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AN ACTUARIAL APPROACH TO PROPERTY
CATASTROPHE COVER RATING

DANIEL F. GOGOL

Abstract

Forty-one years of catastrophe loss data by state are
used in this study to produce a model for rating catastro-
phe covers for insurers in any region of the continental
United States. Smooth surfaces are fitted to the data by
region, and experience rating is applied in an attempt to
give appropriate weight to regional departures from the
smoothed results. Severity distributions and frequencies
are estimated for each region, and a method for applying
them in pricing catastrophe covers is discussed. A method
for using the experience of an insurer to produce an expe-
rience modification is also presented.
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1. INTRODUCTION

United States catastrophe cover rating is an interesting problem
from both practical and theoretical points of view.

On the practical side, it is an important untreated problem. No
systematic attempt at using insurance loss data to produce catastrophe
cover rates can be found in insurance literature. Discussions of meth-
ods involving weather data are in Clark [7] and Friedman [9]. Catas-
trophe rates fluctuate greatly in the various regions of the country
depending on the supply of capacity and whether there has been a
large catastrophe in the area recently. Pricing practices were not
much different two decades ago when Ingrey [12] stated:

The general yardstick is the “payback period,” or, in how
many years will a total loss be amortized in advance. Pay-
back periods depend upon location, type of business writ-
ten, and past experience in addition to the basic ingredients
of amount of capacity required, subject premium, and rate.
The adequacy of the initial retention is largely overlooked
as are the incremental functions of exposure types; to wit,
a company writing mobile homes has a much greater in-
cremental exposure function than another insurer writing
private dwellings.

Catastrophe rating is also a challenging theoretical problem. The
number of large catastrophes in any region is small, so it is important
to use the experience of surrounding areas as well. It is useful to
examine the relationship between catastrophe experience and a re-
gion’s longitude, latitude, and distance from the coast. Also, the size
of a region affects the probability of a catastrophe destroying more
than a given percentage of property value.

By fitting a smooth surface that is a function of these variables to
catastrophe loss data, it is possible to base estimates of expected
losses for each region on more than just its own experience. Expected
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losses by region should generally have a smoother pattern than the
sparse data.

An attemnt is made in this paper to estimate the anpronriate credi-
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bility to be given to the actual experience of a region, as opposed to
the weight given to the expected losses indicated by a fitted smooth
surface. After the indications of smoothed surfaces and the actual
experience of a region are credibility-weighted to estimate the ex-
pected number of catastrophes for the region in various loss size
intervals, a loss distribution is fitted to the estimates in order to
smooth them in a reasonable way and to estimate tail probabilities.

2. THE MODEL

A. Data

To compare the relative destructive power of two natural catastro-
phes hitting different states, it is useful to consider the amount of
property insurance premium in each state, as well as the amount of
insured property damage in each state. The insured loss in each state
will depend not only on the intensity and size of the catastrophe but
also on the insured property in the area.

“Catastrophe premium,” defined below, will be used as the expo-
sure base to which loss data are related. The definition is based on
Ingrey [12]. It is intended that the catastrophe premiums derived from
each line of business be in roughly the same proportion as expected
catastrophe losses for each line. Ingrey does not present data to sup-
port the percentages used in the formula but indicates that they were
developed with the cooperation of Allen Hinkelman, Excess and
Casualty Reinsurance Association; Daniel Holland, Inland Marine In-
surance Bureau; Donald Kifer, New York Fire Insurance Rating Or-
ganization; and Allen Royer, Multi-Line Insurance Rating Board.
Data on catastrophe losses by line will be discussed in Section 3.

The definition of catastrophe premium used in this paper is a
formula often used by underwriters in evaluating a company’s catas-
trophe exposure:
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Catastrophe premium = (10% of inland marine premium)
+ (10% of commercial multiple peril)
+ (80% of allied lines)
+ (10% of auto physical damage)
+ (20% of farmowners)
+ (100% of earthquake)
+ (20% of homeowners)
+ (15% of ocean marine). 2.1

An assumption, for example, that the proportion of homeowners
losses caused by catastrophes is twice as high as the proportion for
auto physical damage losses is implicit in the formula, since the cor-
responding percentages of premium are 20% and 10%.

Actually, Ingrey’s formula also includes 60% of mobile home
premium and 80% of difference in conditions premium, but these
premiums are small and are omitted.

Additional insight is given by expressing the loss layer to be rein-
sured in terms of percentages of the catastrophe premium—for exam-
ple, 200% excess of 20%. In this paper, layers expressed as
percentages of state or regional catastrophe premium are studied.
Methods of applying the study to individual company catastrophe
cover rating are also discussed.

Catastrophe covers are generally for a high enough layer so that
an event must cause losses to several of a company’s risks in order to
produce a loss to the cover. Windstorms are the most frequent causes
of losses to these covers. Other frequent causes are winter freezes,
hail, and flooding. Fire is a less frequent cause.

The loss data used in this study were produced by Property Claim
Services (PCS) [15]. These data include each United States catastro-
phe having an estimated insured loss of $1 million or more from 1949
through 1981, and $5 million or more from 1982 through 1989. In
order to be included, a loss must affect many insureds, although the
exact number of insureds that must be affected has not been defined.
(It is generally at least 1,000.) For each catastrophe, the estimated
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insured loss in each state is given. The PCS estimates are based on an
extrapolation of estimates made by a set of insurers writing most of
the property premium in the catastrophe area.

Although PCS insured loss estimates are used in the study, a loss
development factor is applied in Section 3, where the method of
rating catastrophe covers is described.

For each of 28 overlapping regions of the continental United
States, catastrophe premium was estimated for 1949 to 1989. Gross
written premium data by state from Best’s [4], and for older years
from The Spectator [6], which is no longer published, were used to
compute catastrophe premiums by state for approximately every fifth
year. Exponential interpolation was used for other years, based on the
computed catastrophe premiums.

For each of the 28 regions, the estimated insured loss from each
catastrophe from 1949 to 1989 was divided by the region’s catastro-
phe premium for the year of the loss. The ratios, R, of individual
losses to corresponding catastrophe premiums were then grouped into
the somewhat arbitrarily chosen intervals:

8% < R < 16%,
16% < R <32%,
32% < R £ 64%, and
R > 64%.

The number of ratios falling in each interval for each region is shown
in Exhibit 1. Exhibit 2, a map of the United States, may be helpful in
connection with Exhibit 1, as well as later exhibits,

No evidence of a trend in the frequency of any type of catastrophe
was found in the data, so no trend factor was applied. The loss trend
and the premium trend are assumed to cancel each other out.
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B. Smoothing the Data
The expected values of frequencies in each interval vary more

smoothly as a function of regions than the data in Exhibit 1, since the
data include random variation.

Most catastrophes are windstorms, and their frequency and sever-
ity are related to a region’s latitude, longitude, and distance from the
coast (Clark [7] and Friedman [9]). The probability distribution of the
ratios of catastrophe losses to catastrophe premium is also related to
the size of a region. The above facts motivate the attempt to use
multiple regression for each interval of R values to fit the frequencies
in Exhibit 1 to functions of the latitude, longitude, distance from the
coast, and area of the 28 regions.

Muitiple regression was used to relate the above variables to fre-
quency of catastrophes in each of the intervals: 8% <R<16%,
16% < R<32%, 32% <R<64%, R >64%, R > 32%, R > 16%, and
R > 8%. The intervals are purposely chosen in an overlapping manner
for a reason explained in Subsection 2D.

The details of the regressions are in Appendix A. Exhibit 3 shows
a comparison of actual to fitted frequencies for four of the intervals.

C. Experience Rating the Regions

Weights will be selected for the actual and fitted frequencies in
Exhibit 3 to produce estimates of expected frequencies by interval
and region. The sum of the weights will be one. An explanation of the
method of selecting them follows.

For each interval i of R values, and each region j, let the random
variable X; ; be the frequency of catastrophes in a randomly selected
41-year period. The fitted values for interval i and region j in Exhibit
3 are estimates of the expected value of X; ;. If each fitted value is
assumed to be the mean of a probability distribution of possible ex-
pected values of X; ;, then it can be seen that a more accurate estimate
of the expected value can be produced by giving weight (credibility)
to the actual frequency as well as to the fitted frequency.
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The partly judgmental basis for selecting the following experience
rating formula is explained in Appendix B. The number of actual
catastrophes in interval i and region j is given credibility
a; ;/(a; j+ k) where a, ; is the fitted frequency for interval i and
region j, k;=9fori=1,2,5,6,0r 7, and k; = 6 for i =3 or 4; where,
for each interval, i is as in Table 4 of Appendix A.

D. Nested Application of Experience Rating System

For each region, experience rating is applied to estimate expected
values for the frequencies in each interval of R values.

A nested process is used so that the estimates of expected frequen-
cies for 8% < R <16% and R > 16% are based not only on the sepa-
rate experience for 8% < R < 16% and R > 16%, respectively, but also
on the total experience for R > 8%.

By applying the experience rating formula for the interval R > 8%,
estimates A; of the frequency in this interval are produced for each
region j. The estimates B; and C; produced by applying the experience
rating system to the intervals 8% < R <16% and R > 16% are then
multiplied by a constant D; such that A;= D; (B; + C;). The estimates
D;B; and D;C; for the frequencies in region j for intervals
8% < R <16% and R > 16%, respectively, thus sum to the estimate
for region j for the interval R > 8% and are each in proportion to the
estimates B; and C;, respectively. It is intended that D; B; and D; C;
approximate the expected values of the frequencies in region j for
intervals 8% < R <16% and R > 16%, respectively, given that the to-
tal of the two expected values is A;, and that B; and C; are the esti-

mates of the two expected values based on their separate data.

The weighted frequencies by region produced by directly applying
the experience rating formulas for the intervals 16% < R < 32% and
R > 32% are then adjusted so that their sum equals the estimate for
R > 16%. The method is entirely similar to the method used above to
adjust the estimates for 8% < R < 16% and R > 16% so that their sum
equaled the estimate for R > 8%.
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This nested process is continued until estimates are produced for
each of the seven intervals. The estimates for four of the intervals are
in Exhibit 4.

E. Loss Distributions by Region

The estimates of expected frequency for each region produced by
the above nested application of experience rating for 8% < R < 16%,
16% < R<32%, 32% < R<64%, and R > 64% were divided by the

ectimate nraduced for R > R the reenlting fractiong £ £ Ff. and £,

estimate produced for R > 8%; the resulting fractions f|, /5. f3, and f;
were then fitted to a probability distribution. This probability distribu-
tion was used to allocate the estimate of expected frequency for
R > 8% to the above four intervals. The selected yearly frequencies
are the above frequencies divided by 41, since 41 years of data were
used. The yearly frequencies for R > 8% are in Table 1.

The single parameter Pareto distribution was used for all 28 re-
gions. It generally was a good fit. A comparison of the estimates
produced by the experience rating method in the previous section and
by the single parameter Pareto is shown in Exhibit 4. No other tested
distribution performed as well. (A study of loss distributions is in
Hogg and Klugman [11].)

The single parameter Pareto was used even in regions for which
another distribution fit better. This was because the generally good fit
of the single parameter Pareto led to the conclusion that it was a good
model for the data, and small amounts of data in particular regions
were not considered credible enough to counteract this conclusion.

(See Appendix C for a discussion of the method used to fit the
single parameter Pareto. The parameters of the Pareto curves used are
in Table 1.)

A Pareto parameter of 1 or less implies infinite expected losses for
unlimited layers. For 0 < P < 1, the expected losses in the layer be-
tween a and b are (b' 7 —a' ~%)/(1 — P), which approaches infinity
as b approaches infinity. In reality, catastrophe losses are limited by
the total insured value, so the frequency distribution falls below a
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TABLE 1
FREQUENCIES (F 'y AND PARAMETERS (P)

Region  F P Region  F P
I 0213 096 15 0292 0.94
2 0335 121 16 0.190 1.07
3 0.727 126 17 0312 1.00
4 0.682 095 18 0212 1.08
5 0419 0.60 19 0.244 1.44
6 0431 0.86 20 0.590 092
7 0.749 161 21 0.507 1.13
8 0.184 124 2 0.450 178
9 0.235 127 23 0.265 125
10 0.566 1.49 2% 0.196 093
1 0.788 1.54 25 0.183 1.17
12 0.453 1.59 26 0.487 133
13 0.254 1.16 27 0.265 1.00
14 0.282 0.98 28 0.393 1.54

Pareto at some point. Although Pareto parameters of 1 or less were
selected for some regions, they are only intended to be used in esti-
mating expected losses for limited layers of sizes that are actually re-
insured. The Pareto’s overestimate of frequency far out in the tail
does not have a great effect in estimating expected losses for these
layers. The frequency of losses above x times the truncation point is
x~" times the frequency above the truncation point. Since P > 0, this
fraction x* approaches zero as x approaches infinity.

3. RATING CATASTROPHE COVERS

A. Using the Model

Rates for catastrophe covers include a risk charge, but this discus-
sion is of expected losses rather than risk.
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A reinsurer evaluating a catastrophe cover often receives a break-
down of the ceding company’s subject property premium by state and
line. The commercial multiple peril, homeowners, farmowners, and
auto physical damage premiums that are considered to be subject to a
catastrophe treaty are sometimes only a percentage (usually approxi-
mately 65%, 90%, 90%, and 35%, respectively) of the total premiums
for those lines. It is necessary to adjust for this reduction to apply the
catastrophe premium formula in this paper to the cedent.

If the cedent does not provide this information, estimates of catas-
trophe premium by state for a primary company can be made by
using the company’s major direct premium writings by state and its
net written premiums by line from Best’s Insurance Reports [3].
Based on this information and on Table 2, one of the 28 regions may
be selected judgmentally as being approximately representative of the
region in which the company writes.

TABLE 2
1988 CATASTROPHE PREMIUMS BY REGION (IN (000s)

Region Premium Region Premium
] $1,757,793 15 $890,083
2 473,889 16 973,760
3 881,629 17 789,209
4 521,551 18 2,231,681
5 668,967 19 546,455
6 700,932 20 1,403,180
7 478,800 21 1,848,699
8 365,904 22 1,484,958
9 180,551 23 1,793,682
10 238,494 24 2,653,051
11 273418 25 2,778,136
12 973,046 26 3,366,938
13 1,110,098 27 5.816,632
14 683,584 28 11,961,706
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For any region selected as representative of the company, the
selected yearly frequency for catastrophe losses greater than 8% of
catastrophe premium and the selected Pareto distribution may be
found in Table 1. They may be used to compute an estimate of
expected losses for any layer of a catastrophe cover by expressing the
layer in terms of percentages of the company’s total catastrophe pre-
mium. An example of the rating method will be given at the end of
this section, but several related points are discussed first.

The method used in the example is based on historical data. How-
ever, due to the potential for an enormously damaging earthquake in
California and the small number of earthquakes in the historical data
used, expected losses from catastrophes in California are widely be-
lieved to be greater than the estimate that would be based on histori-
cal data. The very severe 1906 earthquake is not included in the
available data.

An adjustment will be made in the rating method for catastrophe
covers to reflect that the model in this paper is based on data for
regions rather than for individual reinsurers. By the use of certain
definitions and reasonable assumptions, the following statement
could be made more precise and proven mathematically. On average,
for catastrophe losses as defined by PCS, the probability distribution
of ratios of catastrophe losses to catastrophe premiums has the same
mean for an insurer within a region as for the region—but it has a
greater variance.

The rating method, which will be applied to individual insurers,
uses 0.85 times the Pareto parameter in Table 1 for the region se-
lected as representative of the insurer. This adjustment reflects that
the distributions for individual insurers have greater variance, on the
average, than the distribution for the region.

The expected frequencies from Table 1 will be used, unadjusted,
for individual insurers. The expected frequency of catastrophe losses,
as defined by PCS, is less for an individual insurer than for the
surrounding region. However, the assumption of a smaller Pareto
parameter for individual insurers implies that for some percentage W,
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the expected frequency for R > W% is the same for the individual
insurer as for the region. The estimate that W = 8% is implicit in the
use of the expected frequencies from Table 1 for individual insurers.

The estimate that ultimate insured losses for catastrophes, on the
average, are 1.33 times as great as the PCS estimates will be used in
estimating expected losses for catastrophe covers. Since the PCS esti-
mate is made within a few days of the catastrophe, it is natural to
expect development. Also, the PCS estimate excludes allocated loss
adjustment expense, all ocean marine and crop losses, and some in-
land marine and business interruption losses. Lastly, the model in this
paper used gross losses and premiums while catastrophe reinsurance
covers losses net of excess reinsurance. Studies (e.g., Ludwig [13])
have shown that net catastrophe losses are a higher percentage of net
premiums than gross catastrophe losses are of gross premiums. An
adjustment for this is included in the 1.33 factor.

The 0.85 factor for Pareto parameters and the 1.33 factor for
losses have the combined effect of significantly raising estimated
expected losses for catastrophe covers. The resulting expected losses,
as a percentage of actual premiums charged, have been found to be a
reasonable match to actual loss ratios for the catastrophe cover pre-
mium of two reinsurers over a 20-year and a 12-year period, respec-
tively. (In addition, an adjustment was made to include the
catastrophic year 1992.) This premium totaled almost $300 million
and consisted of shares of a much greater amount of premium.

Example

Suppose that a primary insurer, in the latest year for which data
are available, had writings for which region 28 is considered the best
match.

Suppose that, using cp to represent the insurer’s catastrophe pre-
mium, the layer to be reinsured can be expressed as (2.00cp) excess
of (0.20cp).

The selections in Table 1 for region 28 were 0.393 catastrophe
losses per year greater than 8% of catastrophe premium and a Pareto
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parameter of 1.54. The loss development factor of 1.33 and the ad-
justment factor to the Pareto parameter of 0.85, which were discussed
above, are used. Therefore, 0.393 is the frequency for R > 10.64%,
and the Pareto parameter becomes 1.31. The expected losses to the
layer in one year therefore are:

-0.31 _ —0.31
0.393 (0.1064cp )[ (0.20/0.1064) (2.20/0.1064) } a1

0.31

(See Philbrick [14].) This amount equals 5.82% of catastrophe pre-
mium.

If it is not clear which region is the best match for the primary
insurer, the above method may be used for more than one region and
a final estimate may be judgmentally selected.

B. Underwriting Judgment

Since the above estimate is based on data from the entire region, it
may be useful to judgmentally modify it if the ceding company is not
believed to be typical of the region. For example, the ceding company
may have a very high or low percentage of its insured property near
the coast, where exposure to hurricanes is greatest. An estimate of
how a ceding company compares to a region could also be made by
using Clark’s model [7], since that software can be applied to both
regions and individual companies.

C. The Catastrophe Premium Formula

The estimated expected catastrophe losses for individual insurers
were affected by the choice of percentages by line in the catastrophe
premium formula defined in Section 2.

If the percentages by line that were used in the formula are multi-
plied by the corresponding premiums in Table 3, an approximation of
the relative amounts of expected catastrophe losses by line can be
derived. (Although fire premium is a portion of the property premium
in Table 3, it was not included in the catastrophe premium formula; it
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was considered to account for only a negligible portion of catastrophe
losses.)

of losses comes from auto physical damage than would be estimated
based on the catastrophe premium formula. In [1], the All-Industry
Research Advisory Council (AIRAC) estimated the following per-
centages of losses by line for seven hurricanes from 1983 to 1985:

Some data suggest that, for hurricanes, a much lower percentage

Homeowners Multiple Peril  46.8%
Commercial Multiple Peril 22.2%
Auto Physical Damage 3.7%
All Others 27.3%.

TABLE 3
INDUSTRY PREMIUMS FOR SELECTED LINES —1990

Premiums Earned (Millions)

Fire $ 4,494
Allied Lines 2,097
Farmowners Multiple Peril 968
Homeowners Multiple Peril 18,116
Commercial Multiple Peril 17,626
Ocean Marine 1,169
Inland Marine 4,441
Earthquake 459
Auto Physical Damage 35,185

Another source of data on catastrophe losses by line was produced
by the Insurance Services Office (ISO) for homeowners losses by
individual catastrophe for the period 1970 to 1978 [2]. Those data
indicate that homeowners and dwelling extended coverage losses are
19.6% and 2.7%, respectively, of total catastrophe losses as estimated
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by PCS for the same catastrophes. (The ISO estimates, like the PCS
estimates, are an extrapolation of total insured losses based on data
from a set of insurers in the region.) The percentage of total catastro-
phe losses covered under homeowners is much less in the ISO data
for all catastrophes combined than in the AIRAC hurricane data.
Therefore, the percentage of auto physical damage losses may well be
much greater for all catastrophes combined than for hurricanes.

Hurricanes produced $6.35 billion in catastrophe losses from 1981
to 1990, compared to $9.7 billion in losses from hail and tornadoes
and $3.7 billion in losses from winter storms, according to PCS.

If so desired, the catastrophe cover rating method used in this
paper can be applied with a catastrophe premium formula having
different percentages by line from those used. Any alternative per-
centages used should be chosen so that, when multiplied by the pre-
miums in Table 3, they produce the same catastrophe premium as the
percentages in this paper’s formula. If this is done, then Table 1
approximates the corresponding table that would have been created if
the alternative catastrophe premium formula had been used in the
study. Therefore, the rating method used in this paper still gives an
estimate of expected losses from catastrophes if the alternative catas-
trophe premium formula is used.

D. Experience Rating a Catastrophe Risk

Suppose the amount of each catastrophe loss of the ceding com-
pany for a certain time period is known. The frequency of these
losses in intervals expressed in terms of ratios to the company’s ca-
tastrophe premium can be compared to the experience of the region
selected as being representative of the company. Exhibit 5, which
shows experience from 1949 to 1969 and from 1970 to 1989 sepa-
rately, may be useful for this comparison. An example of a judg-
mental experience rating is given below.
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Example

Suppose that Insurance Company A had eight catastrophes greater
than 10.64% (i.e., 8% times our selected development factor) of ca-
tastrophe premium for the period of 1970 to 1989 and that the region
selected as corresponding to it had five catastrophes greater than
10.64% of catastrophe premium in the same period.

Suppose that the formula n/(n +9), where n is the number of
catastrophes in the region from 1970 to 1989, is the credibility as-
signed to the experience of Company A. (This formula is similar to
one used in this paper to assign credibility to the actual frequency of
catastrophes in a region.)

The credibility weighted frequency is then
(57(5+9)) (8)+ (9/(5+9)) (5),

which equals 6.07. The modifier produced by the experience rating is
thus 6.07/5.00; that is, 1.21. This modifier is then applied to the ex-
pected losses for the reinsured layer that are estimated as in Equa-
tion 3.1.

4. CONCLUSION

A model that can be used to estimate expected losses to catastro-
phe covers based on insured loss data has been presented. An exam-
ple of the application of the model to a specific cover was given. The
obstacles to using actuarial methods in catastrophe rating are not as
great as has sometimes been suggested.

The application of actuarial science gives a very useful and much
needed perspective in this area.
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EXHIBIT 3

CoMPARISON OF ACTUAL (A) To FITTED (F) FREQUENCIES

Interval of Ratio R
8% <R<16% 16%<R<32% 32%<R<64% R>64%
Region A F A F A F A F
1 3 571 1 291 2 1.84 0 1.71
2 10 561 4 2.62 1 1.84 1 0.74
3 22 17.60 1 531 4 382 3 1.86
4 14 17.77 3 561 5 3.82 5 325
5 4 7.23 5 3.24 2 4.32 5 445
6 8 6.15 6 2.93 4 244 2 1.65
7 23 16.11 8 5.53 1 261 0 135
8 4 4,73 1 279 0 0.90 1 073
9 4 4.59 5 269 1 0.82 1 044
10 13 12.72 6 5.65 5 1.01 1 0.68
11 22 1446 9 5.53 4 1.70 1 0.87
12 11 14.43 6 5.46 0 1.70 0 0.85
13 6 5.14 2 295 1 1.20 1 0.70
14 6 5.54 1 3.00 4 1.59 0 0.88
15 6 5.60 2 3.20 1 1.59 2 1.51
16 2 497 2 3.20 1 0.99 0 1.07
17 7 492 5 324 0 0.94 2 275
18 3 5.59 3 258 1 1.84 0 0.82
19 8 462 3 2.60 0 0.86 1 0.51
20 8 17.48 7 5.12 2 3.82 6 1.95
31 18 6.21 4 27t 3 269 1 202
22 14 13.73 4 5.07 0 1.48 0 0.79
23 7 527 3 2.79 1 1.38 0 0.71
24 1 5.05 2 2.88 1 1.14 2 1.13
25 3 5.10 1 247 2 1.32 0 0.57
26 11 15.70 4 480 3 261 1 122
27 5 553 2 261 3 1.75 1 0.91
28 9 14.44 4 4.49 2 1.97 0 0.89
252 25200 104 103.98* 54 5399 37  37.01*

*Totals do not always match exactly, due to rounding.
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EXHIBIT 4
Part 1

CoMPARISON OF EXPERIENCE RATED FREQUENCIES WITH
FiTTED PARETO FREQUENCIES

Experience Rated Frequencies

Region 8% <R<16% 16%<R<32% 3% <R<64%  R>64%

l 428 1.97 145 1.03
2 7.83 3.07 1.92 0.90
3 20.14 3.61 3.92 2.14
4 15.00 4.81 429 3.87
5 573 3.43 3.34 4.67
6 7.54 4.19 3.73 222
7 20.72 6.72 214 1.1
8 430 2.03 0.63 061
9 472 346 094 053
10 13.52 7.04 1.83 0.82
1 2022 8.29 270 1.08
12 11.62 5.15 115 0.64
13 561 265 133 0383
14 5.86 243 241 0.88
15 591 2.79 1.57 1.72
16 3.67 248 0.86 179
17 6.28 4.18 057 1.75
18 431 231 1.44 0.63
19 6.12 2.65 0.70 052
20 10.95 6.32 3.56 336
21 12.58 3.32 2.99 1.89
22 13.03 4.06 0.86 051
23 6.09 2.74 137 0.66
24 343 2.50 098 .12
25 4.04 1.84 117 0.42
26 12.02 452 237 1.03
27 541 244 2,07 0.94
28 1017 4.02 1.39 054

251.10 105.04 5368 37.23
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EXHIBIT 4
Part 2

CoMPARISON OF EXPERIENCE RATED FREQUENCIES WITH
FITTED PARETO FREQUENCIES

Fitted Pareto Frequencies

Region 8% <R<16% 16%<R<32% 32%<R<64%
426 2.18 1.12
7.77 337 1.46

17.37 725 3.03
13.53 6.99 361
5.85 3.86 254
791 437 242
20.63 6.76 221
436 1.85 0.78
5.64 234 0.97
14.96 532 1.89
21.21 7.28 2.50
1238 4.13 138
5.76 257 1.15
5.70 2.89 1.47
5.74 299 156
409 1.94 0.92
6.39 320 1.60
458 2.17 1.03
631 233 0.86
1139 6.03 3.19
11.31 5.16 235
13.07 381 111
6.29 2.65 11
3.82 2.00 1.05
4.15 1.85 0.82
12.02 477 1.90
541 271 136
10.58 364 125
252.49 106.41 46.64

23
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EXHIBIT 5

REeGIoNAL FREQUENCIES BY TIME PERIOD

Interval of Ratio R

16% <R<32%

R>64%

32% < R < 64%

Region 1949-69 1970-89 1949-69 1970-89 1949-69 1970-89 1949-69 1970-89
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APPENDIX A
DETAILS OF REGRESSIONS

The “center” of a region is defined as the point such that half the
area is to the north, half to the east, half to the west, and half to the
south. For each of the 28 regions, the latitude and longitude of the
centers of the regions were estimated and considered to be the lati-
tude and longitude of the region. The “distance to the coast” of a
region is defined as the length of the shortest line from the center to
any ocean.

The independent variables used in the regression were x], X5y X3,
and x,, such that, for each region,

x, = latitude of region;
0, if 92 < longitude of region < 99,
[ longitude— 99!, if 99 < longitude < 105,
X, =146, if longitude > 105,
| longitude — 92I, if 86 < longitude < 92,
6, if longitude < 86;

x; = In(In(area of region, in thousands of miles));
x, = In(In(distance from coast of region, in miles)).

The values of x;, x,, x;, and x,, for the 28 regions are given in
Exhibit 6.

For each of the seven intervals for R, the dependent variable used
in the regression for the interval was In(frequency of catastrophes).
(In cases where the frequency was zero, In (/5) was judgmentally
used instead of the undefined In (0).) This dependent variable was
chosen so that, for each independent variable, a given amount of
change would produce a fixed multiplicative effect on the fitted fre-
quencies defined below.

This approach produced a better fit than any other dependent vari-
able and avoided the problem of negative or unreasonably small fitted
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values. An attempt was made to use (frequency of catastrophes)o'5 as
the dependent variable, since its variance is relatively close to being
independent of the expected frequency of catastrophes, and this is
desirable when using regression. However, it did not produce the
most acceptable fitted values.

The use of In (In (x)) for x; and x, resulted from the observation
that it produced values of x; and x, that came reasonably close to
having the desired linear relationship with the values of the dependent
variable.

For each interval [; of R values, there is a corresponding set of
frequencies by region {f, J-}, where j is an integer from 1 to 28.

. A . .
Fitted values y; ; were produced by regression. Then the function

28 28
8i G’\i,j) =exp (S’\i,j) Zfi,j / Z exp (C,,) (A.1)

j=t ] =

was used to produce values g; (S},-, ;) such that

28 . 28
z 8i (Yi,j) = Zfi.j :
j=1

j=1

The values g; 6},-' ;), rather than /)\), j» were used as final fitted values for
the frequencies f; ; .

Tornadoes are more prevalent in the region between longitudes 92
and 99, which helps explain the motivation for the definition of the
variable x,.

The interval R > 64% was the only one for which x, was used. It

appears that distance from the coast is a useful variable for large
hurricanes, but not for smaller catastrophes such as tornadoes. The
variable x, didn’t work well for intervals for which R < 64%, possibly
due to collinearity with the longitude variable. The coefficient came
out only negligibly negative or even positive.



PROPERTY CATASTROPHE RATING 27

Positive coefficients for any of the variables x;, x,, x;, and x, were
considered counter to the overall indications of the data and not ap-
propriate for use in the study. For all intervals, all the variables x,, x,,
and x; were used unless one of them had a positive coefficient. In
these cases, a regression was done without using that variable.

To find confidence intervals for the regression coefficients or for
the expected values of the dependent variables, it would have to be
true that:

1. A linear relationship exists between the independent vari-
ables used and the dependent variable used.

2. The conditional distributions of the dependent variables,
given values of the independent variables, are uncorrellated
and have a common variance.

Neither condition is satisfied. Nothing can be done to satisfy the
first condition unless a way is known to transform the variables so
that they satisfy a linear relationship. Therefore, it was considered
better to avoid the complications involved in transforming variables
to come closer to satisfying the second condition. The results of the
regression are considered to be simply a useful method of smoothing
the data.

The functions resulting from the regressions are shown in Table 4.

TABLE 4
REGRESSION FUNCTIONS
i Interval  _ Funcion
1 8% <R<16% ~0.024x; — 0.167x; —0.083x3 + 3.694
2 16%<R<32% —0.00005x1 — 0.108x — 0.461x3 + 2.312
3 32%<R<64% —0.095x, — 0.035x; +4.169
4 R>64% ~0.030x; — 0.069x>, — 0.241x3 — 2.719x4 + 6.457
5 R>32% —0.102x; — 0.002x; — 0.808x3 + 6.150
6 R>16% ~0.047x, — 0.087x; —0.720x3 + 5.172
7

R>8% —~0.035x; - 0.119x2 — 0.596x3 + 5.393
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VALUES OF INDEPENDENT V ARIABLES
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37
315
315

28

34
355
44.5
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45.5

40

40
41.5
385
38.5

43.5
44

37
45
315
33
415
40
42
40.5
355
375
385
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X3
1.6.12
1.838
1.715
1.596
1.381
1.596
1.626
1.703
1.787
1.581
1.626
1.654
1.581
1.548
1.405
1.405
1.381
1.876
1.862
1.796
1.767
1.813
1.703
1.640
1.970
1.935
1.854
2.078

_ X4
1.535
1.824
1.708
1.513
1.303
1.582
1.790
1.758
1.924
1.936
1.903
1.909
1.818
1.767
1.582
1.652
1.303
1.780
1.868
1.684
1.504
1.902
1.817
1.629
1.868
1.798
1.740
1.870
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APPENDIX B
DERIVATION OF CREDIBILITY FORMULA

To approximate an experience rating formula, we assume:

1. Given that g; Gz\,-, j) s the fitted value for interval i and region
Jj in the smoothing method of this paper, the probability dis-
tribution of the random variable E; ;, which represents the
expected value of the freq}\lency of catastrophes in interval i

and region j, has mean g; (y; ;).
2. For each i, the probability distribution of E; ; has the same
coefficient of variation C; for each j.

It follows that, for each interval i and each region j, the Z such that

Z (actual frequencyin interval i and region j)

+(1-2)g; @i,j) (B.1)

is the best least squares estimate of the expected value of the fre-
quency in interval i and region j is

Z=g,(: )/ (8 ;) +1/CY). (B.2)

The proof is as follows. By Bithlmann’s theorem (Biihimann [5],
Herzog [10]), Z=H; /(H, ;+V, ;) where H, ; equals the variance of
the probability distribution of the expected value of the frequency for
interval i and region j, and V, ; equals the expected value of the
variance of the frequency, given the above probability distribution for
the expected value of the frequency.

For each possible value ¢; ; for the expected value of the fre-
quency, the probability distribution of actual values is assumed to be
Poisson and thus has variance e¢; ;. Therefore, by Assumption 1
above, V, ;=g; (§,-, ;- By Assumption 2 above, H; ;=(C; g; (§,-, j))z.
Therefore,
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Z=Clg (,\)i,j)z/g\cf &i G'\i.j)z +8; (Ci,j))
=8 0. )/ (& 0 )+ 1/Ch). (B.3)

This completes the proof.

The estimates of the numbers C? will now be discussed.

Consider the frequency in interval i and region j during the 41-
year period used for the data to be the outcome of an experiment. Let
the random variable X; ; represent the outcome. The expected value
of (g; (’y\,-_ =X j)z, given that ¢; ; is the expected value of the fre-
quency, equals (g; (}‘,-, )e j)z plus the expected value, given that e, ;
is- the expected value of the frequency, of (e; ;— X,-_j-)z. (This is left
for the reader to verify.) Therefore, the mean of (g; (9,4‘ =X, ]-)2
equals the mean of (g; (_/y\’,-, )-E; j)z plus the mean of (E; ; — X i‘_j)z.

By Assumption 2 above, the mean of (g; (3\, )-E; j)z equals
Clz (8 ()’Ai,j))2~

Given that ¢, ; is the expected value of the frequency, the mean of
(ei‘j—X,»,j)2 is e
mean of E;

i,j- Therefore, the mean of (E; ;- X; j)z equals the
d A
.j» whichis g; (y; ;) .

Theiefore, E\he mean  of (g, (% )-X.;  equals
C (g; (. )) + & (vi.j)- So G equals the expected value of

28 28 28
z (& (ci,j) - Xi,j)2 - z 8i (."\’1,1') / 2 8; (./‘\’i,j)z- (B.4)

j:] j:] j:]

The estimate of the expected value of

28 A
Z &0 ) - X j)z

j=1
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will depend partly on judgment and intuition, due to problems in esti-
mating it purely mathematically.

Assume for the sake of approximation that the following two con-
ditions are satisfied.

1. The values g; (§,-, ;) are the function values produced directly

by a regression, and a linear relationship with coefficients
a;, ; actually exists between the independent variables used

and the expected values of the dependent variables.

2. The differences between the dependent variables and their
expected values have independent probability distributions
with a common variance 7.

Under these conditions,

28
Y (s A )1, ) |/(degrees of freedom) (B.5)
j=1

where f; ; is the actual frequency in interval i and region j, is an unbi-
ased estimate of ¢ (Draper and Smith [8]). If the values g; (y;, j) are
not the true expected values of the frequencies in interval i and region
J» then the expected value of

28
Y (& 5. ) - X)) | /28

j=1
is greater than ¢°.

Assuming Equation B.5 is equal to or less than the expected value
of

28
Y (g 0 - X ) |28,
j=1

Equation B.4 gives the following lower bound for C? :
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28 28
(EquationB5— Y g i)/ 3. (& (3: ). (B.6)

Jj=1 j=1
We now discuss an upper bound for C7.
It clearly appears that the expected value of

28

IRV ATEN v 12

A g \
L 81 Wi j) — A j)

is less than

2

28 28

S 800|281

j=1]li=1

where f; ; is the actual frequency in interval i/ and region j. The value

%
280G, |/28
j=1

is a mere average of the values g; 0, j), so the individual estimates

g (y, ;) intuitively appear to be better estimators for the expected val-
ues of the variables X; ; than is

28 A
D &0y |/28.

j=1

Therefore, it follows, based on the above arguments and Equation
B 4, that the following is an upper bound for C? :

28 28

28
S &0 )/28 =) Zg, IR HR:X)

j=1lli=1 j=1 j=1
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Thus we have (Equation B.6) < C? < (Equation B.7). Using the actual
values of the expressions in Equations B.6 and B.7 for i = 1 through
7, and averaging inequalities, gives

0.049 < (C2+ C3 + C2 + C2+ C%)/5) < 0.146 (B.8)
and

0.065 < ((C2 + C3)/2) < 0.215. (B.9)

The reason for considering C; and C, separately from C,, C;, Cs,
Ce, and C; is that the numbers g; (_Q,», ;) for i=3 and i =4 were based

on less data than for i = 1, 2, 5, 6, and 7. Thus, the expectation is that
they are less accurate. Therefore, it can be seen from Equation B.1
that C; would be expected to be greater for those intervals.

By Equation B.2, the choices of k;=9 for i=1,2,5,6, or 7 and
k; =6 for i=3 or 4 in Subsection 2.C imply choices of % for each of
C:,C,CE, Ciand C3 and Y for C3 and C3 .

Thus, the selected values for k; are toward the low end of the
range of inequalities B.8 and B.9. Still, the numbers g; GJ\,-, ;) have a
much greater effect than the numbers f; ; on the tails of the loss
distributions selected by region in Subsection 2E.
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APPENDIX C
METHOD OF FITTING PARETO

Iteration was used to find the single parameter Pareto distribution
that minimizes

4
Y (i~ P /PP,

i=1

where f; is as defined in Subsection 2E, and P; is the corresponding
fraction for the Pareto distribution.

The above method of fitting a Pareto to the numbers f; is different,
for theoretical reasons, from methods that would be used to fit a
Pareto to actual frequencies. An explanation of the method is as fol-
lows.

Let the random variable X; equal the f; produced by performing the

experiment of using the method of this paper on the data for the
41-year period. Assume that there is some Pareto distribution A such
that each A,, defined similarly to P;, is the mean of X;.

The Pareto that minimizes

4
Z(M_Pi)/oi)z’
i=1

where ©; is the standard deviation of X, is an estimate of A. If the

probability distribution of X; is Normal, then it is the maximum likeli-
hood estimate of A.

If P,=A,, then based on the process used in computing the num-
ber f,, it is judgmentally estimated that, for some constant ¢, each 67
equals approximately cP}~. Each f; results from a weighting of actual
data and a smoothed estimate. If only actual data were used, each &7
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would -be approximately in the same proportion to P;. On the other
hand, if only smoothed estimates were used to produce each f;, and if
the coefficient of variation were the same for each X, each of would
be in the same proportion to PZ. The value P;° was selected above
because it is approximately midway between P; and P?. Thus the
Pareto that minimizes

4
Y (- PY/P)

i=1

is an estimate of the Pareto that minimizes

4
Z ((f;i—P) /0.

i=1

A viable alternative method, which avoids the somewhat arbitrary
choice of exponent on P, would be to use iteration to find the Pareto

that maximizes the likelihood function I1 Piﬂ. This is numerically no
more difficult than the approach used.



