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I .  INTRODUCTION 

An excess-of-loss reinsurance treaty provides the primary 

insurance company (cedant) with reinsurance protection covering 

a certain layer of loss for a specified category of individual 

(direct) insurance policies. Hence, for each loss event (occur- 

rence) coming within the terms of the treaty, the reinsurer re- 

imburses the cedant for the dollars of loss in excess of a cer- 

tain fixed retention up to some maximum amount of liability per 

occurrence. For example, if the cedant's retention is $i00,000 

and the reinsurer's limit of liability is $400,000, then the re- 

insurer covers losses in the layer $i00,000 up to $500,000; in 

reinsurance terminology, this is the layer $400,000 excess of 

$100,000. The reimbursement generally takes place at the time 

that the cedant reimburses the injured party. Allocated loss ad- 

justment expenses are usually shared pro rata according to the 

loss shares, although in a few treaties they may be included in 

with the loss amounts before the retention and reinsurance limit 

are applied. 

In thls paper, casualty coverage will mean either third 

party liability coverage or worker's compensation coverage, al- 

though on certain treaties it my be broader. For example, for 

automobile insurance, first party coverage ~y be included within 

the terms of the ~xcess treaty along with the third party coverage; 
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in any case, the to ta l  loss covered per occurrence is added to- 

gether before appl~eation of Me retention and the relnsurer's 

limit. 

A working cover is a treaty on which the reinsurer expects 

to pay some losses; reinsurance underwriters say that the cover 

is substantially exposed by the primary insurance policy limits. 

Typlcally, layers below $i,000,000 per occurrence for casualty 

coverage are considered to be working covers. For a more com- 

plete discussion of this coverage, see Reinarz (1969), The Insur- 

ance Institute of London (1976) or Baffle (1978). 

An excess-of-loss casualty working cover is typically a 

large, risky contract. The annual reinsurance premium is usually 

six figures and quite often is millions of dollars. Although 

losses are expected, the number of losses to the treaty and their 

sizes are highly uncertain. Each cedant's insurance portfollo is 

unique, so there are no simple standard reinsurance rates. Indus- 

trywide average increased limits factors might be used as a startfng 

point for pricing; however, competition and uncertainty force the 

reinsurer to be more sophisticated in his analysis of each proposal. 

A further complication is that the reinsurer usually has much less 

information to work with than does his primary insurance colleague. 

The reinsurer is provided with often vague and incomplete estimates 

of past and future exposure, of underlying coverage, of aggregate 

ground-up direct losses, and with some details about the very few 
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historical large losses which are known. The final price will 

be reached by competitive bidding and by negotiation over par- 

ticular contract terms. To compete, the reinsurer must work 

wl thin severe time and manpower constraints to estimate a price 

which he believes to be adequate and which he can justify to 

the cedant. 

Pricing excess-of-loss casualty working covers with any 

degree of accuracy is a complex and difficult underwriting end 

actuarial problem. We believe that the general theoretical 

pricing problem will remain insolvable: there will always he 

more questions than there are answers. However, in the spirit 

of a "Call for Papers", we offer a progress report on our work 

to date, knowing that we have only the beginnings of a truly sat- 

isfying practical solution. We will illustrate the actuarial 

problem by prlcing two relatively simple end representative treaties. 

The approach is mathematical/actuarlal; underwriting considerations 

are only briefly and incompletely mentioned, although these are very 

important. Some general solution criteria are presented and some 

tentative partial solutions are discussed. Although the point of 

view is that of a reinsurance actuary~ we believe that the general 

approach may be of interest to other actuaries and that some of the 

particular techniques will be immediately useful to our primary in- 

surance colleagues. 

Any complicated procedure such as the one presented in this 

paper develops over time from the work end ideas of many people. 
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We wish to acknowledge the help of a few who have contributed 

to this development: Ralph Cellars, Howard Friedman, Charles 

Hachemeister, Mark Kleiman, Stephen Orlich, James Stanard and 

Edward Welssner. 

II. 1340 TREATY PROPOSALS 

Reinsurers often receive proposals for which historical 

data are virtually non-existent. Such is the case when a newly 

formed or an about-to-be-formed primary company seeks reinsur- 

ance coverage or when an existing company writes a new insur- 

ance line or a new tercltory. There may be some vaguely anal- 

ogous historical data, general industry information and some un- 

derwriting guesses about next year's primary exposure, coverage, 

rates and gross premium. An example is that Of a new doctors' 

mutual offerlng professional liability coverage to the members 

of the medical society in state A. 

Example A: A Doctors' Mutual Insurance Company 

Proposal 

i. reinsured layer: $750,000 excess of $250,000 

per occurrence; no annual aggregate re- 

insurance limit; allocated loss adjustment 

expense shared pro rata accordlng to loss share. 
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2. mnderlying coverage: professional liability 

clalms-made coverage for limits of 

$1,000,000/$3,000,000 per claimant/ 

annual aggregate per doctor using the 

standard ISO policy form. 

3. coverage period: beginning July l, 1980 

and continuous until terminated. 

4. reinsurance rate: the of£er is 25% of the 

gross direct earned premium with a 20% 

ceding commission mnd brokerage fee 

(thus, the net rate is 20~). 

Information 

5. exposure estimate of 500 doctors; no class 

breakdown. 

6. class definitions - identical with ISO classes. 

7. List of claims-made rates to be charged by 

doctor class for $1M/$3M limits. 

8. summary of calendar/accident year 1974 - 1978 

aggregate known losses and earned premiums 

for state A doctors covered by the BIG 

Insurance Company. 

9. details about the five known losses paid or 

presently reserved for more than $I00,000 

in state A for accident years 1974 - 1978. 
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I0. a booklet describing the organization and finan- 

cial structure of the doctors' mutual, to- 

gether with biographies of the principal 

managers, clalms-persons and attorneys and 

a statement of a get-tough attitude toward 

defending professional llabil~ty claims. 

II. other miscellaneous letters and memos stating why 

this is an especially attractive deal for 

the reinsurer and the doctors. 

It should be apparent that mast of this information is only 

indirectly useful for pricing the reinsurance coverage. The 

offered rate ~st be analyzed using analogous industry information. 

There is great uncertainty regarding the potential loss situation. 

At the opposite extreme is the treaty proposal for which 

there is a great wealth of historical information. This is some- 

times the case when a treaty has been in place for many years with 

only ~ninor changes, such as increasing the primary retention over 

time to parallel the inflation in indlvidual loss amountS. If a 

reinsurer has been on the treaty for a few years, his underwriting 

~nd claims-persons have gotten to know the primary company people 

and have audited the treaty accounts. Thus, there is less uncer- 

tainty regarding the potential loss situation. A much simplified 

example of this situation is considered (only one llne of business). 
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P&C Insurance Company 

Proposal 

i. reinsured layer: $400,000 excess of $I00,000 

per occorrence; no annual aggregate rein- 

surance limit; allocated loss adjust- 

ment expense shared pro rata according 

to loss share. 

2. underlying coverage: general liability premises/ 

operations coverage, mainly in state B, 

written at various limits for bodily In- 

Jury and property damage liability. 

3. coverage period: beginning January i, 1980 

and continuous until terminated. 

&. reinsurance rate: the net rate Is to be nego- 

tiated as a percentage of gross d~rect 

earned premium. 

Information 

5. estimate of 1980 gross direct earned premium. 

6. estimate of 1980 premium by policy limit. 

7. sugary of calendar/accident year 1969 - 1978 

aggregate known losses as of 6/30/79 and gross 

earned premiums for P&C's general liability cov- 

erage insurance portfolio. 
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8. list of rate changes and effective dates for this 

line of business for 1969 through present and 

information that no change is contemplated 

through 1980. 

9. detai]ed listings of all 358 general llab~llty losses 

occurring since 1969 which were valued greater than 

$25,000 as of 6/30/75, 6/30/76, . . . or 6/30/79. 

At each evaluation, the information listed for 

each loss includes the following: 

a) i d e n t i f i c a t i o n  number 

b) a c c i d e n t  y e a r  ( o c c u r r e n c e )  

c)  amount o f  l oss  pa id  

d) amount o f  l oss  o u t s t a n d i n g  

e)  policy llmlts 

The evaluation of these two treaty proposals will illustrate 

the pricing procedure. Note that for example A we are to eval- 

uate an offered rate, while for example B we are to propose a net 

rate and negotiate. 

Before proceeding with the details, we believe it necessary 

to discuss some general pricing philosophy. 
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Ill. PRICING PHILOSOPHY 

An I n su rance  con t r ac t  may be thought o f  as  a financial 

stochastic process - a random pattern of pay-lns and payouts 

over time. The financial repercussions of a casualty excess- 

of-loss treaty may continue for 20 years or more. Thus, a 

reinsurer must consider the many aspects of this financial 

process to be able to estimate prices which are reasonably 

consistent with broad corporate policy. An actuarial goal is 

to combine all the contract financial parameters and all the 

corporate (Lmderwrltlng) declslon-making criteria into one 

comprehensive premium calculation principle or function - 

a black box which for each particular treaty produces the final 

premium or, more realistically, s negotiable premium range. 

Such a black box will not be purely mathematical, but will re- 

quire substantial subjective input. 

Present actuarial ~owledge is short of this utopian goal. 

However, actuaries and underwriters have identified certain 

major contract parameters and declslon-maklng crlteriawhich 

should be considered when evaluating a particular contract. See 

Pratt (1964), Reinarz (1969), B~hlmann (1970), Gerber (1974) and 

Freifelder (1976) ~ang others for discussions of premium 

calculation principles. 

We believe that a reinsurer should consider the following 

items for each treaty either expllcltly or Implloitly: 
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I. The potential distribution of the aggregate loss to be 

ultimately paid by the reinsurer. Although the whole (past and 

future) coverage period should be considered, most important is 

the potentlal distribution of the aggregate loss arising from the 

next coverage year. The potentlal distribution of the aggre- 

gate loss is based upon the reinsurer's subjective evaluation of 

the situation and is difficult to specify in detail. Consequently, 

only certain major characteristics are estimated, such as the ex- 

pected value, the variance or standard deviation, and certain per- 

centiles, such as the 90th, 95th and 99th. 

2. The potential distribution of the cash flow. The overall 

pattern over time is of interest, but more easily understood is the 

present value of the cash flow generated by the next coverage 

year. This random variable is distributed according to various 

price assumptions and the reinsurer's subjective assessment of the 

potential distributions of aggregate loss, payout patterns and In- 

vestment rates-of-return. Since the loss pay~Jt varies by line of 

business, consideration of the potential distribution of this pres- 

ent value for each treaty may provide a more reasonable basis of 

comparison than does Item (i). 

3. Various corporate parameters and decision-making criteria. 

These include the following: 

a) the potential distributions of aggregate loss 

and/or present value of cash flow estimated 

on the rest of the reinsurer's contract portfolio. 
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b) the reinsurer's financial surplus, both the 

current evaluation and the potential dlst ribution 

of future values due to reserve changes and 

losses arising from the rest of the contract 

portfolio. 

c) the reinsurer's flnancial assets and investment 

opportunities. 

d) various corporate goals, e.g., "growth and 

profits with honor" (David J. Grady, address 

at the ~rch 7, 1979 Casualty Actuaries of 

New York meeting). 

e) the reinsurer's attitude toward the trade-off 

of risk versus rate-of-return on each contract 

and on his whole reinsurance portfollo. 

Items (a) - (e) are meant to indicate some of the consldera- 

=ions which might define a utility function for corporate decision- 

making. For any typical treaty evaluation, it may be possible to 

localize our attention and only reflect these global considera- 

tions indirectly. However, in the long run they may not be ig- 

nored. 

Other more ambiguous items which a reinsurer might consider 

include: 

4. The surplus necessary to "support" the treaty from the 

relnsurer's point-of-vlew. The seller of any insurance or re- 

insurance contract exposes part of his surplus or net worth to 
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the risk that the loss will exceed the pure premium. Although 

it seems reasonable that some amount of surplus might be allo- 

cated to support any contract, there is yet no sarlsfactory 

theoretical functional definition. Note that this "supporting 

surplus" per treaty may not sum to the reinsurer's total surplus; 

he may be interested in surplus allocation on a relative basis: 

Does treaty A need raore "supporting surplus" than treaty B? 

5. The potential distribution of rate-of-re turn on the 

"supporting surplus" for this treaty relative to the rates-of- 

return on other treaties in the relnsurer's contract portfolio. 

It should be apparent that neither we nor anyone else has a 

premium calcuiatlon principle which explicitly considers all these 

items. They are listed here to illustrate the complexity of the 

problem of accurately pricing reinsurance treaties. (Indeed, we 

would argue that it is almost as difficult to price any other 

large insurance contract or group of contracts.) We believe that 

thoughtful reinsurance underwriters do evaluate treaty proposals 

along these or similar lines. To model thls process reasonably 

well is difficult but not impossible, since there are many good 

theoretical models and estimation techniques available to the 

modern actuary. 

Of all the items, item (I), the potential distribution of 

aggregate loss to the reinsurer, is the least ambiguous and the 

most important. Thus, the remainder of this paper concentrates 
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upon the estimation of this distribution for excess-of-loss 

casualty working covers. We will describe a reasonable mathe- 

matical model for this distribution and an estimation procedure 

for parameterizlng the model. 

IV. AN AGGREGATE LOSS MODEL 

This section describes a mathematical model for the aggre- 

gate losses to be paid out on a particular insurance contract. 

The general insurance loss model will then be specialized for an 

excess-of-loss reinsurance treaty. The model is based upon the con- 

cepts of collective risk theory developed by B~hlmann and others: 

for ex&mple, see B~hlmann (1969) and Beard, Pentik~inen and Pesonen 

(1977). The model is designed to allow the observer to account 

for and quantify his uncertainty regarding the "true" distribu- 

tion of aggregate loss for a particular insurance contract(s). 

This uncertainty arises from many sources; among them are: 

i. Any particular probability model is inexact. 

2. Any parameters estimated from sample data are random; 

that is, subject to sampling errors. 

3. The historical loss data may not be at final settle- 

ment values, but are themselves random estimates. 

4. The proper adjustments for inflation over time are unknown. 
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5. The underlying insured population for the coverage 

period to be evaluated is different from the past 

population. 

6. There are o£ten data errors and analytical blun- 

ders. 

The model will be developed from a subjective Bayesian 

viewpoint; the particularization of the model is determined 

from the viewpoint of an observer at a particular time with 

particular information. An honest competent reinsurer and an 

honest competent cedant would most likely have different final 

parameterized models for any given treaty. For a further dis- 

cussion of subjective or "personal" probability, see Savage (1954) 

and Raiffa (1968). 

The collective risk model describing the distrlbution of 

aggregate loss consists of many possible particular probability 

models, each of which is given a "weight" based upon its subJecrlve 

likelihood. In this way, the total uncertainty regarding the par- 

ticular outcome which will be realized is broken down into two 

pieces: i) the uncertainty regarding the "best" particular model, 

some times called the parameter risk, and 2) the uncertainty re- 

garding the actual loss value to he realized even when the partic- 

ular probability model is known, sometimes called process risk. 

See Frelfelder (1976) or Mieeolis (1977) for further discussions 

of these actuarial concepts. 
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We wiJ] use the term "parameter" in a broader sense than 

is customary. A "parameter" will consist of a complete speci- 

flcation of a particular probabillty model such as the lognormal, 

or group of models, together with their usual parameters. Our 

uncertainty as to which parameter is "beat" will be defined by a 

subjective probability distribution on the set of possible para- 

meters. 

It is easier to start with the case where the parameter is 

known (the particular model is specified). Let the random variable 

L denote the aggregate loss to be paid out on a given insurance 

cot tact for a particular coverage year. We begin by assuming that 

the total coverage (exposure) can he split into independent homo- 

geneous coverage groups in the following manner. Suppose that L 

can be ~itten as: 

(4.1) L = L + L + . . . + L 
1 2 k 

where L I = random variable denoting the aggregate loss for 

group i, i = i, ~,° . .., k. 

Further, suppose that each L i can be written as: 

(4.2) L - X + X + . . . + × 
i i 1 i2 iN i 
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where N i 

xlj 

- random variable denoting the number of losses 

(occurrences) for group i. 

- random v a r i a b l e  denoting the  s i z e  ( l o s s  amount) 

of  t he  j t h  l o s s  f o r  group i .  

Croups may be d e f i n e d  by any g roup ing  of  imsu reds  or  cov-  

e rage  which our  power of a n a l y s i s  can r e a s o n a b l y  and c r e d i b l y  

s e p a r a t e .  Examples o f  groups  c o u l d  be:  

i. dlstlnct groups of classes of Insureds or coverages. 

2. similar Insureds grouped by distinct policy limit. 

3. the overall coverage t i m e  period split into sub-perlods. 

For example A, our groups will be defined by year of coverage and 

ISO doctor class (the older seven class scheme). For example B, 

our groups will be defined by combined bodily injury and property 

damage policy limit. 

Let F(x[B) = Prob[L !xl B] be a particular c.d.f. (cumulative 

distribution function) for L with known parameter O. Think of  0 as 

being a comprehensive parameter (vector) containing all the para- 

meters necessary to specify the particular c.d.f.'s for the Li's, 

Ni's and Xij's. Now make the following assumptions: 

Assumption I: Given O, the Li's are stochastically independent. 

Assumption 2: Given 8, the Xij's are stochastically independent of 

the Ni's. 

Assumption 3: Given 8, for fixed i, the Xij's are stochastically 

imdependont and identically distributed. 
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These aasumptlons split the total coverage into independent homo- 

gaseous coverage groups. 

The model with known paraneter 0 has very nice properties. 

The first property is that F(x[8) is the convolution of the c.d.f.'s 

for Indlvldual groups: 

(4.3) F(xl0) F1Cxl6)tF2CxIe)* " '" *FkCXl0) 

where F l ( x l e )  - Prob[L I i x [ a S  for i = i ,  2 . . . . .  k. 

From this it follows that the cumulants of L given 0 are straight- 

forward sums of the eumulants of the Li's given e: 

(4.4) KIn(LIe) - ~ Km(Llle) 

where Km(L[~) is the m th derivative of the logarithm of the 

moment generating function of L evaluated at 0 (if it exists). 

for  the  Km(Li le ) ' s .  Likewise 

See Kendall and S tua r t  (1966), pp. 157ff ,  for  a d i s c u s s i o n  of cu~u- 

Imnts.  In p a r t i c u l a r ,  the  f i r s t  t h r e e  cu~ulonts  add: 

z 1(LIe) - zELle] - ~ ZCLi[e] 
i 

(4.5) Z2(L[e ) - VarCLle 3 . [ VarELlle] 
I 

Ks(LIe) - us(LIe)  ~ 03(Li le)  

= ~ ( L  - EELle3)fle3 where ~m(LlS) 

- 416 - 



Because of assumptions 2 and 3, each F i ( x l S )  can be w r i t t e n  

in terms of the c.d.f.'s of N i and Xi, where X i is the common 

loss amount random variable for group i: 

(4.6) Fl(xle) ! probE~i-ole].c~(xle) 

where G i(xl8) - Prob[X i !xl 8] for i - i, 2 ..... k. 

A consequence of (4.6) is that the first three moments of L i 

given e may be written: 

(4.7) 

~Lile3 - EE~ile].EExile] 

VarELile3 - EENile].var[Xile] + VarENilg].ECxile]2 

~(Lile) ECNile]'~3(xiEe) + .3(Nile).E[xile]3 

+ 3.Var[~ile].Z[Xile3.Var[Xile] 

The scheme will be to develop parameterlzed models for the Ni's 

and Xl's, calculate their first three moments given 8, and then use 

( 4 . 7 )  to  c a l c u l a t e  the  f i r s t  t h r e e  moments of  the  L t ' s  and use  (4 .5 )  

to c a l c u l a t e  the  f i r s t  th ree moments of L g i v e n  ~. 

The c o l l e c t i v e  r i s k  model i s  o b t a i n e d  by d e l e t i n g  the  r e s t r i c t i o n  

t h a t  B i s  ~movn. I n s t e a d ,  assume t h a t  t h e  s e t  ~ o f  p o s s i b l e  p a r a -  

m e t e r s  i s  known and t h a t  we can s p e c i f y  a s u b j e c t i v e  p r o b a b i l i t y  d i s -  
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trlbutlon U(8) on n which gives the subjective likelihood of each 

subset of ~. B~hlmann (1970) calls U(0) a structure function. 

For simplicity, assume that n Is finite so that U(O) Is a discrete 

probability: 

Assumption 4: ~ is the flnlte set of possible parameters and 

U(O) is the likelihood of  the parameter O. 

and U(O) specify the observer's uncertainty regarding the "best" 

parameter. 

With G and U(8) specified, the unoondltlonal c.d.f. F(x) of 

L Is the weighted sum of the conditional c.d.f.'s F(xle): 

(~.8) FCx) = [ FCxIS).U(O) 

e 

Likewise, ~or each Fi(x), the c.d.f, of L£. 

A consequence of (4.8) Is (B~hlmann (1970), p. 66): 

(4.9) E[Lm] " ~ E[LmIe~.U(8) for m = O, l, 2 .... 

8 

L i k e , r i s e ,  for each L 1. 

With 8 unknown, a s s u m p t i o n s  (1) - (3) may no l o n g e r  h o l d ,  f o r  

t he  uncertainty regarding 8 may simultaneously affect the model at 

all levels. For example, the c.d.f.'s of the Ll's are usually sub- 

Jectlvely derived from historical data altered by loss development 

and inflationary trend esetnnptlons. The assumptions made simultane- 
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o~sly shout each L i and Lj are usually not independent, i . e . ,  the 

p a r t i c u l a r  parameters  for the c . d . f ,  of L t are  c o r r e l a t e d  wi th  the 

p a r t i c u l a r  parameters  for the c . d . f ,  of L~. Symbol ica l ly :  

(4.10) 

E~LtLj] - ~ E~LiLj l0] 'U(8)  

" ~ E~LilO] 'E~LjlO] 'U(e)  
8 

{~8 E[L i ]8 ] 'U(8 )} ' {~  ~ L j [ e ] . u ( e ) }  

~'hen ~ i s  unknown, equa t ions  44.3) - 44.7) u s u a l l y  no longer  

hold.  Yn p e r t t c u l a r ,  equat ion  (4.5)  now holds  only  for  the f i r s t  

moment: 

(4.11) 

~ z 3  = I ~L i3  
i 

t 

um(L) ÷ ~ Um(Li) 

for  m ,~ 1 

for  m ~ 1 

fo r  tD ÷ 1 
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Thus ,  t h e  moments o f  L must now be e v a l u a t e d  d i r e c t l y  f rom ( ~ . 9 )  

by  u s i n g  (4 .5 )  and ( 4 . 7 ) ;  l l k s w l s e  f o r  each  L i .  For  e x a m p l e ,  t h e  

second  moment of  L is now , w r i t t e n :  

ECL23 = ~ ECLZIO3"U(e) 
e 

( 4 . 1 2 )  ~(VarCL{8~ + E~LIO32} 'U(0)  
0 

~( (~  V a r C L i l 0 3 ) + ( ~  ~ L i I 0 3 ) 2 ) ' U ( 0 )  
0 i  l 

C o n t i n u e  the e x p a n s i o n  u s i n g  fo rmu la  (4.7). 

L i k e w i s e  f o r  each  L i .  

T h i s  g e n e r a l  c o l l e c t i v e  r i s k  model  may be s p e c i a l i z e d  co t h e  

c a s e  of  an e x c e s s - o f - l o s s  r e i n s u r a n c e  t r e a t y .  Suppose t h a t  t he  

t r e a t y  c o v e r s  group  i l o s s e s  i n  t h e  l a y e r  f rom r t ( r e t e n t i o n )  up to  

b 1. The g e n e r a l  model  may ba  s p e c i a l i z e d  i n  a t  l e a s t  t v o  d i f f e r e n t  

ways .  The f i r s t  i n t e r p r e t a t i o n  v i e w s  X i a s  t h e  e x c e s s  p o r t i o n  of  

each  l o s s .  We d rop  t h e  s u b s c r i p t  i i n  t h e  f o l l o w i n g :  

Model I N o t a t i o n :  

N - random v a r i a b l e  d e n o t i n g  t o t a l  number o f  non-  

z e r o  l o s s e s  g r o u n d - u p .  
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X - random v a r i a b l e  d a n o t t n g  t h a t  p a r t  be tween  

r and b of  e a c h  Bround-up l o s s .  

$ - random verlable de~otlng the ground-up loss 

amoum t .  

Given t h a t  a l o s s  has  o c c u r r e d ,  X and S e r e  r e l a t e d  by:  

(4.13) 
I! if S < r 

- -r if r < S < b 

r if b!S 

Thus ,  t h e  c . d . f . ' s  of  S and X g l v e n  6 a r e  r e l a t e d  by:  

( 
Gs(rle) 

(4.14) I |Gs(x+rle) if x ! 0 
G x ( X l % )  = I f  0 < • < b - r 

1 if b - r ~ x 

I f  N I s  t o  d e n o t e  t h e  number of  exce s s  l o s s e s ,  t h e n  use  the  

second s p e c i a l i z a t i o n :  

Model 2 Notation: 

N - random v a r i a b l e  d e n o t i n g  t h e  number of  e x c e s s  

l o s s  o c c u r r e n c e s .  

X - random variable deuotlng t h e  e l s e  of  an e x c e s s  

l o s s ,  Btven t h a t  an e x c e s s  l o s s  has  o c c u r r e d .  

BN = random v a r i a b l e  d e n o t i n g  t h e  t o t a l  number o f  non-  
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zero  ground-up l o s s e s ,  c a l l e d  "base  number".  

$ " random variable denoting the ground-up loss 

amount. 

Nlth known parameter 8, the c.d.f.'s of N and BN are related 

by: 

Prob[N=nl8 ] - ~{Prob[BN=m,8].(~) x 
( 4 . 1 5 )  m>._n 

n m-n 
(1 - G s ( r l e ) )  .Cs(rle) ) 

~nere  G$(rle) = Prob[$ ! rl 8] 

In particular, it is easy to show that: 

(4.16) E[N[8] m E[BNI83.(I - Gs(rIe)) 

Likewise, the c.d.f.'s of X end $ for Model 2 are related by: 

(4.17) Cx(XIe) 

I O if x ! 0 

= Gs(x+r[e)'(l - Gs(r[8)) -I if 0 < x < b - r 

I if b - r ~ x 

Model 1 is easier to work with since the definition of N remains 

t h e  same when d i f f e r e n t  r e t e n t i o n s  a re  c o n s i d e r e d .  But,  i t  i s  eesy 

to  t r a d e  back  and f o r t h  between t he  two models  and ,  most i m p o r t a n t l y ,  

they  bo th  y i e l d  i d e n t i c a l  answers  f o r  the  d l s t r l b u t l o u  of  L. We p r e -  

f e r  to  use  Hodel 1, so h e r e a f t e r  N w i l l  be  t he  number of  non -ze ro  

ground-up  l o s s e s .  

The n e x t  t h r e e  s e c t i o n s  show how t h i s  g e n e r a l  model may be used  

to  e v a l u a t e  t he  l o s s  p o t e n t i a l s  o f  p a r t i c u l a r  t r e a t i e s .  To do so ,  we 
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~.I St : 

1 .  

2 .  

speclfy the homogeneous groups. 

specify the set of possible parameters ~ and 

the subjective llkellhood U(e), of each e in ~. 

calculate (using a computer package) the mom- 

ents and approximate various percentiles of L 

from the moments of the Nl's and Xi's given the 

e's. 

V. PARAMETER ESTIMATION: EXAMPLE A 

The most difficult part of this aggregate loss evaluatlon 

procedure is eatimatlng the parameters to  be used in the models. 

The estimation for A Doctors' Mutual Insurance Company, example 

A, will illustrate the case where there are no credible historical 

loss data dlrectly related to the exposure. In this case, general 

industry information must be used together with substantial Judge- 

ment. In general, in this s~tuatlon we presently estimate three 

parameters based upon low, medium and hlgh loss frequency and se- 

verity assumptions (We purposely use the word "medium" to avoid the 

statistical theoretic connotatlons of words such as "mean" and 

"medlan".) For example A, the estimates will be based upon Insur- 

ance Services Office ratemaklng data and further modified by Judge- 
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meet  based  upon t h e  NAZC H e d l c a l  M a l p r a c t i c e  Closed  Cla im S u r -  

v e y s  (1977) and (1978). 

The groups fo r  example A are selec led to  be the seven doc- 

to rs  classes in  the old ZS0 c lass  plan because we be l ieve  the re  

are s u f f i c i e n t  data to  separate these classes fo r  loss f requency 

and s e v e r i t y .  The c o m p l e t e  p a r a m e t e r  m a t r i x  I s  d i s p l a y e d  i n  

T a b l e  5A. I t  l ooks  f o r m i d a b l e  bu t  I s  r e a l l y  q u i t e  s l m p l e ;  much 

o f  ~t  i s  r e p e t i t i v e  and based upon standardized Judgement. Each 

c lass  Is represemted by three rows: the low 8 is  the f i r s t  row 

f o r  each c lass ,  the medium 6 is  the second row fo r  each c lass  and 

the high 0 i s  the t h i r d  row fo r  each c lass .  In Sectimn VTI these 

parameters w i l l  be inpu t  eo a P ruden t ia l  Reinsurance Company com- 

puter  package named RISKMODEL which w ' l l l  ca l cu l a te  the moments of 

the aggregate loss L f o r  the laye r  $750,000 excess of  $250,000 for  

the coverage year 1980/81 using the formulas from Seet inn IV.  The 

p a c k a g e  a l s o  a p p r o x i m a t e s  s e l e c t e d  p e r c e n t i l e s  o f  t h e  d i s t r i b u t i o n  of  L.  

The form of  t h e  p a r a ~ e t e r l z e d  c . d . f . ' s  we s h a l l  u s e  f o r  t h e  d l s -  

t r I bu t t om of the number of  loss occurrences N t f o r  c lass t i s  the 

negative binominl defined in Appendix D. Thus, we must specify two 

parameters for each c.d.f.; we wlll specify E[NiI%~ and the ratio 

V a t ,  Nt iS3  ~ E[Ni Ie~ f o r  each  c lass ,  t f o r  each e. The expected num- 

b e r  of  a r o u n d - u p  l o s s  o c c u r r e n c e s  E~NI]8 ]  i s  based  upon t h e  exposure 

and loss frequency estimates in Table 5A, columns (2) and (3). The 

estimatea of exposure by class are based upon IgO exposure date 
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T A B L E  5A 

GROIJ@ EXPO~I~RE F R L a l I L N E Y  V C ~ J ' E [ N I  D ~ !  CObE PAR I pAt~ 22 T R U N C .  PT E X £ [ ~ 5  PROP UGT | H P E X  
T XP 

CI,A¢~ 1 ] 2 1 5 . 0 0 N O  . 0 0 ~ 0  t . o 0 0 0  2 23~LLO. o n f l o  i .t4SlL~O IOPO . U O g n  , ~T, OO 
Cc~: ,~ , t  2 : z ~ . o o n o  . o o 6 3  1 . ~ o o o  77 s:t.~:;o u o , o  1 . 2 v u o  t o o 0  .o : ; t ,O . : , o o 0  
CLASS 1 ] ~ 1 5 . 0 0 0 0  . 0 C 1 5  2 . 0 0 0 0  2 181 i.~;. f i g 0 0  1 . 1 9 1 0  I 0 0 0  .U~UO .2~,r lo  O 

C L A S S 2  I 7 7 . 0 0 0 0  . 0 0 7 2  1 . 0 0 O 0  2 7 3 6 q 0 .  O000 | . q o q o  1 o 0 0  . o o G o  . ~ 5 0 0  [ 
r . LAS3  2 2 7 7 . o 0 o o  . , , o v o  1 . 5 o o o  2 i n 4 . ~ o ,  o o o o  i . : 9 o o  | o o o  . H ~ 6 a  . ' ~ o 0  0 
C L ~ $ 3 2  3 7 7 , 0 0 0 0  , 0 1 0 8  2 .  0 0 0 0  2 t O | Z 3 .  DO00 I ,  t ~ t O  1 0 0 0  . BJRO . 2 ~ 3 0  0 

C L ~ S 9 3  I ~ 6 .  0 0 0 0  , 0 O R 5  ~ .  0 0 0 0  2 2 . ~ ? ~ 3 .  n 0 0 0  1 .  ~ t c ; 0  ! o 0 o  *1~,,;o ~ * n 0  ] 
CL.~$53  ~ 6 6 ,  0 ~ 0 0  . 0  I n6  . h o l l o  2 ?O I 0,~, OOoo I .  ~ 'HIO 1 0 ¢ 0  .814,'~ 0 . ~ 0 0 0  m 
C[ C,S~3 3 ~ 6 .  0 3 0 0  . ~ I ~ 7  2 .  O00O 2 ; 'P ; ' 11 .  0 0 0 0  I .  I U'~O I OOO . ~;~bO .2~.00 0 

CL,',% 5 q 2 l O . O 0 0 O  . 0 1 3 0  | .~ ,000  2 : '17~"=.  COIlO I . : ' T H O  1 6 0 0  . nfl,~O . 5 n  fro 0 
C L A 3 S ~  3 tO  0 0 | 0  . 0 1 ~ 6  2 .  0 0 0 0  2 2 )  7 '~ i ! .  OOUO I ,  t 8 9 0  1 0 0 0  0' / '~0 . ~ , 0 0  0 

C ~ A ~ S 5  I 14/~. 0 0 0 0  , O 130  I .  U0110 ~ : 7 ' 7 1  t .  0 0 0 0  I .  q/,Y, 0 ] 0 a 0  U: ,~0  . ~ S n 0  l 
C L & ~ , ~  ~. L~6.0O00  . 0 1 6 3  I . . ~ 0 0 0  ~ ~3;~:,11, O n rio I .  ~'?1]0 [ 0 0 0  .14~60 .~.,0 a o o 
C L , ' - ~  ] '~¢,. CO00 . O l V 5  ~ .  0 o 0 0  :z ~ ' ~ o 3 1 .  o o a o  t .  1 0 7 o  ! o o 0  . n~ : ; o  . :~:.no 0 

CL¢:SS& I 3 5 .  (1000 . 0 1 6 9  1 . 0 0 0 0  2 ~ 3 9 2 3 .  O00O I . ' ~ 0  1 0 0 0  . B ~ O  . 2 5 o o  I 
C;.A'~ 5 6  2 3 : , . 0 0 0 0  . 0 2 1 2  I .T .o00  2 2 0 1 0 6 . 0 0 0 0  I . ~ 7 0 e  ShOO .00 ,50  . 5 0 0 0  0 
L~L.~S56 3 ..S..~. 0 0 0  O . 0 2 ~  2 . 0 0 0 0  ~' 2 0 5 9 7 . 0 0 0 0  1 . 1 8 9 0  1 0 0 0  .H�~O . ~ 5 0 0  0 

Cl..,~ ~ 5 7  I 5 1 . C 0 0 0  . 0 1 ~ 6  1 . 0 0 0 0  ~ 3 0 . ~ . ~ 9 . 0 0 0 0  1.14&50 1 0 0 0  . 8 5 6 0  . 2 5 n 0  1 
C L ~ 5 3 7  2 5 1 . 0 o n 0  . 0 1 9 5  s ~ 0 o 0  2 T . ~ , 9 ~ . r , 0 0 0  l . : ' T t J 0  x 0 o ~  . ~ l ~ . 0  . s e n 0  0 
CL¢.SS7 • b l .  0 0 0 0  . O~3q ~ .  0 0 0 0  2 2 6 3 2 0 .  o 0 o o  1 . 1 8 9 o  1 0 0 0  . O?~O . ~ 5 o 0  0 



and the assumption that there w~ll be 500 doctors. Possible 

variance of the actual exposures from these eatlmates will be 

simply accounted for when selecting the low and high frequency 

estimates. The medium frequency (ground-up) estimates are de- 

rived In Appendix A, p. AI. They are based upon projections of 

overall countrywide doctor loss frequency at the mld-polnt 

(January I, 1981) of coverage year fiscal 1980/81, modified by 

various offsets: i) class, 2) state, 3) year in clalms-made 

program (in this case, first year) and 4) contagion (multiple 

doctors par incident). It is necessary to use a contagion fac- 

tor to adjust the basic leo data, which are number of occurrences 

per doctor, since the treaty will cover loss per occurrence for all 

covered doctors added together. All the offsets are selected on 

the basis of ISO data and NAIC (197), 1978) information. The low 

and high loss frequencies are selected to be ± 20% of the medium 

loss frequencies; this is pure Judgement to reflect the uncertainty 

regarding the actual exposure and the "true" expected frequency per 

class. The ratio Var[Ni]8] ÷ E~NIIe] values 1.0 (low), 1.5 (medium) 

and 2.0 (high), Table 5A, column (4), are selected on the basis of 

research by the ISO Increased L i m i t s  Subcom~nlttee. 

The parameters for the loss amount c.d.f.'s are in Table 5A, 

colu~s (5) - (9). The number 2 in column (5) apeelfies to the com- 

puter package RISRMDDEL that the form of the c.d.f, is the 4-para- 

meter modified Pareto distribution defined in Appendix D; the other 
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choices are 1 - lognormal and 3 - Welbull. Columns (6) - (9) are 

i t s  f o u r  pa rame te r s  f o r  each c l a s s  and each e .  We and the  ISO 

I n c r e a s e d  L i m i t s  Subcommit tee  have found t h i s  g e n e r a l  Pa re to  c . d . f .  

t o  be  v e r y  u s e f u l  f o r  d e s c r i b i n g  l o s s  amount d i s t r i b u t i o n s .  The 

p a r t i c u l a r  pa rame te r s  d e r i v e d  on Appendix A, pp. A2 and A3 a r e  based 

upon ISO country~rlde l o s s  amount da t e  and m o d i f i e d  by v a r i o u s  o f f -  

s e t s  ( c l a s s ,  s t a t e  and c o n t a g i o n )  s e l e c t e d  on the  b a s i s  of o t h e r  ISO 

d a t a  and NAIC (1977, 1979) i n f o r m a t i o n .  Note t h a t  the  o f f s e t s  a p p l y  

t o  t he  ~ pa ramete r  (PAP.l) on ly .  We do no t  p r e s e n t l y  o f f s e t  a c c o r d i n g  

t o  yea r  In  c la ims-made  program, a l t h o u g h  we might  i f  we ever  s ee  

any c l a ims-made  l o s s  d a t a  s u f f i c i e n t  fo r  t h i s  purpose .  The low,  

m e d i ~  and h i g h  p a r a m e t e r s  a re  s e l e c t e d  from c . d . f . ' s  f i t t e d  t o  f i v e  

p o l i c y  y e a r s  o f  I$0 d a t a  v l e  t he  maximum l l k e l l h o o d  t e c h n i q u e s  de -  

s c r i b e d  i n  P a t r l k  (1980)  and a r e  indeed t h e  low, medium ( a l l  f i v e  

y e a r s  camblned)  and h l g h  e . d . f . ' s .  

Column (10) of T a b l e  5A d i s p l a y s  t he  s u b j e c t i v e  w e i g h t s  a s s i g n e d  

t o  t h e  t h r e e  p a r a m e t e r s .  In  t h i s  ease ,  t h e y  a re  p u r e l y  J u d g a m e n t a l ,  

vlth the medium parameter assigned a llkellhood of 50% and the low 

and high parameters assigned 25% likelihoods. 
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Vl .  PARAHETER ESTIYIATION: EXAbWLE B 

The p a r a m e t e r  e s t i m a t i o n  f o r  example  B, t h e  e x e e s s  p r o -  

p o s a l  for P&C Insurance Company's general liability coverage, 

will illustrate the case where there ere credible historical 

loss data directly related to the exposure. In this case, we 

t r ~ l l  use  a s  much o f  t h e  d a t a  a s  we can t o  s e l e c t  t h e  homo- 

gemeous c o v e r a g e  g r o u p s ,  t o  e s t i m a t e  t h e  forms of  t h e  l o s s  

amount c.d.f.'s and t o  estimate some ~'s and U(~)'s (the l o s s  

count c.d.f.°s are assumed to be adequately modeled by nega- 

tlve binomial distributions). Recall from Section 11 that the 

proposal Is for $750,000 excess of $250,000 and that the PbC 

Insurance Company has provided a detailed history of large 

losses (greater than $2S,000), gross earned premiums, an over- 

a l l  r a t e  his tory  and more. 

The s t e p s  of  t h e  p r o c e d u r e  we w i l l  f o l l o w  a r e :  

I .  S e l e c t  t h e  homogeneous c o v e r a g e  g r o u p s .  

2. Decide vhlch historical exposure years are 

most i nd i ca t i ve  of (can be eas i l y  adjusted 

t o )  n e x t  y e a r ' s  e x p o s u r e .  

3 .  E s t i m a t e  l o s s  amount I n f l a t l o n a r y  t r e n d  f a c t o r s .  

4 .  S e l e c t  a p r i m a r y  r e t e n t i o n  t o  d i r e c t l y  e v a l u a t e  

l o s s  count  and amount d i s t r i b u t i o n s  f o r  t h e  n e x t  

c o v e r a g e  y e a r  and r e s t r i c t  a t t a n t l o ~  t o  t h o s e  
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large losses whose trended values are greater 

than this retention. This retention is not 

necessarily the proposed retention, but is In- 

stead the one which we believe will yield the 

most credible est lmat es of the potential loss. 

5. Decide how to adjust the large loss data to an 

ultimate settlement basis. 

6. Estimate ground-up loss amount c.d.f.'s for the 

next coverage year, both forms and parameters, 

from the large loss data and general informa- 

tion. 

7. Estimate the number of excess IBNR losses (ex- 

cess of the deflated values of the selected 

retention (4)). 

8. Estimate excess loss frequencies for the next 

coverage year. 

9. Estimate base (ground-up) loss count c.d.f.'s 

for the next coverage year based upon (6), (8) 

and the estimated exposure. 

10. Select the parameter weights U(@). 

The procedure for example B will follow this outline very 

cleamly. In practice, however, airy of the steps may be reversed 

and any of the decisions may be changed later during the pro- 

cedure if the analysis so indicates. 
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We d e c i d e d  not  t o  d i s p l a y  t h e  c o m p l e t e  P&C I n s u r a n c e  

Company d a t a  in  an append ix  f o r  t h r e e  r e a s o n s :  

I. We would llke to focus on the general procedure, 

not all the details. Most of the detailed steps 

c o u l d  be done i n  many d i f f e r e ~ t  ways. 

2. The d a t a  a r e  voluminous. 

3. The data, used w~th the primary company's per- 

m i s s i o n ,  should  r ema in  c o n f i d e n t i a l .  

Many sugary exhibits are displayed in Appendix B. 

g t e ~  i 

The groups are defined by the major policy limits based 

upon the policy limits listed on the large loss records and P&C 

Insurance Company's estimate of their policy limits distrlbu- 

tlon for 1980. However, the general liability coverage will be 

analyzed as a whole; thus, the parameters of the esti~ted 

ground-up loss amount =.d.f.'s and the loss frequencies will be 

the same for each group - only the policy limits and the under- 

lying exposure will he different. The complete parameter matrix 

which will later be Input to the RISKMODEL computer package is 

displayed in Table 6A. In this case, there are four policy 

limltgroups: $200,000, $250,000, $350,000 and $500,000 or more; 

t h e r e  e r e  f o u r  p a r a m e t e r s  O: t h e  f i r s t  i s  t h e  c o m b i n a t i o n  of  

t h e  f i r s t  row f o r  each  g r o u p ,  and so on. 
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TABLE 6A 

I 

Cc 

I 

GL/~no  I 

GL/~OD ~ |17~.0000 
GL/~O0 ~ 1175 .0060  

GL /~O  1 : 175 .0000  
GL. '~50 2 1175 .0000  
GL /~O  3 1173 .0000  
5L /250  ~ 1175 0000 

G~ /35n  1 23~o .noeo  
Gt , /3~O 2 23~0001~0  
GL /350  3 2350 .0000  
6L1350  ~ =350 .0n00  

GL /~O0*  1 1~000 .0000  
~L I~00*  2 10n~0 .0000  
UL /~oo+  3 1~oo .oooo  
GL /~O0*  q t~UOU,OOGO 

I~×FOSURE FREQIJCNCY VLN3~E[N] PST CO[,E 

1175 .0000  . 010n  1 .5000  
1 )73 ,0000  .01.~5 ~ ,0000  

.oo~b I . ~000  

. o l ~  2 .00on  

, 0108  1 .~000  
.01,~5 2 .0000  
. 0096  1 .5000  
.01o~ 2 .0000  

. n tNn  1 . 5 0 0 0  

. o1 ,~ ;  2 . 00o0  

. 00V6  1 . 5 0 0 0  
, 0 [ 0q  2 .0000  

0 t0B  1 ,5000  
. 0 1 3 5  2.0000 
. 0~9~  1 .~ooo  
. 01o~  2 .0000  

1 2 ~ 0 [ & . 0 0 0 0  
11~; '31.0000 

I ,HJT~? ,000g  
2 1 3 o & ? ~ . 0 n o 0  

121~01/, ,000 u 
t 1 ' ~1 .0o00  

2 ¢3~?'J7.#0oo 
2 1 .~0~v3 .00o0  

12t~01/ , ,C000 

130 /q7 ,0~00  
1 ~ o ~ 3 . o o 0 o  

, l ~qO I6 ,0000  
o7231,oon0 

130?q? .O000  
13O693.OOOO 

pAR ~ T R U N C .  P [  eXCE l : :  PROP WG1 INI IEX 
T YP 

3 ,679~  0 I .O~QO . tO00  1 
3 . t ?~a  0 Z .O000  . '6000 0 
3.071,+; OJ 1,0000 .I~00 0 
3 .7~59  0 l . uOOn  . 3~00  0 

3 .67?5  0 I .OOQO 1000  1 
3 .1~90  0 1 .0000  . 4000  
3 .0769  D 1 .0000  . J~oo  D 
3 .7b~0  0 I .OO00  . 3~00  0 

3 .~79~  0 t .  OCQe . 1000  I 
3 . 1270  0 1 .0~00  .~000  0 
3 ,076v  0 { ooeo  . J~no  o 
3 .7~6  0 I.OOOO . . ~oo  o 

3 ,6795  0 1 .0000  , 1000  I 
3 , 1290  0 1 .00oo  .~ooo  0 
3 .B769  o 1 .oooo  . 1~oo  o 
3 . 7 ~ 0  0 1 .ooo0  . 3500  o 



Step 2 

We restrict our attention to the large loss data from 

accident years 1973 through 1978 since we believe that these 

data are more easily adjustable to 1980 level in a reasonable 

manner. Also, there does not appear to be any significant 

development of loss counts or amounts beyond the 78 month eval- 

uations of the data presented in P&C's June 30, 1975, . .., 

June 30, 1979 loss evaluations. With this decision, we still 

have quite enough data, over 200 large losses, to analyze. 

Step 3 

Many different loss amount inflationary trend models may 

be developed using many different economic end actuarial assump- 

tions. We shall use two very simple models: 

I. Exponential trend model: ISO general llab111ty 

bodily injury average loss amounts of various 

k i n d s  from the  p a s t  s e v e r a l  y e a r s  may be fit 

by expon~Clal curves in the usual manner. In 

this case, our model produces an annual trend 

estimate of 16.81. 

2. Econometric trend model: Slightly more sophls- 

t i c a t e d  t r e n d  e s t i m a t e s  a r e  d e r i v e d  v i a  a p r i m i -  

t i v e  bu t  r e a s o n a b l e  economet r i c  model u s i n g  the  

Bureau o~ Labor S t a t i s t i c s '  Consumer P r i c e  I n -  

dex and i t s  Med ica l  Care S e r v i c e s  component as 

independen t  v a r i a b l e s  and some leO l o s s  amount 
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index as the dependent variable. The trend 

factors to adjust each accident year's data 

to 1980 level are displayed in Appendix B, 

p. B2, cohmm (I), 

Loss parameters will be derived separately from the two sets 

of data adjusted by these two trend models. In general, use 

as many reasonable tread models as possible and assign sub- 

Jective weights to them. 

Step 4 

Our objective is to estimate 1980 ground-up loss amount and 

loss count c.d.f, models which produce accurate estimates of the 

losses in the layer $400,000 excess of $100,000. However, to as- 

timate these models, it is not necessary to restrict our atten- 

tion to only those historical losses whose 1980 level values are 

greater than $100,000. With the exponential and econometric 

trend models, a 1980 retention of $75,000 deflates to 1973 values 

of $Z5,291 end $25,299, respectively (see 6olumn (2) of Appendix 

B, pp. B1 and B2). Since these deflated values are larger than 

$25,000, the 1973 - 78 large loss data contain all known losses 

whose 1980 values are larger than $75,000. Furthermore, more 

credible excess frequency and loss amount estimates may be ob- 

talnad from evaluating a lower retention of $75,000. That is, 

there are 171 (exponential) end 158 (econometric) known losses 

whose 1980 values are greater than $75,000 (see Appendix B, 
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pp. B1 and B2), while only 109 (exponentlal) and 104 (econo- 

metric) have 1980 values greater than $100,000. Therefore, 

we restrict our attention to those large losses whose 1980 

level values are greater then $75,000. The 1980 level average 

values and number of occurrences at each evaluatlon date are 

shown in Appendix B, pp. B1 and B2. 

Step 5 

For each historical coverage year, we want an estimate of 

the distribution of ultimate settlement values (1980 level) of 

losses greater than $75,000. The age-to-age development fac- 

tors displayed in Appendix B, pp. Bl and B2, for the 1980 level 

average values indicate that the large loss distribution for 

the recent years will change as more losses pierce the retention 

and as the losses are settled. Thus, these data must he adjusted. 

In this case we observe that the loss amount distribution appears 

to develop little beyond the 42 month evaluation. Also, the 

t w o  years for which we can expect the data to substantially de- 

velop, 1977 and 1978, have only 14 and 3 large losses respec- 

tively. Thus, in this case we choose to use multlpllcatlve average 

size development factors applied to the large loss values. These 

factors are displayed in Appendix B, pp. B1 and B2. (For a more 

sophlstlcated approach, which simultaneously accounts for the 

development of loss counts and amounts, s e e  Hachemelster (1976)). 
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Step 6 

The 1980 loss amount c.d.f.'s are derived from four data sets 

by using the maximum likelihood estimation techniques and testing 

procedures described in Patrlk (1980). The data sets are: 

1. The large losses together with their policy limits 

adjusted to 1980 level via the exponential trend 

model and developed to ultimate settlement. 

2. Same as (1) except that the losses and policy 

limits are censored at (limited to) $500,000. 

3. The large losses together with their policy 

limits adjusted to 1980 level via the econometric 

trend model and developed to ultimate settlement. 

4. Same as (3) except that the losses and policy 

limits are censored at $500,000. 

Censorship at $500,000 is used in (2) and (4) for two 

reasons : 

I. The p r o p o s e d  r e : I n s u r a n c e  layer s t o p s  a t  $500,000. 

Thus, we may focus upon the loss amount distribution 

below $500,000. 

2. In general, we have found that censored (by policy 

limits) loss amount c.d.f.'s estimated via the 

method of maxlmum likelihood fit better when there 

are some losses at the censorship points: the para- 

meter estimates appear to have smaller sample error. 
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However, the  da t a  i n  t h i s  case  have  no l o s s e s  a t  

t h e i r  p o l i c y  l i m i t s .  

The p a r a m e t e r s  f o r  c . d . f . ' s  (1) - (4) a re  d i s p l a y e d  i n  

Tab le  6A, columns (5) - (9) .  Both t he  Kolmogorov-Smtrnov T e s t  

and an " a c t u a r i a l  ad-hoc expec ted  v a l u e  t e s t "  ( see  P a t r i k  

(1980)) show the Pareto model fitting much better than either 

the lognormal or  the Welbul l  models. Thus, each se lected c . d . f .  

i s  Pareto (column (5) en t r y  i s  2 ) .  The column (8) and (9) en- 

t r i e s  are se lec ted f o r  convenience to be 0 and 1, r e s p e c t i v e l y ,  

because we are not concerned w i t h  the lower end of  the loss 

amount distribution. See Appendix D and note that if XP- i, 

then the four parameter model reduces to a two parameter model 

with the parameters PAR1 and PAR2 in Table 6A, columns (6) and 

(7). C.d.f.'s (2) and (4) fit well, while the fit of (i) and 

(3) is only fair. This information will be used later when 

selecting the subjective likelihoods (weights) of the parameters. 

Step 7 

The number o f  IBNR ( i ncu r red  but not r epo r t ed )  1980 l e v e l  

losses excess o f  $75,000 f o r  each year 1973, . . . ,  1978 are es- 

t imated using a method developed by James Stanard and described 

In Patrlk (1978). The first step is to estimate a c.d.f, model 

for the distribution of report lags. In this case, the report 

lag is defined as the time in months between the date of occurrence 

of  a loss and the date i t s  1980 l e v e l  i ncu r red  va lue  f i r s t  ex -  
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ceeds $75,000. Welssner (1978) showed how to estimate thls 

c.d.~, using the method of maximum likelihood when the data 

include month of occurrence and month of report for every 

loss. However in this case, such detail is not available: 

the data have only year of occurrence (accident) end year of 

report. Thus, we select s report lag c.d.f, model by com- 

paring the actual number of occurrence age-to-age factors in 

Appendix B, pp. B1 and 82, to tables of annual age-to-age 

factors generated by various theoretical report lab distribu- 

tions, such as the exponential, lognormal or ~eibull. In 

this case, a Nelbull distribution with parameters 8 ° 34.0 

and 6 - 2.75 (see Appendix D) appears to describe both sets of 

actual age-to-age factors best; so we will use it to calculate 

IBNR. The annual age-to-age factors generated by this Weibull 

are the row underlined in the table in Appendix B, p. B3. The 

I~NR calculatlons are displayed in Appendix B, pp. 84 and B5. 

Step 8 

Appendix B, pp. 86 and 87, displays the estimated IBNR per 

year (column (4)) and the inplled 1980 level frequency excess- 

of-$75,000 per year (column (6)) with respect to gross direct 

earned premium at present (1980) rate level (column (2)). 

Columns (7) and (8) display our estimates of the 1980 level base 

frequency per year. We use the term 'base frsquency" to dis- 

tinguish these numbers from the true ground-up loss frequency. 

The base frequencies are sllghtly fletlclous numbers derived 
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s o l e l y  as  c o n v e n i e n t  i n p u t  f o r  t h e  RIS~ODEL computer  package  

( t a b l e  6A, column ( 3 ) ) .  They a r e  £ n t e r p o l a t e d  downward from 

t h e  e x c e s s  f r e q u e n c i e s  by  use  o f  t h e  p r e v i o u s l y  s e l e c t e d  l o s s  

amount c . d . f ,  mode l s .  Fo r  example ,  t h e  b a s e  f r e q u e n c y  of  .0108 

f o r  1973 in  column (7) o f  Appendix g ,  p. B6, i s  d e r i v e d  f rom 

t h e  e x c e s s  f r e q u e n c y  of  .0019 in  column (6) v i a :  

(excess frequency) + Prob[X>$75,000[c.d.f.(1)] 

( e 6 
(6 .1)  o ( .0o19) , ~ -Ts~6db)  

- .0108 

where 6 = 124,016 and 6 - 3.6/95. 

The b a s e  f r e q u e n c i e s  w l c h  r e s p e c t  to  a l l  f o u r  l o s s  amount c . d . f . ' s  

a r e  d i s p l a y e d  i n  Appe~dlx B, pp.  B6 and BT, a l o n g  w i t h  f o u r  

selected values which are input in Table 6A, column (3). 

Step 9 

T~a n e g a t i v e  b i n o m i a l  c . d . f ,  i s  s e l e c t e d  as  t h e  g e n e r a l  fo rm 

f o r  t h e  d i s t r i b u t i o n  of  N i ,  t h e  number o f  1980 b a s e  l o s s e s  f o r  

p o l i c y  l l m l t  g roup  i .  The e x p e c t e d  v a l u e  f o r  each  p a r t i c u l a r  c . d . f .  

i s  t h e  b a s e  f r e q u e n c y  c ~ e s  t h e  e s t i m a t e  o f  t h e  1980 g r o s s  d i r e c t  

e a r n e d  premlum in  Tab l e  6A, c o l u ~  ( 2 ) .  The r a t i o s  

V a t [ N i l e  ] t E[Ni [e  ] i n  column (4) a r e  a g a i n  s e l e c t e d  on the b a s i s  

o f  r e s e a r c h  by cha ISO I n c r e a s e d  L i m i t s  Subcommi t t e e .  
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Step I0 

The parameter weights U(e) in Table 6A, colu~m (I0), are 

selected on the following basis: 

1. Each trend model is given weight .50. 

2. The weight selected for loss amount c.d.f. 

(2) together with its implied base frequency 

is .40 (out of .50 possible) since it fit 

best; the remaining .I0 goes to c.d.f. (I). 

L i k e v i s e ,  l o s s  amount c . d . f .  (4) t o g e t h e r  

with its implied base frequency is given a 

weight of .35 because of I t s  good fit, with 

the remaining .15 going to c.d.f. (3). 

As a final remark on the parameter estimation for example 

B, it should be apparent chat if we believe that the P&C large 

l o s s  da t a  i s  no t  f u l l y  c r e d i b l e ,  then  we can append more p a r a -  

m e t e r s  based  upon g e n e r a l  i n d u s t r y  i n f o r m a t i o n  as i n  example A. 

The pa rame te r  w e i g h t s  would be a d j u s t e d  a c c o r d i n g l y ,  pe rhaps  v i a  

some c r e d i b i l i t y  p rocedure .  

VII. MOMENTS AND PERCENTILES OF THE 
DISTRIBUTION OF AGGREGATE LOSS 

T h i s  s e c t i o n  d e s c r i b e s  a computer  package named RISIO{ODEL 

vh~ch t a k a s  i n f o r ~ t i o n  such a s  i n  Tab le s  SA and 6A and t r a n s f o ~ s  
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it Into moments and percentiles of the dlstribution of aggre- 

gate loss for any selected mixture of loss layers. Tables 

7A, 5A and 7B-7D document a RISKMODEL run for example A; the 

run for example B is contained in Appendix C and Tables 6A and 

7E. In both cases the printout displays both the package 

interrogatories and the user's input. Almost complete runs are 

displayed so that the reader can see how easily the complicated 

model formulas translate into a working computer package; the 

only parts eliminated are the step-by-step data input process 

and some ending details regarding further displays and memory 

storage. 

Table 7A displays the beginning of the RIS~240DEL run for ex- 

ample A. The user enters the grollp names "class i i class ~, 

• . ., class 7", specifies that there will be three parameters 

and indicates that he wants the limits matrix L D4 in the 

package to be assigned the elements of a previously created matrix 

LIMA. Since the proposed coverage is $750,000 excess of $250,000, 

the loss layers we want to consider are 0 - $250,000 and $250,000 

- $ l , 0 0 0 , 0 0 0 ;  we o b s e r v e  t h e  o u t p u t  f o r  t h e  l o w e r  l a y e r  t o  p r o -  

v i d e  an e x t r a  c h e c k  o~ t h e  r e a s o n a b l e n e s s  o f  t h e  o u t p u t  f o r  t h e  

e x c e s s  l a y e r .  For  each group  ( c l a s s ) ,  t h e r e  a r e  two rows w i t h  

lower  and uppe r  l i m i t  columns and a t h i r d  co lumn,  INDEX, which 

indicates when there is a change in group. 

The user next specifies that he wants the parameter matrix 

PAR in the package to be assigned the elements of a previously 
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TABLE 7A 

R['~K(IUIIEL 
I'O NOT PANIC IF YOU HAKE AN ERROR WHILE INPUTTING, 
OPPORFUNITY TO CHANGE LATER, 

ENTER ~AJOR GHOUP NAMES AS FOLLOWS: /ORPI/GRP2 . . . . . . . . . .  
~OTE: MUST DE IN QUOTES. FOR MORE THAN I LINE OF INPUT, USE ,0 

"/CLAS~I/CLASS2/CLASS3/CLASS~/CLASSS/CLASS~/CLASS?" 

ENTER THE NUMBER OF PARAMETERS, E.G. 5 
D: 

3 

DO YOU WISH TO ( I )  INPUT VECTOR OF LIMITS, OR 
(2) USE MATRIX OF LIMITS PREVIOUSLY CREATED. I OR 2 .  
D: 

2 
E~ITER THE NAME OF IHE MATRIX OF LIMITS PREVIOUSLY CREATED 
NOTE NAME SHOULD HAVE PREFIX LIM 
LIMA 

DO YOU WISH TO SEE THE ~IM MATRIX. Y OR N 
Y 

LIMITS 
LOWER UPPER INDEX 

0 250000 I 
250000 lO00OO0 0 

0 250009 1 
250000 1 0 0 0 0 0 0  0 

0 2 5 0 0 0 0  1 
250000 I000000 0 

0 250000 1 
250000 I000000 0 

0 250000 I 
250000 I000000 0 

0 250000 I 
2 5 0 0 0 0  1 0 0 0 0 0 0  0 

0 250000 I 
250000 1000000 0 

DO YOU WISH TO MAKE ANY CHANGES IN THE LIM MATR2X. Y OR N 
N 

DO YOU WISH TO 
(I) INPUT VECTOR OF PARAMETERS FOR THE FIRST SUBGROUP OR 
(2) USE MATRIX OF PARAMETERS PREVIOUSLY CREATED. 1 OR 2 
D" 

2 
ENTER THE NAME OF THE MATRIX OF PARAMETERS PREVIOUSLY CREATED 
NOTE: NAME SHOULD HAVE PREFIX PAR 
£ARA 

DO YOU WISH TO SEE THE PAR MATRIX. Y OR N 
Y 
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created matrix PARA. The parameter matrix was displayed in 

Table 5A. 

Table 7B continues the run after the display of the para- 

meter matrix PAR, Next displayed is a matrix of intermediate 

calculations for layer i: 0 - $250,000. The notation here is: 

(7.i) A - layer lower bound (here A - O) 

B = layer upper bound (here B - 250,000) 

S - ground-up loss amount random variable 

PCS~A3 - i-Ci(AI0) 

P[S>B] = l - e l ( s i s )  

g 

~s*m3 - f x~ dCl(xle) 
A 

where 

for each group i for each 0 

for each group I for each e 

for each group i for each 8 

m - l, 2, 3 

c i ( x l e )  " Prob[Sl ! =[e3 

These values will be used to calculate the moments of the aggre- 

gate loss L given 8 by using foz~nula (4.7). They are displayed 

so that the user can check that the run is going alrlght. 

Table 7C eoatlaues the run with a display of a matrix of in- 

termedlate calculations for layer 2: $250,000 - $1,000,000. 

These ere similar to those for layers i except that here A - 

250,000 and B m 1,000,000. Next input are the selected c'a 
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TABLE 73 

DO YOU WISH TO M~KE ANY CHA~GES IN THE PAR MATRIX. Y OR N 
N 

GROUPS AND PARAMETER INPUT COMPLETED 
TO PROCESS iNTERMEDIATE CALCULATIONS, HIT EXECUTE 

[~0 YOLI WIS~ TO PRIP~T THE INTERMEDIATE CALCULATIONS, 
P [ S : A ] , P L S > B ] , E [ S I , E [ S ~ 2 ] , E C S m 3 ] .  Y OR N, 
Y 

GROUPS 

CLASSI I 
CLASS1 2 
CLASSi 3 
CLASS2 1 
CLASS2 2 
CLASS2 3 
CLASS3 1 
CLASS3 2 
CLASS3 3 
CLASS4 I 
CLASSY 2 
CLASS4 3 
CLASS5 1 
Ct.ASS5 2 
CLASS5 3 
CLASS6 1 
CLASS& 2 
CLASS6 3 
CLASS7 1 
CLASS7 2 
CLASS7 3 

LAYER 1 

PES>A] P[S>B] E[S] E[SN2] E[S*3]  

.000 .021 2.21&E04 1.B13E09 2.~15E14 

. o 0 0  . 0 2 6  2.250E04 1.870E09 2.546E14 

.000 .034 2.363E04 2 . 0 6 5 E 0 9  2.868E14 

. 0 0 0  . 0 2 1  2 . 2 1 6 E 0 4  1 . U 1 3 E O q  2 . ~ 1 5 E 1 4  

.000 , 0 2 6  2,258E04 I,UTBEO? 2,5~6E14 

. 0 0 0  . 0 3 ~  2 , 3 6 3 E 0 4  2.06~E09 2.86OE14 

.000 .024 2 . 3 9 2 E 0 4  1.985E07 2 . 6 6 0 E 1 4  

. 0 0 0  , 0 3 2  2 . 5 0 0 E 0 4  2 . 1 5 4 E 0 7  2 , 9 6 0 E 1 ~  
, 0 0 0  .OW2 2 , 7 1 7 E 0 4  2 . 4 5 7 E 0 9  3 . ~ 5 6 E 1 4  
. 0 0 0  . 02&  2 . 4 7 B E 0 4  2 . 0 9 3 E 0 9  2 . 8 2 4 E 1 4  
. 0 0 0  . 0 3 4  2.505COLt  2,261EOq 3,12#E14 
. 0 0 0  .OU4 2 . 8 0 2 E 0 ~  2 . 5 7 1 E 0 9  3 . 6 3 2 E 1 ~  
. 0 0 0  . 0 3 0  2 . 6 4 2 E 0 4  2 , 3 0 q E 0 9  3 . 1 4 6 E 1 4  
. 0 0 0  ,038 2,7~5E04 2 , 4 6 8 E 0 9  3.~44EI~ 

,000 .050 2.962E04 2.787E09 3.973E14 
. 0 0 0  , 0 2 4  P . 3 9 2 E 0 4  1 . 9 8 5 E 0 9  2 . 6 6 0 E 1 ~  
, 0 0 0  , 0 3 2  2 . 5 0 0 E 0 4  2.154E09 2.960EI~ 
, 0 0 0  . 0 4 2  2 . 7 1 7 E 0 4  2 . 4 ~ 9 E 0 9  3 , ~ 5 6 E 1 ~  
, 0 0 0  . 0 3 3  2 . 7 9 5 E 0 4  2 , 5 0 7 E 0 9  3 , ~ 6 3 E 1 4  
. 0 0 0  . 0 4 3  2 , 0 9 3 E 0 4  2 . 6 6 7 E 0 9  3 . 7 5 6 E 1 4  

1 . 0 0 0  . 0 5 5  3 . 1 1 0 C 0 4  2 . 9 9 4 E 0 9  4 . 3 0 3 E 1 ~  
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TA3LE 7C 

LAYER 2 

GROUPS P[S:.A] PISs.B) E[S3 E[S*2]  EES*3] 

CLASS) I .021 .003 D.OlSE03 4.093E09 2.431E15 
CI,ABSI 2 .02& .005 9.75qE03 5.103E09 3.097E15 
CL¢,$51 3 .034 ,007 1.227E04 6.522E09 q. O14E15 
CLASS2 I ,021 .003 8.015E03 4,093E09 2.431E15 
CLASS2 2 .026 .005 9.75~E03 5,103E09 3.097E15 
CLASS2 3 .034 .007 1 .22TE04  6.522E09 q.O1qE15 
CLASS3 I ,024 .003 ?.025E03 ~.622E09 2.753E15 
CLA$S3 2 . 0 3 2  . 0 0 6  1 . 1 7 6 E 0 4  6 . 1 7 7 E 0 9  3 , 7 6 3 E 1 5  
CLASS3 3 .Oq2 , 0 0 9  1 .513EOq 8 . 0 5 9 E 0 9  q . 9 6 7 E I S  
CLASS4 ) , 0 2 6  .00~ 9 . 7 0 1 E 0 3  q . O 7 3 E b 9  2,96qE15 
CLAS~ 2 .034 ,006 1 .253EOq 6.5BDEO? q.O16E15 
CLASS4 3 .Oq4 .009 1.605E04 O . 5 5 & E 0 9  5.27&E15 
CLASS5 1 .030 .004 I.IOBEO4 5.690E09 3.396E15 
CLASS3 2 ,030 .007 I.qODE04 7,419E09 4.527E15 
CLASS5 3 .050 .010 1 .790EOq 9,551E09 5,897E15 
CLAS~ I ,024 .003 9.025E03 4.622E09 2.753E15 
CLASS6 2 ,032 .OO& 1.176E04 6.t77EO? 3.';63E15 
ELASS~ 3 .042 .009 1 .513EOq 8,059E09 4.D&7EI5 
CLASS? I , 0 3 3  , 0 0 5  1 .24DE04  6 . 4 2 3 E 0 9  3 . 8 4 1 E 1 5  
CLASS7 2 . 0 4 3  .O0@ 1 . 5 6 6 E 0 4  @.25BEO? 5.045E15 
CLASS7 3 .055 ,011 1.973E04 1.055FI0 6.520E15 

TO PROCESS MORE INTERMEDIATE CALCULATIONS, HIT EXECUTE 

ENTER EPSILON(S)  FOR WHICH PROB(LOSS>NAX. PROB, LOSS) = EPSILON.  ( 0 < ¢ $ . 5 )  
D: 

. I  .05 .01 
NOW FOR THE F INAL  PRINTOUT 

ENTER COMPANY NAME 
EXAMPLE A: A DOCTORS MUTUAL INSURANCE COMPANY 

ENTER YOUR NAME (EG. J, SMITH) 
HOWARD H. FRIEDMAN 

ENTER TODAY'S DATE (EO, JAN.  1,  1979) 
APRIL I .  1980 

ENTER IN PARENTHESIS AND OUOTES A SEVEN CHARACTER NAME FOR THE UNITS 
( E . G .  " (DOCTORS) '  OR ' - - ( B E D S ) - ' }  
g: ~ F  EXPOSURE CENTERED IN 9 SPACES 

"(DOCTORS)' 

ADJUST PAPER TO TOP OF NEW PAGE & HIT EXECUTE 
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TABLE 7D 

GROUPS 

CLASS! 
C L ~ 5 ~ 2  
G L A S S ]  
C L A ~ 3 ~  
CL~SS5 
C L A S S 6  
CLA~SZ 

T O T A L S  

S ~ o u P s  

c~.~SsI 
CLA~S 
C L A : ; S 3  

L L . 5 5 ~  
C L A S S ~  
C L A S S 7  

T O T A L S  

L I H I I S  

LOWER U I ' P [ R  
15 o 0 0 )  

250 

250 
2S0 

[ X P O S ' I R I :  

( P O C I O R n )  

2 1 5 , 0 o o  
7 7 , 0 0 0  
6 ~ , u o 0  
1 0 . 0 0 0  
~ 6 . 0 0 0  
~ , 0 0 0  
~ 1 . o o 0  

5 0 0 . 0 0 0  

EXAMPLE A;  A I+IJCTI)R~ ~ t l I I IAL INSUPA~CC CPMPANY 

L~YI~R 1 

£XPFi :  l ISP C P ~ F F .  
NlJm [,1" ~ EX Pl.(: t ~ S I ~NllA~ll IJK 

OF L O ~ H L S  L ~ S ~  D E V I A I  I U N  SKLW~rss 
( $ )  ( $ )  

1 . 3 ~  3 9 , 0 7 2  " 1 S , 2 2 7  2 , 9 9 3  
, b 9  2 0 , h 2 6  T , 3 , 9 6 ~  q . l ~ S  
, 7 0  ~3,6~11 ~ 9 , ~ q ~  3 , 9 1 7  
. 1 3  ~ , S U O  2 ~ , , s n ~  8 . 0 2 6  
,7~ ~ 0 , 3 5 9  6 6 , ? ~  3 , 6 0 6  
, 7 ~  2 5 , 0 1 S  6 1 , 0 7 6  3 . 8 1 0  

l o g  ~ 0 , 3 1 9  n o , 9 3 6  3 . 0 % ~  

O , 3 5  | 0 2 , ~ 0 ¼  l A 9 . ~ I ¼  ] . S ] ]  

~AYER 2 

L I H I I S  EXPECTED C ~ t . F F .  
.EXPOSURE NUML.ER ~ X P K C I E r l  STANPARP OF 

I .OUE~ IJPP~R OF LO~SffS I.[]S~ [ l ~ V l ~ . l l U H  S ~ W N ~ S  
( $  s a g )  ( P O S I U R S )  ( $ )  ( $ )  

P~O I 0 0 0  2 1 ~ . 0 0 0  .Oq l l , O f l ]  2 f l ,  l : ' l l  I I . ' i V ~  
2 ~ 0  I n o 0  7 1 . 9 0 0  , 0 2  ~.7.1:~ ~:~.1~;~ 1 1 . 7 9 0  
25~ 1000 ~ &.O 0 0  . 0 2  7 , 0 ~ 1  ~ , 5 9 1  1 0 . 6 3 7  
~sO l o o o  ~ . o n o "  . o o  t , ~ o ; I  2 7 , 9 o ~  2 3  I~')q 

~ O  ICGO 3 3 . 0 0 Q  . 0 ~  7 , ~ 7 S  6 q , q O ~  1 0 . 3 5 9  
2S0  1 0 0 0  ~ 1 . 0 0 0  .Oq  1 3 . Y O U  0 6 . 9 7 0  7 , 7 ~ 0  

~ 0 0 . 0 0 0  , I n  5 ~ , 3 6 7  l ? & , 3 0 ~  3 . 8 6 2  

f iAXIMLI f f  p~II I . i ' , I .LE LOSS 
O m  r ,  

l O . O  "CLAPS 2 0 . 0  Y£ARS l o 0 . ~  YEAgS 
( $ 1  151 ~L)  

1 6 0 , g 1 9  2 2 " / . & 9 2  3 8 0 . 5 6 9  
113,657 I'/2,'t66 3 1 0 . O g A  
I 2 ~ . 6 0 0  I S 7 , 3 f l q  3 3 2 . 7 0 ~  

g s , n n o  9 ~ . 6 u o  2 3 5 , 3 ~ 6  
139.709 2 0 6 . A ~ , 2  360,7~,g 
128,2Z0 l ~ l , ~ V I I  3 . ~ 8 , 3 2 ~  
170,Sg7 2~3,008 ~to. S3g 

k 2 7 . 3 0 6  ~ 3 ~ , g 7 6  7 6 5 , 9 0 7  

MAXIMUM PNOI '~P[ .~  LOSS 
ONF IN  

I 0 . 0  YEAR~ 2 0 . 0  ~ A N ~ ;  1DO.P YI .nRS 
( $ 1  ( $ )  q¢~ 

I I U . 0 2 0  2 2 1 . & ~ 0  ,~oo.v~? 
S 7 . 3 3 ~  111~,6~0 5 v 3 . 3 ~ 0  
7 0 . & I I  I q I . ~ P ~  6 ~ 3 , q 1 ~  

9 1 . 0 3 0  ~ 0 2 . 0 ~ ?  6 6 8 . 3 3 3  
7~,752 1 4 " , t ; 0 3  6 4 8 . I 6 3  

1 3 5 . 0 8 1  2 7 0 . 1 6 3  ? { 1 . 7 3 ~  

3 5 ~ , 2 0 ~  ~ 3 9 , 0 8 ~  9 6 6 . 4 3 9  

P R E P ~ R E b  BY:  HOWAR[I H.  F R I E ~ A . ~  
B A T E :  A P R I L  I ,  LgOO 



(.I0, .05, .01) for the aggregate loss dlstrlbutlon percentiles. 

In the package, the i - c percentile, L¢, the point which i has 

subjective probability ¢ of exceeding, is called "the maximum 

probable loss for one in 'e -I' years"• This wording was chosen 

to be more meanlngful to the underwriters who see the main output. 

The main output is displayed in Table 7D. Various infor- 

matlon about the distribution of aggregate loss for each layer 

Is shown. The display should be self-explanatory to actuaries. 

Note for example, the amount of "risk" being assumed by the 

reinsurer as evidenced by the coefficient of skewness: 1•513 

for the primary layer versus 3.862 for the excess layer. Or, 

notice the coefficients of variation: •930 (169,514 ÷ 182,404) 

for the primary layer versus 3.184 (176,305 ÷ 55,367) for the 

excess layer. Approximations of the aggregate loss percentiles 

a r e  in  t h e  l a s t  t h r e e  columns.  

There  a r e  many methods  f o r  a p p r o x i m a t i n g  t he  p e r c e n t i l e s  

of a dlstrlbutlon. The method used by R~SKMODEL is the NP- 

approxlr~stlon described by Beard, Pentlk~inen end Pesoneu 

(1969 - 2nd ed., 1977). This approximation is given by: 

(7.2) L~ ~ ElL3 + ( V a r [ L ] ) ½ " ( z ¢  +!l'(z~ - I)} 
6 
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where L£ is minimal such that Prob[L>Lc] ! c 

z£ = @-I(1_¢) for ~ the standard normal (O,l) c.d.f. 

YI = ~3 (L) ÷ (Var[L]) 2, the coefficient of skewness. 

A prob lem w i t h  t h e  N P - a p p r o x i m a t i o n  i s  t h a t  i f  7 1 i s  

very large (say Yl >8), then for certsXn values of ¢, the 

approximation is much too large. However, there is a natural 

bound on L¢ which RISKHODEL uses to bound the NP-approxlmatlon. 

This bound Is: 

( 7 . 3 )  L c ! c - ] ' E [  L]  

The n e c e s s i t y  of  t h i s  C h e b y s h e v - l i k e  bound i s  s een  i = e d i a t e l y  

from: 

ELL] - J x - d F ( x )  s i n c e  F ( x )  = 0 f o r  x < 0 
0 

>_ S x ' d F ( x )  s i n c e  L c >_ 0 
(7.4) Lc 

• [ L c ' d F ( x )  

£ 

- ¢ ' L ¢  

The e x t r e m e  v a l u e s  o f  7 1 ,  which t r i g g e r  t h i s  bound on t h e  

N P - a p p r o x l m a t l o n  seem t o  o c c u r  o n l y  when t h e  e x p e c t e d  number o f  

l o s s  o c c u r r e n c e s  i s  v e r y  s m a l l .  For . . - - r~ple ,  t h e  bound o c c u r s  

i n  t h e  example  A ~aim o u t p u t ,  T a b l e  7D, f o r  t h e  e x c e s s  l a y e r  f o r  
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each individual class when c - .I0, .05 and sometimes .01; 

in each case, the expected number of excess losses is less than 

.05. It does not happen for the overall excess layer where the 

expected number of losses is .18. 

Thus, in certain extreme situations, the NP-approximation 

may not be very accurate. In fact, there has been quite a dis- 

cusslon in the recent literature regarding the accuracy of the 

t~-approxlmatlon versus its various alternatives. The reasonable 

alternatives presently include: i) approximation via simulation, 

2) an NP3-approximatlon which uses the fourth moment of L in 

addition to the first three and 3) approximation via the 3- 

parameter gamma distribution. See the argument carried on in 

Kauppl and 0Jantakanen (1969), Seal (1977), Pentik~inan (1977) 

and Seal (1979) and also the  discussion in Cummins and Frelfelder 

(1978). 

The reasons to use the h~-approxlmatlon are: 

1. it is easier to compute than any of its reasonable 

alternatlves. 

2. in most situations, it is lust as good. 

3. it is slightly conservative; that is, L C is less than 

the NP-approximation. 

In particular, it is as good as the alternatives for the usual 

excess-of-loss casualty working cover situation. Beard, Pantlk~inen 

and Pesonan (1977), p. 5, said it well: "Thus it is important 
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not to develop mathematical tools of disproportionate accuracy 

(and complication) without regard to the context in the problem 

being solved". 

The example B run, Appendix C, has four pollcy limit groups 

and four parameters (see p. CI). The reason for grouping by puIicy 

limit should be obvious. Asaln, the limits and parameter matrices 

have been previously input. Mince the proposed coverage is 

$400,000 excess of $iO0,000, the loss layers of interest are 

0 - $I00,000 and $i00,000 - mln {$500,000, policy limit}. The 

parameters, Table 6A, were discussed in detail in Section Vl. 

The intermediate calculations and the c selection (pp. C2 and C3) 

are analogous to example A. 

The main output is displayed in Table 7E. Again note the 

"risk" Being assumed by the reinsurer as evidenced by the co- 

efficient of skewness: .216 for the primary layer versus .437 

f o r  t he  e x c e s s  l a y e r .  Or a g a i n  n o t i c e  tbe c o e f f i c i e n t s  o f  v a r i a -  

t i o n :  .129 (1 ,247 ,991  ÷ 9 , 6 7 8 , 6 1 8 )  f o r  the  p r ima ry  l a y e r  v e r s u s  

.287 (642,998 ~ 2,238,766) f o r  the excess l aye r .  Note chat there 

is much less uncertainty in example B than there was for example A. 

Since we are using "base frequencies" as explained in Section VI, 

the expected number of losses in layer i are probably understated; 

the expected loss in layer I may also be understated. The estl- 

mates  f o r  l a y e r  2 have no knosm s y s t e m a t i c  b i a s .  
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T A B L E  7E 

EXAMPLE S: PSC iNSUlANt(  COI4P4NY-O~N'ERAL LIABILZTY 

LATER ! 

~1~11~ EXPI[CTED COEFK. M~XI~IJH PROBATqL,E LOSS 
EXeOSUIt[ NI.JII~B~:A [XPEC1[b STANDARD OF ONE |N 

LOVES UPPER OF LOSES L O S S  D(VIAT!ON OKEVNCS9 |B,O YEAIS 20.0 YCAf lS ! O | , i  YEARS 
OI~JPI ( I  O i l )  tOOl) co) co) ($ )  ( I )  ($ )  

O L / 2 I i  l I I I  1 2 ? ~ . i l l  I ] . 9  SOS,931 219,139 ,662 780,360 08~,753 1,100,611 
GL/2~I  i |10 I | ? S . O i i  1 3 . ~  k03,931 219o139 .662 701,360 085,7~3 I , l O O , 6 l O  
~tJS~O I | i S  23~0,100 2 7 , | ?  967,962 314,939 .~01 | ,Z07,750 1 .529 ,07 ]  l , O l 2 . O ' 5  

YOT/ed,*8 235gO,O00 ~ ! , 6 6  9 , 6 7 0 . 6 1 9  1 .2~7 ,991  ,216 1 1 , 3 0 7 , 1 6 6  1 1 , B 0 0 , ~ 7  1 2 , 7 0 0 , 6 0 6  

L~Y[R 2 

LZH|T9 (XPECT'[D COEFF. RAXZ~U.~ PROBAE;1.~ L,OS8 
[XPOgURI[ NUHJI1Em EXPECTED 8TANPARD OF ONE IN 

LOI/ER UPPER ~ LOSSES L O S S  DI~VIATION SK[UH(SS |O*g Y(AIm 20.0 Y[RRS | 0 0 , |  7[RRB 
OROUP'9 (B 000) (OiO) ($)  ( t )  (e )  ( s )  (e )  

a l l 2 0 0  lOO 200 117~+10| | . q 6  77,g23 79,995 1.22v4 191,0+6 236,~86 335,192 
GL/2SI I00 251 I 1 ~ , 0 0 0  | .S6  91+81~ lOe,s9~ 1.3~2 235,g95 296,823 ~ 7 , 2 8 6  
OLISSI LO0 350 2350.100 2.92 213.77~ 180.223 1*123 q66.qS6 ~ & ? . o ~  782,016 
OL/~OI+ 100 SO0 IOO00,O00 23,37 1 .8~6 , | 56  600,30S ,qO6 2,656,95q 2.926,009 3,~67;6~5 

TOT~O 23~00,100 29,21 2 ,230,766 6~1,990 ,~37 3 . | 9 1 , 6 9 6  3.37~,779 3,930,912 

PREPARED BY: R44.PH H, CEL.LARS 
gATE: OCTOBER 31, 1979 



V I I I .  CONCLUSION 

We tmve d e s c r i b e d  a p rocedure  f o r  estimating the distrl- 

b u t i o n  of  the  a g g r e g a t e  l o s s  f o r  the  nex t  coverage  year  of  an 

e x c e s s - o f - l o s s  c a s u a l t y  working cove r  r e i n s u r a n c e  t r e a t y .  R e c a l l  

t h a t  f o r  both t r e a t y  p r o p o s a l s , f o r  each i n d i v i d u a l  l o s s  t he  

r e i n s u r e r  s h a r e s  t he  a l l o c a t e d  l o s s  a d j u s t m e n t  expense (ALAE) 

pro r a t a  a c c o r d i n g  t o  h i s  sha re  of t he  l o s s  ( t he  r e i n e u r e r ' s  

unallocated loss adjustment expense is included in his general 

overhead  expense ) .  The ALAE share increases the reinsurer's 

aggregate loss by 3% to 6g depending upon the line of business 

and the excess layer. For both examples, we will increase all 

aggregate loss figures by 5%. 

According to the list in Section llI, there are four more 

general items to consider before deciding about the adequacy of 

the rate offered on example A or before proposing a rate for 

example B. Without offering complete, elegant solutions, let us 

briefly consider those items (2) - (4). 

Item (2) is the potential distribution of cash flow. Both 

p r o p o s a l s  a r e  f a i r l y  t y p i c a l  e x c e s s - o f - l o s s  c a s u a l t y  w o r k i n g  

c o v e r s  which we may assume w i l l  have s t a n d a r d  monthly or  q u a r t e r l y  

premium payment patterns and typical long tail casualty loss pay- 

out patterns. That simple general cash flow models can be con- 

structed should surprise no one who has read the CAS exam materials. 

In the long run, such general models should be constructed so that 
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any two treaty proposals can he compared to each other. However, 

even wlthout such models explicitly set up, we can say something 

about these two treaty proposals. For Instance, based upon 

typical medical malpractice clalms-made loss payment patterns, 

the one year aggregate loss expected values or higher percentiles 

for example A could be discounted from 10% to 15% on a present 

value basis with respect to rates-of-return on investments of 5% 

or greater. Based upon typical casualty loss payment patterns, 

the discount for example B would he 10Z to 20%. The present values 

of the premium payments for both examples would be discounted 

around 5%. How this is viewed by the reinsurer depends upon items 

(3) - (s).  

Item (3) is the collection of the relnsurer's various cor- 

porate financial parameters and declslon-maklng criteria. Assuming 

that the reinsurer is at least moderate sized and is in good 

financial condition, then neither proposal in isolation leads to 

overwhelmingly complex decision problems; there is nothing un- 

usual o r  very exciting here. It is highly unlikely that either 

treaty by itself could hurt such a reinsurer very much. However, 

t h e  loss results of a whole portfolio of typical medical mal- 

practice treaties, for example, would be correlated and could hurt 

a l o t  i f  p r i c e d  b a d l y .  

I t e m  (4) i s  t h e  s u r p l u s  n e c e s s a r y  t o  " s u p p o r t "  a t r e a t y  f rom 

the relusurer's point-of-vlew and i t o m  (5) is the potential dis- 
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trlbutlon of the rate-of-return on this "supporting surplus". 

These are very ambiguous but we believe useful concepts. Strictly 

for lllustrstlon, let us define an ad-hoc measure of supporting 

surplus for our two treaty examples. In each case, we will con- 

sider the supporting surplus to be the  difference of  the 90th 

percentile of the distribution of aggregate loss and ALAE minus 

the pure premium (that part of the premium available to pay losses). 

The A Doctors' Mutual Insurance Company proposal, example A, 

is expected to be profitable to the reinsurer based upon the 

1980/81 expected aggregate loss of $55,367 in the layer $750,000 

excess of $250,000 (Table 7D) and an expected net reinsurance 

premlu~ of $115,248 (Appendix A, p. A3). But the 90th percentile 

of the reinsurer's subjective distribution of aggregate loss is 

$354,284 (Table 7D), over three times the net premium. This is 

very risky, and our ad-hoc supporting surplus is (1.05 x $354,284) - 

(.97 x $115,248) = $260,208 (take 3% out of the net premium ~or 

overhead expenses). The expected rate-of-return on this supporting 

surplus is 21Z (((.97 x $115,248) - (1.05 x $55,367)) ~ $260,208). 

The reinsurer's decision to accept or reject the proposal would 

be based upon h i s  a t t i t u d e  toward r i s k  and upon the  e x t r a  premium 

he wants for assuming such risk. 

Example B could be profitable to the reinsurer if he can 

negotiate a reasonable net rats with the P&C Insurance Company. 

E x a c t l y  what t h e  f i n a l  r a t e  w i l l  be  depends upon the  two com- 
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p a n i e a '  a t t i t u d e s  toward r i s k ,  t h e i r  e e p a r a t e  e v a l u a t i o n s  of  the  

l o s s  p o t e m t l a l ,  t h e  r a t e s  t h a t  arm a v a i l a b l e  f o r  such c o v e r a g e  

in the  relnsuraace marketplace and finally the amount of premium 

that P&C le collecting from his insureds for the layer $400,000 

excess of $i00,000. A quick check of the 150 increased limits 

f a c t o r s  f o r  s t a t e  B fo r  t h i s  c o v e r a g e ,  i . e . ,  t h e  p r e m l s e s / o p e r a t l o n s  

b o d i l y  i n j u r y  t a b l e  g (XSO 8 u b l i n e  Code 314) ,  i n d i c a t e s  t h a t  about  

15Z of P&C's gross general llab111ty premium is collected for 

t h i s  l a y e r .  Since the expected excess aggregate l o s s  i s  

$2,238,766 (Table 7E) end the expected gross d i r e c t  earned .premium 

is  $23,500,000 (Table 7E t o t a l  exposure) ,  there  Is  room to  nego t ia te .  

Pure ly  f o r  i l l u s t r a t i o n ,  suppose tha t  a f l a t  net  r a t e  of  

12X is  nego t ia ted  f o r  example B. Then the r e i n s u r e r ' s  premium 

is  .12 x $23,500,O00 - $2,820,000 and b in  pure premium i s  .97 x 

$2,820,000 - $2,735,400. The 90th p e r c e n t i l e  o f  the r e t n s u r e r ' s  

sub jec t i ve  d i s t r i b u t i o n  of  aggregate loss  i s  $3,091,686, so our 

ad hoc s u p p o r t i n g  s u r p l u s  i s  (1 .05 x $3 ,091 ,866)  - $2,735,400 - 

$511,059. The expected rate-af-return on this supporting surplus 

is 75Z (($2,735,400 - 1.05 x $2,238,766) + $511,059). 

Tf the insurer and the reinsurer disagree strongly an the 

loss p o t e n t i a l ,  the ra te  could be nego t i a ted  to  inc lude a p r o f i t  

commission arrangement by which they would share good years and 

bad yea r s  f a i r l y .  Re in s u ra nc e  c o n t r a c t  wording  i s  often v e r y  

i n v e n t i v e ;  t r e a t i e s  a r e  custom-made f o r  the  p a r t i c u l a r  s i t u a t i o n ;  
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the terms are adjusted to suit both parties. This is an example 

of a fundemental principle of reinsurance: reinsurance works 

best when it is a long term beneficial partnership between the 

parties. 

Ne hope you noticed that the models, estimation techniques 

and decision procedures presented in this paper are not really 

specific to excess-of-loss reinsurance. They may be useful for 

pricing any large casualty contracts; with suitable modifications, 

they are useful for property insurance also. You may have noticed 

that we have presented no cookbook formulas for pricing reinsurance; 

the area is too rich in diversity and too interesting for such 

simplistic nonsense. We consider the work described here as only 

the beginning of a truly satisfying pricing procedure. 

We close by noting that the Bibliography contains some papers 

on excess reinsurance pricing in addition to thoee previously 

mentioned. You will find most of these to be informative and 

i n t e r e s t i n g .  
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Ai 

EX~24PLE A: 

A2PENDIX A 

A DOCTORS' MUTUAL INSbqRA/4CE C0~,~PAlrf 

Parameter Selection 

(i) 
Doctor 
Class 

1 
2 
3 
4 
5 
6 
7 

(2) (3) (4) (5) (6) (7) 
Frequency Medium Severity Low Medium High 

Offset Frequency Offset B 8 S 

.90 .0062 1.00 23,640 18,450 18,155 
1.30 .0090 1.00 23,640 18,450 18,155 
.65 .0106 .90 23,923 20,I06 20,597 
.80 .0130 .95 25,253 21,224 21,742 

1.00 .0163 1.05 27,911 23,458 24,031 
1.30 .0212 .90 23,923 20,106 20,597 
1.20 .0195 1.15 30,569 25,692 26,320 

(i) 

(2) 

(3) 

(4) 

(5)- (7) 

ISO old class plan. 

Selected on the basis of ISO data; the class I, 2 countrywide 
mean frequency is selected to be .O385 and the class 3 - 7 
countrywide @ean frequency is selected to be .0904 for i/I/81. 

The state A frequency 6ffset is selected to be .90; the first 
year clalms-made offset is selected to be .25; the contagion 
(multiple doctors per incident) is selected to be .80, To- 
gether with col. (2), these offset the countrywide mean fre- 
quencies in note (2). For example A, the low and high fre- 
quencies are selected to be + 20% of the medlum frequencies. 

Selected on the basis of ISO data. 

The state A severity offset is selected to be .70; the con- 
tagion offset is selected to be 1.25. Together with col. (4). 
these offset the countrywide ~ parameters on p.A~. 
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APPENDIX A 

EXAMPLE A: A DOCTOHS' MUTUAL INSURA/~CE COMPANY 

General Loss Amount Distribution Model 

Countrywide Loss Amount Parameters: 
i/1/81 

6 ~ XF 

Physicians - low 27,017 I.$84 I000 .808 
(i, 2) - medium 21,086 1.298 i000 .856 

- high 20,749 1.191 i000 .838 

Surgeons - low 30,378 1.465 I000 .856 

(3 - 7) - medium 25,531 1.278 I000 .886 
- high 26,155 1.189 I000 .895 

The parameters are selected based upon ISO medical malpractice daLa 
via maximum llkellhood estimation - See Patrlk (1980). The gen- 
eral loss amount c.d.f, is the L-parameter Pare~o described in 
Appendix D. 
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APPEffDI X A 

E'X~,'.[PLE A: A DOCTONS' MUTUAL INSUPJLNCE C014PAi-,5 

Estimated Premium: 7/1/80 - 6/30/81 

(I) (2) (3) 

1980 
D o c t o r  # in iM/3M 
Class Class Rate 

1 215 $ 400 

2 77 720 

3 65 1,200 

4 II 1,600 

5 46 2,000 

6 35 2,400 

7 51 3,200 

500 

(4) 

1980 
1MI3M 

Premium 

$ 86,000 

55,440 

78,000 

17,600 

92,000 

84,000 

163~200 

$576,240 

(I) These are older ISO doctor class plan. 

(2) Based upon ISO doctor distribution and the estimate 
of 500 doctors. 

(3) First year claims-made rates to be used by A Doctors' 
Mutual Insurance Company. 

(4) The reinsurance net premium is .20 x $576,240 = $115,248. 
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r~ 

I 

Trend  I~t~lmted 
Fmctor  R©tentto~ 

2.966 $25,291 1973 Avg. $ 
t 

2. 539 29.540 1974 Avg. $ 
# 

2.17& 3&,$02 1975 Avg. $ 
f 

1,861 60,299 1976 Av 8 • $ 
# 

1.593 47,069 1977 Av$. $ 
# 

1.366 ~ , 9 7 6  197B AVlS. $ 
I 

EXJLMPLE I :  P&C INSL~/J~CE COtTP/cNT 

Avermge Incur red (Ground-Up) and Occurrence Loss DeveLopment 
[xcess o~ ~ . ~ j _ ~ a t  19S0 Leve l  as of 6/~0/79 

Fgltpovtenttsl Trend ~,xl~l 

Accident A~e In Nonths 
• Year IB 30 42 54 66 78 

HA 141.778 170,019 162.867 1§9,706 159.117 
19 ]0  65 64 46 

117,269 136,211 165.289 173,331 183,696 
4 17 39 64 43 

92.26B 103,421 113.232 127.553 
2 21 2B 61 

112.&82 109,284 109.583 
5 10 24 

0 100,650 
0 14 

103,172 
3 

AvQra~e I n c u r r e d  / q~e - to -U l t lm~ te  F a c t o r s  
18 - U I& .  30 - U l t .  ~2 - U ] [ .  56  - U l t *  66  - U l t .  

Fa:tual* ] 1 .2 ]  1.22 1.0~ 1.02 l .O0 

Selected I 1.20 1.12 1.05 1.02 1.00 

Occurrence (count )  ARe- to -A~  Factors 

18 - 30 30 - k2  42  - 54 56 - 66 66 - 78 
Actua l  •*  ( 5.64 ] .81  1 .14  .98 1.05 

Selected ] 5.22 1.94 1.36 .98 1.05 

• based  on ~e lgh t , ed  evern~e  i n c u r r e d  
• & bsBed on &vQragQ n ~ b c r  of  occu r r enceB  



Trcnd 
F a c t o r  

2.964 

2.420 

2.O12 

1.721 

1.506 

1,350 

Def la t ed  
Retention 

$25,299 

30,992 

37,283 

43,584 

49,817 

5~,546 

EXAHPLE ~: F6C ]NSURgNCE COHPANY 

gv l r age  fncurrQd (Crcund-Up) and Occurrence Loss Dovelopn~ent 
Exceel Of ~751000 ut 1980 Lcvu l  as o£ &/30/79 

Econometric Trend Hod e l  

tS~ 1~ Honth~ 
Acc ident  

Year 1R 30 4Z 54 

1973 Avg. $ 170,257 
# 20 

1974 ^vg, $ 160,O26 
# 38 

1975 Avg. $ 124,117 
# 18 

1976 Avg. $ 102,667 
# 23 

1977 ~vE. $ 
# 

1978 

66 7B 

Avg. $ 
# 

NA 141.960 163,076 159,912 259,321 
19 45 44 46 

111,925 140,014 ]72,256 183,063 
4 14 41 40 

100,600 118,962 131o$88 
I I I  32 

121,726 121.905 
5 9 

O 95,101 
0 14 

102,150 
3 

Aver lge  ] nuc f red  Age-to-U1¢imate Fac tors  

16 - U l t .  ~0 - U l t .  42 - I]1~. 54 - 01¢. 66 - 01¢- 

I 
A c t u a l *  J 1,16 1,12 1.03 1.02 1.00 

Se lec ted [ 1,20 1.12 1.05 1.01 1,C0 

Occurrence (coun t )  kge-co-P~e Factors 

1 8  - 3 0  3 0  - 4 2  4 2  - 5 4  5 4  - 6 6  6 6  - 7 8  

A c t u a l * *  4,RO 

Selec ted 5.22 

2,06 1.37 .98 1.05 

1.9~ 1.36 .96 1.05 

baced on wetghted avarage i ncu r red  
a* based on average number o f  occurrences 



EXAMPLE B :  P&C INSURANCE CO{'-[PANY 

WEI l l U L t .  D [.ST R [ loUT l i l t ;  . 
ACCJ[ ,ENT YCAR ,~V,E-TO-AGE F'6C1~]05 

M C ~ N  P ~ R A ~ T ~  I ~  "TO 3 f i  "TO ~1~ TO 5L~ TO 6!~ IO  ? 0  111 90  TO 10~  10  I l l :  f r l  
MON.  SCALE ~JIIAPE 3q 'T?. 3[,  6 t ,  71] '70 1O:T 1 1 '; UL.T 

2 7  3 0 . 0 0 0  2 . 5 0 0  t~ . 050  1 . 7 9 0  I . ? t E l  1 . ~'~'~ I . L~II~ 1 . L I ~  1 . 0 0 ~  1 . 0 ~ 0  l . O O n  

2E] ~33.00O L~.'.sBO ~ . I ' / ?  I . [ q ] 6  1 , : ! ' I : .  ~ I . 0 , ~  J.  LIIJ't 1 . 0 0 |  l . O 0 0  ] . [ IUO 1 . 0 0 0  
:.'9 .~.3. OOq ~ . 3 0 0  I 1 . 2 3 5  1 . 9 2 7  1 . ~ 7 9  1 . 0 7 7  I , (113 I . fl[) [ ~ ,~0[~ ] . [1(10 ] . ~  
,3(] 3z~ .UO0  ~ , . ~Of l  ¼ .?L~tl  ~ , rt/~/~ $ , ~ [~  1 .0 ' ; 1  1 . 017  I , [)1).~ 1.0110 [ . g t l o  I ,o rJo  

31 3 5 .  OOO 2 . 3 0 0  ~ . 3 3 6  2 . 0 0 3  1 . 3 : ; ~  1 J {1'.; ~ . 0 : ' .  ~. I . II11:'~ 1 . f lUO I ,  I ' : lO 1 . ( I f l l l  
3 2  3 & . ~ u q  2 . ~ 0 0  ~ .  :.:UJ 2 , 0 3 0  1 . 3 / l ]  1 .  I : ' .0 I .  9'.'.7 1 . q ~  1 . 0 0 ~  1 . 0 9 0  1 . 0 t ~ 9  
~3 3 7 , 0 q 0  ~ . 5 0 0  t~ . q: '?.  2 .  0"11 I i , I ]3  I . J. l~j  1 , f l  ;'1 ] . 0;1!~ I .011[ l . f l i [ O  1 . ~JC~) 
3'~ 311. (tO0 2 . 5 0 ( 1  I$ • N/ . [ I  2 , 1 0 2  1 . 11:~1 1.  1:',1 ] . ( I h t  l . C n 7  1 . P O t  1 . P ~ 0  1 , : t (13 
3 ~  3 '? .  000  . ~ . ~ 0 0  t~ .ml'13 2 . 1 3 1  1 . =1L*:! 1 . 1 A 7  I . [ ]4 ' /  J . ( I J O  I . I JP I  I .Ol!O 1 . ( l ~ l l  

~7  30 .000  2 . ' / ~0  :1, t , - / , i  1 , 0 ' t 7  1 ,  .~.111 1 ,  I).~ [ ] , 00~ !  | . ~ ,~0  I ,  0(11"~ ] , []110 1 .'11~0 
~ 8  ~ 1 . 0 0 0  ~ .  7',30 g .  7,',0 1 . ' / ~  1 . : " l ~  1 . 0 ~ 1  | . Oll.~ 1 . (100 l . l l f l O  [ ,P f :9  1 .F=AI] 
: H  3 '~.  [ Ip0 2 , ' 7 ~ U  ~ .112~'7 2 . 0 9 7  I . i '  ,;J I .  t1'.333 1 .  I)P'., I ,  Dr i l l  I .  Ltrlg I . f lUO I r l ; lO 
2 9  ~ 3 . P 0 0  .~.. ?;',0 II . ','1 .~' 2 . 0 6 1  1 . : . l l  0 I . 0/,11 1 . 0 0 7  1 . 0 0 0  1 . { I P P  I , [ ' 0 ( I  I , ('{]lJ 

mk~" 30  3 ~ . 0 0 0  ~ .  7L.O q . ~ T U  2 . 1 1 0  I .3=)~  1 . 0  ?'/ 1 . 0 [ 0  1 . 0 0 1  1 .( IUO 1 . 0 [ 1 0  1 . O 0 0  

31  3 ~ . q ~ O  2 . 7 ~ 0  5 . 0 ~  ~ . 1 5 7  1 . 3 7 q  l . g ? : l  l . O t [ ~  1 . f l 0 1  l . O q O  1 . 0 ; 1 0  J . g n o  
32  3 & . O P O  2 . 7 ~ 0  ~.D~' l~  2 . ~ 0 1  l . q O ~  1 . 1 1 0  1 1 1 1 ~  ] . 0 0 ~  1 . 0 0 ~  1 . 0 n o  : . ~ 0 ~  
3 3  3 7 . 0 0 0  2 . 7 ~ 0  5 . ] 4 ~  2 . 2 , 1 ~  1 . 4 3 7  I . t 2 0  1 . 0 : ' , ~  l . ( l ( ; : ~  1 . 0 0 0  1 . 0 0 0  1 . N n O  
3~ 3 G , O U O  2 . 7 0 0  5 . 1 V 3  2 , 2 3 l  t , q t , ~  1 . 1 4 %  1 . ~ 3 1  1 .00~ I  1 . 0 0 0  1 . 0 0 0  l . ! l O 0  
3 ~  3 7 . 0 0 0  2 . 7 5 0  ~ . ~ 3 6  2 . 3 1 0  l . X l ' ~ /  1 . 1 6 ~  1 . 0 ~ 0  1 . 0 0 ~  1 . 0 0 0  1 . 0 0 0  1 . 0 ~ 0  

* Expected value of annual a~e-to-ege factors that would be Rcnerated 
Jf the report legs of losses occurr~n~ in each month are distrlbuted 
according to the ~elbull dlstrlbut~on with specified parameters. 

*e Report le R c.d.f, selected with respect to hoth trend models. 

> 
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APPENDIX B 

EXAMPLE B: PbC INSURANCE COMPANY 

Number of IBNR Occurrences Excess of $75m000 
at 1980 Level as of 6/30/79 

Total number of IBNR occurrences excess of $75,000 f o r  

accident years 1973 - 78 as of 6/30/79 are estimated using 

the  method d e s c r i b e d  i n  P a t r i k  (1978) .  

(Known)" 
Total IBNR = 

1 - m 

Here 

Know 

- 87.2 and 80.4 w i th  r e s p e c t  t o  the 
e x p o n e n t i a l  and economet r i c  trend 

models, r e s p e c t i v e l y .  

total number of known occurrences excess of 
$75,000 for accldent years 1973 - 78 as of 
6/30/79. 

171 and 158 w i t h  r e s p e c t  to  the  e x p o u e n t i a l  
and e c o n o m e t r i c  t r e n d  mode l s ,  r e s p e c t i v e l y .  

KP m 

EP 

EPm'[i - W(~m)3 

EP 

.3375 for months m such that 1/73 < m < 12/78 

monthly exposure base, in this case GL gross 
direct earned premlum at present rates, 
f o r  1/73 < m < 12 /78 .  

m~ KP m f o r  1 /73  < m < 12/78 
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APPENDIX B 

W(.) selected report lag c.d.f. (see~p. B3). 

x m - ~ x ' i m u m  o b s e r v a b l e  r e p o r t  l a g ;  t h a t  i s ,  f o r  
accident month m the difference bergen 
6/30/79 and the mid-point of m. 

Letting IBNR(x;6/30/79) denote the number of IBNR 

occurrences for accident year x as of 6/30/79, the total IBNR 

is allocated to accident year x using the formula: 

IBNR(x;6/30/79) - R • ~ EPm.[I - W(Xm) ] 

where 
Known + Total IBN~R 

R = t 
EP 

I/x !m ~. 12/x, and x - 73 .... ,78. 

The assu~ptlons underlying this IBNR method are: 

I. homogeneous coverage groups 

2. the ratio of ultimate number of occurrences to 
earned exposure is constant and independent of rice 

3. the report lag distribution does not vary with 
occurrence d a t e .  
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EXAMYLE B: P~C ~NSU~NCE COMPANY 

Excess  and Base Freque~tcles ~nd Excess 1BNR 
by Accident Year ac 1980 Level 

E x p o n e n t i a l  Trend Hedet 

A c c i d e n t  
Year 

1973 
1974 
1975 
1976 
1977 
1978 

S e l e c t e d  

P r e s e n t  L e v e l  O c c u r r e n c e s  Excess  o f  $75 ,000  
Gross  D l r e c t  F requency  

Earned  Premium Known IBNR ~ Excess Of 
~000~ ( 6 / 3 0 / 7 9 )  (6/30/79) U1timmte $75,000_ 

$24,524 46 0 46 .0  .OOi9 
21 ,860  43 .5 43.5 .0020 
19,435 41 3.2 44.2 .0023 
19,685 24 12.5 36.5 .~019 
21,137 14 28.6 62.6 .0020 
22,701 3 42.4 65.4 .0020 

Base Frequency*  

e . d . f . ( 1 )  e . d . f . ( 2 )  

.0108 .0128 

.0116 .0 ]35  

.0131 .0155 

.0108 .0 ]28  

.01]~ .I)135 

.0114 .~135 

.0108 .0135 

* Base f r e q u e n c y  - e x c e s s  f r e q u e n c y  d i v i d e d  by t h e  p r o b a b l l i C y  oE an o c c u r r e n c e  
e x e e e d l ~  $73.080 fo r  l o s s  amount c . d . f . ( 1 )  and c . d . f . ( 2 ) .  

t~ Based on t h e  ZENR method d e s c r i b e d  in  Appendfx B, pp.  B6 nnd B5. 



19?3 526.524 66 0 46.0 .no19 
1974 22,8bO LO .c ‘0.4 .0018 
197s 19.039 32 2.9 34.9 .O",R 
1976 19.685 23 11.5 34.5 .OOlR 
1917 21,117 IL 26.6 L0.L .0019 
1978 22.701 3 39.2 42.2 .0019 

Selected 

ssss Frcqucncy* 
c.rl.f.<4~ C.d.f.(3) 

.0101 .0104 

.0096 .“0?9 
SO096 .CO99 
.0"96 .00?9 
.OlOl .0104 
.o\n1 .01OL 

.0096 . OlO‘ 
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APPENDIX C 

EXA~£~I,EB: P&C INSURANCE COMPANY RISK]MODEL RUN 

RISKMODEL 
~0 NOT PANIC IF YOH mAKE AN ERPOR WHILE INPUTTING, 
OPPORTUNITY TO CHANGE LATER. 

ENTER MAJOR GROUP NAMES AS FOLLOWS / G R P I / G R P 2  . . . . . . . . . .  

NOTE: MUST-BE IN GUOTES. FOR MORE THAN 1 LINE OF INPUT, USE ,O 
G: 

"~GL/200&GL/250&GL/350&GL/500+' 

ENTER THE NUMBER OF PARAMETERS, E.G. 5 
O: 

[~0 YOU WISH TO (1)  INPUT VECTOR OF L IM ITS ,  OR 
¢2~ USE MATRIX OF L IM ITS  PREVIOUSLY CREATED, I OR 2. 
5:  

2 
ENTER THE NAME OF THE MATRIX OF LIMITS PREVIOUSLY CREATED 
t;OT~: NAME SHOULD HAVE PREFIX LIM 
LIhP&C 

DO YOU WISH TO SEE THE LIM MATRIX. Y OR N 
Y 

L IMITS 
LOWER UPPER INDEX 

0 100000 1 
100n00 200000 0 

0 1 0 0 0 0 0  I 
tO0000 2~0000 0 

0 lOOtlO0 1 
100000 SSO000 0 

0 100000 I 
100000 500000 0 

Y OR N DO YOU WISH TO HAKE ANY CHANGES IN THE LIH MATRIX. 
N 

DO YOU WIG;; 10 
(1) INPUT VECTOR OF PARAMETERS FOR THE FIRST SUBGROUP OR 
(2) USE MATRIX OF PARAMETERS PREVIOUSLY CREATED. 1 OR 
D: 

2 
ENTER THE NAME OF THE MATRIX OF PARAMETERS PREVIOUSLY CREATED 
NOTE: NAME SHOULD HAVE PREFIX PAR 
pAwP&C 

DO YOU WISH TO SEE THE PAR MATRIX. Y OR N 
Y 

(The P~R matrix is displayed in Table 6A) 
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EXA~@LE B : 

C2 

APPEI~IX C 

P&C INSI/RA/{CE COFiPAI~ RISK]MODEL RUN 

DO YOU WISH TO MAKE ANY CHANGES IN THE PAR MATRIX. 
N 

GROUPS AN[, PARAMETER INPUT COMPLETE[, 
TO PROCESS INTERMEI, IATE CALCULATIONS. HIT EXECUTE 

Y OR N 

1,0 YOU WISH TO PRINT THE. INTERMEI=IATE CALCULATIONS, 
P E S ~ A ] , P E G , ~ ] , E [ S 1 , E [ S * 2 ] , E E S . 3 ] .  Y OR N, 
Y 

*JLI~_R~_E_[2 ~ 6!E C0L_cyL~_!LoL~S 

LAYER 1 

GROUPS P I S : A ]  PES>b ]  EES3 E [ S , 2 3  EESuS]  

GL/200 I 1.000 .11~ 2.54~E04 1.270E09 8.047E13 
GL/200  2 1 . 0 0 0  . 0 ? 5  2 . 3 9 ~ E 0 4  1 . 1 4 7 E 0 9  7 . 1 1 2 E 1 3  
GL/200 3 1.000 .122 2.591E04 1.312c09 8.3U4EI3 
GL/200 4 1.000 .118 2.5&BE04 1.292E09 0.225E13 
GL/250  1 1 . 0 0 0  . l i b  2 . 5 4 u E O q  1 . 2 7 0 E 0 9  8 . 0 4 7 E 1 3  
GL/2~O 2 1.000 .095 2.394E0~ 1.147E09 7.112E13 
GL/2~O 3 1 . 0 0 0  . 1 2 2  2 . 5 9 1 E O q  1 . 3 1 2 F 0 9  8 . 3 8 4 E I 3  
GI./PGO 4 1 . 0 0 0  . 1 1 8  2 . 5 6 ~ E 0 4  1 . 2 ? I E O V  8 . 2 2 5 E 1 3  
GL /350  I 1 . 0 0 0  . 1 1 4  2 . 5 4 q E 0 4  1 , 2 7 0 E 0 9  0 . 0 4 7 E 1 3  
GL /350  2 1 , 0 0 0  . 0 9 5  2 . 3 7 ~ E 0 4  1 . 1 4 7 E 0 9  7 . 1 1 2 E 1 3  
GL /350  3 1 , 0 0 0  . 1 2 2  2 .5? IEOW 1 . 3 1 2 E 0 7  8 . 3 0 4 E 1 3  
GL /350  4 1 . 0 0 0  . 1 1 8  2 . 5 6 8 E 0 4  1 . 2 9 2 E 0 9  B . 2 2 5 E I 3  
GL/5~O+ 1 1 . 0 0 0  . 1 1 4  2 . 5 4 4 E 0 4  1 , 2 7 0 E 0 9  8 . 0 4 7 E 1 3  
GLI500+ 2 1.000 ,095 2.39~E04 1 . 1 ~ ? E O ?  T.I12EI3 
GL/500÷  3 1 . 0 0 0  , 1 2 2  2 . 5 9 1 E 0 4  1 . 3 1 2 E 0 9  B . 3 8 4 E 1 3  
G L / 5 0 0 +  4 1 . 0 0 0  , 1 1 8  2.S&OEO~ 1 . 2 9 2 E 0 9  B . 2 2 5 E 1 3  
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EXAMPLE B: 

C3 

APPEICDIX C 
P&C INSUFJUiCE CO:.fPA/rY RISK24ODEL RUN 

GROUPS 

G L / 2 0 0  
G L / 2 0 0  
G L / 2 0 0  
O L / 2 0 0  
OL/250 1 
GLI250 2 
GL/250 3 
0L/250 4 
GL/350 I 
OLI350 2 
GL/350 3 
Gt./350 4 
G L / 5 0 0 ÷  1 
G L / 5 0 0 *  2 
OL/~O0+ 3 
G L / 5 0 0 ÷  4 

PCS>A] 

1 11~ 
2 095 
3 1~2 
4 118 

114 
095 
122 
11B 
114 
0~5 
132 
118 
11~ 
095 
122 
118 

LAYER 2 

P[S>B] E[S] E[S,2] E[S*3] 

.02~ 1 , 1 4 7 E 0 4  I.&23E09 2,3B7E14 

.025 9.503E03 1,3q2EOQ 1,972Et4 
,031 1,233E04 1.7#7E07 2,572E1~ 
.OSl 1,195E04 1.692E09 2,~90E1~ 
.017 l .~ lqE04 2.217E0 o 3.71BE14 
.015 1.171E04 1 , 8 3 4 E 0 9  3,07qE14 
, O I S  1,522E04 2.391E09 ~ , 0 1 5 E 1 4  
.01G I.W74E04 2,315E09 3,886E14 
, 0 0 7  1 . 7 0 5 E 0 4  3 . 0 7 3 E 0 9  6 , 2 5 4 E 1 4  
. 0 0 7  1 , ~ l g E O q  2 , 5 6 2 E 0 ~  5 . 2 3 3 E 1 q  
,008 1 , 9 3 7 E 0 4  3.316E09 6,757E14 
,OOB 1 ,TBOE04  3 . 2 1 ~ E 0 9  & . 5 5 0 E l ~  
.003 1.B93EO'~ 3 . B 4 ~ E 0 9  9.493Et4 
,003 1,507E04 3.259E09 8,15hE14 
.003 2,037E0~ 4.1WqEOO 1.021E15 
.003 1.977E04 4.026E09 9,944E14 

TO PROCESS MORE INTERMEDIATE CALCULATIONS, HIT EXECUTE 

ENIER EPSILON(S) FOR WHICH PROB(LOSS,-MAX. PROB. LOSS) = EPSILON. (0<(~.5) 
D: 

.1 .05 .@I 
NOW FOR THE FINAL PRINTOUI 

ENTER COMPANY NAME 
EXAMPLE B: P&E INSURANCE COMPANY-GENERAL LIABILITY 

EMTER YOUR NAME (E@. J. SMITH) 
RALPH M. CELLARS 

ENTER TOI, AY'S DATE (EG, JAN. 1, 1979) 
OCTOBER 31. 1979 

ENTER IN PARENTHESIS AND QUOTES A SEVEN CHARACTER NAME FOR THE UNITS 
(E.G. '(DOCTORS)" OR '__(BEDS)_') 
D: ~ O F  EXPOSURE CENTERED IN 9 SPACES . 

( 0 0 0 }  \ 
ADJUST PAPER TO TOP OF NEW PAGE & HIT EXECUTE 

(The main output is displayed in Table 7E) 
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Probability Distribution Definitions 

Negative Binomial 

density: f(x]p,a) - f o r  x = 0 , I . 2 ,  . . . .  

w h e r e  p , a  • O. 

This is our basic model of the loss occurrence (count) 
process. Note, if Var[N] ÷E~N] = I, then RISKMODEL 
assumes that the occurrence process is Polsson with A = E~N]. 

Four Parameter Loss Amount Distributions 

[~)'{ HC~Is,s) for O<x<_t 
c.d.f: Gs(x[a,B,t,XP) ~XQ + XP.{H(xln,B)-H(t In,S)} for x>t 

w h e r e  t >_ O, 0 < XP < 1 

X Q "  1 - X ~ ' { 1  - H ( r [ a , S ) )  

H ( x l a , ~ )  i s  some c . d . f ,  f o r  x • 0 w"l th  p a r a m e t e r s  ( a , 8 ) .  

RISIOIOIIEL's  p r e s e n t  l l b r a r y  o f  c h o i c e s  f o r  l l ( . ] a , B )  a r e  
( I )  - i o g n o r m a l ,  ( 2 )  = P a r e t o  a n d  ( 3 )  - W e l b u n .  D e f i n i t i o n s  
of each of these distributions are given below. 

faCe~a.8) h(xla'B) f o r  O<x<_t 

{ density: gS(x]a,6,t,XP) 
I ~ n ' - h ( x l a , B )  f o r  x> t  
t ' 
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APPENDIX D 

A graph of the denslcy g(.la,S,t,Xp) in general looks like: 

y-axis 

y - gS(x{a,B,C,XP) 

///~" ~ / Y = h(xla,S) 

I 
C x - a x i s  

~I) Lo6oormal  

c . d . f :  

denslCy: 

(2) Pareto 

c.d.f: 

densSty: 

H ( x l ~ , o 2  ) ~ (  l o~  x - u ) f o r  0 < x < ® 
o 

T,~'here ¢(') is the standard normal (0, I) c.d.f, and 

h(xlp,o 2) - ~ exp{-(..!....Q..g.._,~.l 2 } 
4Zlcrx 2o 2 

H(~(B,6) I - C + I  6 

w h e r e  B , ~  • O .  

J 

h(xJa,6) - ~B6(x + B) -6-!  

f o r  x • 0 
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APPENDIX D 

i~ Weibull . 

c.d.f: 

density: 

H(x[B,6) ~ I - exp{-~ 6} 

where 8,6 > O 

f o r  x • 0 

h(~Is,6) - ~s-6~6-1~p(-~ 6} 

For more details on probability dlstrib~tious, see l~sstings and 
Peacock 41975) or Johnson and Kotz (1969,1970). 
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