encoding for each make. We therefore create one final
target encoding on all the training data, which we can then use when doing any final tests
of our model.

Table 6.2 shows the raw accident frequency (before credibility adjustments) for some
aircraft makes based on all training folds and also the raw frequencies we would use for
folds 1 to 3 (e.g., the frequencies shown for fold 1 are calculated excluding the aircraft in
fold 1). We can see that the accident frequency for the aircraft with more exposure in our
dataset is fairly stable but for those with less exposure there is some variance depending
on which fold we leave out. However, we can see that even when there is some variance,
there is also consistency—the accident frequency for Socata is consistently high and that

for Learjet is consistently low.

Table 6.2. Raw accident frequency (before credibility
adjustments) for some aircraft makes.

train  train frequency excluding

faa_acft _make ex frequency fold_1 fold 2 fold 3
CESSNA 440577 0.0046 0.0045 0.0046 0.0046
PIPER 277902 0.0046 0.0046 0.0046 0.0046
BEECH 108464 0.0045 0.0045 0.0044 0.0045
BOEING 45257 0.0040 0.0040 0.0042 0.0039
MOONEY 30744 0.0033 0.0033 0.0034 0.0034
WACO 4181 0.0022 0.0025 0.0022 0.0020
AIRBUS INDUSTRIE 4164 0.0041 0.0048 0.0034 0.0036
SOCATA 4075 0.0066 0.0060 0.0069 0.0069
EMBRAER 4069 0.0020 0.0020 0.0023 0.0014
ENGINEERING & RESEARCH 4051 0.0012 0.0014 0.0014 0.0009
LEARJET INC 3877 0.0015 0.0012 0.0018 0.0015

6.4. Some Other Encoding Approaches

6.4.1. Grouping rare categories

A much simpler approach than target encoding is to combine categories that appear in-
frequently into a single “Other” category. This approach will reduce the number of cat-
egories so that we can safely revert to one-hot encoding and penalized regression. It also
avoids us having to explicitly choose the credibility weighting part of the target encoding.
If most of our data is in a small number of categories and the rest of our data very sparsely

populates a large number of other categories, this approach will group together levels of
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the factor for which our credibility adjustment would probably have been zero anyway.

In grouping rare categories, the practitioner may be able to use their own domain
knowledge to determine which levels “belong” together, e.g., should all rare makes from
the same country or continent be grouped together and kept separate from rare makes
from other countries or continents?

The idea of grouping rare levels as suggested here may also be used to improve the
results from target encoding. When target encoding is used on a rare level, the credibil-
ity adjustment will lead it to be encoded at the value of the complement of credibility.
If domain knowledge is used to group similar rare levels into a larger category, the re-
sulting group may be a reasonable size and the target encoding will be able to reflect the

experience of the group.3 3
6.4.2. Frequency encoding

In various machine learning and modeling software that deal with HCCVs, an approach
called frequency encoding is included. It does not address our key issue, which is how
does each individual level of the HCCV relate to our target variable? We do include it
here, though, for completeness and in case it is encountered during modeling.

In frequency encoding we replace each category with the proportion of the training
data that belongs to that category. Table 6.3 shows this type of encoding on our data; the
feature faa_acft_make (which a GLM cannotuse directly) is turned into faa_acft_make_fe,
a numeric feature, which the GLM can use.

Table 6.3. Frequency encoding of aircraft make. 25.88%
of the aircraft are Cessna, 16.21% are Piper, and so on.

The GLM can directly use the numeric feature
faa_acft_make fe.

faa_acft_make faa_acft make fe
CESSNA 0.2588
PIPER 0.1621
PILATUS AIRCRAFT LTD 0.0020
DASSAULT AVIATION 0.0019
SMITH 0.0009

While frequency encoding does not solve our original problem, it might provide a
useful feature. For example, the appearance of a make of aircraft very infrequently in our

dataset may imply something about the riskiness of the aircraft or of the type of people

who choose to fly such an aircraft.

33 In workers compensation, for example, very small classes are often grouped with other classes for
ratemaking purposes and are thus charged the same rate.
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6.4.3. Hierarchical grouping

Micci-Barreca (2001) discuss cases where the HCCVs have some hierarchy. They give

various examples:

Zip codes sharing the same first three digits are typically located within the same metropoli-
tan area.

Standard Industry Codes (SIC), which are used to classify commercial organizations
based on their primary line of business. For example, code “4512 — Air Transportation,
Scheduled” is part of major group “45 — Transportation By Air,” which itself is part

of group “4 (known as division E) — Transportation, Communications, Electric, Gas,
And Sanitary Services.”

The first three digits of a telephone number often represent a natural grouping, such

as an area or a specific service (such as a toll-free number).

Even where a formal hierarchy does not exist, the practitioner may be able to use

domain-specific knowledge to create one.

Once we have a hierarchy, we could simply replace the HCCV with the broader cate-

gories and then use them as one-hot features in a GLM. However, we can do better than

that. We can continue with the target encoding approach above but use as a comple-

ment of credibility not the overall mean, but the mean of the value encoded for a higher

level of the HCCV, which has more data. Micci-Barreca (2001) discuss approaches to
hierarchical HCCVs in more detail.

If we are going to use a hierarchy, especially as a complement of credibility, we need

to be exceedingly careful that it is meaningful in the correct way. For example, consider

manufacturer (make) and model of motorcycle when creating rates for motorcycle in-

surance. This is certainly a hierarchy—each model belongs to the category of its manu-

facturer. However, in terms of helping to predict the target variable using this hierarchy,
it would be a very bad idea. Yamaha manufactures the YZF-R1 and YZF-R6, which are

high-performance sport bikes. It also manufactures mopeds and scooters used for com-

muting, such as Yamaha Vino and Yamaha Jog. In a dataset used for rating, the average

performance for Yamaha will be the average across their full range (to the extent it is in

the data). Imagine now that only a small number of the high-end sport bikes are insured.

Their credibility factor will be low, and if we use manufacturer as the complement of

credibility, their final rate will reflect the average Yamaha performance and will be much

too low.

34

34 In a few years, after significant insurer losses (due to adverse selection), the majority of Yamaha bikes in

the portfolio will be high-end sports bikes and the price will finally be corrected.
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6.4.4. Feature creation and word embeddings

In this section, we give an outline of two methods that can be used when the practitioner
is faced with an HCCV. If an approach along these lines seems promising for a given line
of business and HCCV, one could first apply it and then use target encoding in a second
stage. The idea of splitting modeling into two stages is discussed in Chapter 8.

Target encoding is a supervised learning approach—it explicitly looks at the target
variable in our data. The approaches outlined here create additional features, manually
or automatically, without directly looking at our data, and then use these columns in a
GLM.

As an example, consider insuring businesses against the risk of fire, where SIC is one
of our features. We can ask risk engineers and other domain experts to explain the key
drivers of fire claims and their cost. We might find that they can be split between the risk
of inception of a fire and the risk of spread of a fire. We might further find that inception
risk is greatly increased for businesses which use application of heat in their processes
(main street restaurants as opposed to a main street clothing stores). Likewise, the risk
of spreading a fire can be significantly increased for businesses that store combustible
materials or those that create dust as part of some process. Further discussions might lead
to 10 questions which seem to be most important in driving the frequency or severity of
fire claims. These questions can then be asked of domain experts for each SIC code.?
We now include in the GLM 10 new features—the responses to the 10 questions,but not
the HCCV itself. It is highly likely that these will be predictive.

Another non-supervised approach is based on “word embeddings.” These are the
backbone of any neural network which involves language (for example, large language
models). Each word is represented as a vector. The vectors are derived so that words used
in similar contexts have vectors which are close together in some way and are known as
word embeddings. Today, the most advanced large language models make their under-
lying word embeddings available, and it is therefore relatively simple to get the word em-
beddings for every make or model of aircraft. The embeddings we use here each consist
of 1,536 numbers (dimensions), and in Table 6.4, we show the first three numbers for

three different aircraft.

35 In the past, these conversations were time intensive and required the collaboration of a wide range of
experts from around the business. Today, with appropriate prompts, large language models can some-
times create draft output relatively quickly.
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Table 6.4. The first three numbers (dimensions) in word
embeddings for the three aircraft listed.

make model position_1  position_2 position_3
PIPER PA-28 Cherokee -0.021193 -0.007403 -0.006449
PIPER CUB -0.021803 -0.012660 0.014906
CESSNA  Skyhawk -0.013765 0.000489 -0.003003

A measure called “cosine similarity” can be used to check whether two vectors are
similar. For this measure, an outcome close to one means the vectors are similar (point
in the same direction), and an outcome close to zero means that they are very different.
In our case, the output is 0.131 when comparing the Piper Cherokee to the Piper Cub
and 0.108 when comparing the Cherokee to the Cessna Skyhawk. This does not seem
particularly useful as the Piper Cherokee is actually more similar to the Cessna Skyhawk
(in landing gear and usage) than it is to the Piper Cub.3®

Given the (long) word embeddings, we can apply principal component analysis to
represent their key features in a smaller number of dimensions. Finally, we can use these
features in a GLM. There is no guarantee that these features—having been derived in an
unsupervised manner—will help our GLM to pick up the key aspects of the underlying
HCCV. However, this approach and the previous more manual approach have proven

useful to the authors in some cases.

6.5. Generalized Linear Mixed Models
Generalized linear mixed models (GLMMs) are discussed in Goldburd et al. (2025), Sec-

tion 10.1, and in West et al. (2022).37 In this section, we first motivate the need for
GLMM:s with examples from various lines of business. We then briefly revisit how they
are formulated and finally consider how we can use them as a solution to modeling HC-
CVs.

The fitting of GLMs relies on an independence assumption: the value of the target
variable (y;) for one observation must not influence or depend on the value of the target
variable for any other observation (e.g., y;) in the dataset, given the model’s parameters
(coefficients). This assumption is crucial because it allows the model to be applied to each
observation individually and it underpins the use of techniques like maximum likelihood

estimation. Consider the following lines of business:

36 The generation of word embeddings is complex and understanding what their 1,000 or more dimen-
sions represent is hard. The overall process described here is therefore somewhat opaque. Nevertheless
if the resulting features are useful, we can ask an underwriter to sense-check them and provide adjust-
ments as needed.

37 At the time of writing, Linear Mixed Models: A Practical Guide to Using Statistical Software (West et
al. (2022)) is required reading for MAS II.
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* An insurance product which covers high-net-worth individuals who own and drive
many cars. Our dataset consists of one line per car. Each line of data contains signifi-
cant information about the type of car and also a unique identifier for the individual. If
a high-net-worth individual owns 10 cars, then 10 observations will have that person’s
unique identifier.

* Fleetinsurance: A product which provides auto cover for a pool of cars which compa-
nies provide to their employees. The cars in each company’s pool are varied, and our
data contains one line of information for each car within each company but limited or
no information is available about the drivers. A unique company identifier is associ-
ated with each company. If one company has 100 cars in its fleet and was insured for
three years, then 300 observations will have that company’s unique identifier.

* The same as Fleet insurance above, but now there is a unique identifier for each com-

pany and also for the division within the company.

In all of the above cases, can we use a linear model or a GLM to find the coefhicients
for the features associated with the car? Yes. Clearly, we can. There is nothing to stop us.
The question is: should we, though?

Imagine that we have fitted a model to all the features about the cars. Consider a
company for which we have 100 observations. Were we to look at 50 of those observa-
tions and find that the residuals are high, does that tell us anything about the other 50
observations? Yes, it does. It suggests that the employees of that company are higher risks
than average and therefore that the other 50 observations will also have high residuals.
This means that, given the coefficients, the target variables are not independent between
observations. The independence assumption that we mentioned above is not met.

To overcome the above problem, we could add the company identifier (or the com-
pany and division identifiers) into the GLM. This would of course be an HCCV because
we insure many companies and the identifier takes a different value for each company.
This leads us immediately to another problem. If we want to insure a new company that
we have not insured before, our historic data will not have the unique identifier for that
company, and so we cannot rate new companies. We can get around this, too, but all of
these problems suggest that a different approach is warranted.

We can model the features for car in the normal way but treat the impact of the com-
pany on the level of risk as a random effect which varies from company to company. This
random effect will increase or decrease the intercept term for each company but will not
affect the coefficients for the vehicle features. If we build our model in such a way that
this random effect has a mean of zero, then for future companies, in the absence of in-
formation and experience about the company, it will be reasonable to assume that the

random effect is zero.
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In the above model, the coefhicients for the vehicles are not considered random. They
are the same across every observation and are known as fixed effects. Overall, then we have
a mix of fixed effects and random effects in the same model. Such models are known as
linear mixed-effects models.

In these types of models—known as (generalized3 8) linear mixed models—the result-
ing behavior of the coefficient for the HCCV is similar to target encoding, i.c., it is pulled
towards the central tendency of the response, in proportion to the quantity of the data
in the level of the HCCV. However, while the effect might resemble target encoding,
the underlying mechanics and statistical reasoning are different. Additionally, there are
practical tools and software available that implement these models and thus they can be
used as a useful check on target encoding results.

Given p fixed effects (e.g., p features that we know about each car) and an intercept

term f), we add the random effects (a; ) to our model specification as follows:

Yik = Bo + BiX1x + Poxop + - + PBpXpp + ap + €5
a, ~ N(0,02 )

company

e ~ N (0,06%),

where @, is the random effect for company k and is distributed with a normal®” distri-
bution mean 0 and variance Ggompany.

Historically in random-effects models, statisticians were not necessarily interested in
the value of the fitted random effects. They just wanted to make sure that they were deal-
ing with the structure of the dependency between observations correctly. In the above
example, we would certainly be interested in the values of the fitted random effects, as
it would inform the rate for renewals of existing clients. Fortunately, open-source soft-
ware is available which fits these models and provides estimates of both fixed and random
effects.

Given the above, we can treat aircraft make as a random effect, and we will then get

estimates for the impact of aircraft make on frequency from the fitted random eftects.

We could also treat the aircraft model as a random effect within each aircraft make. *°

38 The difference between linear mixed models (LMMs) and generalized linear mixed models (GLMM:s)
is analogous to the difference between linear models (LMs) and generalized linear models (GLMs).

39 A reason for using the normal distribution for random effects is that we have no a priori belief on how
the experience for individual companies will be difterent from average performance, but we expect some
to be worse than average and some better in a symmetric way.

40 As per our previous discussion in the section on hierarchical grouping, this is not necessarily a sensible

thing to do.
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6.6. Case Study—HCCVs

As part of our FAA-NTSB case study, we applied both target encoding and GLMM:s to
our HCCVs to see if this would improve performance. We had hoped for a large per-
formance improvement, but cross-validation performance was only slightly improved.
Real-life data does not always do what we expect it to.*! The authors have found that,
in practice, dealing properly with HCCVs does normally improve performance, and we
therefore proceed to demonstrate these approaches on our case study, using aircraft make
and model as an example. (For our target encoding approach, we used overall means and
not make as the complement of credibility.) The main effort in target encoding is to find
an appropriate level for 4, and we now discuss this in some detail.

As mentioned above and as we will show below in the technical section, the 4 param-
eter in the target encoding section can be thought of as the ratio of the “within group
variance” to the “between group variance.” (In Bithlmann credibility, the terms used are
“variance of hypothetical means” and “process variance”; and the ratio is referred to as
Bithlmann’s k.)

“Within group variance” is the variance of the random number of accidents (for one
aircraft over one year) for aircraft within a given make and model. We can get a rough
idea of the magnitude of this by reasoning that the number of accidents for one aircraft
is a 0-1 Bernoulli random variable*? and that the typical mean accident rate is the overall
mean accident rate in our training dataset, which is 0.004584. The mean of the binomial
distribution with probability p is p and the variance is p X (1 — p), therefore the variance
is 0.004584 x (1 — 0.004584) = 0.004562987.

“Between group variance” is the variance of the true differences in mean accident
frequency between aircraft makes and model. For example, if we only had three aircraft
(equally common in our data) and we knew that, compared to the average frequency, they
have accident frequencies of 0.1% less, the same, and 0.1% more, then the between group
variance would be the variance of the three numbers —0.1%, 0, and +0.1%. If we knew
the true group means we could easily calculate this variance—but then we would not
be doing all this work to estimate them (i.e., our target encoded HCCV will essentially
be our best estimate of the group means). However, given that we already have a GLM

which generates predictions excluding make, we can find the mean residual by make. If

41 A while back, a colleague told one of the authors that the predictions from an analysis should be used
because the method was statistically sound. Cross-validation is a harsh taskmaster and gives us an ad-
ditional framework within which to carefully consider whether our models will improve performance.
On the other hand, we should not be slave to cross-validation performance—this is discussed further in
the final chapter.

42 Equally, if we are concerned about the very small number of craft which actually had more than one
accident in a year, we could stick with our Poisson assumption and assume a variance equal to the mean.
The difference is small.
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we had a huge number of observations for each make and model, these mean residuals
would be a reasonable estimate of the effect of make on accident frequency. We don’thave
a huge number of observations for each, but we can take only those makes for which we
have a reasonable number of observations. Doing this gives an estimate of the between
group variance of 7.038492 x 107°.

Finally, the ratio of within group variance to between group variance is
0.004562987/(7.038492 x 107%) = 648.

This gives an idea of the magnitude of A. This would mean, for example, that if we have
1,000 aircraft-years of experience for a make, then we would give % = 0.61 credi-
bility to claims experiences for that make.

If we simply used 4 = 648, we would now calculate the target encoded feature for
each fold and then run our GLM including all our previous features and the new target
encoded feature. In general, though, we prefer to use our cross-validation procedure to
choose the best features and best models, so instead, we carry out a model fitting pro-
cess for a range of values of A (4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192,
16384),% and for each value we calculate the average validation performance. The result
is shown in Figure 6.1. It can be seen that performance improves (slightly) compared to
the model without HCCVs. The dashed vertical line shows the performance at 4 = 648.
We can see that this is, in fact, close to the best average cross-validation performance, but
the best improvement is for A = 1024 (or 2048).

The actual feature we used in our GLM was the log of the target encoding discussed

above. Given the log link we have
log( predicted frequency) = intercept + -+ + (f,, X log x,,),

where x;, is the target-encoded feature and f,, is the fitted coefficient.

Taking the exponent of both sides, we have

predicted frequency = k X «++ X X,ﬂéea

where k is the exponent of the fitted intercept.

43 The values were chosen simply to span a significant range, with our estimate of 648 somewhere in the
middle. If a graph of the results would have shown the need for more details in one area of this range,
we would have rerun the analysis accordingly.

43 The results of using credibility are relatively insensitive to misestimates of K. See “An Actuarial Note on
Credibility Parameters” by Mahler (1986).

Casualty Actuarial Society 87



88

From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

o
~

o
(V)

performance improvement (%)
o
w

A

Figure 6.1. The percentage increase in performance
when including the target encoded aircraft make and
model feature using different values for i. The dashed
vertical line shows the performance at 1 = 648. This is
close to the best average cross-validation performance
but A = 1024,2048 are slightly better (see footnote).

In practice we often find that, if we have carried out the target encoding process cor-
rectly and there are no data issues, then the value of f,, associated with optimal cross-
validation performance is not far from 1. We also expect that as 4 increases, f,, increases.
We therefore inspected the f coefficient in the GLM for the target encoded feature as a
function of A.

Figure 6.2 shows the coefficients for each value of A. As we expected, we see that f,,
increases as A increases. Optimal cross-validation performance is around 4 = 1024 or
A = 2048, and the associated value of f;, are 0.4 and 0.5. Increasing A to 4096 would
produce a coefficient closer to 1 but would lose performance as cross-validation perfor-
mance is not flat near the maximum.** Therefore we proceeded with A = 2048. The
target encoded feature was included in the GLM, and the average cross-validation per-

formance increased from pseudo-R2 0.150 to 0.151.

44 Usually, given that the 4 associated with the best cross-validation performance is somewhat lower than
1, we would inspect our data to see if any levels of the HCCV have large amounts of exposure relative to
the others and are dominating the fitting process. In our case, the actual changes in performance (rather
than the percentages) are all rather small and so we have not investigated further.
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Figure 6.2. The y-axis shows the fitted coefficient for the
target encoded feature. A value close to 1 would suggest
that we used a reasonable level of credibility.
The coefficient at 1 = 2048 is not close to to 1.

Section 6.5 introduced GLMMs. Open-source software is available which fits such

models and provides estimates of both fixed effects and random effects. An advantage to

the GLMM approach is that it extends naturally to dealing with hierarchical variations

in risk, such as aircraft model within aircraft make. We therefore expected to be able to

easily use this approach and that performance would be similar to the target encoding

approach used above. In practice, we were not able to achieve consistent results using

this approach. In particular, the software we were using gave error messages when fitting.

Given that target encoding has the added advantage that it stays within our overall cross-

validation framework and that its performance did exceed any of the GLMM models we

were able to fit, we proceeded with target f:ncoding.45

45 We would, nevertheless, encourage the interested reader to try GLMMs in this and similar situations
as they can be a very useful tool. They do also have the advantages being part of a statistically sound
framework and of taking only a very small number of lines to code given the packages readily available

for them.
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6.7. Practically Speaking
6.7.1. Sense-checking the results and ad-hoc adjustments

Within an insurance company, pricing would be done by or in conjunction with people
who understand the risks being dealt with. We can use the results of our encoding to
highlight areas that need further research. In early work not presented above, we used
target encoding at the level of make only. Table 6.5 shows the two highest and two lowest
values for the target encoding. For this output, we would want to understand more about
DJI: why do they have zero claims given the large amount of exposure. We research DJI
and find out that they manufacture drones. We can then talk to subject matter experts to
understand why they have zero accidents entered in the NTSB database and whether or
not it makes sense to include their data in our analysis.

The two highest adjustments in Table 6.5 are cases which have one claim but only
a small amount of exposure and, therefore, a very high AvE ratio. Taking “STUMP

GREAT LAKES,” for example, the AvE ratio is 223.75. With z = —=— = 0.011583
1241024

the credibility calculation then gives the target encoding as 1 X(1—-0.011583)+222.22x
0.011583 = 3.58.

Table 6.5. Examples of the output of target encoding
aircraft make. ex and num_cl are exposure and the
number of claims, respectively. AVE ratio is the ratio of
the GLM predicted frequency to the actual frequency. z
is the credibility factor based on the value of 4 that we
chose. make_te is the target encoded value. In 11,900
aircraft-years of exposure for the DJI make, there were
no accidents. This compares to 3.692 accidents expected
from the model. The credibility adjustment of 0.92 leads
to a target encoding of 0.079, which then gets used in the
GLM. Makes with one claim and very low exposure have
a very high AVE ratio value, so that even though z is low,
the value of the target encoded variable is very high.

aircraft make ex num_cl  AvE ratio z make te

11900 0 0 0.9208 0.079
TEXTRON AVIATION INC 5483 12 0.24356 0.8426 0.363
MARLIN JOHN E 13 1 186.59373 0.0122 3.266
STUMP GREAT LAKES 12 1 223.74936 0.0116 3.579

Now, imagine discussing with an underwriter why you have proposed to more than
triple the rate for this make on the basis of seeing exactly one claim. You will try arguing
that on average your approach is a good approach, but it will not be an easy conversation.

While our approach works on average, there are some edge cases where we or others do
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not feel comfortable in implementing the proposed outcomes. %

The approach we have taken is to make an ad hoc adjustment to the credibility given
to the group mean where the expected number of claims is small (e.g., 0.005) and the
number of claims is also small (e.g., 1).4

The edge cases can be driven simply by the randomness of claims experience (as in our
case above), in which case a slight adjustment to the general approach seems reasonable.
However, edge cases can also be driven by data quality or operational issues. For example,
a system may by default give a driver who is not listed on a policy but who legally drives
the car one day of exposure—simply because the true amount of exposure is not known
and a default is needed. If this driver has a claim, the annualized frequency will be high.
Across all such records, the frequency will be very high. The practitioner will need to

deal with such situations on a case-by-case basis.

6.7.2. Target encoding using GLM predictions

We have discussed target encoding using as the actual versus expected ratio, (7, /¥), the ra-
tio of the mean response for group k to the mean overall response. Given that we already
have a GLM excluding the HCCVs, there is an alternative. We can calculate the predic-
tions (¥;) for each observation within a particular make and model and then calculate
their average (). Finally, we proceed as above but using as the actual versus expected
ratio, (7,/Jx)- As an example, say that the average overall frequency (J) is four accidents
per thousand aircraft-years, but Bell helicopters (helicopters are included in the data) have
an accident frequency of 16 accidents per thousand years of experience, then the first ap-
proach above would set the target encoding at 4" _which is very high. On the other
hand, our GLM includes a feature that differentiates between fixed-wing and rotor-wing
craft. This feature will have already picked up that helicopters generally have a high claims
experience. It might therefore be that the average prediction for Bell helicopters is 20 per
thousand. The target encoding on the second basis mentioned above would be 0.80.%

Intuitively, it feels right to first allow less complicated features, such as aircraft age
and number of engines to pick up the key patterns, and then to allow the target encoded
HCCV to pick up any remaining inaccuracies in the model predictions. However, it is
certainly more work as we first need to fit a GLM, then create the (k-fold) predictions,
and then fit another GLM.

46 This is a general situation that can occur when applying credibility methods.

47 The manner of this adjustment is not particularly important—we chose to reduce the exposure used
in the credibility calculation so that it remained at zero until a certain threshold had been passed. The
main point here is that a method that performs well on average can leave dangerous weak points in
certain areas of the rating plan, and great care is needed.

By, =16and y =4.

49 3, = 16 and §, = 20.
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Our approach in the case study was indeed to create the target encoding using the
GLM predictions. Indeed any eagle-eyed underwriters reading this paper might have no-
ticed that the higher end of the target encoded variable did not include helicopters. Had
we been using the overall mean as the expectation in our AvE ratio, helicopters would be
likely to feature (since the actual frequency of helicopter accidents is much higher than

the average accident frequency) (see Table 6.6).

Table 6.6. Target encoding using the overall mean as the
expectation in the AVE ratio. Helicopters tend to have
higher frequencies than fixed-wing craft and indeed
appear at the higher end.

faa_acft_make ex num_cl AvE ratio z make_ te
DJI 11900 0 67579 0.9197 0.0803
AERONCA 27451 45 136.2547 0.9640 0.3544
ROBINSON HELICOPTER CO 5693 122 30.4230 0.8475 3.5511
ROBINSON HELICOPTER 7513 153 39.1231 0.8800 3.5615

6.7.3. Novel categories in the future

What happens if a new make of aircraft, which is not in our historic data, appears in the
tuture and requires us to provide a rate? There will be no value for the target encoded
feature for this make. One choice is to set the value of the target encoded feature to the
average of value of this feature across all makes and to produce a quote. This would seem
to be a particularly bad idea. If make is an important part of our rating, we are completely
guessing that the right price for this make is the average price across all makes. There is
no reason at all for this to be true. If the make is associated with high risk, we will leave
ourselves open to massive adverse selection. It would seem far better to set up our systems
not to offer a quote and to flag to the administrators that a new make of aircraft has been
encountered. Discussions can then be had and deliberate value for the feature can be

chosen based on similarities of the new make with existing makes.

6.7.4. What does zero mean?

What does zero mean for a target encoded feature? (Or a one in a multiplicative struc-

ture.) It can mean two very different things.

* That we have lots of exposure and, across this, the mean experience for the make is very
close to the mean experience for all makes. We are very sure that the true experience of
this make reflects the average experience.

* We have very little experience, and regardless of how experience for this make looks

compared to average, we are ignoring it because we don’t know if it is a fluke or not.
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We are completely unsure as to whether the true experience of this make reflects average

experience.

This is truly a problem. If we blindly use rates from target encoded HCCVs we run
the risk of pretending that we understand all the types of risk when we are actually totally
uncertain about some of them. A systematic and statistical approach to this would be to
set our prices not at the mean predictions from our GLM but at some other (higher)
percentile. More simply though, given that there are (hopefully) people in the insurance
business who understand the risk, the derived rates and relativities should be discussed
with them. This is particularly easy if there are existing rates for the make, as any signifi-

cant changes (for makes with small amounts of exposure) can then be discussed.

6.7.5. Keeping up with other ideas

In order to keep up with ideas of how to approach HCCVs, it is useful to look at what is
implemented in popular platforms. For example, Python’s scikit-learn package has a sec-
tion called category encoders (sklearn_category_encoders) which implements (as of the
date of writing) 20 approaches to encoding categorical variables. Simply reading the doc-
umentation for each of them gives a good overview of the types of approaches currently

being used.

6.7.6. Read the documentation

Applying methods and functions written by third parties into open-source software like
R and Python is easy. It is not always easy to understand what the software is doing.
Reading the documentation helps. Sometimes documentation is not perfect, though,
and some further digging is required. For example, at the time of writing this monograph,
an alternative software has a method to create target encoding. An example of how it is

called (from R) is:

target_encoder <- targetencoder (training_ frame = df _,
x = 'faa_acft_make',

y = "resid",

fold column = "fold",

data_ leakage_handling = "KFold",

blending = TRUE,

inflection_point = 500,

smoothing = 100)

We can quickly get a rough idea of what most of these arguments mean, but “inflec-
tion_point” and “smoothing” are not clear. The documentation tells us that the inflec-
tion_point “determines half of the minimal sample size for which we completely trust

the estimate based on the sample at the particular level of the categorical variable” and
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that “smoothing controls the rate of transition between the particular level’s posterior
probability and the prior probability. For smoothing values approaching infinity, it be-
comes a hard threshold between the posterior and the prior probability.” This is more
clear, but we have to dig into the code of the alternative software to find that the formula

actually implemented is
z = 1.0/(1 + exp((inflection_point — n; )/smoothing)).

In Figure 6.3 we look at two examples of this function, compared to the credibility
estimate we have been using. The solid black line is our usual formula n:ﬁ where 4 =
500. The dashed line shows the formula implemented with inflection_point = 500 and
smoothing = 100. We can see that the size at which 50% credibility is given is the same,
but the behavior elsewhere is quite different from our standard formula. If we increase
the smoothing parameter to try to make the behavior more similar in the middle, we find
that about 25% credibility is given where size = 0. Given that we would always hope that
credibility tends to zero for group sizes close to zero, we should not automatically expect
this formula to perform well. Indeed, various tests with different values of the arguments

for this formula did not provide good average validation performance.

— n_k/(n_k +500) -- smoothing=100 ---- smoothing=500
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Figure 6.3. A comparison of the credibility function we
have been using (solid back line) to a function
implemented in one software for target encoding. We
can see that the shapes are quite different.
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Overall, we see that it is always worth checking which formula are being implemented

by the methods and functions we use.

6.7.7. Are HCCVs really predictive?

The risk of accident arises from the pilot (human error), the aircraft (failure of the ma-
chine), and the environment (e.g., the runway surface, weather, etc.). Many of the fea-
tures that one might use are clearly linked to one (or more) of these sources of accident.
For example, pilot age, flight hours on the same type of craft, total flighthours—all clearly
link to the risk of pilot error. Aircraft make and model clearly link to the aircraft. How-
ever, if we also have in our model full details about the maintenance of the aircraft, its
age, and the number of type of engines, we might think that there is no longer any need
to include the make and model itself since every possible feature that directly describes
the risk of failure of the machine is already in the model.

We nevertheless will always include the make and model (and other HCCVs) in our
GLM. Essentially, we “let the data do the talking.” Regardless of what we might think,
provided that we do actually want the best performing model, if average validation per-
formance across all folds improves, we will be better off with aircraft make and model
in the GLM. If performance does improve considerably it is worth trying to understand
why. In particular, if we see that one level of an HCCV with significant volume is very
predictive, we should check if it is due to one particular feature and then find a way to
populate that feature across the whole dataset. Alternatively, that level of the HCCV
may represent a class of risks which are so different from the rest of the data, they are best
priced in a different model.

HCCVs can also be important because they pick up some residual information about
the machine (or whatever they are describing) or because they are proxies for some other
source of risk. A careful (or risky) person may tend to pilot certain makes and models of

aircraft.

6.7.8. Sense-checking the data

We have been talking about there being over 40,000 (43,617 in fact) different makes of
aircraft in our data. There are not 43,617 different manufacturers of aircraft. A quick
look at the name of the make of craft for which only one has ever been built shows the
names to be those of individual people. The field in our data “aircraft builder certifica-
tion code” takes the value of “1: Not Type Certificated” for almost all these craft. These
are amateur-built aircraft. The number of different makes including only the “0: Type
Certificated” category reduces to 994, which seems more reasonable. Even within these

data, there are some craft with only one record, however, the make seems to indicate a

commercial manufacturer (e.g., AIRBUS HELICOPTER, BOEING/HUMM STAN-
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LEY, CESSNA-LOOMIS-BUEHN, etc.).

Once again, therefore, our data preparation has let us down, 50 this time in two ways.
Firstly we should have realized upfront thataircraft make includes many individuals rather
than aircraft manufacturing companies. And even within the commercial manufactur-
ers we might want to relabel some to group them together. For example, given that we
saw AIRBUS HELICOPTER above, we then looked at the different makes with the
name AIRBUS in them and we found: “AIRBUS,” “AIRBUS CANADA LP,” “AIR-
BUS CANADA LTD PTNRSP,” “AIRBUS DEFENCE AND SPACE LTD,” “AIR-
BUS DEFENSE AND SPACE S A,” “AIRBUS HELICOPTER,” “AIRBUS HELI-
COPTERS,” “AIRBUS HELICOPTERS DEUTSCHLAND,” “AIRBUS HELICOPTERS
INC,” “AIRBUS INDUSTRIE,” “AIRBUS S A S,” and “AIRBUS SAS.” We might ac-
tually be happy for each of these “makes” to have different prices arising from different
values of the target encoding—but we should certainly allow that only after discussing

the data with a person who understands the different parts of AIRBUS.

6.8. Technical Note

6.8.1. HCCV estimates using Ridge regression

In this section, we derive the Ridge regression estimates of coefficients in a Gaussian re-
gression with identity link where we have only one HCCV and no intercept.

Assuming our HCCV has p levels, we have p columns from the one-hot encoding,

with each column having its own coefticient, §, ..., f,.

We can imagine sorting our data so that all the observations with level 1 of the factor
come first. There are ny of them with values y;1, 1, ..., ¥y, 1-

In general, for group k we have coeflicient f; and y values 4, yors -+, ¥y k-

The loss function is essentially made up of the sum of squared errors of each level
1
2n
is typically done to simplify the algebra—it makes no difference to the solution path since

plus the penalty. Previously we have put the fraction - before the sum of squares—this

2n is a constant. We could equally remove the ﬁ fra;ction and multiply A by 2n and get

the same solution. In this case, we will use a fraction 5

as the result will then look simpler.

50 And we are reminded that an actuary needs to understand the data with which they are working. The
actuary should understand the situation being modeled, with help from others when necessary.
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Only one of the fis appears in any one term, so when we differentiate with respect to any

one f all the other terms disappear. For example, if we differentiate with respect to f; we

get

sl il
5;’? - Zl,(y“ _B)+ 48,

=

Setting this to zero at the minimum gives:
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The same is true for any other coefficient, and so we have

A Vi

k= A
(14-%)

As discussed in the main text, having no intercept is not a good idea. For some large
A, as we get fewer observations at one factor level, we would prefer to predict the overall
mean and not zero. Hence, it seems reasonable to carry out the above penalized regression

after first deducting the mean response from every value of y. This way, the coefficients
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tell us how far the prediction for a level should differ from the overall mean, and we have

s k=
ﬁk:yk—j/’
(1+a)

and our prediction for group K is

oy Uk ;)'
1+
This can be rearranged to give
A
ny 1

R ke
1+=) I+=)
ny ng

As an aside, we note that the above is not what would result from including an un-
penalized intercept term and carrying out penalized regression on the y values without
deducting the mean. In that case the penalized regression would ensure that the one-hot
coefhicients summed to zero—and that is not the case for our solution above, where there

are different numbers of observations for each factor (which is pretty much always).

6.8.2. Link to the Bayesian approach

In our approach to model fitting so far, we have thought of each individual coefficient
(each separate ) as a fixed value which we are trying to estimate. The penalization en-
sures shrinkage and/or feature selection. Although we do notdiscuss it in any detail here,
it is known that carrying out a Bayesian regression with an appropriate prior on each co-
efficient separately and then choosing the maximum a posteriori (MAP) estimate will
lead to the same estimates as Ridge regression or the LASSO (see for example the original
LASSO paper, Tibshirani (1996), Section 5).

There is a similar Bayesian approach which is particularly useful for HCCVs. We
start oft with a prior belief that the true different levels of risk for each make of aircraft
are independent and are distributed according to a normal distribution with mean zero
and variance of 2. We assume that the coefficients for each level of the HCCV are inde-

pendent. Our prior is therefore
B ~ N (0,7%) fork=1,2,...,p.

Consider a model where the only feature is the HCCV. Within each group, we have
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ny observations yy, Yo, --- » ¥, x Which are distributed as follows:

Yik = B + €5
e ~ N (0,0%)
B ~ V0, 7%).

Using Bayes’ theorem,

Pr(p|X]

Pr(ply, X1 = Prly|p, X] PryIX]’

Given that Pr[y|X] is some fixed constant and that the prior distribution of f does

not depend on X, we have
Pr(fly, X] < Prly|B, X]1Pr[p].

Taking the log of each side and noting that Pr[y|f, X is the likelihood of the ob-
served ys given ff and X (which we will refer to as L(f)) we have

log Pr[f|y, X1 « log L(p) + log Pr[f],

where Pr[f|y, X1is the posterior distribution of the fs given the data.
Firstly, let us look at log L(f). Within any group (k), given the value of f, the prob-
ability of the value y;; is

1 ik — B)*
exp _—2 .
\V2ro? 20

Ignoring constants and taking logs, for one observation, y;;,

O =B

log L(f) o2

Summing over all observations in each group and over all groups, we have

p N
log L) & ———= 3 3 (. = ™.
20° (o1 i

As forlog Pr[f], this is just the product of the p independent prior distributions for
the fs and is —ﬁ ZkK=1 ﬁ,%.
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Therefore
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To find the value of f; which maximizes this posterior, we differentiate and set equal

to zero:
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6.9. Next Steps
We have now trained a GLM on our FAA-NTSB data. We avoided overfitting, dealt

with numeric features which affect the target in a nonlinear way, and dealt with HCCVs.
Yet our performance (pseudo—R2 of 0.151) still falls 9% short of our gradient boosting
benchmark (pseudo—R2 0f 0.165). In Chapter 9 we discuss how we can use the gradient
boosting model (or any complex machine learning model) to check the work we have
done so far with our GLM and how we can try to extract any patterns it has found which
we have not used and incorporate them into our GLM.

There is a choice with how to deal with our target-encoded HCCVs which we did
not discuss above. The first option is to refit the GLM including the HCCV together
with all other features previously used. If we do this, we will get fitted coefficients for
the target encoding variable and also revised fitted coefhicients for all the other features.
They may be different from the previous model, and indeed, unless the other features
are completely independent of the target encoded features, it is likely that they will be
different. The other option is to allow the coefficients from the first model to remain as
they were and to fit the target encoded HCCVs in a separate, second-stage model.

In a business which has a complex GLM which drives its prices, it may not want
to have to implement changes in every table of coeflicients just because it carries out a
detailed review of one of its features.

The choice we made for our modeling in this chapter was to fit our target encoded
variable in a second-stage GLM and so to avoid changing the coefficients for all the other
features. The method for achieving this has many applications, and we discuss it in some
detail in Chapter 8. However, we first take a break from the FAA-NTSB study and turn

to the issue of modeling in the presence of highly correlated features.
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The issue of highly correlated variables in data is discussed in Goldburd et al. (2025) (Sec-
tion 2.9, Correlation Among Predictors, Multicollinearity and Aliasing). In this chapter,
we discuss this topic in more detail and illustrate some of the points with a worked ex-
ample. We will begin by identifying the scenarios that can lead to our data having high
correlations. Then we will try to understand why this matters at all—why not just fit a
model and proceed as normal? Finally, we will discuss the various approaches to dealing
with the issue.

So far in this monograph we have focused on fitting GLMs. The issue we address in
this chapter is more general, and therefore before we proceed, it is worth stepping back a
little and considering the general process of how to approach supervised learning tasks.

Supervised learning refers to any situation when our data contains a history of many
examples with their outcomes. Typically, each example is a row in our dataset and has
features (e.g., policyholder age, aircraft make and model) and the outcome (e.g., accident
or no accident). We want our model to find a relationship between the features and out-
comes on the historic data such that when we apply that relationship to future data, it
accurately predicts outcomes when we don’t yet know the outcome. Some of the stages

in any supervised learning task are:

¢ Which type of model should we use? This could be a linear model, a tree-based model,
or a neural network.

* Which model should we use? If we had decided to use a tree-based model, we could
then choose from decision trees, random forests, gradient boosting machines, and their
various derivatives. If we had decided to use a linear model, we might decide to use a
GLM with penalization and the LASSO. This and the previous choice may simply be
performance driven. That is, we will train many model types and choose the one with
the best validation performance.

* Given that we already have some data with features, should we try to augment the
features and if so how? This is a surprisingly hard task. It includes trying to create
or purchase data assets relevant to the problem and trying to engineer new features

from features that we already have. This process is called “feature engineering.” It is
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not limited to purchasing and engineering features when training the model, we also
have to ensure that identically defined features are available when the model is applied
operationally.

* Finally, given the model type we are going to use and the set of features in the training
data, we may wish to select only certain features to use in training our model or to

appear in our final model. This is called “feature selection.”

Issues involving highly correlated variables tend to relate to one or more of these
stages, and we will refer to them in our discussion below. Much of what we cover will be
related to feature engineering and selection. For a much more detailed coverage we refer
the reader to the excellent and easy-to-read book, Feature Engineering and Selection, A
Practical Approach for Predictive Models (Kuhn and Johnson (2019)).

7.1. How Do Highly Correlated Variables Arise?
7.1.1. Naturally

Correlation between features in our data can arise naturally. Let us consider a portfolio
of young drivers in auto insurance and a jurisdiction where the minimum age to take a
driving test is 17. When preparing rates for auto insurance, two features that will often
be in the data are driver age and driver experience. Age is often recorded as the driver’s age
rounded down to the nearest whole number at the policy start date. Driving experience
is often recorded as the number of years since passing the driving test, rounded down
to the nearest integer, at the policy start date. (For younger drivers or those with more
limited driving experience, rounding down to the nearest month might result in better
performing models). If every driver passes their test shortly after their 17th birthday and
immediately buys a car and takes out insurance, then every 17-year-old in our data will
have zero years’ experience since passing their test, every 18-year-old will have one year,
and so on. Driver age and driving experience will be perfectly correlated. In practice we
should certainly expect to see among younger drivers a high correlation between driving
experience and age.

As an aside, we note that whether or not two features are correlated will depend on
the type of insurance and how they are measured. For example in General Aviation in-
surance, if we are measuring pilot experience as the number of flight hours in the type of
aircraft they are insuring, then we would not necessarily expect this to be highly corre-
lated with age—a pilot might move from one type of aircraft to another at various points
in their career.

Part of getting to know the data one is working on is to check for highly correlated
features. Where we see high correlations when we were not expecting any (and vice versa)

we have an opportunity to increase our understanding of the data by finding out why
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this is the case.

7.1.2. As aresult of data enrichment

There are very many situations where data enrichment may lead to highly correlated fea-

tures. Here are some CX&I‘leCSZ

* In locations where regulation permits use of credit score in rating plans, data might
be enriched not only with credit score but also with all the underlying features that
are used to create the score. It would be surprising not to find high correlations both
between these features themselves (e.g., monthly income, home ownership, average
account balance, etc.) and between them and the credit score.

* More generally, enrichment can consist of thousands of new features, many of which
measure similar things. A feature may related to whether or not the insured has had
certain types of court judgments against them and if so, how many. This feature might
be present a few times, being measured (say) over the past three months, six months,
one year, and three years. These features will be highly correlated.

* Enrichment features for geographical analysis may include the distance to the nearest
school, the nearest police station, and the nearest fire hydrant. These may all be corre-
lated with population density and with each other—hence, we may find some of these

features to be highly correlated.

As mentioned above, before using data, correlations should be checked and the rea-
sons for high correlations should be understood. This is especially true for data enrich-
ment sources which might be coming from third parties—understanding the reliability

of such data is particularly important.

7.1.3. As a result of feature engineering

To “engineer features” means to create new columns of data (features) which are based on
the original columns that were provided. We have met feature engineering a few times in
this monograph. When we took a single numeric feature and added many step or hinge
functions, we were engineering features to allow our GLM to express a particular rela-
tionship. This is known as one-to-many feature engineering. We also discussed adding
the distance between two points (e.g., address of the policyholder and the address where
their vehicle is garaged) as a new feature. Later in this chapter we will replace all the nu-
meric features in the example we will be working on with a different set of features (that
are not correlated with each other). That is known as many-to-many feature engineering.

It is up to the modeler together with expertise from the business to ensure that any
potentially useful features that the model would not otherwise engineer for itself are cre-

ated and added to the data. Sometimes this process may lead to having highly correlated
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features. Consider the case of commercial aviation insurance. Each insured is a commer-
cial airline operating a fleet of craft (e.g., United Airlines, Southwest Airlines). For each
fleet our data might contain one line per aircraft per year, with details of the aircraft and
of any accidents or incidents it was involved in, together with the cost. As of 2024, South-
west Airlines has about 800 aircraft in its fleet. For each year that we have data on the fleet
we will have about 800 lines of Southwest Airlines information in our data. We will cer-
tainly want to ensure that we add to each line information about the company itself and
its attitude towards safety and risk management, pilot training, and so on. One aspect
which is of interest and which might tell us something about the fleet and its operations
is the range or spread of certain aircraft features across all aircraft. An airline which has
an old fleet will have all old aircraft. As it starts to renew the fleet, the range of ages will
increase. If the fleet is completely renewed, all the aircraft will be relatively new. Hence
we may wish to add features related to the range and spread of aircraft ages. We would
probably add range, interquartile range, standard deviation, and then the same measures
(range, interquartile range, etc.) but split by the different types of aircraft on the fleet.
We might also apply the same approach used for aircraft age to the value of the aircraft
(incorporating features such as range, interquartile range, and standard deviation). At
the end of this process we will have created many features, and given that they measure

very similar things, we will expect them to be correlated.

7.2. Why Do They Matter?

There are various reasons why having highly correlated features in our data (or our final

model) might be problematic:

* computational issues
* performance
* interpretability and communication

® cost

7.2.1. Computational issues

All supervised models are trained by trying to minimize a loss function (or sometimes to
maximize a likelihood). If the loss function is curved near a minimum, it will be easy to
identify the model parameters which achieve this minimum. However, if two features
are highly correlated, their effects in the model can be traded off against each other—
small increases in one parameter can be offset by small decreases in the other, leading to
very similar predictions. This makes the surface of the loss function nearly flat in certain
directions near the minimum. As a result the minimum will be hard to find.

The extent to which the above issue is a problem depends on the model type being

trained.
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The procedures used to fit GLMs can be badly affected by this issue. A non-penalized
GLM mightsimply return some kind of warning or error and not return any fitted model.
If it does return a fitted model, the parameters may be unstable. For example, two highly
correlated parameters on which the target does not depend should both return a coeth-
cient of zero, but it is possible that one would return —50 and the other 50. In addition,
the confidence intervals around the parameters will be large. Penalized regression should
always return an answer, but it might take a very long time.

Tree-based models should not suffer from large offsetting coefficients. The reason for
the difference between GLMs and tree-based models in this matter lies in the way they
are trained. Procedures to fit GLMs often consider how best to change all the variables at
once by small amounts in order to get closer to the minimum of the loss function. Where
two features are correlated, they can get changed in opposite directions at the same time
with no effect on the loss function.

Tree-based models, however, are fitted in a “greedy” manner. This means that only
the contribution of one feature is changed at the time. The tree has to make a decision
on which feature to introduce a split on next. If two highly correlated features do not
separately have an impact on the loss function then it is exceedingly unlikely to choose to
introduce a split on either of them. And if they both have an impact, then it will choose

one or the other—not both.

7.2.2. Performance
Kuhn and Johnson (2019) (Chapter 10, Section 10.3) consider the effect of irrelevant fea-

tures on performance. In their example, the performance of penalized regression
(LASSO) is not affected by irrelevant features, but all other model types that they look at
(tree-based models, neural networks, and others) are affected to a greater or lesser extent.
Our case, however, is different. We don’t know whether the highly correlated features are
irrelevant or not. We do know, however, that after including one of many highly corre-
lated features, then the rest will be irrelevant. In the authors’ experience, performance of
tree-based model types is certainly adversely affected, and we will see below whether for a
particular dataset GLM performance is affected—though a priori we would not expect it
to be, since if the training of a GLM converges at all, it should converge to the minimum
of the loss function.

In the presence of highly correlated features, even if the performance of the trained
model is good, it relies on the same high correlation continuing into the future. If the
correlation between the features changes, then the accuracy of the model may be com-
promised, even if no other element of the “ground truth” has changed. As an example,
consider a case where a credit score and its five (say) components are all included as fea-

tures when training a model. Credit score is a weighted average of the features with the
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most significant weight on feature 1. The true relationship is between feature 1 and the
target, but the trained model finds and uses the relationship between the credit score itself
and the target. If in the future, the team that creates the credit score significantly reduces
the weighting for feature 1, credit score will not be a proxy for feature 1 and model per-
formance will suffer.

There is another, potentially much more dangerous way in which the correlation be-
tween features can change. This arises where customers can shop for different prices and
the correlation has caused a “reversal”—that is to say that the coefficient is of the oppo-
site sign than expected. For example, in private auto insurance (or in fact any insurance)
we expect that, as the deductible reduces the price will increase. However, if the policy
excess is very highly correlated with some other feature (for example, vehicle value), the
fitted GLM might set the slope of the coefficient for vehicle value to be steeper than ex-
pected and the coefhicient for policy excess to be upward sloping so that lower excesses
have lower prices instead of higher prices. If the rating plan is available to the public or
it is otherwise possible for customers to get different quotes for different excesses, cus-
tomers with high value cars will very quickly start selecting low excesses, and losses will

be made.

7.2.3. Interpretability and communication

If we are lucky, we might find that in the presence of many highly correlated features our
GLM converges to the minimum of the loss function in a reasonable amount of time and
the parameters look sensible. Nevertheless, we may still not want many highly correlated
features in our model.

Consider a simple case where we are asked which features are important in our GLM.
Aslong as the features are all on a similar scale, we can normally just look at the absolute
coefhicients in the fitted model. Features with large absolute coefficients are more impor-
tant than those with low coefhicients (as long as they both affect similar proportions of
customers). In the presence of highly correlated features, however, we have to be much
more careful. If we have 10 highly correlated features, all measuring driver experience in
slightly different ways, then each of the coefficients may be small, but their overall effect
on the predictions may be very large. If the effect of experience on the target variable is
nonlinear, then the only way to find the overall shape is to somehow add up the effects
of all of the correlated features. These difficulties are not insurmountable, but they add
complexity in trying to understand our model and will certainly make it much harder to
communicate to the business of feature importance and the shape of the effects.

In some cases, the standard approaches in the software we use will not work in the
presence of highly correlated features, for example, the detection of interactions. One

method of doing this is to see how often two features appear in consecutive decisions or
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along one decision path in trees. Consider driving experience and the power-weight ratio
of the car. We might expect these to interact (i.e., inexperienced drivers in a car with a high
power-weight ratio are a much worse risk than the individual coefficients would imply).
In this case, when a tree is split on power-weight ratio, we would often expect the next
split (or another in the same path) to be driving experience. Across all the trees, we might
find that 100 times, a path which splits on power-weight ratio also splits on experience.
Yet, if 10 correlated features are used to measure experience, we may only get 10 paths for

each of them, and this might not stand out compared to other combinations of features.

7.2.4. Cost

There is a cost to having a feature in our final model. It has to be collected at runtime
either from the proposer or from enrichment sources. It has to be stored. Likewise, a
table of coefficients needs to be created and stored. It has to be added to a calculation. In
future training, it becomes part of data quality audits and exploratory data analysis. It is
much easier to monitor model performance and data drift for 10 features than for 100
features. Some costs may “just” be time costs, others may be actual expenditure or the
risk of making errors. Either way, it seems that our aim should be, in the words of Kuhn
and Johnson (2019),

to reduce the number of features as far as possible without compromising predictive

performance.

7.3. Introducing a Case Study

We will illustrate some of the approaches we are about to discuss with the UK road traffic
accident data mentioned in Section 2.2. To avoid issues with missing values, we use data
for England only. In these data, England is split into about 34,000 areas (called Lower-
layer Super Output Areas or LSOAs), each with around 1,000 households. In order to
focus on local traffic, we exclude accidents on highways and similar types of roads. Fig-
ure 7.1 shows the number of accidents per quarter over the five-year period covered by
the data. During 2018 and 2019 there were about 24,000 accidents per quarter. Data
from 2020 and the first part of 2021 are heavily affected by the impact of COVID-19 on
road traffic. The number of accidents per quarter after COVID-19 is about 10% lower
than before COVID-19.
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Figure 7.1. The number of accidents on the police
database for England over the five-year period covered
by the data. The data is affected by the impact of
COVID-19 on road traffic.

We added various indices of deprivation and information from the 2019 UK census
to the above data. These will be our features.

Examples of indices of deprivation are:

* crime_rank: Deprivation as measured by the risk of personal and material victimiza-
tion. Low values indicate high levels of deprivation.

* income_rank: Deprivation as measured by the proportion of the population experi-
encing deprivation related to low income. The definition of low income used includes
both those people who are out-of-work and those who have work but have low earn-
ings. Low values indicate high levels of deprivation.

* employment_rank: Deprivation as measured by the proportion of the working-age
population in an area involuntarily excluded from the labor market. This includes peo-
ple who would like to work but are unable to do so due to unemployment, sickness or

disability, or caregiving responsibilities. Low values indicate high levels of deprivation.

The Index of Multiple Deprivation (IMD) is also included as a feature. It is an over-
all relative measure of deprivation constructed by combining seven types of deprivation

according to their respective weights. Unsurprisingly, it is highly correlated with some of
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its constituent indices. For example, IMD and employment rank have a 0.91 (Pearson)
correlation coefficient.

Census data measure various aspects for each household, such as:

Legal partnership status

Household composition

Country of birth
* Age

* Distance traveled to work

Some of these aspects are measured both at a higher level and then broken down into
detail. For example, the percentage of the population who are widowed or a surviving
civil partnership partner is a feature. In addition, there are two further features: the per-
centage of the population who are widowed and the percentage of the population who
are a surviving civil partnership partner. (This is very similar to how enrichment data will
include many features that measure similar aspects of the risk.) This multiple measure-
ment of very similar aspects of the population leads to highly correlated features.

In total, there are 70 features, of which 20 pairs (out of 2,415) have a 0.90 or greater
(Pearson) correlation coefficient.

We define accident frequency as the number of accidents per 1,000 of census popu-
lation. We should really define accident frequency as the number of accidents divided by
the amount of traffic or the total distance traveled by cars on the roads. However, we have
not added such information to our data. We therefore use population (of the LSOA) as
a Proxy.

We can see from the initial graphs that the accident frequency seems to vary with
some of our features. For example, Figure 7.2 shows that accident frequency reduces for
higher values (less deprivation) of crime rank.

Our aim is to build a model based on the available features and then to use it to predict
the accident rate for areas not used in training the model. We will look at various methods
of dealing with highly correlated variables and see if and how they impact our final model.
As per usual, we will create a fold variable to be used for cross-validation during training
and to exclude some data for testing. Given the time dimension of our data, there are
one or two issues we need to think about when creating the fold variable, and these are

discussed in Section 7.5.
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Figure 7.2. The relationship between crime aspect of
deprivation (higher values means less deprived) and
number of accidents per thousand of population.

7.4. Dealing with Highly Correlated Variables

7.4.1. Common sense

The original census data contains counts of the population in each category being mea-
sured. We prefer percentages because they lie in the range 0-100 and because they are
easier to understand. We created percentages by dividing the number in each category
by the total population. Similarly, the raw deprivation indices actually rank all of the
LSOAs and therefore run from 1 to 34,000 (with the LSOA with value 1 being the most
deprived). We grouped the LSOAs into 100 groups according to the percentile of their
deprivation index.

After the above data manipulation, our census data contained both counts and per-
centages, and our deprivation data contained the original ranks and our derived groups.
Every feature therefore had a pair with which it was perfectly correlated (this is known as
intrinsic aliasing). Common sense tells us to exclude such features. We therefore removed
the counts and the original ranks.

More generally, if an initial check of our data shows a pair of features with correlations

close to one, it may be obvious that one should be removed.
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Common sense has its limits though. Consider another issue with our data. For any
aspect measured by the census, the sum of percentages across all categories must sum to
100%. Any one column can therefore be derived as a linear combination of the others in
the same category (i.e., 100% minus the sum of all the other columns). This is an example
of multicollinearity, and in non-penalized regression, it can lead to the same issues as hav-
ing highly correlated features. We could exclude one of the columns, but it is not clear a
priori which column to exclude. We therefore now consider other approaches. Note that
for tree-based models, removing the column that represents one category is not a good
idea. If the tree needs to split on that category, it will not be able to, and while it can split

on all the other categories, this will lead to a more complicated model.

7.4.2. Removing some features before model training

A simple approach to dealing with highly correlated features is to remove some of them
before training. One way to do this (asimplemented in the R package, caret Kuhn (2008))
is to find the two most highly correlated features and, of those two, to remove the feature
that has the highest mean absolute correlation with all other features. This is repeated
until none of the remaining correlations is above a certain cutoff. Using this approach
on our data (with a cutoft of 0.90) removes three of the deprivation indices (including
the overall IMD) and nine census features.

If this approach is used, the value of the cutoff needs to be chosen. One approach
would be to go train models for various values of the cutoft and for each to find the av-
erage cross-validation performance. Starting from a model containing all features, as we
exclude more correlated features by reducing the cutoft we would expect cross-validation
performance initially to either improve or at least not to deteriorate. The cutoft can be

set at the level below which performance starts to deteriorate.

7.4.3. Ridge regression

The constraints created by penalization allow Ridge regression to find a set of parame-
ters which maximizes performance, even in the presence of highly correlated features (or

multicollinearity).
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Figure 7.3. Coefficients from a Ridge regression model for IMD and
Employment Deprivation Rank have different signs. This means that their
contribution to the linear predictor cancels out to some extent. It can also be
seen that
Overall, although Ridge regression was successfully fit in the presence of
highly correlated features, model interpretability suffers—the model would
have been more easily understandable if Employment Deprivation Rank was
excluded and the coefficient for IMD were slightly lower.

the coefficient for Employment Deprivation is much smaller.
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In extreme cases, run times may become very long and certain solvers may fail. In
our case, training was quick and returned a fitted model with no difficulties. All 66 fea-
tures have nonzero coefhicients. The cross-validation performance (pseudo—Rz) is 0.26.
We will use this model’s performance as our baseline as it is a simple model to fit and it
is the first model that we have fit. We will soon see that this is a reasonable performance
compared to other models. While performance is reasonable, model interpretability has
suffered to some extent. Highly correlated features with nonzero coeflicients are in the
model. Sometimes their coefficients have different signs, which means that looking at
only one of them does not give the full picture of how that feature affects the model.
This point is illustrated in Figure 7.3—the coefficients for IMD and employment have
opposite signs, and so their contributions to the linear predictor cancel out to some ex-
tent. In other cases, the coefficients of correlated feature have the same sign, but if only
one was in the model, then its coefficients would be much larger and it would be more

obvious that it was an important feature.

7.4.4. LASSO

In their paper “Regularization and Variable Selection Via the Elastic Net,” Zou and Hastie
2005 state that

If there is a group of variables among which the pairwise correlations are very bhigh,
then the LASSO tends to select only one variable from the group and does not care

which one is selected.

While in the analysis they were writing about, this is actually not ideal (and hence
they were motivated to introduce the elastic net); in our case, having LASSO’s implicit
feature selection choose only one of each group of correlated features in our data seems
like a reasonable and useful outcome. We will end up with a model that still performs
well, while being easier to understand. (An alternative—which might work better—is to
construct a new feature from the correlated features. This is discussed in Section 7.4.5.)

Figure 7.4 shows the output of k-fold cross-validation. The number of features se-
lected as the LASSO penalty increases is shown along the top of the figure. The dashed
vertical line close to 59 selected features is at the maximum pseudo—RZ. The dotted line
at 31 features is a simpler model whose performance is within one standard deviation of
the model with the best cross-validation performance. The performance of this model is
a cross-validation pseudo—R2 of 0.274, which is better than the Ridge regression model

above. We would therefore choose this model over the Ridge regression model.
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Figure 7.4. stats19 elastic net. a, the mixing parameter between Ridge
regression (a = 0) and the LASSO (a = 1), is set to 0.99.

We extracted the coefficients for all features thatare 0.70 or more (absolute value) cor-
related with IMD rank. Table 7.1 shows the correlation of each feature>! and also the co-
efficients from the Ridge regression and the LASSO models. It can be seen that the Ridge
regression model is complicated—inasmuch as every coefficient is nonzero. In addition,
some of the effects are in opposite directions. For example, the features income_rank and
as_rank (adult skills subdomain which measures the lack of qualifications in the resident
working-age adult population) are both positively correlated with IMD rank, yet their
coefficients are of opposite signs. The LASSO model is simpler, with only four features
being selected. It will be much easier to discuss and communicate this model to stake-
holders. Nevertheless, it is far from perfect. The coefficients for the two last features in
the table are both negative, yet their correlations are of opposite signs—which will mean

that their overall contribution to the model mostly cancels out.

51 Definitions are as follows: imd_rank (Index of Multiple Deprivation) is an overall average measure of
deprivation. income_rank measures the proportion of the population experiencing deprivation relat-
ing to low income. employment_rank measures the proportion of the working-age population in an
area involuntarily excluded from the labor market. hd_rank (Health Deprivation and Disability) mea-
sures the risk of premature death and the impairment of quality of life through poor physical or men-
tal health. as_rank (Adult Skills) measures the lack of qualifications in the resident working-age adult
population. cayp_rank (Children and Young People) measures the attainment of qualifications and as-
sociated measures. crime_rank measures the risk of personal and material victimization at local level.
c_ts063_occ_9_pct measures the percent of residents aged 16 years and over in “elementary occupa-

tions” during the week before the census.
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Table 7.1. This table shows the Ridge regression and LASSO coefficients for all
features whose (absolute) correlation with IMD rank is 0.70 or more. It can
be seen that the Ridge regression model is complicated, with every feature
having a coefficient and some of them going in opposite directions. The
LASSO model is simpler, with only four features being selected, though even
in this simpler model we see the effects going in opposite directions.

feature correlation  coef_ridge coef_lasso
imd_rank 1.00  —0.0054 —0.0011
income_rank 0.95 0.0025 0.0000
employment_rank 0.92 0.0004 0.0000
hd rank 0.84 0.0006 0.0000
est_rank 0.82 0.0007 0.0000
as_rank 0.78 —0.0018 0.0000
cayp_rank 0.76  0.0006  0.0002
c_ts063_occ_9_pct —0.74 —0.0063 —0.0014
crime_rank 0.71 —0.0012 —0.0014

Overall, the LASSO provides a model with better performance than Ridge regres-
sion, and its implicit feature selection tends to select just one (or a small number) out of
each group of correlated features. There are some potential practical difficulties though,
and these are discussed in Section 7.5.3 below.

Before we move on, we use this opportunity to discuss coeflicient paths—the values
that each coefficient takes as the penalty increases. In an insurance rating context, two
high correlated features can each have a positive impact (say) on risk. When fitted sep-
arately in a GLM, each will have a positive coefficient. When both features are entered
into the same GLM, though, it is possible that one will have a large positive coefficient
and the other will have a negative coeflicient. This is known as a reversal. If either of
these two features are self-declared by the policyholder, or chosen at the time the policy is
taken out, then this reversal is almost guaranteed to cause adverse selection. An example
is if the correlation between car value and deductible leads to lower deductibles having
higher discounts. Policyholders will obviously choose higher discounts. In this particular
case, it might be possible to exclude the deductible from the model, model claims gross
of the deductible, and then manually calculate the deductible scale. Such manual inter-
vention is not always possible. The LASSO can sometimes help, i.c., it is possible—but
not guaranteed—that as penalization increases, the LASSO will deal with reversals for us.

Figure 7.5 shows the full coefficient paths for the highly correlated features shown above
in Table 7.1.
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Figure 7.5. Coefficient paths for some highly correlated
features. Models with small amounts of penalization
show reversals and high coefficients. At the 1 s.e. model,
most of the reversals have been dealt with and the
coefficients are much smaller.

It can be seen that among models with little penalization (far left), the coefficients
were very large, and there we many reversals (given that these features are all picking up

the same effect, the coeflicients should all have the same signsz).

7.4.5. Principal component analysis

In Table 7.1 we saw that the LASSO selected four out of nine highly correlated features.
All of these features involve deprivation. The only feature in this list that is not directly
related to deprivationisc_ts063_occ_9_pct. This feature is the percentage of households
in an area where employment is in an “elementary occupation”. A high percentage here
may also signify a highly deprived area. The features that have been selected are therefore
really a proxy for any measure of deprivation. In communicating this, we cannot really
say that the main effect being measured is crime or elementary occupations. It might
therefore be easier to replace all of these features with one feature representing depriva-

tion and to have just one coeflicient for this replacement feature.

52 One feature, c_ts063_occ_9_pct, had a negative correlation with the others, but we have multiplied its
coeflicient by —1.
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Principal component analysis (PCA>?) potentially allows us to do this. It replaces
our original features with a new set of features which are not correlated with each other.
The new features are linear combinations of the old features. If we are lucky, inspection
of the weights of these new features might allow us to describe them in some general and
useful way.

The largest loadings of the first principal component from a PCA on our data are as

follows:

pca_l= 0.0275 * imd_rank
+ 0.0274 * income_rank

—0.0307 * c_ts063_occ_9_pct

The imd_rank and income_rank are indices of deprivation with higher scores mean-
ing less deprived. The positive loadings above mean that high values of the first principal
component mean that households in LSOA do not suffer from deprivation.
c_ts063_occ_9_pct is the percent of households in the LSOA where employment is in
“elementary” occupations. Given the negative loading, higher values of this feature will
be associated with low values for this component. Overall, then, this component is very
much related to deprivation, with higher values relating to less deprivation.

The second feature (loadings not shown here) is harder to understand. Large posi-
tive loadings are given to the features professional occupations and working from home.
Large negative loadings are given to the features country of birth in Europe and skilled
trades occupations. Further features are also not that easy to understand. Therefore, in
our particular case, the PCA components may not help that much with interpretability.

Regarding performance, we note that in GLMs, the linear predictor is a linear com-
bination of features. Therefore, with appropriate coefficients a GLM using PCA based
components (which are themselves linear in the original features) can give exactly the
same predictions as any GLM based on the original features. In addition, a small number
of principal components represent (in a mathematical sense) much of the information
conveyed by our features (as measured by variance). In our case, the first two compo-
nents represent almost 90% of the variance of our data. We can therefore hope that our
PCA based model will have the same or similar performance as our original model but

with less features.

53 PCA is a dimensionality-reduction technique that transforms correlated variables into a smaller set of
uncorrelated variables called principal components, which capture the most variance in the data. We
assume that the reader is familiar with it.
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In our case study, performance using only a small number of the principal compo-
nents is not good. We trained a model using enough components (the first 17) to capture
99% of the variance of the data. Pseudo-R? was only 0.13 - this is much worse than pre-
vious models. The reason for this (as discussed in Maitra and Yan (2008)) is that PCA is
unsupervised - it does not look at the target variable when creating components. There
might be a component that is quite minor as measured by the amount variance in the
original data that it accounts for, but is very important in predicting accident frequency.
That is exactly the case for us. In the LASSO fitted on all the principal components, the
largest coefficient is for component 54, despite accounting for less than 0.001 % of the
variance in the original data. This situation still seems surprising and is further discussed
in Section 7.5.4.

PCA has not led to a simpler or more easily interpretable model. In addition, since
each component is made up by loadings on every original feature, a model based on PCA
requires all of the features and so is actually harder to implement operationally than the
simple LASSO model which did not require all of them. Operational issues are not always
a consideration, though. We might be interested in ranking areas in terms of accident risk
as part of a broader geographical risk analysis. As in the case of our FAA-NSTB study,
we might implement our findings by assigning each zip code to a group and so how we
arrived at these groups does not need to be operationalized. In these cases, the fact the
PCA requires all of the original features is not a disadvantage, and as long at it provides
other advantages (such as making the models easier to fit) we should use it.

Before the LASSO was easily available, PCA would have been (and still is) one way
to get a non-penalized linear model to converge and to have sensible confidence intervals
for parameter estimates. Overall, as we have seen PCA has advantages (e.g., dimension
reduction, interpretability of components, non-correlated features, and so quicker run
times, convergence of non-penalized GLMs) and possible disadvantages (e.g., it is not
supervised so early components may not be predictive, use of all original features is nec-
essary). Whether or not PCA is overall beneficial will depend on the particular analysis
and more generally on the domain (e.g., insurance, genomics, chemical engineering, etc.).

Other than PCA, any other dimension reduction technique can also be used to try to
deal with highly correlated features. Two examples are Independent Component Anal-
ysis (ICA) and autoencoders. ICA transforms the features to be independent. Unlike
PCA there is no focus on trying to represent as much as possible of the variation of the
original data in the first few features. We carried out ICA followed by the LASSO on our
data. Performance was the same as for the LASSO and the components were of inter-
est. Autoencoders use neural networks to create low-dimensional (nonlinear) represen-

tations of our data, and they are not discussed further here.
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The above dimension reduction techniques are all unsupervised, and, as discussed,
there is no guarantee that the components extracted will be important in terms of pre-
dictive power. Partial Least Squares (PLS, see An Introduction to Statistical Learning
James et al. (2021), Section 6.3) is a supervised method that creates components in such
a way that they are important for prediction. It was specifically created for situations like
ours, where many of the features are highly correlated. PLS has been extended to work
in the GLM setting and is called, unsurprisingly, PLS-GLM.>* To ensure sparsity, the
PLS-GLM components can be extracted and then used as input to the LASSO. In our
case, the LASSO selects the first 10 PLS-GLM components and performance is reason-
able. The components themselves are also fairly interesting. We don’t discuss PLS-GLM
further in this note, but it certainly seems useful, especially for gaining insight into the
underlying features that are driving performance of the model.

Cluster analysis is often discussed alongside dimension reduction — because they are
both examples of unsupervised learning. However, in our context, it does not seem par-
ticularly useful. We could create clusters of similar areas based on their features. This
might be of interest from a data exploration perspective - but this would not necessarily

lead to useful features to use in a regression.>>

7.5. Practically Speaking

7.5.1. Fold variable in time series data

An observation for each LSOA is present for every quarter from 2018 to 2022. Consider
the case where, within each LSOA, observed accident frequency is fairly stable over time.
If we choose our fold variable for each line in our dataset at random, then the same LSOA
will be in different folds. If we then see good cross-validation performance, we will not
be sure if some of the performance is the result of the model having seen the LSOAs
in the validation dataset during training. We therefore allocated all the observations for
each LSOA into one (randomly selected) fold. In private auto insurance, the same policy
number can be present in the dataset many times. For example, in any one policy year,
each time there is a midterm adjustment to the policy (for example, a change of address)
a new line of data may be generated. And the same policy number may be present over
multiple years if the policy renews. For the same reason as discussed in our case study, it

seems sensible to allocate all observations for any one policy to a (random) fold.

54 At the time of writing This is available as a the plsRglm package in R, see Bertrand and Meyer (2018).

55 Incidentally the distance that each observation is from the cluster centroid can be useful, for example in
fraud modeling. In some domains, it can be the case that customers or transactions who are unusual in
some way are more likely to be fraudulent. Isolation forests are an easy machine learning technique to
find such customers or transactions.
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7.5.2. Hinges and splines with correlated features

The astute reader may have noticed that the graphs and tables of coefhicients in this chap-
ter were only for the original features. No hinges or splines were added. In the authors’
experience, it is often the case that the contribution to predicted accident frequency of
this type of data is not a linear relationship. One possibility is that across much of the
range of a feature there is no effect and only at the extreme values is there an increase
in risk. Our reason for excluding splines here was purely for simplicity of exposition.
If splines are included at the start of the analysis before highly correlated features are ex-
cluded, then things get a little more complicated. This is because it is possible that feature
selection will select one of the original features for the main effect and the spline of one
of the other features to capture some of the nonlinear shape of the effect. Adding this

element to the case study was not needed to illustrate the main points in this chapter.

7.5.3. LASSO in the presence of highly correlated features

A difficulty encountered in this case study was that, in the presence of highly correlated
features, the LASSO implemented in one software often failed to converge and the run
times were very long.>® Part of the solution to this was to use the elastic net with high
values (@ = 0.95). Proprietary software with custom solvers can perform more consis-
tently. In either case, it does seem reasonable to use common sense first and remove the

most highly correlated features.

7.5.4. High coefficients in later principal components

Despite principal component analysis (PCA) being unsupervised and, therefore, us not
being totally surprised that a later component might be predictive, the extent in our study
is unusual. Investigation showed that we had made a basic error in our features. We
had originally noticed that one of the deprivation indices (living environment) is based
partly on air quality and partly on the accident rate itself. We therefore only included
the air quality feature. We excluded the living environment and accident rates features
as it is clearly an error—and the ultimate in leakage—to include a feature derived from

accidents to predict the accident rate. However, we did still include the overall IMD.

56 The ability of the model to converge at all, regardless of runtime, also depended on the hardware on
which it was run

Casualty Actuarial Society 121



From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

Principal component 54 has the following main loadings:

pca_54 =+ 0.274 * imd_rank
—0.109 * income_rank
—0.055 * bhs_rank
—0.054 * hd_rank
—0.053 * employment_rank

—0.038 * crime_rank

We can see that this feature “reverse engineers” the living environment feature by
deducting the other deprivation indices from the overall index. Hence, one feature in
our model is based partly on accident frequency itself, which, of course, is simply wrong.
The way to proceed at this stage would be to remove the overall IMD and to repeat the
whole analysis. (The authors leave this to the interested reader.)

Therefore, while PCA has not been very helpful to us in terms of interpretability or
sparsity of our model, it has provided us with an interesting way to check the quality of
our data preparation. It seems reasonable that whenever regression is carried out on prin-
ciple components and large coeflicients are fitted to the later components, an investiga-
tion should be carried out to understand why and to ensure there are no data preparation

issues.
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8. Modeling in Two Stages

Often a single GLM is not sufficient to create a full rating plan, and thus there are situa-

tions where we want to do something along the lines of:

* Fita GLM or insist on some fixed starting point as a first stage.
* Then carry out some adjustment or another modeling process as a second stage.
* Finally, recombine the original GLM and the results of the second stage into a model

which can make predictions based on both stages.

There are various situations when splitting out one aspect of our model into a second

stage has operational or technical advantages. Some examples are:

* Sometimes, when we submit a new rating plan to a regulator, we don’t want too much
to change at once. One easy way to ensure control over what changes is to somehow
insist that our existing rates are a fixed first-stage model and to fit a second-stage GLM
to see what incremental changes we might want to propose.

* We have one or more features for which the relativities are fixed, and we want to fit a
GLM given these loads/discounts. An example often seen in practice is a deductible
discount scale.

* In arating system, we have some basic features, such as age and location, provided by
the customer. We have further data enrichment features that are available at the time
of quote (ata cost). The enrichment features are correlated with the basic features. An
example might be that the enrichment feature is credit score (if it is permitted), and
this is correlated with customer age. Consider the case where the average load in the
rating plan for a 20-year-old driver consists of a 20% load based on age and a further 5%
load based on credit score (because average credit scores are poor for younger drivers).
If the enrichment services which provided credit score data fail for a day (say), then the
average quote on that day will be 5% too cheap for those drivers. In such a case, it might
be beneficial to first fit a GLM for customer age, and as a second stage add credit score
to the model while insisting that the relativity for age does not change (“controlling”

for age). This way, if enrichment fails at the time of the quote, at least the age relativity
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will be correct.>”

* Sometimes, a GLM is not sufficient for our needs because it cannot fully capture the
relationship (we will explain this further below). Consider dealing with risk which
varies by geographical area. Itis not easy to deal with this purely in a GLM framework.
We might therefore want to fit all the features that we can within a GLM. Then, as a

second stage, we can complete our geographical area rating using some other approach.

In this chapter, we will discuss some of the reasons for two-stage modeling in more
detail and how technically we might go about it. We will look at some aspects of our
simulated auto insurance and FAA-NTSB case studies for which we might want to use

this technique. There are three straightforward practical techniques we will need:

* fixing coefficients with an offset
* using the residuals from a first model in a second model

* combining parts of multiplicative models.

We will not exhaustively cover all situations where these might be used, but once the three

ideas are understood, their application to novel modeling challenges is straightforward.

8.1. Fixing Coefficients With an Offset

Offsets and reasons for using them are discussed in Goldburd et al. (2025) Section 2.6
and in significant detail in the clear and easy-to-read paper, “Applications of the Offset
in Property-Casualty Predictive Modeling” (Yan et al. (2009)). The latter source covers
much of what we discuss in this chapter. The mathematics of offsets and their application
was further extended in Shi (2010).

What follows is an example to motivate why we might want to use an offset and how
to do it.

Consider a very simple model in private passenger auto. There are only two features,
age and no claims bonus (NCB). NCB is a number which is awarded to each insured
based on their claims history. Every driver starts with an NCB of zero. If they drive for
a certain number of years without any claim, then their NCB increases by one up to a
maximum of four. Age will be represented by a categorical variable A, B, ..., E, where A

represents the lowest ages and E represents the highest ages. 58

57 As an aside, another way to deal with this is to include in the credit score table in the rating plan a line
for failed enrichment, which varies by age.

58 In practice we would never replace a numeric feature such as age with a categorical feature, as it destroys
relevant information about the order and proximity of the ages. We have done it here for pedagogical
reasons only.
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Data were simulated to represent this situation, and a sample of the simulated data
is shown in Table 8.1. Age group takes values A, B, ..., E and NCB takes values 0, 1, ...,
4. gt_rel_ncb (the true relativitiy for NCB) and rel_ncb_mbkt (the relativity for NCB
communicated by the marketing department) will be discussed below. num_cl is the

simulated number of claims.

Table 8.1. Simulated data for private auto example. Age
group takes values A, B, ..., E. NCB takes values 0, 1, ..., 4.
gt_rel_ncb is the true relativity for NCB, and rel_ncb_mkt
is the relativity for NCB communicated by the marketing
department. num_cl is the simulated number of claims.

id age ncb gt rel ncb rel_ncb_mkt num_cl
1 B 1 0.95 0.65 0
2 D 3 0.85 0.40 0
3 D 3 0.85 0.40 0
4 A 0 1.00 1.00 0
5 D 2 0.90 0.50 1
6 B 1 0.95 0.65 0
7 D 4 0.80 0.20 0
8§ D 2 0.90 0.50 0
9 D 3 0.85 0.40 1
10 A 2 0.90 0.50 0

Typically, only drivers at older ages have been insured long enough to earn the higher
levels of NCB, and so there is a very strong relationship between age and NCB (see Ta-
ble 8.2).

Table 8.2. The number of insureds in each combination
of age and NCB in the simulated data. There is a strong
relationship between age and NCB. (Note that the age
categories and NCB step-back rules were not specifically
defined in the simulations—we simply ensured that the
typical expected correlations between older ages and
higher NCB levels exist.

NCBO 1 2 3 4

age
A 132381 54519 12194 1237 26
B 55624 82213 49354 12283 952
C 11053 49903 77029 50248 11291
D 920 12187 49027 81946 55690
E 22 1178 12396 54286 132041

Since the data are simulated, we know the underlying ground truth for the true rela-
tivities for age and NCB (see Table 8.3).
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Table 8.3. The ground truth relativities for NCB and age
used to simulate the data.

age A B C D E

true relativitcy 1 0.7 0.6 0.5 0.4
NCB 0 1 2 3 4

true relativitcy 1 0.95 0.9 0.85 0.8

For simulations, we set claim frequency for age A and NCB 0 to 10%, and then the
frequencies for all other combinations of age and NCB can then be derived from Ta-
ble 8.3.

For simplicity, we assume that if there is a claim, it will be for exactly $10,000. This
means that the correct risk premium for an insured in age band A and NCB 0 is the
product of the intercept of the claims frequency model (0.10), the relativity for age group
A (1.0), the relativity for NCB level 0 (1.0), and the expected severity (10,000):

0.10x 1.0 x 1.0 x 10000 = $1, 000
Likewise the correct risk premium for an insured in age band E and NCB 4 is
0.10 x 0.4 x 0.8 x 10000 = $320.

A Poisson GLM with a log link was fitted to the data, using age and NCB as predic-
tors. The exponents of the fit coefficients (exp f) from the GLM are close to the ground
truth and are shown in Table 8.4.

Table 8.4. cxp g are the exponents of the fitted

coefficients from a GLM with age and NCB. It can be seen
that they are close to the true relativities.

age A B C D E

true relativity 1 0.7 0.6 0.5 0.4
expff 1 0702 0.605 0.494 0.390
NCB 0 1 2 3 4
true relativity 1 0.95 0.9 0.85 0.8
expf 1 0937 0.900 0.846 0.826

Based on the coefficients from the fit GLM (and given that the exponent of the fit
intercept is 0.10), the risk premium for an insured in age band E and NCB 4 is

0.10 X 0.39 x 0.826 x 10000 = $322,

which is close to $320, which we know to be correct.
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When we present our relativities to the business, we are told that they cannot use the
NCB relativities. This is because the marketing department has already communicated
to potential insureds a scale of discounts for NCB which are much larger than those out-
put by the GLM. Table 8.5 shows the discounts communicated by the marketing depart-
ment>’—it can be seen that they are far larger than those from the fitted GLM or the

ground truth.

Table 8.5. exp f are the exponents of the fitted
coefficients from a GLM with age and NCB. The table
compares these to the marketing relativities (or
discounts). We can see that there are some large

differences.
NCB 0 1 2 3 4
true relativity 1 0.95 0.9 0.85 0.8
exp p 1 0937 0.900 0.846 0.826
marketing relativity 1 0.65  0.50 0.40  0.20

If we use the GLM relativities for age and the marketing discount for NCB, then the

risk premium for an insured in age band E and NCB 4 is
0.10 X 0.39 x 0.20 x 10000 = $78,

which is far too low.

Since age is highly correlated with NCB, we should be able to fix this at least partially
by adjusting the coeflicients for age to allow for the very large marketing discount for
NCB level 4. We could try to do this manually, but we can actually achieve this very
easily by just “telling” the GLM that it must use the marketing relativities for NCB and
only to fit the coefhicient for age.

Given a log link, we use y to refer to the expected (annual) claim frequency60 and
n = log(p) to refer to the linear predictor (i.e., the log of the expected claim frequency).
Then for an insured in age band E and NCB band 4, our first model was

u = intercept X (coefficient for age band E)
X (coeflicient for NCB band 4)

59 This is a very extreme example for illustrative purposes.

60 In our simplified simulation example, every observation represents exactly one year of exposure. In most
practical situations, each observation represents an amount of exposure (ex) between zero and one, the
claim frequency is calculated as num_cl/ex, and the expected number of claims for an observation is
ex X f.
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and taking logs,

n=logu
= logintercept + log(coefhicient for age band E)
+ log(coefficient for NCB band 4).

Given the marketing discounts for NCB, we now need to fit a model where the linear

predictor is given by
n = log p = logintercept + log (coefficient for age band E) + log (0.20)

The value log (0.20) in the above model is known as the offset because it adjusts (off-
sets) the linear predictor by a given amount.

A Poisson GLM with a log link was fitted to the data, using age as the predictor and
including an offset for the logarithm of the relative marketing discount. The coefficients
for age in this GLM are shown in Table 8.6.

Table 8.6. The exponents of the coefficients for age from
a GLM where the marketing relativities for NCB are
offset. The fitted intercept (not shown in the table) is

0.112.
age A B C D E
true relativity 1 0.7 0.6 0.5 0.4
exp p 1 0.702 0.605 0.494 0.390
exp f when NCBoffset 1 0.849 0.925 0.980 1.057

Given an estimated intercept of 0.112 and using the marketing discounts for NCB
and the revised relativities for age, the risk premium for an insured in age band E and
NCB 4 is

0.112 x 1.057 x 0.20 x 10000 = $237,

which while still far from the true risk premium of $320 (or our original risk premium of
$322) is significantly better than $78.

In this case, the GLM has used the strong relationship between age and NCB to cor-
rect for the excessive NCB discount communicated by the marketing department. For
example, for NCB group 4 the true relativity is 0.8 and the marketing discount is 0.2—
hence without adjusting the age coefficient—the resulting premium will be 0.25 (%) of
the correct amount. Since most of the NCB group 4 is in age group E, the increase of the
age coefficient for age group E to 1.057, compared to 0.39 in the original model, helps to

make up some of the difference.
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To the extent that other features are correlated with the feature to which the offset
applies, their coefficients will change in order to bring the model predictions closer to
what they would have been using all the features. We end up charging less unreasonable
premiums to all customers despite our marketing department’s bold promises on NCB
discount.

In the introduction to this chapter, we mentioned that in practice we may wish to off-
set a given deductible relativity. In this and similar cases, if we are fitting both frequency
and severity models, the question arises: how much of the discount should be offset in
the frequency model and how much in the severity model? Unless it is obvious from the
situation that the effect should be offset totally in one or the other, a simple approach is
to offset equally (i.e., the square root of the load/discount) in each.®!

Before moving on, we note that Table 8.6 exhibits what is known as a “reversal”: the
estimated coefficients for age increase with driver age, even though we know they should
decrease. While the application of the offset has indeed left us with less unreasonable
premiums, the outcome is far from perfect. For example young, safe drivers will now be

grossly undercharged.
8.2. The Hypothesis Space of GLMs

In the introduction to this chapter, we mentioned that the hypothesis space of GLMs is
occasionally insufficient for our needs, and so the GLM cannot “grasp” some relation-
ships between risk classes. Here we discuss this point in more detail. In the two following
sections we show how we can use offsets or residuals to create two-stage models, as well
as the mathematical equivalence of these methods.

Once a GLM has been fit, we essentially have a function which maps from the input
features to the predicted target. If xq,x,,...,x p are the features and y is the predicted

target, then our GLM is a function:

A

fi(xxg, . x,) 2 P

For example, if we fita GLM with an identity link, and the only feature is aircraft age
and the estimated coefficient is 2, then the fit GLM is

fi(x) P 2Xxy,

61 Alternatively, more accurate approaches could be used. For example, we could fit separate frequency
and severity models and include the feature that we want to offset. We can then inspect the coefficients
fitin the frequency and severity models and use them to inform how we split the offset.
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where x is aircraft age. The estimated function is known as a hypothesis, and the set
of all functions that could have been fit is known as the hypothesis space. There are an
infinite number of possible functions in this GLM’s hypothesis space because there are
an infinite number of coefhicients that could be chosen instead of 2. Despite there being
infinite functions in the GLM hypothesis space, there are a great many that are not. For

example,

f: (x1)+—>2><i
X1

is not (because with an identity link, g is not a linear function of x;). We can get around

this quite easily by creating a new feature x, = xi and then we would have
I
fi(x,x) P 2X X5,

Now consider a harder case from auto insurance. Each car is associated with two
locations: the house where the owner lives (x;,,, and xy;,) and the place where the
car is parked overnight (x,;,,, and x5;,,). We might want to test whether the distance
between these two locations impacts the probability of an accident or of a theft. Using
the two sets of longitude and latitude as features in a GLM will not help. Rather, we need

to create a new feature to represent the distance:

X3 = \/(xllong - x210ng)2 + (xllat - 'leat)2

and use this new feature in the GLM. This idea of engineering new features is exactly
how we overcame the two limitations of the GLM hypothesis space discussed so far in
this note. We engineered hinge and step functions to overcome the GLM hypothesis
space only containing functions which are (roughly) linear combinations of the features.
Allowing the GLM to fit interactions also involves engineering new features (although
this is often built into the software which fits the GLMs). We have to pay very careful
attention to feature engineering to successfully use the GLM with its relatively simple
hypotheses space.

An alternative to GLMs is to use a model with a less restrictive hypothesis space, al-
lowing us to avoid much manual feature engineering. Back in 1989 it was proved (Cy-
benko (1989), Universal Approximation Theorem) that, given our original features, and
without us doing any feature engineering, a neural network can approximate any contin-
uous function of those features as accurately as we would like. For example, with appro-
priate training the neural network will find the correct shape for the nonlinear effects.
Other machine learning methods, such as gradient boosting machines, given the original

features, have a different hypothesis space than GLMs and might be able to fit a model
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which performs better than a GLM.

The downside of models that are more complex than GLMs is that they are not easily
interpreted. If a customer or a regulator asks for an explanation of the rate, it will not be
easy to provide it. There is a compromise. We can use a GLM for the features that it
can easily fit and for those which we can easily engineer. Then, as a second stage, we can
feed the residuals from this model into a more complex model to deal with aspects of the
modeling task which are not as easily represented or discovered by a GLM. We will then
need to find a way to combine the output from the more complex model, or the features
that it has generated, with the GLM.

A particular widespread (in current practice) application of the above is geographic
rating. Consider zip codes (or census tracts), an extreme case of an HCCV. We can par-
tially deal with this by not modeling zip codes directly but rather adding features related
to zip codes to our dataset, such as population density or the distance to the nearest school
or police station or fire hydrant. However, whether or not we have such data, there is an-
other point to consider. Following Tobler (1970) the famous (and maybe obvious) first
law of geography is “Everything is related to everything else, but near things are more
related than distant things.” In our case, we expect that claims experience in nearby zip
codes is similar. Although we don’t have a lot of information in each zip code, if we can
somehow smooth or average the claims experience of nearby zip codes, this might be an
important feature in our model. It is not easy within a GLM framework to carry out

geospatial smoothing.®* This suggests to us again a two-stage model:

* Fita GLM to all features except zip code (and possibly zip code related features).
* Use the output of the GLM (offsets or residuals) to carry out geospatial smoothing
with a different model type.

* If necessary, combine the results of the geospatial smoothing with the GLM.
8.3. Two-Stage Models Using Offsets

In this section, we show how we can use an offset to fit another model which aims to find
additional relationships between features and risk, above and beyond what a first-stage
model has found. The example we will use is our FAA-NTSB case study, and we will
look to fit a second-stage model to produce a smoothed view of geospatial risk across the
US. We use the zip code of the person to whom the aircraft is registered as the location
of interest. (This example is for pedagogical interest only—there is no particular reason
to assume that the zip code of the registered owner should impact the frequency of the

types of aircraft accidents in the NTSB database.)

62 Tt can be done to some extent with a bespoke penalization scheme. See for example GLUM Contribu-
tors (n.d.).
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The model fit so far as a result of our work in previous chapters is our first-stage
model. We have a file, which for each row in our original data, contains a unique id
and the predictedé3 number of claims from stage 1. To this file, we add the zip code
and then look up the longitude and latitude. A sample of the resulting file is shown in
Table 8.7. The “ex” column is the number of aircraft-years represented by each line—for

these observations, 1.%

Table 8.7. A sample of the records and predictions from
our first-stage model. (Note that exposure is one (year)
on these records, but this is not true across all
observations.)

number of claims

unique_id_line fold zip5 ex lon lat actual expected
285985 S 15668 1 —=79.670 40.461 0 0.00085
1670670 0 21822 1 =75.636 38.281 0 0.00260
1769520 0 60077 1 —87.757 42.035 0 0.00932
454832 2 83607 1 -—116.751 43.709 0 0.00145
1387894 4 85248 1 —-111.870 33.215 0 0.00183

For convenience, we summarize this file to zip code level. (It is not obvious that
we can do this without changing the results of our second-stage model—but in the case
where we use a Poisson distribution, it happens to be true.) The resulting table has infor-
mation on about 700,000 aircraft-years spread across 20,000 zip codes. For this example,
we use the first five digits of zip code, we exclude Alaska and Hawaii, and also only use
records for registered owners who are individuals (as opposed to corporations). A sample
of the resulting table is shown in Table 8.8.

In order to visualize any possible geographic patterns, we now plot the residuals from
the first model on a map. Given the multiplicative nature of all our modeling so far, we
define “residual” as the actual number of claims divided by the predictions from the stage
1 model (i—j, where j represents a zip code). (Where the actual number of claims is zero,
we replace the zero residual with a small number, e.g., 0.01—this will be important later
on, where we might want to take the log of the residuals.) Figure 8.1 shows the log of the
residuals summarized to the first three digits of the zip code and where we include only

zip codes with more than 500 aircraft-years.

63 Sometimes referred to as expected.
64 The techniques being discussed will work for any (positive) numeric values for exposure.
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Table 8.8. A sample of the records and predictions from
our first-stage model summarized to zip code level (first
five digits). For example, across all our records for zip
code 15668, the sum of aircraft exposure years is 15.65,
the total number of claims is zero, and the sum over
these records of exposure times predicted (annual)
frequency from our previous model is 0.014.

number of claims

zipS ex lon lat  actual expected
15668  15.65 —=79.670 40.461 0 0.014
21822  15.14 —75.636 38.281 0 0.037
60077 9.37 —=87.757 42.035 0 0.039
83607 182.28 —116.751 43.709 1 0.759
85248 249.62 —111.870 33.215 0 0.739
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Figure 8.1. The log of the residuals (actual number of
claims divided by predictions) from the stage 1 model.
Only zip codes (first three digits used here) with 500 or
more aircraft-years are shown. Patterns are not easy to
spot, but possibly Florida has consistently low residuals,
whereas there seems to be a band of higher residuals
running from Oregon through Idaho and into western
Montana.

We want our second-stage model to predict the number of claims for each aircraft
using longitude and latitude of its owner’s residence. We also want it to start where the
first model left off—a high number of claims for a particular area does not mean that
area is a high-risk geography—we might have been expecting a high number of claims
simply given the predictions from our stage 1 model. If pred, and pred, are the predicted
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frequency from our first-stage and second-stage models, we need
pred, = pred, X geographic effect.
Taking the log of both sides, we have
log pred, = log pred, + log (geographic effect).

So, if our second-stage model is multiplicative and allows for the use of an offset, then
our target variable is claim frequency (with exposure as weights), and we use the log of
the expected claim frequency from the first-stage model as the offset.®> The model type
that we chose to use for the spatial smoothing (generalized additive models, GAMs) does
allow this formulation.

Our main aim here is to demonstrate the use of an offset to achieve second-stage mod-

els, but nevertheless, out of interest we show the result of the spatial smoothing in Fig-

ure 8.2.
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Figure 8.2. The log of the predictions from the GAM are
shown. It can be seen that these are high from Oregon
through Idaho and into western Montana and somewhat
low in Florida.

Above, we used predictions from a first-stage model in a second-stage model. If we
are not careful, the predictions of the first-stage model for each observation will be based
on having seen the value of the target variable for that observation. The problems this

might cause, and how to avoid them, are discussed further in Section 8.9.

65 An alternative formulation is: Target variable-number of claims; offset—log of (exposure times the ex-
pected claim frequency from the first-stage model); weight—not needed.
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8.4. Two-Stage Models Using Residuals

When we use a second-stage model as part of our modeling process, there is no guarantee
that it will have the option for an offset. In the cases where an offset is not available,
we can model the residuals instead. Given the multiplicative nature of our modeling,
we define the residuals as the target for the first-stage model divided by the predictions
from the first-stage model, 6 and we use these as the target for the second-stage model.
Continuing to look at our data aggregated to zip code level in Table 8.8, the target for the
first row will be ﬁ = 0 and for the fourth row will be ﬁ = 1.353. Some residuals
are based on more data, and we are therefore more certain about them (they have a lower
variance). We allow for this in the second-stage model by using the weight option and
setting it equal to exposure times the predicted (annual) frequency from the first-stage
model.

In our case, the results from the second-stage model with this approach are identical
to those when using an offset. We would typically expect this when using a Poisson,
log-link model, since it has been shown by Yan et al. (2009) (Appendix A), and then
generalized by Shi (2010), that the two approaches are mathematically identical.

8.5. Two-Stage Models Using Preadjustment

This section draws directly from Shi (2010). In order that the interested reader can refer
to that paper without confusion, we will use a similar®” notation here; for observation
i, ¢; is the actual number of claims, /; is the cost of claims incurred, and e; is exposure.
Finally u; is used to refer to the predictions from the first-stage model.

Above, we talked about modeling residuals. For a frequency model, in our first-stage
model, the target was claims frequency (?), the weights were the exposure (e;), the pre-
dicted frequency is denoted by u;, and the predicted number of claims is e; X u;. We
then defined residuals as the actual number of claims divided by the predicted number

of claims

Ci

e; X u;
and we used this residual as a target variable, and we claimed (without much proof)

that we should use the predicted claim counts (e; X u;) as weights.

If we express our residual as

c;le;

U;

66 Using division rather than subtraction to arrive at the residuals is not a theoretical nicety; it is a practical
necessity. This is because the result of this analysis will be an extra table in our rating structure whose
relativities will multiply the results until that point.

67 Qur notation is similar but not identical.
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we can consider our target as the frequency, adjusted by the predictions from the first
model. Where the prediction is high, we reduce the frequency as we don’t need the
second-stage model to pick up this effect which is already picked up by the first model.

Shi (2010) proved that modeling the adjusted frequency and using weights e; X u; is
correct and identical to using the offset. Consistent with referring to the target as “ad-
justed frequency,” Shi refers to e; X u; (which are our claim count predictions from the
first-stage model) as “adjusted exposures.”

In Table 8.8, we summarized our residuals by each level of the zip code (zip5). Shi
(2010) proves that in this case, too, the weight that we used (the sum of the predicted

(e; X u;)) is correct.

claims for the zip code, )’

iin a given zip code
The case studies in this monograph focus on modeling claims frequency. The tech-

niques discussed (dealing with nonlinear eftects, HCCVs, etc.) apply equally to modeling
claim severity (i—’l) or (annualized) loss cost (i—’l) In our discussion here, too, we may wish
to see how predicted claims severity from a first-stage Gamma GLM should be adjusted
by zip code or how predicted (annualized) loss costs (i.e. risk premiums) from a Tweedie
GLM should be adjusted. The process is the same, fit a first-stage model without zip
code, summarize the predictions by zip code, calculate the residuals (or “adjusted claim
severity” and “adjusted loss cost”), and then fit the stage-two model with appropriate
weights.

Shi (2010) provides the correct weights in these situations, too. For the convenience

of the reader, we summarize Shi’s results (see Shi (2010) , Table 3) in Table 8.9.

Table 8.9. The correct weights for modeling adjusted
frequency, severity, or loss costs. The notation is
described in the main text. Note in particular that »;, on
each line in this table represents the predictions from
the first-stage model fitted in that case. The sums are
over all observations in a given zip code. If there are
100,000 zip codes, then the resulting dataset will have
100,000 lines, one for each zip code, each line containing
the value of the target variable and the weight, as well
as any features used in the second-stage model. If the
second-stage model requires cross-validation or similar,
the summations are per zip code and fold.

Model Distribution Response Variable Weight Variable

Frequency Poisson > el Y(eu;) > eu;
Severity Gamma 1Y (cu;) Y
Losscost  Tweedie(p) 1Y (eu;) D eiu?_p
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8.6. Recombining the Two Models

The result of the second-stage model fitted above, whether using a GAM or any other

method to deal with spatial data, is a file which contains a relativity for each zip code. For

any individual aircraft we look up the zip code relativity and apply it to the result of the

rating plan so far. Some examples of the result of our analysis are shown in Table 8.10.

Table 8.10. A sample of zip code relativities from the
stage 2 model. If the predicted frequency for an aircraft
in zip code 15668 from the stage 1 model (i.e., rating plan
excluding this table) is 0.001, then the prediction
including this table is 0.001 x 0.53113.

zip5

stage2_pred

15668
21822
60077
83607
85248

0.53113
1.01655
0.92112
1.72816
0.71129

To find a predicted frequency from our two models, we simply calculate a prediction

from the first model and multiply it by the zip code relativity from the second model. No

turther analysis needs to be done.

A practical point to note is that it might be more convenient to provide the results as

an allocation of each zip code to an area group—this is discussed further in Section 8.9.2.

8.7. Combining Parts of Multiplicative Models

Our FAA-NTSB model has various features that are related to the make and model of

the aircraft. Some examples of these features are:

* faa_eng_hp_char—horsepower for piston engines. Coded as a letter (e.g., “A” repre-
sents 0-149 hp and “B” represents 150-249 hp).® For example, the Lycoming O-320

series of engines, with around 160 hp, is used in the Cessna 172M—a very popular

training aircraft—and is coded as “B.”

68 In reading details of this and the following features, the reader could feel, rightly, shocked. It looks like
the authors have taken a useful numeric variable, split it into discrete chunks, and labeled those chunks
with letters which have no inherent order. Discarding order and proximity information in numeric

data by encoding it as categorical destroys information! However, the FAA data for these fields was

not provided as continuous numeric variables, but rather in groups, e.g., for weight, four classes were
provided, CLASS 1: Up to 12,499 Ib., etc. In addition, we have no a priori reason to assume that there
is any order in how accident frequency varies by the weight category.
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* faa_eng_thrust_char—thrust for turbine engines, measured in pounds. Coded as a
letter (“A” represents thrust up to 10,0001b.). Lycoming O-320 is not a turbine engine,
and its power is measured in horsepower (hp), not pounds of thrust. In the raw FAA
data it is coded as thrust 0. In our data preparation we code this engine to “Y,” where
the “Y” category is reserved for nonturbine engines.

* faa_acft_ac_weight—aircraft maximum gross takeoft weight in pounds, grouped into
four classes. For example, class 1 is “up to 12,499 1b.,” and class 4 is “UAV (unmanned
aerial vehicle) up to 551b.” The Cessna 172M maximum gross takeoff weightis 2,5501b.,
and so it is coded to “A.”

e faa_acft_type_acft—fixed-wing single engine (coded to “4”), fixed-wing multi-engine
(coded to “57”), and rotorcraft (coded to “6”).

* faa_acft_num_eng—the number of engines (one, two, three, or four). The Cessa
172M has one engine.

* faa_acft num_seats—the number of seats. UAVs have zero seats, other aircraft have

from one to 400+ seats. The Cessna 172M has four seats.

In addition to the above, we also have a separate relativity for each make-model of
aircraft which we calculated in the chapter on HCCVs. There will therefore be seven
tables which combine to give a relativity for each aircraft. If we can combine these seven
tables into one, we will immediately have practical advantages of a rating plan that is both
easier to communicate and quicker to calculate. We will also have the advantage that we
can see the relative riskiness of craft (according to our rating plan) from one rating table.
This would allow an underwriter with experience in the field to challenge the relative risk
assigned to each aircraft.®’

Achieving this is straightforward. We prepare a table that has all the features for each
aircraft. Then for each feature, we find the relativity for that table and multiply them
together. As an example, the data for the Cessna 172M would be as in Table 8.11. The
product of all the relativities shown is 1.37. This compares to relativities of above 3 for

various makes of helicopter.

69 Thisalso helps enormously with model interpretation, as the factors estimated for each of these variables
may be distorted by correlation, given the common grain and risk element underlying all of them. Rolled
up into a single factor, that correlation is “aggregated away,” and the impact of this “area” of the rating
plan can be seen and understood more clearly.
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Table 8.11. An example of how to calculate the overall
relativity for an aircraft.

feature feature value relativity
make CESSNA 1.30
model 172M 1.15
faa_eng_hp_char B 1.00
faa_eng_thrust_char Y 1.36
faa_acft_ac_weight CLASS 1 1.69
faa_acft_type_acft 4 1.00
faa_acft_num_eng 1 0.41
faa_acft_num_seats 4 0.97

8.8. Further Examples

8.8.1. Credit scores

We have mentioned previously that it might be beneficial for certain parts of the GLM
to be built separately—even if they are also fitted with a GLM. Credit score is one ex-
ample.70 From an operational perspective, there may be some team members or parts
of the business (or outside vendors) who are experts in understanding the various credit
features, what they mean, and how to use them in a GLM. Scores like this are also very
helpful for interactions, allowing pockets of the data to be identified by common score
which otherwise would be scattered across disparate combinations of the score compo-
nents. Such groups would be obfuscated without a score to demonstrate the similarity of
their constituent records. There are various possible orders for this process. One example
is:
* A GLM is first fitted without the credit features.
* A separate model which uses all the credit features is fitted to the residuals of the first
model.
* The result of the credit GLM is a credit score which is then appended to the original
data as a new feature.

* A new GLM is fit using the credit score feature.

As previously, the GLM which uses the credit score feature can either fit together with
all the other features using the original target or it can be fit on the credit score feature

only using the residuals from the first model.

70 More generally this point applies to any specialized sets of predictors and areas of the data beyond just
credit.
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We note also that in the above process, where the result of second model is appended
to our data as a score and then used in the first GLM, there is no technical need for the
type of the second model to be limited to a GLM. With territorial rating, our motivation
for using a different model form was that a GLM could not easily “grasp” and allow for
the idea of geographic proximity. In this case, our motivation might simply be that it is
easier or quicker to use a different type of model or that it results in scores which are more
accurate. There are potential practical issues with this approach. Firstly (as opposed to
territorial rating where the results of any model type can be stored in a zip code relativity
table), the credit score model needs to be applied at the time of quote—and model types
more complex than GLMs may not be supported. There is also the issue that the results

of more complex model types are not as easily explained as GLM:s.

8.8.2. Usage-based insurance

In usage-based auto insurance, the price is often given as a cost per mile. If when devel-
oping rating plans, we need to ensure that the cost per mile is constant, we can simply use

(the log of) mileage as an offset.

8.8.3. Use of proxy variables

There can be situations where the regulator requires certain variables not to be used (e.g.,
credit score in some states or gender in Europe). This topic has been addressed in “Imple-
menting Anti-discrimination Policies in Statistical Profiling Models” (Pope and Sydnor
(2011)) and in “Discrimination-free Insurance Pricing” (Lindholm et al. (2022)).

Consider the case where one of our features is credit score, and the regulator tells
us that our rates must not depend on it in any way. If we exclude credit score from our
models and there are other features which are highly correlated with it, they will act as
a proxy for it and pick up some of the credit score effect (in the same way that in our
example above, age picked up some of the NCB effect). In this case, management might
prefer to fita GLM with both age and credit score and then, in the final rating plan, ignore
the coeflicient for credit score.

Another case may be that credit score is a permitted variable, but the relativities are
fixed by the regulator. Once again, if we fit a model without credit score and use the
permitted credit score relativities as an offset, then other correlated features may pick
up the difference between the permitted relativities and the true relativities. While this
was the desired outcome in our above example with age and NCD, we might not want
that here. The alternative is to include the credit score feature in the model and then in
the rating plan replace its coefficient with the permitted coefficient. This approach (and

others) is discussed further in the above references.
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In the above cases, itisimportant to note that the intercept may need to be re-estimated.
Consider the simple example of not being able to use gender in a rating plan and where
the multiplicative relativities for gender are 1 for females and 2 for males. Setting the
relativity for all customers to 1 without adjusting the intercept will lead to the overall
premium across all customers being too low.”! Whatever adjustment is made needs to
be monitored over time, as the proportion of customers of each gender may change over

time.
8.9. Practically Speaking

8.9.1. Leakage in two-stage models

Consider a two-stage model where we use the results of a first model in a second model. In
the case of our multiplicative model, we will define “residual” as the target variable (let’s
say this is the number of claims) divided by the predicted number of claims.”* (The dis-
cussion would be identical if we were using preadjusted frequency, see Section 8.5.) If
the first model is saturated (for example, a unique identifier for each record was used as
a feature so that the prediction from the first model is exactly equal to the actual num-
ber of claims for each record), the results from the first model will look something like
Table 8.12. The residual being modeled will be one for all observations, and the second
stage will fit an intercept-only model.

Table 8.12. num_cl is the number of claims. Predictions

from an overfitted first-stage model will render a
second-stage model useless.

ungiue_id fold num_cl stage 1 prediction residual

1 1 5 5 1
2 3 3 3 1
3 2 7 7 1
1000001 9 5 5 1

In general, an overfit first-stage model will reduce the power of the second-stage model. 73

It “uses up” the signal, leaving the second model with less meaningful variation to pick

up.

71 Actuaries often refer to such adjustments as “off-balance” adjustments. See, for example, the interest-
ing discussion in Boor (2022) which notes that off-balance adjustments following credibility and other
analyses should not necessarily be the same for all classes.

72 As discussed above, the weight is also adjusted.

73 As mentioned elsewhere, it also memorizes the random component of the response, which will not help
it better predict outcomes on unseen data.
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To avoid this problem, we need, when fitting the second-stage model, to use the
“cross-validation predictions.” By “cross-validation predictions,” we mean the predic-
tions for each record will be from a model trained excluding all records in that fold. For
example, the first record above (with unique id = 1) is in fold 1. We use the model which
was created on all folds except fold 1 to create a prediction on this record. We do the same
for all records. We then use these cross-validation predictions to create the residual which
is modeled in the second stage.

In our particular case where the unique identifier itself was used as a feature, the cross-
validation model will not be able to make a prediction specific to record 1 and will prob-
ably just predict the overall mean. The same will be true for all records. The resulting
predictions and residuals are shown in Table 8.13. The two records which have values
different from the overall mean (of 5) have residuals different from 1, and so there is a

chance that the second-stage model might find something (if there is anything to find).

Table 8.13. cv predictions from an overfitted first-stage
model will still leave sensible residuals for a
second-stage model to try to fit.

unqgiue_id fold target stage 1 cv prediction residual

1 1 5 5 1
2 3 3 5 0.6
3 2 7 5 1.4
1000001 9 5 5 1

In this section, we used the word “overfit.” By “overfit,” practitioners sometimes
mean that the model has become so overly complicated that while the training perfor-
mance has improved compared to a simpler model, performance on data not used in
training the model has actually deteriorated. In this context, however, we mean any case
where a more complex model starts to pick up patterns which are in the training data

only and which do not improve performance on unseen data. 74

8.9.2. Rating groups

A rating plan based on GLM output will consist of a set of tables, one for each feature
and interaction. The table for each feature will have one row for each level of the feature.

Table 8.14 shows how the table looks for the feature “type of registrant.”

74 That is, data not used for parameter estimation and model structure determination in training.
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Table 8.14. Relativities for type of registrant.

type_registrant relativity
1 (Individual) 0.937
2 (Partnership) 1
3 (Corporation) 2.063
4 (Co-Owned) 1
S (Government) 1.090
7 (LLC) 1
8 (Non-Citizen Corporation) 1
9 (Non-Citizen Co-Owned) 1

When we make a rating plan change, we will typically want to communicate the
whole rating structure, i.c., all the rating tables. Any number of tables of a similar size
to Table 8.14 is fairly easy to communicate, whether it be in a spreadsheet or some other
manner. However, the table for zip codes contains over 30,000 records when using just
the first five characters of zip code. Using the full zip code would lead to a table of mil-
lions of rows. To have to communicate this table every time we want to communicate the
rates, or changes to them, can be onerous. We can instead break the zip code table into
two parts. The first part will map each zip code to a group. The second will match each
group to a relativity. For example, Table 8.10 could be restated as Table 8.15. This way,
so long as the mapping from zip code to group does not change, we can communicate it

just once. The regular rate updates can include just the relativity for area groups.

Table 8.15. Zip code relativities separated into a first
mapping between zip codes and area groups and then
from area groups to relativity.

zZip code area group area group relativity
15668 22 1 0.379
21822 62 2 0.385
60077 56 3 0.391
83607 95
85248 40 22 0.531

56 0.917
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(Note that the difference of 1.0162 between each group was derived as follows: in
our case, the minimum zip code relativity is 0.379 and the maximum is 1.851. The (mul-
tiplicative) difference is 4.884. If we are prepared to have 100 groups, then the (multi-
plicative) difference between each group is 1.0162, that is, 1.0162% = 4.908).75

The above separation of area rating into two separate tables serves another useful
purpose. A separate team or project can work on allocating zip codes to high- and low-
area groups. The first-stage model can then be fit with area group as a feature.

The above discussion applies equally to aircraft groups, where the underwriters may
(or may not) find it easier to discuss the Cessna 172M being in group 5 and the Bell 47G
helicopter being in group 95 rather than talking about relativities of 1.37 and 3.13. In
general, splitting out the tables in this way gives transparency and interpretability. We
can easily show the composition of the final rate, and business experts can more easily

challenge it. 76

75 While this is one sensible way to create the relativities, it is not the only such way.
76 ...which is a good thing.
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9.

Learning From Black-Box Models

Black-box models are machine learning models whose predictions are hard or impossible
to explain. Our penalized GLM is a machine learning model which is easy to explain.
Its predictions are the product of numbers which depend in a simple way on our origi-
nal features. Our benchmark model, a gradient boosting machine, is close to impossible
to explain. It is made from 1,000 decision trees, each tree having many decisions, each
of which contributes in some small way to the final prediction. However, it performs
better than our GLM. On the FAA-NTSB case study in Section 5.9, the performance of
our GLM was about 10% lower than the performance of the gradient boosting machine
(GBM). Our preference (and in many cases the regulator’s) is for rating plans whose prices
are easy to explain—such as those derived from GLM:s and generalized additive models
(GAMs). We also want to compare the GLM to the GBM and to learn from it if we
can. In which ways are the models similar or different? Where we have taken a specific
modeling approach—for example, regarding nonlinear effects— how do our predictions
compare to the GBM? We do not want to sacrifice performance if we can avoid doing so.
Can we find out how the GBM is outperforming our GLM and incorporate this into our

model? We will look at three areas:

* Variable selection and importance
* Nonlinear effects

* Interactions

As we have made a significant effort to deal sensibly with the first two items, but have
not dealt with the third at all, we expect that if we find ideas to increase the performance
of our GLM, it will be with interactions. Nevertheless, we will check all three points.

We will not review the differences in the approach to HCCVs between the two
models—because they are essentially the same. In fact, were it not for the fact that the
GBM implementation we used has a built-in method for dealing with HCCVs, the ap-
proach would have been exactly the same, i.e., we would have created a target encod-
ing independently of the type of model we were using and then used that encoding in

both model types. We did however refit our GLM and the benchmark model without
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the make-model HCCV discussed earlier—and the differences between the models were
more or less unchanged.

The methods we will use in this chapter do not depend on the type of model we used
as a benchmark. They would work equally well with random forests, a neural network,
or any other model. Such methods are known as “model-agnostic.” (Methods which
depend on the model type are called “model-specific” methods.)

Most of the ideas in this chapter are explained in detail in Interpretable Machine
Learning; A Guide for Making Black Box Models Explainable (Molnar (2020)). In our
work, we use only a small subset of the techniques mentioned there that are particularly
useful to us as we cover the points above. For each area we discuss in this chapter, there
are many other approaches. Our aim is to show generally the kinds of questions that can
be asked, rather than to exhaustively provide answers (even if that were possible).

Before looking at the above three items, we will discuss one risk of learning from

complex black-box models.

9.1. Model Variance Revisited

We saw in Figure 4.10 that, as penalization reduces, our GLM can get more and more
complex and as a result might start to suffer from model variance. That is, it might
adapt itself to pick up patterns in the training data which are not in the validation folds
or in the test data. While it is always tempting to choose the model with the very best
cross-validation performance, if this model has a large gap between training and cross-
validation performance, then there is a risk that our pricing will include claims patterns
for certain segments of our customers that are just random noise and will not be present
in future data. In insurance settings, this is especially risky as it might lead to an increase
in the proportion of our future customers in those segments and an overall poor perfor-
mance.

The GBM benchmark that we have used is essentially a phenomenally complicated
GLM. It allows numeric features to be built from an almost unlimited number of step
functions, and it allows an almost unlimited number of interactions. In fact, if we engi-
neered a very large number of step functions and interaction features, we could express
our GBM in the form of GLM. Given its complexity, we should not be surprised if it
does suffer from large variance; the equivalent GLM would too. As each tree gets added,
the GBM gets more complex, so one way to see how model variance increases with com-
plexity is to plot the train and cross-validation performance as the number of trees in the
GBM increases. Figure 9.1 shows that there is a significant gap between train and cross-

validation performance as the number of trees increases.

Casualty Actuarial Society



From GLMs to Comprehensive Insurance Pricing: Techniques and Challenges

cv — ftrain
0.200-
0.175-
()]
[&]
C
©
€ 0.150-
9
o
o
0.125-
0.100-
250 500 750 1000

number of trees

Figure 9.1. The gap between train and cross-validation
performance for the benchmark GBM. Even at
performance levels of around 0.15 (achieved by our
GLM), and certainly at higher levels, the gap is wide,
suggesting that the GBM is picking up patterns in the
training data which are not in the cross-validation
partitions—it suffers from high variance.

Given the above finding, if we attempt to incorporate patterns that the GBM has
learned into our GLM we will need to monitor the variance of the GLM model and take
appropriate action. These could include excluding patterns that increase variance or ac-
cepting the increased variance and putting processes in place to compare the mix of busi-

ness written after implementation of the new rates to the mix of business in the training
data.””

9.2. Variable Selection and Importance

We would like to know if we have included the right features in our GLM and haven’t
overlooked any important features from the benchmark model. This is not a straightfor-
ward question to answer. While the LASSO (for example) will completely exclude from
the GLM the features that it does not select, tree-based and certain other non-GLM ma-
chine learning models often include all features. It is just that some of the features will
play only a very small role in the value of the final predictions. (The reasons why some

machine learning models tend to include all features are discussed briefly in Section 9.6.)

77 This is something which should be done in any case.
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Given the above, rather than asking which features are in our GBM, we ask which fea-
tures are important to our GBM. We have previously seen that for a GLM, the magnitude
of the coefficients for the standardized features can be considered as feature importance.
This method is not available for GBMs—they do not have coefficients. Instead, the fol-
lowing simplified example shows how we can understand the importance of features in
any model.

In our example, there are three insureds with ages 20, 30, and 40. Frequency is
age/100, and there is no randomness. We also have the height of each insured but fre-
quency does not depend on height. Our trained model has correctly worked out that
freq = age/100. If we knew what resulted from our trained model, we would know
that age was a very important feature and height was not at all important. If we don’t
know how our trained model works, we only have access to the predictions that it makes.
So we first ask our model to create predictions on a dataset held out from its training—
the results are shown in Table 9.1. The predictions are—unsurprisingly—perfect. For

simplicity, our performance metric will be mean absolute error, which is clearly zero.

Table 9.1. The start of our simple example to illustrate a
type of variable importance calculation. We have the
ages and heights of three insureds. Frequency is
age/100. There is no randomness, and our trained model
has learned the true relationship—though we do not
know this or the form of the model that it has learned.

age height truefrequency num_cl predictions absolute error

20 1.4 0.2 0.2 0.2 0
30 1.5 0.3 0.3 0.3 0
40 1.6 0.4 0.4 0.4 0

We will now take our original data but randomly permute the age column and keep
all other features—in this case, height—the same. The true frequency remains the same.
We ask our model to provide predictions and, of course, this time the predictions are all
wrong because the age data has been made rather useless by its being randomly permuted.
The results are shown in Table 9.2, and the mean absolute error (MAE) isnow 0.133. The

increase to MAE, as a result of making the age feature useless, is 0.133.
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Table 9.2. Stage 2 of our simple example. We permute
the age column, ask our model for a new set of
predictions, and recalculate model performance.

age height truefrequency num_cl predictions absolute error

40 1.4 0.2 0.2 0.4 0.2
20 1.5 0.3 0.3 0.2 0.1
30 1.6 0.4 0.4 0.3 0.1

Next, we take our original data and randomly permute the height column and keep
all other features—in this case, age—the same. The true frequency remains the same. We
ask our model to provide predictions. This time the predictions are unchanged because
our model does not depend on height (though we do notknow this up front). The results
are shown in Table 9.3, and the MAE is now zero. The increase to MAE, as a result of

making the height feature useless, is zero.

Table 9.3. Stage 3 of our simple example. We permute
the height column, ask our model for a new set of
predictions, and recalculate model performance.

age height truefrequency num_cl predictions absolute error

20 1.6 0.2 0.2 0.2 0
30 1.4 0.3 0.3 0.3 0
40 1.5 0.4 0.4 0.4 0

Finally, we have for each feature the amount of performance lost by making that fea-
ture useless by randomly permuting its column in our data. The worse the loss of perfor-
mance from permuting a feature, the more important we say it is in our model. This type
of feature importance is known as "permutation-based feature importance.” For conve-
nience we divide each value by the maximum value so that the “most important” feature

has a feature importance of 100 and all other values are relative to that amount.”®

78 We have introduced MAE here for simplicity. In any rating exercise we would expect the calculations
done above to use the same performance metric being used in the rest of the rating exercise. For example,
for feature importance calculations for our FAA-NTSB study we used pseudo—Rz. In the final presen-
tation of the feature importances one might then choose not to rebase to 100% as the raw pseudo—R2
figures will show how the performance we are familiar with reduces as features are rendered useless.
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Table 9.4. The final stage of our simple example. The importance of each
feature is the amount by which performance got worse when that feature
was made useless by permuting it. For convenience we divide each value by
the maximum value so that the “most important” feature has a feature
importance of 100 and all other values are relative to that amount.

feature increase to MAE permutation-based feature importance

age 0.133 100
height 0 0

The advantages of permutation-based feature importance are its ease of computation
for any model and the fact that it requires only the ability to generate predictions for a
dataset. Hence the approach is model-agnostic, i.e., it can be applied to any model. In
addition, we have defined an “important” feature as one which helps the model to predict
accurately. When applying this approach, we can use data which was not used to train
the model, so an important feature is one which helps our model to predict accurately
over future data—which is what we really care about. (Alternative approaches consider
a feature important if changing it leads to big changes in predictions or if it is important
in some way in the trained model itself—for example, did the model use it to make many
splits in the tree?)

A disadvantage of this method is that, if our features are correlated, permuting only
one column at a time may create observations which are impossible. For example, in our
FAA data, engine type can be turboprop or jet. The power of turboprop is measured in
horsepower and is included in faa_eng_hp. The thrust of jet engines is measured in Ib of
thrust and included in faa_eng_thrust. When we permute the engine type column only,
we will end up with jet engine observations with horsepower measurements. We have
not just made the contribution from the engine type feature useless, we have made the
whole observation meamingless.79

We need to remember that we are finding the importance of features in our final
trained model, not the importance of features left out of our final model. Imagine that
an exceedingly important feature has been excluded. The above approach will give it an
importance of zero. In our case, this is not an issue: we are using feature importance to
compare the differences in importance between two different models. We are asking if

there is an important feature in the GBM which has been left out of the GLM, not if

79 A separate butrelated point is that it is often helpful to permute variables in groups. Groups are selected
either due to correlation or because they cluster together logically. This formulation can be a useful ad-
dition to the basic permutation importances, since seeing the importance of variable groups (e.g., driver,
vehicle, and policy level features in personal passenger auto insurance) provides insights not otherwise
available.
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there is a feature in the original data which has been left out of both models. We are also
not determining the importance that the features in our final trained model could have
had in some other model.

Consider two very highly correlated features, both in our final trained model, and
our model generally uses one of them and not the other. The one which is used most
will have a higher permutation-based feature importance, despite the fact that in another
trained model it could have been left out completely in favor of the other.

Finally, we note a point which will become useful later. When we permute a column,
we don’t only make it useless. We make any interactions which rely on it useless. Hence,
permutation-based feature importance for a given feature measures its importance both
as a main effect and in any interactions in which it is involved.

We calculated permutation-based feature importance for our GLM and the bench-
mark GBM. The six least important features for our GLM are shown in Table 9.5. For
comparison, we show at the top the most important feature. We can see that the GBM
agrees that these features are relatively unimportant—all of them have an importance of

less than 1% compared to region.

Table 9.5. The six least important features for our GLM. Both feature
importance values and ranks are similar to those of the GBM.

feature importance value  feature importance rank

feature GLM GBM GLM GBM
region 100.0 100.0 1.0 1.0
street2_ind 0.07 —0.02 16.0 20.0
co_ownership —0.001 0.08 17.0 18.5
cOo_owners_num —0.01 0.23  18.0 16.0
faa_acft_type_acft -0.02 0.58 19.0 13.0
faa_acft_ac_weight  —0.06 0.08  20.0 18.5
faa_acft ac_cat -0.12 —-0.05 21.0 21.0

We note that none of the feature importances are exactly zero for the GLM. This is
surprising given that it was penalized with the LASSO which carries out implicit feature
selection. This is partly due to the data and GLMs we used to calculate feature impor-
tance, and this is discussed further in Section 9.5.1. Note also that some feature impor-
tances are negative. This suggests that we should consider refitting our GLM without
these features. In our case, given that we have used a solid performance based approach
to including features in our GLM, we would be inclined to believe that these negative
values are likely related to randomness in our data and the disadvantage of permutation-

based feature importance mentioned above (that it can create impossible observations).
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Table 9.6 shows the 15 most important features for our GLM. Both feature impor-
tance values and ranks are similar to those of the GBM. However, there are some excep-
tions. In particular, the number of aircraft registered to the owner is much more impor-
tant in the GBM than it is in the GLM; it is the third most important in the GBM, but
only the 11th or 12th most important in the GLM.

Table 9.6. The table shows the most important features for our GLM and
GBM. Mostly they are similar; however, there are some exceptions. In
particular, the number of craft registered to an owner (nu_registered) is
much more important in the GBM than it is in the GLM.

feature importance value  feature importance rank

feature GLM GBM GLM GBM
region 100.0 100.0 1.0 1.0
veh_age 449 47.6 2.0 2.0
type_registrant 2.7 3.1 3.0 4.0
operation 2.6 2.4 4.0 6.0
faa_acft_num_seats 2.0 2.1 5.0 7.0
airworthiness 1.9 1.4 6.0 8.0
faa_acft_speed 1.5 2.8 7.0 5.0
faa_acft_num_eng 1.1 0.7 8.0 11.5
faa_eng_thrust_char 0.7 0.9 9.0 10.0
faa_acft_type_eng 0.6 0.7 10.0 11.5
nu_registered 0.5 40 115 3.0
faa_acft_build_cert_ind 0.5 03 115 15.0
faa_eng_type 0.4 1.2 13.0 9.0
kit_indyn 0.3 0.4 145 14.0
faa_eng_hp_char 0.3 0.1 145 18.0

Based on the above discussion, we conclude that we have not left out any features
from the GLM that were important in the GBM. However, we have missed something
with the feature for the number of aircraft registered to the owner. There are two possi-
bilities here; we have incorrectly fitted the main effect, or there is an interaction between
this feature and one or more of the other features which we need to add. We will cover
these two points in the following sections.

Before moving on, we note that in our case, we only have a relatively small number
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of features. In such cases, using feature importance to check on the feature selection does
not necessarily add much value. In cases where there are large numbers of features (hun-
dreds or thousands) this approach becomes increasingly useful as a reasonability check

and in providing candidate features to add back to the GLM.

9.3. Nonlinear Effects

How can we compare the treatment of numeric features that affect our target variable
in a nonlinear way? It is easy to plot the average prediction over our training data for
each value of the feature. We can do this for both the GLM and GBM and compare the
graphs. Figure 9.2 shows the average predicted frequencies for the number of aircraft
registered to the owner. We have capped the values shown on the x-axis at 30—the actual
values above this are sparse and extend beyond 3,000. The predictions from the two
models are mostly similar (especially for values where the proportion of exposure is high),
though predictions from the GBM are lower for values of nu_registered between 11 and
15. While the GBM may indeed be correct (we will discuss this further below), given the
limited amount of exposure, it is unlikely to be the reason why this feature has a much

larger importance in the GBM.

— GBM — GLM
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Figure 9.2. A comparison of the average predictions from the GLM and GBM.
Values shown on the x-axis are capped at 30—the last point including
exposure for all craft with nu_registered >= 30. Predictions from the GBM are
lower for values of nu_registered between 11 and 15, but it would be
surprising if this difference, applying to only a limited amount of exposure,
explains why this feature should have a much larger importance in the GBM.
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The above approach does not isolate the impact that the feature has on the predic-
tions. For example, the average prediction where the feature is 30 or more depends not
only on the feature, but also on the values of all other features for owners who have 30 or
more craft registered under their name. We therefore consider a different way of visual-
izing how predictions depend on a feature.

For GLMs, especially where there are no interactions, we can very easily isolate the
impact of a given feature on the predictions—it is expressed by the value of the coefh-
cients. The GLM we are using in this chapter uses step functions for nonlinear effects,

and the linear predictor for nu_registered is calculated as follows:

linear predictor = —0.0001407 X nu_registered
+ 0.02936 if nu_registered > 2
+ 0.07342 if nu_registered > 7
— 0.15822 if nu_registered > 16
—0.17117 if nu_registered > 35

Taking the exponent gives us the relativities. Figure 9.3 shows the relativities, rebased
to be one for nu_registered = 1. We can see that the overall shape is made up of four differ-
ent levels arising from the four step functions, plus a small negative slope (which would
be more apparent if we extended the x-axis to higher values). The impact on predicted
frequencies is easy to see and easy to challenge, and indeed we would certainly challenge

and likely adjust such relativities before their use in a rating plan.

1.10-
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number of craft registered to the owner

Figure 9.3. The relativities for nu_registered in our GLM.
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The GBM does not have coefficients, so we cannot provide a graph for it on the same
basis. We therefore consider an alternative approach, first using our GLM as an exam-
ple and then applying it to our GBM. We know from the above graph that (compared
to nu_registered = 1) the relativity for nu_registered = 10 is 1.107. If we did not know
the GLM coefficients, we could still find this out using only our ability to calculate pre-
dictions. We first set nu_registered to 1 for every policy in our data and calculate the

prediction. The first few lines of our data are in Table 9.7.

Table 9.7. Predictions from a GLM model having set
nu_registered to 1 for all policies.

nu_registered faa_acft_num_seats craftage other features pred
1 2 1 0.00436

1 9 3 0.00109

1 2 18 0.00048

1 4 0 0.00482

1 6 27 0.00032

Total 0.01107

Next, we set the value for nu_registered to 10 for every policy and again calculate the

predictions. The revised predictions are shown in Table 9.8.

Table 9.8. Predictions from a GLM model having set
nu_registered to 10 for all policies.

nu_registered faa_acft_num_seats craftage other features pred
10 2 1 0.00482

10 9 3 0.00120

10 2 18 0.00053

10 4 0 0.00533

10 6 27 0.00036

Total 0.01225

Finally, Table 9.9 summarizes our results, showing the predictions for the two val-
ues of the feature and the ratio between them. Given that the GLM has no interactions
and the only thing that changes is the value of nu_registered, the ratio of the predictions
on each line, and in total, must be the ratio of the relativities for nu_registered = 1 and

nu_registered = 10.
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Table 9.9. We divide the predictions from setting nu_registered to 10 by those
from setting nu_registered to 1. This must be the ratio of the relativities for
those two values, since nothing else has changed.

pred_1 pred_10 ratio
0.00436 0.00482 1.107
0.00109 0.00120 1.107
0.00048 0.00053 1.107
0.00482 0.00533 1.107
0.00032 0.00036 1.107
Ratio of totals 1.107

We repeated this exercise for every value of nu_registered, and indeed the resulting
relativities and graph are identical to that produced from the coefficients above. Had
there been interactions with nu_registered in the GLM, then the ratio for each policy
would depend not only nu_registered, but also on whether or not it interacted with any
level of any other feature for that policy. We could still take the ratio of the totals, how-
ever, and this would tell us, on average across all policies used in the calculation, how the
predicted frequency changes when nu_registered is increased from 1 to 10.

We now do exactly the same for our GBM. Unsurprisingly, the ratio on each line is
different; however, we can still find the ratio of the mean predictions. The resultis 1.104.
While this is similar to the GLM, we will soon see that for values of nu_registered other

than 10, the values are quite different.

Table 9.10. Predictions from the GBM, after first setting nu_registered to 1 for
all policies and then to 10. The ratio of the average predictions is
1.104—which is similar to that of the GLM.

unique_id_line pred_1  pred_10 ratio

1 0.00323  0.00389 1.206
0.00132  0.00228 1.729
0.00053  0.00075 1.412
0.00330  0.00387 1.172
0.00040  0.00051 1.285

(AR NS I )

Average prediction  0.005336  0.005892 1.104

Once again, we can compute the ratio for each value of nu_registered. Because we
look at how our model’s predictions depend on just one or a small subset of the features,

the approach is called “partial dependence” (Friedman (2001), Section 8.2). The plot of
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the partial dependence values for the full range of our feature is known as a partial depen-
dence plot (commonly known by the acronym “PDP”). Figure 9.4 compares the partial
dependence plots for the GLM and the GBM. We can see that the two plots are quite dif-
ferent. The biggest difference is in the 11-15 range (although they also differ elsewhere),
and we know from our previous discussion that in this range the GBM predictions are
lower than the GLM predictions. A review of the step functions that were fed into the
LASSO shows that due to the limited exposure in this range, there was no step in this
range (there were step functions at nu_registered 2, 3, 5, 7, 10, 16, 35, and 283). While
we don’t know at this stage whether or not the pattern the GBM has spotted will gen-

eralize to test data and future policies, we can certainly rerun the GLM with some extra

detail in the step functions. 80
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Figure 9.4. A comparison of the partial dependence plots
for the GLM and GBM.

In this section, we have seen how we can use our benchmark black-box model to
check and if necessary adjust our GLM approach to numeric features with nonlinear ef-
fects. Before we move on, given that we have introduced partial dependence, we mention
some caveats in its use. Firstly, as with our permutation-based approach to feature im-
portance, simply changing all policies to take a given value of a certain feature can create
impossible observations. More importantly, partial dependence is a global method—it
averages the dependence of predictions on a feature over all observations in our data. The
actual impact will almost certainly depend on other features (due to the myriad interac-

tions present in most black-box models).

80 This is an exercise left to the diligent reader.
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For example, Table 9.10 shows a wide range of ratios of prediction values when
nu_registered is changed from 1 to 10 (ranging from 1.172 to 1.729). Figure 9.5 shows a
histogram of the ratios, and the red dashed line shows the ratio of the mean predictions,
which is what we used in our partial dependence plot. The histogram makes very clear
that ratios at the level of each observation span a wide range. Friedman (2001) caveated
the usefulness of the approach used here in exactly this situation.

The red dashed vertical line in the histogram is drawn at 1.104. As discussed above,
this represents the ratio of mean predictions between nu_registered being set to 10 and 1.
Our method of calculating this ratio effectively weights each observation by its predicted
frequency. The fact that the red dashed line is so far to the left of the distribution is
because the predictions for which the ratio is lower than 1.104 are in general far higher
than for cases where the ratio is high. This again reminds us that partial dependence is a
global method and the impact of a feature on various segments of the portfolio may be

very different from that in the partial dependence plot.
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Figure 9.5. A histogram of the ratios between catboost predictions where
nu_registered is set to 10 compared to being set to 1. The red dashed line is
drawn at 1.104, being the ratio of the mean predictions across the whole

dataset. The histogram demonstrates that there is a very wide range to the

ratios—quoting the global value of 1.104 can be very misleading when

thinking about any one individual policy. The red dashed line is far to the left
because policies with low ratios have much higher predictions and so have a

bigger weight in the overall mean.

Molnar (2020) presents various alternatives to partial dependence plots to deal with

the challenges raised above, and we refer the interested reader to that excellent work. We,

however, move on now to consider interactions.
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9.4. Interactions

There are many ways to identify and fit interactions when fitting GLMs, and our work
does not aim to cover this topic. However, we do wish to know whether the performance
differential between the GLM and GBM is due to interactions being important in the

GBM and being completely missed out from the GLM. We will briefly cover two points:

* Are there any interactions in our GBM which are particularly important?
* If we feed a basic approximation of the key interactions into our GLM as features, does

its performance improve?

Given that we have introduced permutation-based feature importance above, we now
introduce a somewhat simplistic method to use it to rank pairs of features to check for
interactions. Since permutation-based feature importance is a model-agnostic method,
so is this approach to checking models for interactions. Consider two features, A and B,
which do not interact in our model in any way—neither with each other, nor with any
other feature. When they are permuted, they reduce performance solely to the extent that
predictions depended on them. Say that performance reduced by 1% for A and 1% for B.
If they are now both permuted at the same time, performance will reduce by 2%. The sum
of the loss of performance from their separate permutations minus loss of performance
from permuting both features at the same time is zero.

Consider again two features, A and B, which are separately important but now also
interact with each other. When we permute any one of them, we destroy not only its per-
formance but also the performance due to the interaction. Say their own performance is
1% each and the performance due to the interaction is also 1%. In this case, when they are
separately permuted, the loss of performance is 2% each time, and when they are jointly
permuted, the loss of performance is 3%. Now the sum of loss of performance from their
separate permutations, minus loss of performance from permuting both features at the
same time, is 1%. (This argument also holds where both features interact with the same
third feature but not with each other.)

Based on the above argument, if pl 4, and plp are performance loss from separate

permutations, and pl 4 g is performance loss from joint permutation, then the extent to

which
plA+plB_plAB

is positive indicates either that A and B may interact with each other or interact with a
common third feature. Therefore we can rank all pairs of features by this measure and

check the top few visually for interaction.
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Programmatically, it is simple to permute each feature separately to find and then
to also permute all combinations or two features and to find the difference as described

above. Some of the calculations for interactions with aircraft age are shown in Table 9.11.

Table 9.11. There are many possible pairs of features that may interact in our
model. This table shows the calculations for three of them. The method used
suggests interactions of aircraft age with region and nu_registered.

feature_A feature_B plug ply plg ply+plg—Dplsp
region aircraft_age 0.291 0.253 0.135 0.096
nu_registered aircraft_age 0.115 0.016 0.135 0.037
faa_eng_hp_char aircraft_age 0.123 0.002 0.135 0.014

The results over all pairs of features are shown in Figure 9.6.
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Figure 9.6. This figure shows all pairs of features in our data, sorted
according to the size of our permutation-based interaction strength
measure. The top proposed interaction is between region and aircraft age.

In a typical model-building exercise, we would now inspect, graphically or otherwise,
the top few candidate interactions. Figure 9.7 shows an example of a graphic that might
be used to inspect an interaction. Aircraft ages have been grouped into reasonably sized
buckets, and region (being the location of the registered owner) has been grouped into
two groups: the US and elsewhere. The y-axis shows the percentage error in predictions

for each bucket (based on actual claims/predicted claims).
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Figure 9.7. This figure is an example of how we might inspect our data to see
if there is an interaction between region and aircraft age. Aircraft ages have
been grouped into reasonably sized buckets, and region (being the location
of the registered owner) has been grouped into two groups: US and
elsewhere. The y-axis shows the percentage error in predictions for each
bucket (based on actual claims/predicted claims). It can be seen that there
might be benefit in allowing the interaction into our GLM so that at lower
aircraft ages, predictions are higher for regions outside the US and lower for
regions in the US—and the opposite at higher ages.

We have now seen how we can get a list of candidate interactions from our black-box
model and shown briefly how we might inspect them further. Each candidate interac-
tion needs separate checking and fitting with the GLM —depending on how this is done,
it can be a fair amount of work. It would be useful to have a quick way to check in ad-
vance of all this work whether inclusion of interactions will improve the performance of
our GLM. A fairly simple way to do this is based on decision trees. A single decision tree
divides our data into separate pieces using a limited number of interactions. Each obser-
vation that we ask our decision tree to predict on will be given a leaf number, and the
prediction will be the average of all the training data that was sent to that leaf. We will
not be interested in the decision tree predictions, but the leaf numbers—each of which
represents an interaction—are useful. We therefore start by dividing our black-box pre-
dictions by the GLM predictions. Any differences will be mainly due to the interactions
in the GBM. 3! We then model these differences using a simple decision tree. An example

of an interaction represented by one leaf in the resulting tree is shown below:

81 A tree model estimates all effects as interactions, including effects which aren’t interactions. Any main
effect the GLM missed will be picked up by the tree, and the tree’s leaf node then may, or may not,
represent a real interaction effect. In our case, we have checked that the GLM has not missed out on any

main effects, and we therefore expect leaf nodes to represent interactions.
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node number: 24

root

nu_registered >= 22

aircraft age <= 3

region

X (outside the US)

162

For this subset of observations, the black-box predictions are 65% lower than those
of the GLM. However, we are more interested in the interaction itself—we want to feed
this into our GLM. We can create a new feature in our training data which labels each
observation with the leaf number that it falls into. We use this new feature as the only
feature in a penalized GLM (with our original GLM predictions as an offset). Using
cross-validation as normal, we find that our GLM pseudo-R2 improves to 0.156. While
this still falls 6% short of our gradient boosting benchmark (pseudo—R2 of 0.165), it sug-
gests that with further effort, we should be able to improve our GLM performance using
correctly selected and fitted interactions.

This brings us to the end of our discussion on how we can check our work using
black-box models and how we can bring insights from them back into our GLM frame-

work.
9.5. Practically Speaking

9.5.1. Feature importance—train or test data

Asdiscussed above, as our models get more complex, there is a risk that patterns are found
in the training data which will not be present in future data. If a feature is important on
training data, it does not mean that it will be important for performance on future data.
To know which features are important in the final model which is trained over all of our
training data, we should base importance on predictions and performance over our test
data. However, during modeling, we do not want to look at the test data. Therefore, the
permutation-based feature importance reported in this chapter were based on the mod-
els created during our cross-validation process. For each of these, we calculated feature
importance of all features on the held out fold. If we have 10 folds, then we have 10 cross-
validation models, and for each feature we end up with 10 estimates of its importance.
The feature importances that we reported above are, for each feature, the average of the
importances across all folds. The importances for the LASSO are not exactly zero for any
feature because there is no feature which was penalized out of all of the cross-validation

models.3?

82 When using the LASSO it is certainly possible that some features will be penalized out of all the cross-
validation models, and then their feature importances would indeed be exactly zero when calculated in
the manner discussed here.
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9.6. Technical Note

9.6.1. Reasons that certain model types include all features

The reasons why some machine learning models tend to include all features are specific
to the various model types. In random forests, each single tree can be—and often is—
overfit. This ensures that any one tree haslow bias. The averaging over many trees reduces
the variance and can potentially result in a good ensemble. Since each tree is overfitted,
each tree is likely to contain most of the features that it was allowed to use. GBMs are
made up of hundreds or even thousands of trees, each one taking a small step in the direc-
tion of the optimal solution given all the trees that came before it. These small steps will
often pick up some of the noise in the dataset, and hence, for any feature, there are likely
to be at least some trees that contain that feature. Neural networks learn their weights by
iteratively increasing the magnitude of weights to connections that improve performance
and reducing the magnitude of weights to those that reduce performance. Features which

are not important will tend to end up with low weights rather than zero weights.
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10. Challenges and Considerations in Ratemak-
ing Models

In this monograph, we have focused on certain technical challenges that occur during
the training of GLMs. Throughout the process and after, we need to be aware of the
limitations of our data and the impact this may have on the performance of our models.

In this chapter, we look at some of the issues that a practitioner should consider.
10.1. Understanding the Data

Before working with a dataset, we need to understand it. We need to be clear on the mean-
ing of each field and the range of values we should expect. In order to do this it is a good
idea to speak to the team that created the dataset and/or to people who have previously
carried out analysis on the data. Likewise it is useful to speak with underwriters or others
who understand the line of business.

In our work, we made a basic error which could have been avoided with additional
conversations prior to carrying out our analysis. During data preparation, we noticed
that the age of manufacture was missing in about 20% of cases, which meant that for
those cases we could not calculate the age of the aircraft. We could have set aircraft age
to missing for those cases and then dealt with missing values in one of a number of ways.
However, on the assumption that the certificate (for which the data contains the feature
“certificate_issue_date”) is issued shortly after manufacture, a “shortcut” seemed to be
to use the certificate issue year instead of year of manufacture. We later realized that reg-
istration certificates (as opposed to airworthiness certificates) are issued at various stages
during an aircraft’s life, in particular upon change of ownership or use. This is apparent
from the data as well but is an error that would certainly have been avoided with discus-
sions prior to analysis. 83
Other areas where discussions would have benefited our analysis are in the treatment

of drones and in the treatment of aircraft for which we assumed that the registered users

83 We have not redone the analysis including the corrected aircraft age and years since aircraft certificate
issue. We leave that as an exercise to the interested reader.
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have addresses outside of the US.3* It is possible that some of the strong interactions
seen in the previous chapter are due more to aspects of our data preparation than true

differences in the probability of accidents.
10.2. Technical Errors

There are errors that we practitioners should not make during modeling, but we do. At
best, they can waste time by requiring us to rework an analysis; at worst, they can nega-
tively impact our results and cause incorrect rating plans to be implemented.

Examples include:

* Inconsistent coding of rating variables between modeling train and test datasets or,
worse, between analysis data and operational data. A simple example of where this can
go wrong is where variables which are strings are coded to categorical variables, e.g.,
Cessna is coded as 1 and Piper is coded as 2 in training data, but in test data the coding
is reversed. In certain software, this coding is mostly invisible to the user and needs to
be explicitly checked.

* Coding categorical features as numbers that are then treated in an ordinal manner.
In our FAA-NTSB work, we intended to treat the number of engines as a categorical
feature, but early on we were treating it as a number. An easy way to ensure that this
does not happen is to store categorical features using letters (for example, one engine
is coded as “A”).

* Including segments of data which are not relevant and whose experience might ad-
versely impact areas of the model where performance matters. For example, drone
insurance may be sold under a separate product and rating plan. Including a signif-
icant amount of drone exposure (which has no claims) in our data is unlikely to help

performance on other general aviation business.

These and a multitude of other technical errors are easy to make. Peer reviews during
modeling and after implementation of the rating plan are required to avoid, or at least

reduce, such errors.

10.3. Data Does Not Meet Model Assumptions

Insurance data often contains inherent dependencies that challenge the assumption of in-
dependent and identically distributed (iid) observations, which is a foundational premise
for most supervised learning techniques, including GLMs and their variants. For exam-
ple, someone who has previously filed a claim is more likely to file another in the future,

which is why insurers often apply surcharges for recent claim experience. Similarly, in-

84 Our assumption that the US region being missing meant that the registered user has an address outside
of the US was wrong.
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suring two neighboring townhouses introduces a dependency because a fire in one could
easily spread to the other, a scenario unlikely if the houses were miles apart.

These examples highlight that our data are often not independent and, while we can
still build effective models despite violating the iid assumption, it’s crucial to verify and
account for this lack of independence. In such cases care must be taken in setting up
cross-validation folds to avoid data leakage. For instance, in personal auto insurance, all
vehicles under the same policy should be placed in the same fold, and for weather-driven
perils, each year could serve as a separate fold to prevent storms from leaking across them.

Provided that this is done, we can then benefit from the power of cross-validation to
help measure the uncertainty of our model’s predictions, even in the presence of non-
independent data. By dividing the data into folds and training and testing in various
combinations, cross-validation can provide insights into how the lack of independence
impacts our model’s performance. While cross-validation does not alter the final model,
it can inform decisions about model adjustments and offer a more accurate assessment of

how dependencies in the data might affect the model’s predictions.

10.4. Stability Over Time

10.4.1. Coefficients can change over time

Model drift (or concept drift) refers to the situation when a model’s performance gets
worse over time because the relationship between the predictors and the response variable
changes over time. For example, the risk associated with young drivers might increase due
to rising distractions, or underwriting discounts might evolve into surcharges if they are
gamed by insureds. Some changes may be quite sudden and may also reverse at some
point. For example, for private auto portfolios which use occupation as a rating factor,
the relativities for different occupations may have changed during COVID-19.

Generalized linear models (GLMs) and generalized additive models (GAM:s) can be
vulnerable to time inconsistencies because they tend to average out such inconsisten-
cies in the final coefficients, potentially masking important temporal trends. Therefore
checking and accounting for the time consistency of parameters is a critical considera-
tion. If this is not done, the model’s coeflicients could misrepresent the true risk for
future policies, leading to suboptimal pricing or risk assessment.

Reviewing the time consistency of parameters involves analyzing how coeflicients
evolve over different periods. This can help identify general instability or emerging trends

that may otherwise go unnoticed. Some techniques to do this include:

* For each feature individually create a new GLM where that feature is interacted with
time. Then either inspect the fitted coefficients or (having used LASSO regularization)
check if the interaction effect is selected by the LASSO. The latter approach can easily
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be automated.

* Segmented modeling. In our context, by “segmented modeling” we mean fitting the
model to one year of data at the time and comparing the coefficients as time moves
forward.

* Rolling window analysis. This is similar to segmented modeling except that the periods
overlap. For example, with five years of data we fit a model to years 1-3 and then 2-4,
etc. Finally we compare the resulting coefhicients.

* Regular recalibration. This means refitting the existing model on updated data.

These (and other) methods can help us take a proactive approach to monitoring and
to adjust for time inconsistencies. This, in turn, helps ensure that the models remain

robust and relevant, even as underlying risk factors evolve.
10.4.2. The meaning of data can change over time

When relying on third-party models, such as obtaining a roof score®® via API from a
vendor, it is important to recognize the potential risks associated with changes to those
models. If the vendor updates their model, the new scores might represent something dif-
ferent than historical records, which could lead to inconsistencies in your analysis. While
adding a control variable for the model version might help if the vendor notifies you of
changes, this approach may be insufficient on its own. Resolving these discrepancies of-
ten requires a case-by-case approach, depending on the nature of the changes and the data
involved.

A relevant example in the US is the use of credit-based scores, where an actuary might
be working with different programs that use varying credit models. Combining these
scores or simply applying control variables may not adequately address the differences.
Properly accounting for these variations often requires deep domain knowledge or ad-
ditional outside analysis to ensure the integrity and consistency of the data. Without
appropriate adjustments, reliance on third-party models can introduce significant risks,

potentially compromising the accuracy of predictive models.
10.4.3. Business mix can change over time

Generally, GLMs are robust to mix of business changes. By this we mean that well-fitted
GLMs (with appropriate feature engineering and interaction effects) can produce reliable
results even when there are shifts in the distribution of policyholders, 8¢ such as writing

relatively more young drivers in recent years compared to earlier periods. However, this

85 For household insurance, external vendors exist that provide scores of roof material, shape, and condi-
tion that can help predict frequency or severity of future claims related to roof damage or failure. These
scores are typically based on analysis of geospatial imagery.

86 Above, we referred to model drift. The shift referred to here is known as data drift.
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robustness has its limits, particularly when the changes are substantial and involve factors
that were previously excluded from the model.

For instance, if underwriting rules had previously prevented the inclusion of coastal
risks, but now these risks are being written, the model may struggle to accurately predict
outcomes. (This is a specific example of the danger of extrapolation beyond the range of
the training data.) Even with geographic variables and territorial ratemaking in place, the
GLM might not fully account for the differences between coastal and non-coastal risks,
leading to potential inaccuracies. The model may be attempting to fit fundamentally
different risks within the same framework, which can undermine its predictive power. In
such cases, additional modeling adjustments or more granular risk segmentation may be

necessary to maintain accuracy.
10.4.4. When cross-validation will fail

The point above, that business mix can change over time, is very pertinent to our use of
cross-validation. We have discussed that cross-validation is an estimate of generalization
performance—how well our model will do on policies that will be written in the future
and which it has not seen during training. Cross-validation performance is calculated by
taking an average over policies in the cross-validation folds. Within those policies there
may be small segments which perform really poorly but where there are not currently suf-
ficient policies for this to be noticeable in overall performance (or to calculate coefficients
accurately). If we incorrectly price those policies and attract a large number of them (due
to adverse selection), our business mix will in the future be skewed towards the poorer
performing segment, and actual performance will be far worse than cross-validation per-
formance.?” A careful check of proposed price changes by segment can help limit this
risk. If possible, price comparisons by segment with chief competitors should be carried
out. An ongoing and careful monitoring of business mix post rate change can be useful

in allowing the business to react quickly to any issues that arise.
10.5. Regulation

In predictive modeling, it is important to recognize that the meaning of predictors can
vary significantly depending on the context, particularly across different states or juris-
dictions. For instance, the criteria for a safe driver discount might be determined by the
underwriter in one state, while in another state, it could be mandated by the regulator to
be offered to anyone who completes a specific course. This variation means that simply
using the state as a control variable may not adequately capture the true differences in

what “safe driver” represents from one state to another. To address this, actuaries may

87 This issue is not unique to cross-validation—it applies more generally. Most standard modelings tech-
nique are far from impervious to the baleful confluence of thin data and consumer response.
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need to employ interaction terms or residual models to better account for these mate-
rial differences and improve the accuracy of their models. Another example—an insurer
may have been collecting “number of stories” for a homeowners line of business. How-
ever, those data may have been populated in many different ways over the years. First, it
was agent input, then a vendor provided it based on public record, now a new vendor is
providing it based on satellite imagery.

Depending on the line of business and jurisdiction, regulation can also impact factor
limitations. The main rating variable where the regulations limit or heavily regulate use
is credit scores. In home and auto insurance, this is highly predictive but controversial
in its use. Some states have outright disallowed its use in rating, while others restrict
it to underwriting only (i.e., writing company placement). There are the “disallowed”
rating variable (race, religion, education, income, etc.) which, despite being predictive
in many cases/lines, are not allowed. These are the main restrictions; so while they may
be predictive in a model, use in practice for rating, underwriting, marketing, etc., are
challenged for insurance companies. We discussed in Chapter 8 the options for dealing

with disallowed data types during the modeling process.

10.6. Outliers and Model Stability

Outliers in predictors, rather than in the observed target variable, can significantly im-
pact methods such as the GLM, particularly in insurance datasets. For example, insuring
a Ferrari—an extreme outlier in terms of vehicle value and performance characteristics—
can skew the distribution of predictors such as vehicle cost and engine size. These out-
liers can exert an undue influence on the model, potentially distorting the relationships
between predictors and the target variable, leading to biased or unstable coefficients. Ad-
ditionally, they can inflate the variance of the model’s predictions, reduce overall model
accuracy, and complicate the interpretation of the results. To mitigate these effects, it is
crucial to identify and appropriately handle outliers. The simplest approach is to omit
such records, but alternatives include techniques such as robust regression, transforma-
tion of variables, or applying capping and flooring strategies to limit the influence of ex-

treme predictor values.

10.7. Data Quality

Data are seldom complete or correct.

Before carrying out an analysis, we need to understand the deficits in our data. Ide-
ally, we will ensure that our data is of a reasonable quality, and it remains so over time.
This is hard. Scrubbing (making the data usable for modeling purposes) includes simple
things like making sure there are no negative ages; that there are no impossibly large values

of variables; that levels of categorical factors are consistent over time and that their mean-
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ing is consistent over time; that where data is missing, we understand why, and so on.
There may be other departments who also have examined the quality of this data in the
past or who do so on an ongoing basis for various operational processes. We should take
advantage of what they have found. There could be operational issues causing errors in
our data. Asimportant as remediating the data is, so too are tests for confirming that the
data has been remediated and that these tests are independent of the specific remediation
techniques applied.

Inevitably, we spot further errors during modeling—some data deficits are most (or
only) visible during the model training or evaluation process. Ideally, we would have
the time to return to data preparation and remediation during the modeling steps which
follow it and to redo our models. We can help ourselves by ensuring that our modeling
process is well documented and replicable, so that if rework is required, it can be done
quickly.

Even after our best efforts, the statement—data is seldom complete or correct—is
usually true. We are then faced with the challenge of what changes can be made to the
datain order to fix deficits preventing correct analysis. This is a complete topic in its own

right. Here we briefly mention some possibilities:

* Observations with nonsensical values for an important feature (e.g., age) can be deleted.
If the incorrect value is for a feature which we know is not important, the value can be
set to missing, and then it can be dealt with together with other missing values.

* Missing values®® for categorical variables can be set to a missing category (e.g., “XXX?).

* Missing values for numeric values can be imputed, either replacing missing values with

the mean (mean imputation) or using more sophisticated methods.

Besides the above points, there are broader issues. The expression “garbage in, garbage
out” typically highlights the importance of accurate and high-quality data in producing
reliable model output. However, this concept also applies to the composition of the data.
For instance, if a book of business has been largely adversely selected against, the data may
no longer be capable of generating meaningful parameters to effectively segment risk. Ad-
verse selection can lead to a downward spiral, where the quality of the data deteriorates
to the point that even sophisticated models cannot produce reliable predictions. In such
cases, “garbage in, garbage out” is more than just a cautionary phrase—it’s a terminal di-
agnosis that requires more than basic modeling adjustments to resolve. Addressing this

issue often demands a fundamental reevaluation of the data collection process, under-

88 Dealing with missing values deserves a monograph in its own right. We note here that it is important to
understand if the data is missing at random or not. If there is a pattern, i.e., a certain segment of data
is always missing one or more fields—the impact at both model training stage and at prediction stage

should be carefully considered.
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writing practices, and even the business strategy to break the cycle of adverse selection.
Many actuaries may consider combining seemingly similar datasets, such as closed
programs with open ones, or merging data following a merger or acquisition with a sim-
ilar business. The aim is to increase volume, and since the data might not be homoge-
neous, the practitioner will add a control variable which indicates which dataset the data
on each line comes from and includes that variable in the GLM. However, differences
in the underlying data can lead to significant issues. Adding data from disparate sources
can introduce noise and obscure meaningful patterns. Therefore, great care should be
taken to thoroughly evaluate whether combining datasets is appropriate, ensuring that

the integrity and predictive power of the model are maintained.

10.8. Conclusion
One can say that there are three parts to creating a rating plan:

* Preparing the data.
* Carrying out the analysis.

* Making sure that the rating plan is fit to go to market.

Data preparation is hard and time-consuming. There are many aspects to it: collec-
tion of data from business systems, preparation and collection of data assets, data storage,
ensuring data quality, checking for data drift, understanding each feature, and so on. An
ongoing and significant effort is needed in this area (even if it is not always appreciated).

Making sure that the rating plan is fit to go to market is also a time-consuming and
vital task. In many lines of business, one small misstep in a rating plan will be taken
advantage of by the segment of the market which is advantaged by the mistake, and the
resulting losses may well outweigh any performance advantages gained through months
of rating plan analysis. Careful comparisons between rating series and also with other
rates in the market are needed. In specialty lines of business, detailed discussions with
underwriters are vital.

In this monograph, we have mainly focused on the easiest and quickest89 aspect of
this process. Nonetheless, optimizing performance through our analysis is clearly a big
part of what gives each business the opportunity to thrive in its marketplace. We hope

that this monograph goes some way towards helping the practitioner achieve that aim.

89 ...and possibly the most fun for actuaries!
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