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THE COST OF MIXING REINSURANCE 

RONALD I-. M’IStR 
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IN TRODCIC‘I-ION 

Many underwriters rely heavily on facultative reinsurance support as an 
important part of their underwriting function. This is especially the case in the 
excess and surplus lines and commercial property lines. Individual risks are 
often subject to multiple reinsurance transactions as a result of the initial un- 
derwriting process. The net exposure retained by the underwriters for the com- 
pany’s account is then subject to the overall company rcinsurance treaty. As a 
result, the final company net retention has been layered in a complicated fashion. 
This complicated net position can lead to unexpected net loss ratio and combined 
ratio results. 
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The purpose of this paper is to investigate the consequences of one such 
reinsurance situation-the application of an excess of loss reinsurance treaty 
after the placement of proportional reinsurance on the same risk-and to inves- 
tigate ways of managing this situation. We will take the viewpoint of the ceding 
company, although the subject is also of interest to the excess reinsurer. We 
will assume that. in general, the mixed reinsurance situation comes about 
through the application of proportional facultative reinsurance on individual 
risks, and the retained amounts are then subject to a corporate excess of loss 
treaty. In the case of a portfolio of risks, we assume the aggregate effect of 
individual facultative cessions can be adequately modeled by an average pro- 
portional retention applying to the entire portfolio. 

The consequences of this mixed reinsurance situation are twofold: 

Magnitude of net loss ratio: The application of proportional reinsurance 
below an excess of loss layer reduces the excess reinsurer’s loss ratio and raises 
the ceding company’s loss ratio. The expected loss ratio on the pro rata rein- 
surance is unchanged; it will always be the same as the gross loss ratio. 

Stubility of net loss ratio: While the purpose of excess of loss reinsurance 
is to provide stability to the net retained loss ratio, the application of proportional 
reinsurance under the excess of loss cover actually decreases the stability of the 
net loss ratio. 

A heuristic argument can show that each of these effects is intuitively 
plausible. Actual examples will show the mechanics of both the magnitude and 
the stability effects. Beyond the examples, it is demonstrated that these are not 
isolated instances, but the effects can be mathematically shown to hold always. 
We will use the term “mixing reinsurance” or “mixing” to denote this scenario 
of applying an excess of loss reinsurance treaty ufter a proportional transaction. 

Reasons for Mixing 

As we investigate the implications of mixing proportional and excess rein- 
surance, we need to keep in mind the purpose for the particular mixing situa- 
tions. Since all instances of mixing will penalize the net loss ratio to different 
extents, management must carefully evaluate whether the cost of mixing is 
justified by the advantage gained. Generally, senior management is heavily 
involved in negotiating and placing the major treaties of the company. Histori- 
cally, lower levels of management have directed the use of facultative reinsur- 
ante. Often, the individual desk underwriter places quota share facultative 
reinsurance on a risk as he writes it. 



The premise of this paper is that the tottri corporate reinsurance program 
(not just the major corporate treaties) must be actively managed to assure that 
corporate objectives are met. The interaction between proportional and excess 
reinsurance in the mixed case can be very significant. Management must institute 
guidelines and controls for use of proportional reinsurance which assure the 
objectives intended by placement of the corporate excess treaties are met. These 
objectives will generally be stated in the form of expected net loss ratio, or cost 
of reinsurance. and protection from large swings in net loss ratio (stability). 

Some common reasons for the occurrence of mixed reinsurance situations 
are : 

a) capacity; 
b) net premium targets: 
c) protecting the treaty; 
d) sharing of layers; and, 
e) commission overrides. 

Capucit~; An individual risk is too large to he retained net by the insurer. 
A proportion of the risk may be ceded on a quota share or ~rplus share basis 
to reduce its size. This is common on property risks. A mixed situation exists 
if the corporate property treaty is on an excess of‘ loss basis. 

Net Premium Targets: A corporate plan may call f’or a certain net premium 
increase that must be strictly adhered to (for instance. because of statutory 
income or surplus restrictions). If more gross premium is written than planned, 
the net target may be achieved by increased USC of facultative proportional 
reinsurance. This strategy should be evaluated in light of the penalty imposed 
on the net loss ratio position. 

Protecting the Treaty: If the rate on the excess treaty is clearly insufficient 
to absorb the exposure from a risk the insurer wishes to write, the excess loss 
potential can be scaled down by a Cdcultative quota share placement to fit the 
treaty pricing. This comes about because proportional reinsurance changes the 
frequency and severity characteristics of the excess loss exposure. This is one 
case where mixing reinsurance may be the prescribed course of action to achieve 
the corporate objective of excess treaty perpetuation at a reasonable price. 

Sharing of Layers: For any of the reasons above, the underwriter may 
substitute the direct writing of a proportional share of a risk in place of acc~p- 
tance of the entire risk followed by a facultative quota share reinsurance trans- 
action. This is. in fact, a disguised mixed reinsurance situation and is fully 
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equivalent in its effect on net loss ratio and stability. The popularity of sharing 
layers increases as the facultative reinsurance market tightens. The normal 
operating procedure of the facultative reinsurance underwriter or the brokered 
treaty underwriter is to accept proportional shares of an excess layer. This is 
also a mixed reinsurance situation if an excess of loss treaty protects the 
reinsurer’s net position. 

Commission Ol,errides: In most cases, the proportional facultative reinsurer 
pays a ceding commission to the ceding company. This ceding commission is 
meant to cover direct commission costs, plus an additional “override” commis- 
sion to cover the cedent’s non-commission costs. The override has the effect of 
reducing the net expense ratio, and can even cause a negative net commission 
expense in some cases. A company, or an individual underwriter, may cede 
large amounts of facultative proportional reinsurance to obtain this override 
relief to the commission expense ratio. 

A Simple Example: The magnitude effect can be demonstrated by inspecting 
a very simple situation. Suppose a ceding company has a size of loss distribution 
that allows only claim sizes of either $10,000 or $90,000, with equal probability. 
With an expected claim frequency of 48 claims per year, and an average claim 
size of $50,000, we have annual expected losses of $2,400,000 annually. If the 
company carries an excess of loss treaty with a $40,000 retention, the treaty 
reinsurer will have expected losses of $1,200,000 per year (24 claims at $50,000 
each). Assuming an 80% expected loss ratio for both companies, the excess of 
loss reinsurer will expect a treaty rate of 50% of subject premium. 

Now assume the underwriters writing this portfolio for the company place 
50% quota share facultative reinsurance on every policy as they write it. The 
ceding company will retain 25% of gross premium, or $750,000, after paying 
for treaty and facultative reinsurance. The facultative reinsurer will pay half of 
every loss while the excess reinsurance only responds when the ceding com- 
pany’s 50% share of each loss penetrates the $40,000 retention. Since there are 
only 24 of these large losses expected, and after the proportional reinsurance 
they are $45,000 each, the excess reinsurer will have an expected incurred loss 
of $120,000. This will give it an expected loss ratio of 16% on the $750,000 
of treaty premium. The ceding company will retain $l,OSO,OOO of expected 
losses, for a loss ratio of 144% on its net retained premium of $750,000. 

In this simplified example the two reinsurance negotiations have a combined 
unfavorable effect on the company. The treaty rate was correct for placement 
of 100% of each risk into the treaty. Because the underwriters did not tailor the 
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facultative cessions to coordinate with the treaty rating. the company has suf- 
fered a penalty of 64 loss ratio points. Even though the direct business was 
correctly priced and evaluated. the net result is a totally unacceptable combined 
ratio. While the example is constructed to illustrate a point. actual variations 
on this situation can easily occur. In fact. every instance of an excess of loss 
reinsurance contract placed over proportional reinsurance works to the disad- 
vantage of the net position, and thus the ceding company. 

THE ROLE OF THE SlZt Of- 1 OS I~IS~I‘RIHl1’I’ION 

An inspection of a typical size of loss distribution indicates the underlying 
cause of mixing effects. Consider a size of loss frequency distribution of the 
amount of a single claim, as shown in Figure I. The amount of loss can be 
read from the horizontal scale. and the relative frequency of such a loss amount 
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from the vertical scale. Figure I can also be used to determine the percent of 
total claim counts due to claims in a given range of amounts. For instance, we 
can see that loss over $150,000 will represent 20% of the claims arising from 
this particular loss distribution. This is because the area under the size of loss 
curve above $150,000 represents 20% of the total area under the curve. 

The application of a 50% quota share reinsurance to this size of loss distri- 
bution essentially “shrinks” the curve horizontally. while maintaining its relative 
“shape,” as shown in Figure 2. 

Now consider the area of the “tail” of this new distribution over $150,000. 
This area represented 20% of the total number of claims of the original loss 
distribution of Figure I. The tail area of the “shrunken” distribution (Figure 2) 
over $ISO,OOO, however, accounts for only 3.4% of total claims counts-much 
less than half of the original gross loss size distribution. 

FIGURE 2 
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Thus, after the proportional “shrinking .” the excess reinsurer will receive 
50% of the premium that would have been received before proportional rein- 
surance was placed. but will experience much less penetration of its coverage 
layer than would have been expected in a situation without proportional rein- 
surance. In fact, the frequency of loss for the excess reinsurer after the 50% 
proportional reinsurance will be 17%’ (3.4% / 20%) of its original excess fre- 
quency. As a result, the excess reinsurer’s expected net loss ratio after propor- 
tional reinsurance is now substantially improved over the experience before the 
proportional transactions. 

Of course, this is simply a consequence of the nonlinear nature of the size 
of loss distribution. It is another way of stating that for large loss activity. a 
loss double a given size is cxpericnced much less than half of the time. 

Note also that the area under the curve of Figure 2 beyond $150.000 is the 
same as the area under the curve of Figure 1 beyond $300.000 ($150.000 / 
50%). Thus the excess rate over $150.000. after a 50% quota share placement, 
should be the same as the excess rate for a $300.000 retention with no quota 
share, ignoring risk charge and expense components. and the effect of the upper 
limit on the excess layer. 

In understanding the impact of proportional rein\urance on the net position 
and the excess reinsurer. the fundamental relationship ix the simple idea illus- 
trated above. An excess retention of M after a proportional reinsurance retention 
of 100~1%. is equivalent to an excess retention of Mitr without proportional 
reinsurance. This result is shown as the Mixing Price Rule below. 

This relationship is key in understanding how mixed reinsurancc destabilir.es 
net results. It seems intuitive. and can be shown mathematically (see the Ap- 
pendix), that net aggregate loss results will show more stability (i.e.. a lower 
coefhcient of variation) under a SlSO.000 retention than under a $300,000 
retention. In general. if an entire portfolio is proportionally reinsured to retain 
lOO& of the total risk. with an excess of loss treaty with retention M, the 
stability of the portfolio’s results will be identical to that of the same portfolio 
without proportional reinsurance and an excess loss limit of Mitr. This result is 
shown as the Mixing Stability Rule below. 

It is worth noting that the application of proportional reinsurance uftct- the 
application of an excess of loss treaty does not change the magnitude of stability 
of the net loss ratio position. Hence. the order of application of reinsuranco is 
extremely important. 
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Some simple examples will be instructive, and show situations where a 
disadvantageous net position can result in the ordinary course of business 
through mixing of reinsurance. This will be especially apparent if we consider 
the process of underwriting a single risk. 

LOSS RATIO MAGNITUDE EFFECTS 

A Casuals Example: Suppose an insurer is operating under an excess of 
loss treaty with $2,000,000 limits, excess of a retention of $250,000. The 
premium for this cover will be 30% of the subject premium that remains 
available for net and treaty, i.e., remaining after facultative placements. 

The primary company underwriter writes an excess liability policy with 
limits of $1 ,OOO,OOO, excess of a self-insured retention of $lOO,OOO. He prices 
this at $400,000, expecting a loss ratio of 60%. He pays a commission of 15%, 
and his internal expenses will account for another 10% of the gross premium. 
This leaves him with 15% ($60,000) for profit and contingency load on this 
risk. This allows a 25% load on expected losses as a fluctuation margin. That 
is, the underwriter could suffer losses of up to $300,000, or 125% of expected 
losses, before he has to dip into his surplus funds. 

Next, he wishes to reduce his net and treaty exposure to this risk, so he 
arranges a facultative quota share placement of 50% of the risk. Thus, he is left 
with a $500,000 exposure, net and treaty, and a subject premium for purposes 
of the excess treaty of $200,000. 

Generally, the cedent will receive a ceding commission that will cover his 
direct ceding commission costs (15% in this example), plus an “override” that 
is meant to cover the cedent’s non-commission, or fixed, expenses. The override 
for this example will be lo%, which is identical to the ceding reinsurer’s other 
expense ratio. 

One can analyze the underwriter’s net position before his facultative quota 
share placement. Assume that a lognormal distribution is an adequate model 
(Benckert (I]) for size of loss on this risk, with a mean claim size of $30,000 
and a coefficient of variation (CV) of 5.0. The following analysis of direct, 
reinsurance, and net results is summarized in Exhibit 1, the Mixing Cost 
Worksheet for this risk. Calculations on this exhibit are discussed below. 

The size of loss assumption implies an average first-dollar claim severity of 
$270,190 in the layer of interest, hence, an excess policy claim severity of 
$170.190. Recall that this is the expected severity for all claims greater than 
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EXHIBIT I 

MIXING (‘OS1 W’OKKSHt-t: I 

Policy: a casualty example without mtxmg 

Input parameters: 

Direct premium 
Policy limits 
Underlying retention 
Expected loss ratio 
Commission ratio 
Other expense ratio 

Reinsurance: 
Percent proportional 

Ceding commission 
Excess retention 
Excess limits 
Excess rate 

Ceding commission 
Loss distribution: mean 
Lognormal CL’ 

Net results: 

Loss ratio 
Expense ratio 
Combined ratio 
Net underwriting prom 
Cost of Reinsurance: 
with mixing 
Pure excess 
Additional cost of reinsurance 
Cost of Mixing Calculation: 
Actual cost of excess reinsurance 
Cost based on subject premium 
Cost of mixing 

$4oo.ooo 
$ I ,ooo,ooo 

$ltxj.ooo 
60.0% 
lS.O% 
10.0% 

O.O’% 

3 .O% 
$150,ooo 

$~.000.000 
30 0% 

0.0% 
$30,000 

5 

Proportional 

NA 
NA 
NA 

‘60 
0 

40 

Excess Net 

7 I .O% 55.3c% 
5.0 35.7 

76.0’% 91 .O% 
$15.144 

84.X56 U4,XSh 
34,856 34,856 

$0 $0 

834.X.56 
34 ,XSh 

50 
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$lOO,OOO, but with a maximum ceding carrier liability of $I ,OOO.OOO on those 
claims that are greater than $1 ,lOO,OOO first-dollar. Expected losses of $240,000, 
(60% X $400.000) imply an expected claim frequency of 1.41 claims per annum 
on this risk for the excess carrier ($240.000/$170,190). This analysis is dis- 
played on Exhibit I. 1. 

Now the excess of loss reinsurer would assume all loss amounts over 
$350,000 first-dollar. up to a maximum policy limit loss of $I ,100,OOO first- 
dollar. Thus the excess of loss reinsurer will be providing the coverage for the 
layer from $350.000 first-dollar to $I ,lOO,OOO first-dollar for its $120,000 
premium. Since 582 losses out of 10,000 exceed $lOO,OOO first-dollar, and I 18 
losses out of 10,000 exceed $350,000 first-dollar, the excess of loss reinsurer’s 
frequency will be 20% (1 18/582) of the direct reinsurer’s frequency. Then, the 
reinsurer should expect 0.286 claims (1.41 X 20.3%) at an average severity of 
about $298,000 in the layer from $350,000 to $1 ,lOO,OOO first-dollar. This 
implies a pure premium (expected losses) of about $85,000 (0.286 claims at 
$298, I 13 each), and an expected loss ratio of 71% for the excess of loss 
reinsurer. This analysis of the excess carrier’s frequency and severity is displayed 
on Exhibit I .3. 

The primary company underwriter retains an expected loss cost of $lSS,OOO 
and a net premium of $280,000, for an expected loss ratio of 55%. This would 
leave $25,000 for profit and contingency load on the net position, giving a 16% 
loading of expected losses for a fluctuation margin. 

Thus, the primary company has paid 30% of its direct premium to the excess 
reinsurer. In return, its maximum exposure to loss from any one claim has been 
reduced from $l,OOO,OOO to $250,000. The margin in the premium that is 
available to absorb fluctuations in results, however, has also decreased from 
25% to 16%. In light of this reduction in the fluctuation loading. it is not 
immediately obvious whether the insurer is in a better position in terms of 
protection from random variation of results after this excess reinsurance trans- 
action. As will be demonstrated below, however, excess of loss reinsurance 
decreases the probability of large aggregate losses to such a significant extent 
that this 16% risk margin actually reflects more safety than the gross position 
with its 25% margin. 

On Exhibit 1 we have also calculated the cost of reinsurance. Of course, 
this is the expected cost of the reinsurance transaction. The actual cost in 
retrospect will vary considerably from year to year. The cost of reinsurance is 
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Policy Parameters: 

1. Premium 
2. Commission 
3. Other expenses 
4. Expected losses 
5. Profit/risk charge 

6. Retention 
7. First-$ equivalent* 
8. Nominal layer width 
9. First-$ equivalent* 

10. Effective layer width 
I I First-$ equivalent* 

12. Claim severity 
13. Claim frequency 
14. Commission ratio 
15. Other expense ratio 
16. Premium rate 

17. Fluctuation loading 
IS. Expected loss ratio 
19. Combined ratio 

20. Cost of reinsurance 

MIXING REINSIIRANC‘I: 

EXHIBIT I. I 

MtXINCi COS I WORKSHEE I 

Casualty Example 
Allocation of Layer Costs 1L 

Determination of Net Position 

Ia) 
Gross 

(b) 
Proportional ___-.. 

%4Qo,OOO $0 
6OJY.M 0 
40.000 0 

240,000 0 
60.000 0 

$lOO.O0O 
100,000 

I .OOO.OOO 
1.100.000 
I ,OOO,OOo 
l.lOO,ooo 

NA 
NA 

0 
NA 

0 
NA 

$170.192 
I.410 

lS.O% 
10.0%’ 

100.0% 

$0 
I.410 
25.0% 
3.0% 
0.0% 

25 .OQ’ 
60.0% 
85.0% 

NA 
NA 
NA 

$0 $0 

(L-J 
Excess 

$ I ‘0,000 
0 

6.000 
XS.I‘tJ 
28.856 

$250,000 
350.000 

2,000,ooo 
I .100.000 

750,000 
I. 100,000 

$29X.1 13 
0.286 

0.0% 
5.0% 

30.0% 

33.9% 
71.0% 
76.0% 

$34.856 

cd) 
NC1 

%2x0,000 
60 .OOO 
40,000 

154.856 

$IOo.oW 
100.000 
‘50.000 
350.000 
250,ooo 
350,000 

$109.814 
I .4lO 
2 I .4(X 
14.34 
70.0% 

16.2% 
55.3% 
91.0% 

$34,856 

* First-dollar equivalent is the amount of first dollar loss needed to hlr thib hmrt. 
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Primary retention 
Reinsured’s retention 
Primary policy limit 
Effective excess limit 

EXHIBIT I .2 

LOSS DISTRIBUTION TABLE 

Loss Number Amount 
Amount Distribution Distribution 

x ,f?w) f $(.4 

$100,000 0.94 I7370 0.4069118 
350,000 0.9881997 0.6767204 

1,100,000 0.9981221 0.8627949 
I, 100,000 0.9981221 0.8627949 

Distribution type: lognormal 
Distribution parameters: 

mean = $30,000 p = 8.6799043 
cv= 5 o = 1.8050198 



I. 

2. 
3. 
4. 
5. 
6. 

7. 

8. 
9. 

IO. 
II. 
12. 
13. 

14. 
15. 
16. 
17. 

MIXIN<; Kl~INSI~KRN~‘t 

EXHIBIT 1.3 

DERIVATION OF I.OSS (‘HAKAC-FtRISI I(‘!, 

Primary frequenq 
First dollar equivalents: 
Primary retention 
Primary policy limit 
Reinsured’s retention 
Effective reinsurer limit 
Ratio of excess carrier’s frequency 
to primary frequency {I.() - (4h)] , 
{I .o - (2b)J 
Excess layer frequency 
Expected claims per policy term 
(6) x (1) 
Severity calculations: 
Mean loss (SOL) 
Layer loss cost {(k) - (4c)j X (X) 
Limit loss cost (5a) X {I - (Sb)] 
Number of layer losses (Sb) ~ (4b) 
Number of limit losses I.0 ~ (Sb) 
Average severity of reinsured losses 
{(Y, + (IO)]/ {(II) + (12)) 
Less: effective retention 
Excess layer severity ( 13) - ( 14) 
Percent pro rata reinsurance 
Excess reinsurer’s severity 
(15) x 1’1 ~ (16)1 

(a) 
,Amounts 

I.410 

s I(K).(K)0 0.94 1736YY 0.4069 I I8 
9 I . 100.000 0.99812207 0.862794’) 

$3s0.000 O.Y8819966 0.6767204 
pd I . I ()0.()(H) O.YY812207 0.8627949 

?O.?‘;i 

0.2X6 

530,000 
$5.5X3 
$2.066 
O.YY2V 
0. I xxv 

Qj4X.l I? 
$350.000 
$298.1 I3 

0.0% 

$‘Y8.1 I? 
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simply defined as the reinsurance premium paid, less the sum of ceding com- 
missions received and expected reinsurance recoveries. Note that since reinsur- 
ante is a service that provides value to the cedent, we should expect a positive 
cost of reinsurance to be the hallmark of any long term reinsurance relationship. 
This definition of cost of reinsurance ignores investment income lost by the 
ceding carrier. This component may be required, however, to get realistic cost 
estimates. 

The cost of excess reinsurance in this case is $34,856, which can be 
expressed as a cost of $87.14 per $1,000 of premium subject to the excess 
treaty. 

The EfSect of u Proportional Cession: Now consider the net position of the 
ceding underwriter after a 50% proportional reinsurance transaction on this 
policy. As shown in Exhibits 2-2.3, $200,000 net and treaty premium remains, 
of which $60,000 must go to the excess of loss reinsurer. Since all losses are 
50% shared before application of this excess of loss treaty, a first-dollar loss of 
at least $600,000 is needed before the excess of loss reinsurance responds. 
Since such a loss occurs for only 52 claims out of every 10,000, the excess of 
loss reinsurer’s frequency has been cut to 9% of the reinsured’s frequency by 
use of the proportional reinsurance (Exhibit 2.3). 

The average severity of losses greater than $600,000 limited at $1 , 100,000 
is $900,586. These losses are 50% quota shared above $lOO,OOO, so the pro 
rata reinsurer and the reinsured evenly split the layer $500,000 excess of 
$ IOO,OOO. The pro rata reinsurer and the excess reinsurer split the next $500,000 
loss layer evenly. This leaves the excess of loss reinsurer with an average claim 
severity of $150,293 in its layer. With a claim frequency of 0.126 claims in the 
excess reinsurance layer, the excess reinsurer has an expected loss cost of only 
about $19,000. The reinsurer, however, has received $60,000 of premium for 
the excess reinsurance, so it has now improved its expected loss ratio position 
to 31.4%. 

Who pays for this improvement of the excess reinsurer’s loss ratio? Consider 
the proportional reinsurer’s position. For 50% of the premium, the proportional 
reinsurer shares in all the gross losses equally. Thus, the expected losses of the 
proportional reinsurer are $120,000. This indicates an expected loss ratio of 
60% for the pro rata reinsurer, the same as the gross loss ratio. In fact, the 
expected loss ratio of the quota share reinsurer will always be identical to that 
of the gross position. 
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EXHIBIT 2 

MIXING COST WOKKSHEF.1 

Policy: a casualty example with mtxtng 

Input parameters: 

Direct premium 
Policy limits 
Underlying retention 
Expected loss ratio 
Commission ratio 
Other expense ratio 

Remsurance: 
Percent proportional 
Ceding commission 

Excess retention 
Excess limits 
Excess rate 
Ceding commission 

Loss distribution: 
Lognormal 

mean 
cv 

Net results: 

Loss ratio 
Expense ratio 
Combined ratio 
Net underwriting profit 
Cost of Reinsurance: 
with mixing 
Pure excess 
Additional cost of reinsurance 
Cost of Mixing Calculation: 
Actual cost of excess reinsurance 
Cost based on subject premium 
Cost of mixing 

Gross 

60 OQ 
25.0 
85.0%’ 

$0 
0 

$0 

$4OO.OOt) 
$1 .ooo.ooo 

$I00.000 
60.0% 
15.0% 
IO.O% 

50.0% 
25 .O% 

$250,ooo 
$2.000.000 

30.0’% 
0 .oc/r 

$30,000 
5 

Proportional Excess 

60.0% 
28.0 
XX.O% 

$30.000 
0 

$3O,ooo 

31.5% 
5.0 

36.5% 

$41,081 
34,856 
$6,225 

$41,081 
17.428 

$23.653 

Net 

72.2% 
35.7 

107.0% 
($11.081) 

$71,081 
34,856 

$36,225 



Policy Parameters: 

I. Premium 
2. Commission 
3. Other expenses 
4. Expected losses 
5. Profit/risk charge 

6. Retention 
7. First-$ equivalent* 
1(. Nominal layer width 
9. First-$ equivalent* 

IO. Effective layer width 
I I. First-$ equivalent* 

12. Claim severity 
13. Claim frequency 
14. Commission ratio 
15. Other expense ratio 
16. Premium rate 

17. Fluctuation loading 
18. Expected loss ratio 
19. Combined ratio 

20. Cost of reinsurance 

MIXING REINSURANCE 

EXHIBIT 2. I 

MIXING COST WORKSHEET 

Casualty Example 
Allocation of Layer Costs & 

Determination of Net Position 

(a) 
Gross 

(b) 
Proportional 

Cc) 
Excess 

(4 
Net - 

$400 BOO 
60,000 
40.000 

240,000 
60.000 

$200.000 
50.000 
6.@33 

120,000 
24.000 

$60,000 
0 

3,000 
IX.919 
38,081 

$140,QOO 
10,000 
40.000 

101,081 
(11,081) 

$lOO,OOO 
100.000 

I .ooo.ooo 
1.100.000 
I .ooo ,000 
1.100.000 

NA 
NA 

500,000 
NA 

500,000 
NA 

$250,000 
600.000 

2.000.000 
l,loo,OQo 
I ,ooo,ooo 
1.1oo.ooo 

$lOO,OOO 
100.000 
250,000 
350.000 
250,000 
350,000 

$170.192 $85,096 $150.293 $7 I ,680 
I.410 I.410 0.126 1.410 
15.0% 25.0% 0.04 7.1%’ 
10.0% 3.0% 5.0% 28.6% 

IOO.O% 50.0% 30.0% 35.0% 

25.0% 
60.0% 
85 .O% 

20.0% 
60.0% 
88.0% 

201.3% 
31.5% 
36.5% 

$0 $30,000 $4 I ,08 I 

- I I .O% 
72.2% 

107.9% 

$71.081 
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* First-dollar equivalent i\ the amount of tirst dollar loss needed to hit thts limtt. 



184 

EXHIBIT 2.2 

Primary retention 
Reinsured’s retention 
Primary policy limit 
Effective excess limit 

Loss Number Amount 
Amount Distribution Distribution 

.\- f#c(.r) .f $Lr) 

$100.000 O.Y3 I7370 0.4069118 
600,000 O.YY47Y91 0.7755223 

1,100.000 O.YY8 122 I 0.8627949 
I .100.000 O.YYXl221 0.8627949 

Distribution type: lognormal 
Distribution parameters: 

mean = $30.000 pe = 8.6799043 
cv= 5 u = 1.8050198 
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EXHIBIT 2.3 

DERIVATION OF LOSS CHARACTERISTIC3 

FOR EXCESS TREATY 

1. Primary frequency 
First dollar equivalents: 

2. Primary retention 
3. Primary policy limit 
4. Reinsured’s retention 
5. Effective reinsurer limit 
6. Ratio of excess carrier’s frequency 

to primary frequency {I.0 - (4b)} / 
jl.0 - (Zb)] 

7. Excess layer frequency 
Expected claims per policy term 
(6) x (I) 
Severity calculations: 

8. Mean loss (SOL) 
9. Layer loss cost {(5c) - (4~)) X (8) 

IO. Limit loss cost (5a) X {l - (5b)j 
1 I. Number of layer losses (5b) - (4b) 
12. Number of limit losses 1.0 - (5b) 
13. Average severity of reinsured losses 

f(9) + (WI/ AlI) + (12)/J 
14. Less: effective retention 
15. Excess layer severity (13) - (14) 
16. Percent pro rata reinsurance 
17. Excess reinsurer’s severity 

(15) x /I - (16)) 

(a) 
Amounts 

1.410 

(b) 
f#(x) 

CC) 
f $(.r) 

$lCWOO 0.94173699 0.40691 I8 
$1,100,000 0.99812207 0.8627949 

$6oO,ooO 0.99479906 0.7755222 
$1 ,lOO,OOO 0.998 12207 0.8627949 

8.9%’ 

0.126 

$30.000 
$2,618 
$2,066 

0.332% 
0.188% 

$900,586 
$600,000 
$300,586 

50.0% 

$150,293 
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Consider the net loss ratio. which was 60% gross and 55% net before any 
facultative placement. Of the total expected loss costs of S240.000, the propor- 
tional reinsurer takes $120,000 and the cxccss reinsurer assumes $lY,OOO. This 
leaves $101,000 of expected losses for the reinsured’s net position. Since 
$140,000 of premium remains net, the expected net loss ratio is now 72%‘. This 
is substantially worse (I7 loss ratio points) than the net loss ratio without any 
facultative proportional reinsurance. In addition. there is now no premium 
margin available for profit and contingency loading. since we are now at a 
combined ratio of 108%. Thus we see that use of proportional reins-trance below 
an excess of loss treaty simply moves loss dollars out of the excess reinsurer’s 
account into the ceding insurer’s account. without affecting the proportional 
reinsurer. 

The Cost oJ‘Mi.ritrg: Notice that on Exhibit 2 we have calculated the Cost 
of Mixing. Recall that in the absence of any proportional reinsurance we 
calculated a cost of reinsurance of S87. I4 per $I ,000 of subject premium for 
the excess treaty. If we regard this cost as the reinsurer’s price for providing an 
excess cover for this policy, we will hold this cost constant for any fraction of 
the policy that is retained after proportional reinsurance. This rate on the 
$200.000 of subject premium implies a reinsurance cost of $17,428 should be 
expected. In this mixed case, however, the actual cost for the excess rcinsurance 
is $41,081. We detine the Cosr of Mixing to be the difference of $23.653. Note 
that this Cost of Mixing is greater than the underwriting loss on the policy of 
$1 1.08 I. This implies that without the Cost of Mixing, this net position would 
have been profitable for the ceding company. The total cost of reinsurance in 
the mixed situation can also be decomposed as follows: 

Cost of proportional reinsurdnce $30,ooo 
Cost of excess reinsurance 17.428 
Cost of mixing ‘3,653 
Cost of total reinsurancc S71.081 

This example demonstrates a general principle that is independent of the 
choice of the size of loss distribution or policy parameters. A corollary of the 
Mixing Price Rule is that the net position after mixed reinsurance will always 
be worse than under a pure excess reinsurance. This rule states that the excess 
loss rate for an excess rctcntion of b1 after a proportional retention of LOO& 
must equal the loss rate for a pure e.xccss retention of M/U. 
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The progressive deterioration of the loss ratio and combined ratio as the 
percent of proportional reinsurance increases can be seen in the table below. 
This table is for the casualty risk analyzed above, which has a gross expected 
loss ratio of 607~~ with a gross combined ratio of 85%. 

Percent Net Loss Expense Combined 
Ceded Ratio Ratio Ratio 

0% 55.3% 35.7% 91.0% 
10 58.0 35.7 93.7 
20 61 .O 35.7 96.7 
30 64.3 35.7 100.0 
40 68.0 35.7 103.7 
50 72.2 35.7 107.9 
60 77.0 35.7 112.7 
70 82.6 35.7 118.3 
75 85.7 35.7 121.4 
80 85.7 35.7 121.4 
90 85.7 35.7 121.4 

As the percent proportional ceded increases, losses are reduced for the excess 
reinsurer. These costs are shifted to the ceding company, and result in the 
increasing net loss ratio. Note that in the pure excess case. the loss ratio is 
reduced from 60% gross, to 55.3% net. The excess reinsurer, however, pays 
no ceding commission. This increases the expense ratio, and hence the net 
combined ratio. 

When 75% of the risk is proportionally reinsured, no losses can penetrate 
the excess retention. This is simply because policy limits are $1 .OOO,OOO. and 
the 25% of each loss retained net and treaty can never be greater then the 
$250,000 excess treaty retention. At this point, ceding larger shares of a risk 
no longer affects the net loss ratio. 

THE MIXING PRICE RULE 

The mean value of a random variable representing the size of claim after 
application of proportional reinsurance and excess of loss reinsurance can be 
expressed analytically. This allows the calculation of the loss cost portion of 
the excess reinsurance rate. The risk charge and expense load components of 
the reinsurance rate are ignored for the purposes of this demonstration. 
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Let Ax) be the probability density function of X, the random variable rep- 
resenting the amount of one claim. We will assumef(.r) is appropriately truncated 
to reflect the policy limit issued by the ceding carrier. Let u be the fraction of 
each loss retained by the ceding insurer after proportional reinsurance, and M 
the retention under the excess reinsurance program. (This notation is identical 
to that used in Centeno [2].) 

Then. if X is the gross claim size. the amount of claim after both reinsurances 
apply is given by 

X(u,M) = Min (uX,M). 

First, we establish the expected value of X under each single reinsurance 
type alone. 

If only excess reinsurance applies, 

E(min(X,M)) = JY &r)dr + M J;,Jt.~)dr. 

If only proportional reinsurance applies. 

E(ux) = a J;; ,@.r)dr. 

It will also be useful to have an explicit formulation of the probability 
density of claim size subject to a proportional reinsurance. Let K‘~ be the density 
of x subject to proportional reinsurance that retains lt)o& of each claim. 

Then g,(x) = l/af(.r/a) will yield the expected value above. (Note: This is 
a probability density function since 

J g&)dr = (l/a) Jf(.TIU)dV 

Let .V = ur; then dy = ud.r. Now we can substitute to obtain: 

J g,(.r)dx = (I/a) J-J.v)UdJ 
= Jfcy,dy = I.) 

Then applying excess of loss reinsurance to a claim after proportional 
reinsurance yields an expected value of 

E( min(uX,M)) = Jf q,,(x)cl.r + M S; g,,(.r)dr. 

Again set a~ = .r, so that du = tr& and .r = M if and only if y = M/u. 
Rewrite these integrals in terms of the variable x. 
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E(min(uX,M)) = J;“:“’ (uy)( l/u)f(v)udv + it4 Jk, (l/a)f(y)udy 

= a JP yfly)dy + A4 Jrfk,flf(v)dJ 

= u[JY yJy)dy + (Mlu) J;,<,f(.Y)dyl 

= uE(min(X,Mla)) 

This means that the expected net value of the amount of a single loss subject 
to the combination of proportional reinsurance that retains lOOa% of each claim, 
and excess reinsurance that retains the first M amount of each claim, is equivalent 
to lOOa% of the expected value under an excess of loss reinsurance that retains 
that first M/u amount of each gross claim. This is a specific instance of the 
more general Mixing Moment Principle demonstrated below when we discuss 
stability. 

Excess treaty premiums are usually calculated using a rate as a percent of 
subject premium. 

Let Rare XS(u.M) represent the excess rate for an excess retention M after 
a proportional retention of 1 OOu% 

For purposes of simplifying the demonstration, recall that f(x) reflects un- 
derlying primary policy limits and assume that the excess treaty limit extends 
above the primary policy limits. This allows us to ignore the truncation term 
due to the excess layer limit. 

If we consider only the loss component of the excess premium rate, before 
any proportional reinsurance, the excess loss rate for limits of L over a retention 
of M will be 

Rule xs(l M) = JVM (x - Jw A-w.r + CL + w JFLX+Mfc.r)~ 
Subject Premium 

in the most general case. 

This simplifies to Rate XS( 1 ,M) = 
$; (x - M) f(x)d.x 
Subject Premium ’ 

because of our assumptions. 
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After proportional reinsurance that retains lOOtr% of each claim. let Rura 
XS(u,M) represent the rate. Then 100~1’7 of the prior sub.ject premium is now 
subject premium for the excess treaty, and 

Rate XS(u.M) = 
a[ J;‘)<, (.a - M/u~~.r)dr] 

u(St4bject Pretnium) 

Thus, we can state the following: 

Mixing Price R14le: The excess reinsurancc loss rate for a retention M under 
a proportional reinsurance that retains lOOn% of each loss is identical to the 
excess loss rate over a retention of M/u, with no proportional reinsurance. 

Note one simple implication of the Mixing Price Rule. The limited mean of 
a distribution F under limit M is given by 

EM(X) = j-y .a dF + M( I - F(M)) 

and is the “complement” of the excess loss cost s;, (.I- - M)dF. 

Then the excess reinsurance loss rate under a mixed reinsurance case must 
be smaller than under pure excess if and only if the limited mean of the 
distribution limited at M/m is larger than the limited mean at M. Thus we have 
the following: 

Mixing Loss Rufio Rule: If the limited mean of a loss distribution is a strictly 
increasing function of the limit, then the net loss ratio will always deteriorate 
under a mixed reinsurance case. 

Only a most unusual loss distribution does not have the property of increasing 
limited means. Consider the following: 

If MI < Mz then 

unless J$i (.v - M)dF + J-if: (Mz - Ml)dF = 0. 

The above sum of integrals is zero only if dF = 0 for .\- z Ml. 



MIXING REINSURANCE 191 

Thus if MI < Mz, then s;, (x - M,)dF > $& (x - M2)dF; hence EA.,, 5 
EM2 with equality only if dF=O for .X 2 MI. In practice, equality will occur 
only whenf(.r), the density associated with F, is truncated by policy limits. 

We can write the full excess reinsurance rate as follows including the risk 
charge, RC(o,M). and treaty expenses. E.vp: 

Rate XS(rr.M) = 
u$G ,,(x - Mla)f(x)d~t- + RC(a,M) + Exp 

a(Suhject Premium) 

Without further rnformation about the form of the risk charge, little more 
can be said about the excess rate. Note that Buhlmann 131 has identified four 
premium calculation principles based on the form of the risk charge. These 
principles calculate the risk charge on the expected value, standard deviation or 
variance of losses. or utility theory. If the premium calculation principle used 
in the excess rate is stated, then explicit calculations of equivalent excess rates 
in terms of the limit M/u are possible. 

APPLICATIONS TO PROPERTY INSURANCE 

The phenomenon described in the casualty example is due to the shape of 
the size of loss distribution.. The same deterioration of net loss ratio due to 
mixed reinsurance situations will occur in property situations, if the underlying 
size of loss distributions follow any of the accepted probability models. A study 
of this subject done by Shpilberg [4] indicates that a loss distribution that falls 
between the lognormal and Pareto distributions in its tail behavior is an adequate 
model for tire insurance. The Mixing Price Rule discussion shows that if the 
limited mean is an increasing function of the limit M, any mixture of proportional 
and excess of loss reinsurance worsens the net loss ratio. 

As we have seen, the limited mean condition is not very restrictive. Any 
reasonable choice of size of loss distribution, in particular the Pareto or log- 
normal, will satisfy this condition. Thus, the adverse consequences of mixing 
reinsurance will also hold for property risks. 

There are, however, special characteristics of property risks that are notable. 
The policy limits of a property policy may be extremely large if there is a high 
Probable Maximum Loss level. The traditional approach to reducing this loss 
exposure to a level appropriate for an excess reinsurance treaty is the use of 
proportional reinsurance. Hence, a very high percentage of policy limits may 
be ceded before excess reinsurance. 



192 MIXING RtlNSlJRANCk 

Thus. property risks are a particularly fertile ground for finding examples 
of mixed reinsurance situations. The use of facultative reinsurance on large 
property risks is traditional and necessary to cut large policy limits down to net 
and treaty positions appropriate for the insurer’s treaty capacity. This usage can 
have a substantial impact on the net loss ratio. 

A property example will show net effects of proportional reinsurance similar 
to the casualty example already considered above. 

Suppose the insurer has an excess of loss property treaty with $2,000,000 
limits over a retention of $250.000. for this example. If a property risk requiring 
policy limits of $20 million is written, the underwriter must place $18 million 
of facultative reinsurance before he can place the remaining risk into his treaty. 
Most facultative property reinsurance has traditionally been on a proportional 
basis. resulting in a 90% cession to the facultative reinsurers. 

If the gross premium for the risk is $500,000, we will cede $450,000 to the 
facultative reinsurers and retain $50.000 net as shown in Exhibit 3-3.4. 

The results of the reinsurance can be quite different based on the type of 
property risk being underwritten. The differences we can attempt to model will 
be reflected in the Probable Maximum Loss (PML) potential, which should be 
closely related to the underlying size of loss distribution. The policy limits 
should also be based on the PML potential. For instance, if the risk consists of 
a single large warehouse. there is a potential probability of losing the entire 
insured value. For the purposes of this discussion we will model this by choosing 
a size of loss distribution with 1 chance in 10.000 of a $20.000,000 loss. A 
lognormal distribution with a mean of $67,500 and a coefficient of variation of 
IO is used. The net expected loss ratio in this case is shown in Exhibit 3 as 
74%. with a combined ratio of 110%~. 

As expected, this net position compares unfavorably to the gross position 
with an 85% combined ratio. Note that this example demonstrates a capacity 
problem, where facultative reinsurance nr~.st be used before the treaty can come 
into use. The use of excess of loss facultative reinsurance in place of proportional 
may improve these net positions. if such reinsurance is available at an appro- 
priate price. If not, the only recourse to the underwriter is to price the gross 
risk appropriately to achieve his target 95% net combined ratio. A premium of 
$610,000 for this risk would be required to achieve a 95% combined ratio under 
this mixing situation with 90% proportional reinsurance. This would require 
pricing to a gross loss ratio of 49% and a gross combined ratio of 74% for the 
property. It is unlikely that the marketplace will allow such pricing. 
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EXHIBIT 3 

MIXING COST WORKSHEET 

Policy: a property example 

Input parameters: 

Direct premium 
Policy limits 
Underlying retention 
Expected loss ratio 
Commission ratio 
Other expense ratio 

Reinsurance: 
Percent proportional 
Ceding commission 

Excess retention 
Excess limits 
Excess rate 
Ceding commission 

Loss distribution: 
Lognormal 

Net results: 

Loss ratio 
Expense ratio 
Combined ratio 
Net underwriting profit 
Cost of Reinsurance: 
with mixing 
Pure excess 
Additional cost of reinsurance 
Cost of Mixing Calculation: 
Actual cost of excess reinsurance 
Cost based on subject premium 
Cost of mixing 

mean 
cv 

Gross 

60.0% 
25.0 
85.0% 

$0 
0 

$0 

$500,000 
$20,000,OfJo 

$0 
60.0% 
15.0% 
10.0% 

90.0% 
25.0% 

$250,000 
$2,000.000 

30.0% 
0.0% 

$67,500 
IO 

Proportional 

60.0% 
28.0 
88.0% 

$67,500 
0 

$67,500 

Excess 

27.8% 
5.0 

32.8% 

$10,836 
47,155 

($36,319) 

$10,836 
4,715 

$6.121 

193 

Net 

73.8% 
35.7 

109.5% 
($3,336) 

$78,336 
47,155 

$31.181 
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EXHIBIT 3.1 

Policy Parameters: 

1. Premium 
2. Commission 
3. Other expenses 
4. Expected losses 
5. Profit/risk charge 

6. Retention 
7. First-$ equivalent* 
8. Nominal layer width 
9. First-$ equivalent* 

10. Effective layer width 
I I. First-$ equivalent* 

12. Claim severity 
13. Claim frequency 
14. Commission ratio 
15. Other expense ratio 
16. Premium rate 

17. Fluctuation loading 
18. Expected loss ratio 
19. Combined ratio 

20. Cost of reinsurance 

MIXING C‘OSI‘ WC)KKSHI:I:I 

Property Example 
Allocation of Layer Costs & 

Determination of Net Position 

(a) 
Gro\s 

(I?) (C) (d) 
Proporttonal Excess Net 

$500.000 
7 5 .ooo 
50.000 

300,ooo 
75.000 

%50.000 $ I 5 SKX) $35,0(M) 
I 12.500 0 (37.500) 

I 3.500 750 50.000 
270.0(X) 4.164 25 .X36 

54.000 IO.OX6 (3.336) 

$0 NA $250.000 $0 
0 NA 2.500.000 0 

20.000.000 Ix.000.000 2,ooo.ooo 250,oot~ 

2o.ooo,ooo NA 2o.ooo.ooo 250.0(M) 

2o.ooo.ooo I 8 .ooo,ooo ‘0,ooo.ooo 25o.ooo 
2o.ooo.o(x) NA 2o.ooo.ooo 250,000 

$65.577 S5Y,OlY $3 10.572 $5,64X 
4.575 4.575 0.013 4.575 

15.0% 2.5.07f 0.0% ~ 107. I% 

10.0% 3.0% 5.0% I42.Y% 
100.0% 90.0% 30.0% 7.0% 

75 0% 20.0% 242.x 

60.0% 60.0% 27.8% 

X5.0% 8X.Ocr, 32.8% 

$0 $67.500 $10.836 

- 12.9% 

73.8% 

109.5% 

$78.336 

* First-dollar cqulvalent is the amount of lir\r dollar loss needed to hit this limit. 



MIXING REINSURANCE 195 

EXHIBIT 3.2 

LOSS DISTRIBUTION TABLE 

Primary retention 
Reinsured’s retention 
Primary policy limit 
Effective excess limit 

LOSS Number Amount 
Amount Distribution Distribution 

x f#(x) f $(-d 

$0 0.0000000 0.0000000 
2,500,000 0.9970693 0.7281287 

20,000,000 0.9999017 0.9423854 
20‘000,000 0.9999017 0.9423854 

Distribution type: lognormal 
Distribution parameters: 

mean= $67,500 p. = 8.8123226 
cv= 10 u = 2.1482831 
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2. 
3. 
4. 
5. 
6. 

8. 
9. 

IO. 
Il. 
12. 
13. 

14. 
15. 
16. 
17. 

MIXING REINSURANC’t: 

EXHIBIT 3.3 

DERIVA IION OF LOSS CHARA<‘ IRIS1 IC’S 

FOR EXCESS TREA-It 

Primary frequency 
First dollar equivalents: 
Primary retention 
Primary policy limit 
Reinsured’s retention 
Effective reinsurer limit 
Ratio of excess carrier’s frequency 
to primary frequency {I .O ~ (4b)J ’ 
(I.0 - (2b)J 
Excess layer frequency 
Expected claim5 per policy term 
(6) x (I) 
Severity calculations: 
Mean loss (SOL) 
Layer loss cost {(SC) ~ (4c)) X (X) 
Limit loss cost (Sal X {I ~ (Sb)) 
Number of layer losses (Sb) - (3b) 
Number of limit losses I.0 - (5b) 
Average severity of reinsured lowe\ 
{(9, + (IO,)/ {(II, + (l2,1 
Less: effective retention 
Excess layer severity ( 13) ~ (lit) 
Percent pro rata reinsurance 
Excess reinsurer’s severity 
(15) x {I - (16)) 

(a) 
Amounts 

4.575 

(b) 
f#fx) 

$0 0 0 
$20.000,000 0.99990169 0.9423854 

$3,500,000 0.99706933 0.7281287 
$20.000.ooo 0.99990169 0.9423854 

0.3% 

0.013 

%67.500 
$14.46’ 
9; I ,966 

0.2X3% 
0.010% 

$5.605.719 
$2.s00.000 
$?.lOS.719 

YO.OC/r 

$3 10.573 
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EXHIBIT 3.4 

DERIVATION OF LOSS CHARACTERISTICS 
FOR PRIMARY POLICY 

197 

Expected losses 
First dollar equivalents: 
Primary retention 
Primary policy limit 
Severity calculations 
Mean loss (SOL) 
Layer loss cost 
R3c) - C2c)J x (4) 
Limit loss cost (3a) X /I - (3b)j 
Number of layer losses 
(3b) - (2b) 
Number of limit losses I .O - (3b) 
Average severity of primary losses 
0 + (6)) 1 j(7) + (8)) 

10. Less: retention 
11. Primary policy severity (9) - (10) 
12. Primary policy frequency 

Expected claims per policy term 
(I) l(11) 

(a) 
Amounts 

$300,000 

(b) fc) 
fhw f %4-r) 

$0 0 0 
$20,000,000 0.99990169 0.9423854 

$67,500 

$63,611 
$1,966 

99.990% 
0.010% 

$65,577 
$0 

$65,577 

4.575 



Note one very important implication of this example. We can no longer 
assume the underwriter can price this risk on the basis of gross frequency and 
severity characteristics alone. In order to achieve combined ratio results that 
allow long-run survival of the ceding insurer. the gross price must be set based 
on gross frequency and severity. the excess reinsurance rate. the amount of 
proportional reinsurance needed for capacity, and the ceding commission struc- 
tures. 

The excess reinsurance rate must also anticipate some use of facultative 
reinsurance for capacity purposes. Specitically. for property risks the excess 
rate must be calculated anticipating a certain amount of use of proportional 
reinsurance. This will be the case if a loss rating approach using past experience 
is used to calculate the excess rate. and this past period reflects a similar use 
of proportional reinsurance as anticipated for the next treaty year. 

OTHER MAGNIWDE lIlW:(‘ I (‘ONSIDEKATIONS 

The net results of the casualty and property examples are not only a function 
of the percentage of proportional reinsurance used. Both the excess reinsurance 
rate and the ceding commission structure have an effect on the final net position. 
A detailed treatment of these subjects is not possible here. but some issues that 
relate to the magnitude effect will be mentioned. 

Tll~ E.rc~~.ss Rein.swrrrzc~e Rute: In the casualty example. an excess treaty 
was specified with a $2,000.000 limit over a $2SO.O00 retention. Depending on 
the underlying size of loss distribution one might assume that a “correct” excess 
loss rate could simply be calculated from the distribution statistics. However, 
the policy subject to the excess reinsurance could be any one of the following. 

A primary policy with policy limits of rF-.-. 7 ~50.000 that uses the entire 
reinsurance layer of $2.000.000. 

If the primary policy limits are only $1 .OOO,OtlO the rate should be substan- 
tially different. 

If the $1 ,OOO,OOO policy limits are excess of a self insured retention of 
$100.000. the appropriate rate for the excess reinsurance would also be different. 

If the ceding company writes an excess policy for $1 .OOO.OOO limits over a 
primary policy with $500,000 limits, the correct excess rcinsurance rate is again 
different from any of the above. 
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One can immediately see that with no change in the underlying risk’s loss 
potential (as characterized by its size of loss distribution), several different but 
“correct” excess reinsurance rates are possible. It becomes apparent that one 
cannot speak of a proper excess reinsurance rate on a portfolio without some 
measure of the anticipated underlying distributions of retentions and policy 
limits in the portfolio. Thus, the excess reinsurance rate must be formulated in 
anticipation of a certain portfolio structure. 

This point has practical implications that generate mixing situations. Suppose 
an excess reinsurance program has been negotiated, with the parameters agreed 
to for two years forward. At the time of the negotiation, management of the 
ceding carrier fully intended to write a book of small surplus lines SMP risks. 
An excess and surplus lines carrier is usually very responsive to market oppor- 
tunities; hence, six months into the program, management modifies its original 
marketing plan because conditions are excellent for obtaining strong rates on 
small casualty umbrellas. Management wants to take advantage of this oppor- 
tunity. The original excess reinsurance rate, however, contemplated the SMP 
book and carried a provisional rate of 10%. The same calculations based on a 
book of small umbrella business would yield a proper rate of 35% for the excess 
reinsurance. 

An excess reinsurance program can easily have 10 to 20 participants and 
have taken months of effort to place. Renegotiating the treaty at every shift in 
portfolio composition is not a realistic option. Furthermore, the excess and 
surplus lines market depends heavily on the reinsurance market for capacity. 
Many such companies may cede out 50% or more of their gross writings. Thus, 
including this umbrella book in the treaty at an inadequate excess rate is not a 
viable option for management concerned about maintaining a long term presence 
in the market with consistent reinsurer support, 

As a practical matter, the ceding underwriter has little real choice but to 
attempt to “protect the treaty.” As we have seen, the ceding underwriter has 
great control over his treaty loss ratio, through his use of proportional facultative 
reinsurance. By altering the percent of proportional reinsurance placed on a 
risk, the size of loss characteristics of the net position can be fit into the treaty 
rate structure. 

Consider the casualty example given above to be representative of a typical 
umbrella policy. At a 10% rate, the excess reinsurer would receive $40,000 of 
premium and would have an expected loss ratio of 210% ($85, I14 / $40,000), 
if no proportional reinsurance were placed. After the 50% proportional cession, 
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however, the excess reinsurer would receive $30.000 of premium at the 10% 
rate. With expected losses of $18.853. this would yield an expected loss ratio 
of 94%. much better than the original 2 10%. Under the original scenario 
presented for the casualty example, the placcmcnt of 50% proportional reinsur- 
ante was not warranted. Under this new scenario. however. the 50% propor- 
tional reinsurance should clearly be placed before the identical policy is placed 
into the excess treaty. The cost of mixing in this case should be paid to the 
cxccss reinsurer to bolster an inadequate treaty rate for a rish not contemplated 
in the original treaty price. 

Thus, the situation is manageable but becoming exceedingly complex. The 
underwriter must ascertain a correct price for the risk insured on a gross basis. 
This is no different from any underwriting situation. In addition. we again see 
that an essential part of the direct company’s underwriting and pricing process 
must be the correct placement of reinsurance to achieve an acceptable net result. 
Even this, however, is not enough. The underwriter must also balance out his 
net position against the results he is passing on to the excess reinsurer. He must 
be able to maintain long-term acceptable results for his excess reinsurance 
support. in the face of continuing shifts in his portfolio composition due to 
market conditions. 

The calculations we have made in our exnmples are complex and assume 
knowledge of the size of loss distribution underlying the policy. This is clearly 
an area where actuarial expertise can be applied to produce general guidelines 
and specific pricing procedures that aid in determining the net underwriting 
position. Without such pricing analysis available, management will have no 
effective way of controlling and evaluating the proper. coordinated use of 
proportional and excess reinsurancc. 

i% Gearing Frrctor: The existence of the override in the ceding commission 
has been remarked on above. The purpose of the override is to reimburse the 
ceding company for the non-commission expenses it incurred in writing the 
direct business. Unfortunately, in times of excessive reinsurance capacity the 
override is used as a competitive tool by reinsurers. Thus. the casualty example 
considered above may be entitled to a IO% override based on the expense 
structure of the ceding carrier: however. a particularly aggressive reinsurer may 
offer an override of 15%. This. of course. makes the determination of the net 
position even less straightforward. and offers a powerful incentive to cede larger 
proportional reinsurance amounts. 
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The excessive override will tend to improve the combined ratio while the 
mixing effect will act to worsen the combined ratio. Hence, it becomes even 
more imperative to calculate the net position before a risk is bound and facul- 
tative arrangements settled. For instance, the 50% proportional reinsurance on 
the casualty risk with a 15% override would yield the same net loss ratio of 
72.2%, but an improved net combined ratio of 100.8%. The effect on the 
property example with 90% ceded proportional reinsurance is even more le- 
veraged, with a net loss ratio of 73.8%, but a net combined ratio of 45.2%, 
much improved from the original 110%-/c. 

The combined effect of an excessive override and a large percent of pro- 
portional ceded reinsurance may not only cancel out the mixing penalty, but 
also produce a favorable net combined ratio even when the direct risk is severely 
underpriced. For example, if the property risk example of Exhibit 3 were priced 
at a 100% gross loss ratio, the premium would be $300,000. Net retention after 
a 90% proportional reinsurance cession only would be $30,000 of written 
premium and expected losses. Expenses before ceding commission total 25% 
of gross premium, or $75,000. The ceding commission at a 15% override would 
total 30% of the $270,000 ceded premium, or $8 1,000. Thus, after the propor- 
tional cession the insurer would have net premium income of $30,000 and net 
costs as follows: 

Net incurred losses: $30,000 
Direct expenses: 75,000 
Ceding commission: (8 1,000) 

Net incurred costs $24,000 

This is equivalent to a combined ratio of 80%, a substantial improvement 
over the direct combined ratio of 125O/ at which the risk was written direct. 
This aspect of the override in proportional reinsurance has been termed the 
“Gearing Factor” by Buchanan IS]. The existence of the gearing factor effect 
can overwhelm the unfavorable mixing effects in the transaction. 

STABILITY EFFECTS 

One of the less obvious effects of mixing proportional and excess of loss 
reinsurance types is the effect on the variation of the net loss ratio after rein- 
surance. The use of proportional reinsurance below an excess of loss treaty 
actually makes the resulting net aggregate loss costs more variable than would 
be the case under the excess treaty alone. This is significant because stability 
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of net results is one of the most important benetits resulting from an excess 
reinsurance treaty. Any degradation of the stability “component” of the excess 
treaty “product” makes the treaty worth less. 

We will use the casualty policy example to form a cmall portfolio that will 
allow us to investigate the impact on stability of mixing reinsurance. Assume 
we have a portfolio of 50 policies identical to the casualty example. Therefore. 
we have a book of excess casualty business that generates $30 million of gross 
premium and an average of 70.5 claims annually (SO X 1.410). These claims 
follow the lognormal size of loss distribution specified earlier. i.e. with a mean 
of $30,000 and a CV of 5.0. The expected loss ratios on this book of business 
are identical to those on the single policy-that is, 60% gross. 55% if only the 
excess treaty is applied but 72% in the mixed reinsurance case. 

The aggregate loss distribution differs in the case of the portfolio and the 
single policy. As a simple demonstration. there is a substantial probability (24%) 
that the single policy will be loss-free. It is effectively impossible. however. 

FIGURE 3 
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for the entire portfolio to be loss-free in any year (a probability of 2.4 X IO-” 
of a loss-free year). The expected annual claim cost of the portfolio is 
$12.000.000 (70.5 claims at $170,200 each) and the aggregate losses of the 
portfolio are distributed as shown in Figure 3. All computations of aggregate 
loss distributions were made using the algorithm developed by Heckman and 
Meyers [ 61. 

In order to make comparisons between aggregate loss distributions. we will 
normalize such distributions. by setting the mean aggregate loss to loo%, and 
present the probabilities of achieving various percentages of the mean. This 
maintains the relative shape of the distribution and facilitates the comparison of 
different distributions with various underlying aggregate loss means. The nor- 
malized aggregate distribution of the unreinsured portfolio above can be seen 
as Figure 4. This distribution has a coefficient of variation of 0.2. 

FIGURE 4 
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After placement of the Excel treat! on this portfolio. the spread of the 
distribution is much reduced. as can be seen from Figure 5 below. Note that 
the probability of losses totalling over 150% of expected is substantially reduced 
by use of excess reinsurance. and the entire curve is distrihuted closer around 
its mean of I .O. The coefticient of variation after excess reinsurance is reduced 
to 0.155. 

FIGURE 5 
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Now, if the 50% proportional reinsurance is placed on each of the 50 policies 
in the portfolio. we obtain the aggregate loss distribution shown as Figure 6. 
This distribution clearly lies between the unlimited case and the pure excess 
case in its dispersion of possible loss amounts. Note the larger area under the 
curve over 1.50% of mean loss, for example, than under the pure excess treaty. 
The coeffcient of variation has also increased to 0.175. 

FIGURE 6 
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Since all aggregate distributions are normalized. they can be compared on 
the same scale as shown in Figure 7. This chart shows that the “spread” of 
possible results around the mean loss in the mixed case lies between the 
unlimited and pure net of excess distribution. In thih sense. the stability paid 
for by purchase of excess reinsurancc is “undone” by application of the pro- 
portional reinsurance. 

Regarding the stability of the portfolio. we are most interested in the behavior 
of the aggregate loss distribution at the extreme right-hand tail. As shown in 

FIGURE 7 
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Figure 8. the tail behavior of the aggregate loss distribution in the mixed 
reinsurance case is substantially more severe than the pure excess treaty case. 

The problem, of course, is that we are paying the same 30% rate of net and 
treaty premium for excess reinsurance protection in both the mixed reinsurance 
and pure excess cases. As Figure 8 shows, the protection from extreme fluctua- 
tions we receive for our 30% rate is substantially less in the mixed case. 

While the normalized aggregate distributions are useful for comparing ag- 
gregate loss distributions with disparate means, it is also important to focus on 

FIGURE 8 
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the bottom line-the distribution of combined ratios under the three different 
scenarios. The combined ratio becomes a random variable through the equation: 

Combined Ratio = Expected 1,oss Ratio x Nor-mall/cd ,4ggregate Loss 
Ratio + Expcnsc Ratio. 

Figure 9 shows the distribution of’ combined ratio\ t’k the three accnario~. 
Clearly. the range of alternatives under the mixed reinsurancc scenario is the 
least desirable, not only in terms of its expected value. but also in terms of the 
probability of experiencing extremely adverse combined ratios. Note that there 
is little or no chance of a combined ratio over IX’% in the cast of the gross or 
pure excess case. The mixed case, however, leaves us expoxcd to a substantial 
probability that a combined ratio over I20% will be experienced. 

Even the combined ratio comparison doe?, not take the absolute talc into 
account. Dollar magnitudes are important. howe\,cr. it‘ WC arc to gauge the 

FIGURE 9 
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impact of the reinsurance programs on company surplus. An additional way of 
evaluating the bottom line is to simply review the distribution of statutory 
underwriting protit or loss. Profit can be represented as a random variable by: 

Profit = Premium - Aggregate Losses - Expenses 

where Aggregate Losses is the random variable we have been examining above. 
but not normalized. The resulting distribution is shown in Figure 10. 

This chart is clearly of interest in evaluating ruin probabilities. Note that 
the gross loss distribution has a non-negligible probability of suffering an 
underwriting loss of over $4 million. The pure excess reinsurance makes a loss 
of over $3 million unlikely, and even the mixed case reduces the chance of 
suffering a $4 million underwriting loss significantly. The price that must be 
paid for this protection in the mixed case, however, is an expected underwriting 
loss. Thus the mixed case is clearly inferior to pure excess reinsurance in terms 
of both magnitude and stability of net underwriting results. 
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A usable table representing the tail probabilities for the three scenarios is 
presented below. 

TAII. PROBABILITIES 
Probabilities of’ Exceeding the Percent of Mean 

Type of Reinsurance 

Percent of 
Mean 

125% 
130% 
135% 
140% 
145% 
150% 

Gross 

I1 .07% 
7.45 
4.85 
3.06 
1.87 
1.11 

Excess Over 
Proportional 

8.15% 
4.Y3 
2.84 
I .56 
0.82 
0.41 

Excess OnI> 

5.77% 
3.09 
I .55 
0.73 
0.32 
0.14 

151% I .oo 0.36 0.1 I 
152% 0.84, 0.3 I 0.09 
153% 0.80 0.27 0.08 
154% 0.72 0.23 0.07 
155% 0.64 0.20 0.05 

Mean aggregate loss $12,000,000 $S.O54,O50 $ 7.742&X) 
Net premium 20,000,000 7.oOO.000 14.000.000 
Expenses 5 ,000 ,000 2,500 .ooo 5 .ooo ,000 
Expected U/W profit $ 3.000.000 $ (554.050) pd I .257,200 

Using this table it is possible to investigate alternate scenarios. using pro- 
portional only or excess of loss only. to achieve a desired risk level with net 
incurred loss. For instance, suppose that the 50% proportional reinsurance were 
placed in order to keep the probability of an extra S3.000.000 loss at about I % 
or less. From the middle column, there is about a 1% probability of a loss over 
142% of mean aggregate loss in the mixed reinsurance case. This corresponds 
to $2.1 million dollars of loss over the expected amount of $5,054,050. Taking 
expenses into account. about a 1% chance of suffering an underwriting loss of 
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$2.7 million is implied. Note that in order to achieve this protection. the 
company will have an expected underwriting loss of about $500,000. 

Is there a more rewarding way to achieve the same risk position’? There are 
at least two other reinsurance configurations that appear preferable. For instance, 
on a gross basis. there is a I % probability of suffering a loss of $18,000.000 
or higher. This is equivalent to a I’% chance of an underwriting loss of 
$3,000,000 or more. A 10% cession of this portfolio would reduce the 1% level 
of loss to $2.7 million. leaving an expected underwriting profit of $2.7 million. 
Even though the 90% proportional retention tail does not diminish as fast as the 
mixed case, the I% level of risk is the same and expected profit is $3.2 million 
more. 

Similarly, the 1 c/c expected loss level for the excess of loss portfolio is 138% 
of the mean, or an underwriting loss of $1.7 million. Thus, the 1% loss level 
is much lower than the mixed reinsurance case, and the expected underwriting 
profit of $1.3 million is much higher than the mixed case. 

To summarize, at the 1% probability of loss level we have inspected three 
alternatives. and the mixed case is the least desirable. 

I% level of 
u/w loss 

Expected protit 

90% $250,000 Excess Over 
Quota Share 50% Proportional 

($2.700,000) ($2,700,000) 
$2,700,000 ($554,050) 

$250,000 
Excess Only 

($ I .700,000) 
$I .257,200 

The simple calculations above hint at the complexity of the optimal rein- 
surance problem. Surprisingly. actuaries have studied this complex question 
extensively. See. for instance, Beard, Pentikainen, and Pesonen 171 for a bib- 
liography. Three related results of interest are given: 

I. For a hxed amount of reinsurance premium and ignoring risk loadings, 
aggregate stop loss is the optimum reinsurance to minimize the variance 
of net results [S]. 

2. With a risk load that increases with variance, proportional (quota-share) 
reinsurance is optimal to minimize the reinsurance cost for a given 
variance level [9]. 
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Finally, 

3. Allowing mixed reinsurance treaties and constraints on both mean and 
variance, in most cases pure excess of loss reinsurance is optimal to 
minimize the skewness of net aggregate loses [ IO]. 

In a mixed reinsurance situation. a decrease in the amount retained after 
proportional reinsurance will decrease the stability of the net aggregate losses. 
In this sense proportional reinsurancc will negate the major benetit of’ excess 
reinsurancc. 

As a measure of stability we will use the coeflicient of variation of net 
aggregate loss results. Recall that if X is a random variahlc. UC dcline 

cv (Xi = 
Standard Deviation (X) 

Mean (X) 

Let X be the random variable representing the amount of’ one claim. and N 
be the random variable representing the number of claims in the experience 
period. Let M be amount retained under an excess of loss treaty, and lOOu% 
be the percent retained under proportional reinsurance. 

Let X(u.M) = min(l1X.M) represent the net amount of one claim under both 
reinsurances. This is the random variable of claim amount under the mixed 
reinsurance situation. 

Let AA be the X-th moment of N, the number of losses, and PI the h-th moment 
of X, the amount of loss. Then for any compound process Y defined by 

we know that 

E(Y) = A,p, and. 

Thus. 

Var (Y) = A, Var (X) + Var (N) PI’ (see Miccolis I l l I) 

Var (Y) = At (Pz - PI’) + (h2 - AI’) PI’ 

in terms of central moments. 
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And. in general, 

which simplies to 

(-vz (y) zz p1 + 
AZ-Al-A,’ 

Alp,- A,? 

Both the mixing price and stability rules are essentially a result of the 
following relationship that holds for the kth central moment of X(N.M), 
denoted by &(a,M). 

Mixirlg Moment Principle: Pk(a,M) = uhpL( I .Mlu) 
Proof: By delinition, 

where g,,(x) = ( l/rr)J,~/u) is the probability density of .r under proportional 
reinsurance. If we set us = s, then crdy = d\-, and s = M if and only if y = 
M/u. Now rewrite pi in terms of x, 

&(u,M) = &%q)“( l/u]~(j~)u& + M” J;,J Ila)f~)o& 

= uA jf ” $fly)dy + M” l,&<, f(y)& 

&(a.M) = u’[Ji?j” ?‘2fl?‘)& + (M/u)” J;,<, j(g)dyl. 

= u’f31( I ,M/u), 

which proves the result. 

Following notation in Centeno 121, let Y(u,M) represent net aggregate loss 
after application of both the proportional and excess reinsurance. Then 

Y(u,M) = Crr min(uX,,M). 

We are interested in the stability of Y(u,M) as u decreases. The following 
rule characterizes the stability of Y as a changes. 

Mixing Sruhiliry Rule: The stability (coefficient of variation) of net aggregate 
losses after retention of lOOa% under proportional reinsurance and retention of 
M under an excess of loss treaty is equivalent to the stability of net aggregate 
losses under an excess treaty with a retention of M/u. 
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Proof: Write the coeffcient of variation in terms of A, and P,(u.M), 

CV(Y(rl,M)) = [A,P+,M) + (A2 - A, ~ A;) p,(,~M)‘j’ ’ 
A,P,(u.M) 

= lA,u’Pd I .M/tr) + (A? ~ A, ~ Af)c&( I .M/LI)']' ' 
A,uf3,( I,M/u) 

= [A,&dI,Mh) + (AZ - A, - A;)@,( l,M/c~)‘]’ ’ 
A,P,fI,M/tr) 

= CV (Y(1 ,Miu)), 

which proves the result. 

We would suspect that the stability of net losses decreases as the retention 
of the excess of loss treaty increases. This is indeed the case. as shown in the 
Appendix. Thus, we can conclude that. in general. as the percent retained under 
proportional reinsurance decreases. and the excess of loss retention M remains 
fixed, the stabilty of net results of the portfolio decreases. 

This shows that the situation of Figure 7 is not the result of any fortuitous 
choice of distributions or parameters. For any compound process. represented 
in general by Y(u,M). the distribution of net results after mixed reinsurance will 
show more “spread” than the pure excess reinsurance case but less than the 
gross position. 

The application of an excess of loss treaty after a proportional reinsurance 
transaction on a policy has been shown to have a significant adverse impact on 
the net expected loss ratio. In addition, the stability of net results sought from 
the excess of loss reinsurance is also adversely affected. The Mixing Price Rule 
and Mixing Stability Rule allow us to evaluate these effects of the mixing 
situation. The Cost of Mixing Worksheet allows us to calculate the net position 
in a mixed reinsurance situation. These three tools should allow the underwriter 
to make appropriate evaluations of pricing and facultative reinsurance decisions 
in individual risk situations. 

From a broader management perspective, the mixing of reinsurance at the 
individual risk level presents a difficult management control issue. In a worst 
case scenario, if company underwriters were to make facultative reinsurance 
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arrangements without proper coordination and direction from management, a 
substantial loss ratio penalty on the entire book of business could be expected. 
Extremely adverse fluctuations in net results would also be possible. The chal- 
lenge for management is to establish guidelines and controls enabling under- 
writers to understand the structure and objectives of overall corporate reinsur- 
ante. The underwriters will then be able to make decisions on individual risk 
facultative reinsurance placements that work with, not against, the excess treaty. 
It is hoped that the ideas developed here will give actuaries a start in attempting 
to explore this aspect of the underwriting and pricing process. 

Pricing a risk at a profitable direct premium is not sufficient to assure a net 
profit when significant amounts of different reinsurances apply. As our examples 
show. one can price the risk perfectly on a direct basis, yet still have an 
unfavorable net combined ratio. due to facultative placements with high mixing 
costs. 

On a corporate level, the more subtle concept of probability of ruin comes 
into play. We have shown that unanticipated large amounts of proportional 
placements can destabilize net results significantly. While most insurance or- 
ganizations are large enough to make the probability of ruin of academic interest 
only, the chance of suffering extremely large combined ratios increases as the 
share retained on a proportional basis decreases. The protection in the excess 
treaty is negated by proportional reinsurance. 

Finally. most of the discussion has been from the viewpoint of the ceding 
company. The mixing cost, however, can work both ways. The excess treaty 
rate is calculated anticipating a certain percent of the book will be ceded 
proportionally before the treaty applies. If the ceding company finds that it can 
only cede a smaller than anticipated portion of its business facultatively. it will 
be putting larger shares of each risk into the treaty. This will result in a highly 
leveraged adverse loss ratio and destabilization effect on the excess treaty. This 
is a sensitive issue for both the excess reinsurer and the ceding company. 

Pricing actuaries on both sides of the excess reinsurance treaty transaction 
have an interest in the mixing effects. The more use a ceding company makes 
of proportional reinsurance prior to the treaty, the more important the mixing 
effect becomes. An increased awareness of the effects of mixing should decrease 
the likelihood of unexpected adverse consequences to both treaty partners. 



Tko~~rrr; As the fraction (1 retained under proportional reinhurance de- 
creases, the stability of the net aggregate losses decrease\. 

Proof: We wish to prove that as (I decreases. the quantity CV(Y(tr,M)) 
decreases. From the Mixing Stability Rule. it suffices to prove that if 
MI < Mz. then. 

CV(Y(I.M,)) < CV(Y(I.M?)). 

This is the case it’ 

(S/SM) CV(Y( I .M)) 1 0. 

which is equivalent to 

(S/SM) CV’(Y( I .M)) .> 0. because (‘v 2 0 

Let /XL represent &( I .M): then 

AL+ (A: - A; - A,) 
A,pi A: -’ 

Since only & is a function of M. 

(S/&f) (y( y( 1 Jf)) = 

= pIp2’ - 2fvPI’ 
A,@: 

Thus, (616M) (CV’(Y( I .M)) > 0 it’ and only it’ 

p,pz’ - 2P43,’ > 0. 

Now compute PI’ and f32’. 

(SiSM) p, = S/SM (JfxtlF + M( I - F(M))) 

= I - F(M). and 

(S/SM, pz = S/SM (f;;.U’dF + M211 ~ F(M))) 
= 2M(l - F(M)). 



Then. 

so. 

MIXING REINSURANCE 

PIP2 = [f, + M(I - F(M))I [2M(l - F(M))], and 

2(3&i,’ = 2[/2 + &(I - F(M))I [I - FMf)]. 

3pJ3, = 2/,M(I - F(M)) - 212(1 - F(M)) 

= 2( I - F(M)) (MI, - 12) 

= 2( I - F(M)) JR’x(M - x)dF. 

217 

Since 0 < .r < M. we know M - .r > 0; hence. this integral is positive, and 
the result is proved. 

(The author thanks professor Nasser Hadidi of the University of Wisconsin- 
Stout for his helpful discussions on this proof.) 
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