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Introduction

Recent developments in the theory of finance have had a sub-
stantial impact upon the way in which returns to firms are
viewed Such concepts as "efficient markets", "portfolio
optimization' and 'systematic risk" were virtually unknown
outside the academic community until cthe 1960's, but now

have become a part of the financial analyst’'s day-to-day
vocabulary The purpose of this paper is to determine
relationships between risk and return for property-casualty
insurers by applying modern concepts of finance, and to comment

on the implications which result

To achieve this goal, a simple model of a property-casualty
company is developed to show key accounting relationships,
including the fundamental -notion of return on surplus as a
function of leveraged underwriting and investment income

gains Thies model is then extended to treat the basic eclements
as random variables, from which the important risk-return
results are derived The subsequent risk-return model 1llustrates
the relationship between systematic and unsystematic risk
explores the problem of finding an optimal balance between asset
and underwriting portfolios, and applies efficient market
criteria to find the expected underwriting profit margin under
equilibrium conditiona Applications are then discussed for the
areas of product pricing, ruin theory, marketing, reinsurance,

and regulation



Throughout the paper, financial concepts are introduced as necded,
and explained in intuitive terms The reader should consult the
References for more detailed explanation of these ideas, since it
is beyond the scope (and intent) of this paper to develop the

basic tools rigorously



Basic Model

To show the relationship among important variables we can establish
a simple model of a property-casualty insurance company Certain
assumptions will simplify the development (1) all expenses are
treated as part of the losses (2) there are no taxes (3) the
investment rate of return is linear through time These assumptions
could be eliminated without significantly affecting the results

but to do so would unnecessarily complicate the analysis

For notation, variables measuring point-in-time values are
referenced by a subscript, and variables measuring flows through
time contain parentheses We define the following variables

w(ct) Premium written during the period t to t+1l 1 e (t t+l)

E(t) Premium earned during (t, t+l)

IL(t) Losses incurred during (t t+l)

PL(t) Losses paid during (t t+l)

c(v) Mean cash flow during (t t+l)

LRt Loss reserve at time ¢

UR( th earned premium reserve at time t
At Total assets tt tine ¢

St Shareholders' surplus at time t

U(e) Underwriting income during (t t+l)

I(t) Investment income during (t, t+l)

The following relationships can now be easily established
(1) E(t) = bW(t) + (1-b)W(r-~1)
where 02b21 More terms could be added 1if policies longer than

one period were written



(2) TIL(t) = 2E(r),
where 2 is the loss ratio (assumed here to be constant through

time)

(3) PlI(t) = aOIL(t) + nIIL(t-l) + o+ amIL(t-m)

where L a = 1, and the 2y indicate the claim payment pattern
L]

(4) C(t) = flu(t) - EZPL(t).
where fl and fz represent the average duration for which these

cash flows are exposed to the investment rate of return (note

that fl = b, normally)

(5) LRt & (l-aD)IL(t-l) + (l—ao-a])IL(t—Z) + o+ umlL(t-m),
1 e , the loss reserve equals the sum of unpald losses from

prior periods

(6) URt = (1-b)W(t-1)

Note that b = % Iif premlums are written uniformly over (t-1 t)
7 At - St + LR: + URt

or assets = lilabilities

(8) U(e) = E(t) - IL(t),

which is the normal definition of underwriting incom.

(9 Ly =Rr[A +cC0],
where R is the investment rate of return and At + C(t) represent

mean assets during (c, t+1)

Since the only sources of increment to assets are cash flows and

investment income, we have



At+l - At = AA[ = W(t) - PL(t) + I(¢) = A(St + LRt + URC), or

(10) W(e) - PL(E) + T(¢) =88 +[IL(t) ~ PL(O)] +[W(E) - k(D))

since the change in loss reserve = incurred losses - pald losses
and the change In uneirned premium reserve = written premium

- earned premium
From (10} we get

(1) ASc a s

bl T S ® 1(t) + E(t) - 1L(t) = I(t) + U(t)

Thus the increment to surplus can be directly separated into the
two (omponents of investment and underwriting income The rate

of rvturn on surplus is

R = (%

. e S()/St = l(t)/SL + U(t)/b[

= R | mean asqets] /S: + U(t)/st

.
= R IS( + VtJ /ﬁ[ + U(t)/%[. (VL = MO N FCSCFPVLS)

(12) = R + kvR + kU

where U = U(t)/W(t) or underwriting pain per unit of written
premium k @ H(c)/St or the prumium/surplus ratio and v = VL/w(l)

or the reserve/premium ratioc

Equation (12) is fundamental 1t shows that the return to surplus,
or net worth, 18 levered by premiums (k) and by reserves (v) The
first term R 18 the return on shareholdera' funds which would

cxist even 1f no premium were written (k = Q) The second term

kvR is the return on policyholders' funds which is a consequence

-57-



of deferred payment of claims and prepayment of premium, it is
levered by both v and k The third term kU 1is the underwriting

gain, levered by k

A numerical example will help to illustrate the preceding
concepts Let St = 100, W(t-2) = 160, W(t-1) = 200, W(t) = 240,
R= 10, ¢ = 98, f1 = b= 5 (premium written uniformly through-

out the year), fz a 5 (claims paid uniformly), ag = 8, a, = 2

(80% of losses paid during the first year, 20% the second year)

Thus we get E(t) = 220, IL(t) = 215 6, IL(t-1) = 176 4,
PL(t) = 207 76, C(t) =16 12, LR = 35 28 UR_ = 100, A = 235 28,

and Vt = 151 4

Underwriting gain is U(t) = 220-215 6 = 4 4 and investment income
is 10(235 28 +16 12) = 25 14 The change in aurplus becomes

4 4 + 25 14 = 29 54 and consequently the return on surplus is

29 5% The levers are k = 240/100 = 2 4 and v = 151 4/240 = 63
and the unit underwriting gain U is 4 4/240 = 0183 The return
on surplus can be expressed as in (12}, in terms of three

componants

Ro= 10+ (2460 63)(D)+24(0183) = 10+ 151 + 044 = 295



Risk and Return

The preceding analysis assumes that the values of the variables
are known, but this is rarely true unless we view the results
afterwards Assume now that the Investment rate of return is a
random variable, as is the underwriting gain per unit of premium
Further, assume that we know the probability distribution of
these variables so that means and variances can be computed
Since Ra {e a linear combination of R and U, it too will be a

random variable Eduation (12) may now be expressea as
a3 B = (asR + k0 = kR + kT

where the tildes denote random variables (the same variable without
the t1lde represents the expected value of the variable) The

expectation and variance of is are
a4 B(R) = R = KE(R) + kE(D) = KR + kD,

(15) V(is) = VKR) + v(xd) + 2t(xR,x0)
= K2V + K2v() + 2kKC (R, D)

with C(R 0) indicating the covarjance between R and U

The varjance (or its square root, the standard deviation) of the
rate of return is the commonly used measure of the risk inherent

in holding a security For the same expected return [Investors will
normally prefer an agsset with a lower variance of return, and
conversely for the same variance {nvestors will choose an asset

with a higher return This behavior i{s called risk-aversion



When faced with several cholces of expected value/variance of
return palrs there may be no obvious selection However many

candidates can be rejected

Figure 1
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In figure 1 suppose the reglon bounded by ABCDA contains all the
possible pairs of expected value/variance of return available

Only the points along ABCD wiil be preferred since all interior
points can be rejected For example, points B and C will always
be chosen over point E, since C has a higher return cthan E, but
with the same variance, and B has the same return as E, but with
a lower variance The line ABCD is called the efficient frontier
The exact choice of risk/return along ABCD will depend upon the
investor's particular utility function, which can be described as
a set of concentric curves such as FG and F'G', where the investor

is indifferent to each risk/return combination along the curve



The optimal choice {s determined by the lowest curve tangent to
the efficient frontier In Figure 1 FC 1s the lowest indifferencc
curve and is tangent to ABCD at point C which represents the

optimal risk/return choice for this investor
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Systematic Risk

According to traditional theory, the law of large numbers justi-
fies the existence of insurance companies, who by insuring large
numbers of exposures, are able to spread risk We can examine
this principle in light of the risk/return model developed

earlier

Let the firm be comprised of a single line of insurance with n
identical exposures each having an underwriting gain of
Gi,i -1, W N We will allow for covariance between exposures,

and between individual exposurea and the asset rate of return
Consequently we have f = ( £ di)/N and
YN - n - 2 - 2 -
ae) v = ard] By + 5 ewg,a] = andwa + etocs, )
- (1/u)[v<ui) - C(Ey,G0)] + CE,.T,). where 144,
~ o~ 1 N
(17) C(R,U) = C(R, R—Zu

L ~p & 1 5 = ~
1) e EC(R-EUi) hd N EC(R.Ui) - C(R»Ui)

In the preceding, V(Ui) and c(ﬁi'ﬁj) indicate the variance and

covariance of individual exposures Equation (15) then becomes

(18) v(k) = kKP(i) + 2kke(R §,) + k2C(u,.0,) + ‘Lz[v(ﬁ ) - €, ,b )]
s 1 1'% N 1 1Y
= 2v 3 P 2 ~

(19) V(Rs) = KV(R) + ZkKC(R,ul) + k C(ul,uj) as N + =

The variance given by (19) is called the systematic risk It
cannot be reduced by increasing the number of exposures The last
term of (18), however, can be reduced through the law of large
numbers Thus a component of the underwriting risk can be

reduced by diversification And if the covariance terms are zero,
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the underwriting risk V(ﬁi)/N can be diversified to the point
where the only return-on-surplus risk i{s the levered asset

portfolio risk

Unfortunately the covariances for many lines of insurance are not
negligible For example, over the long run we expect the amount

of losses to be correlated with general price levels, which in

turn are affected by stock market ctrends Thus underwriting

gains will be related to the return on the insurer's assets, and
consequently will be correlated among lines The following example

will help illustrate the systematic risk concept

Suppose there are two possible outcomes for R R+band R - b,
each with probability Y% Assume that the distribution of Gi

outcomes is conditional upon the value of R which occurs, according

to

Value of R Prob f ﬁi @ u+ a} Prabfﬁi =u ~ al
R+ b P l1-p
R-b 1-p P

vhere 0 46p=s1

From the preceding, we get E(R) = R, E(ﬁl) sy, W(R) = bz.

V(u) = a?, €5 = (2p - ab  and CCiH; ) = (2 - 1)%a?
Notice that 1f p = 0, ¥ and ﬁi, Gi and Gj are perfectly negatively

correlated, if p = !5 they are uncorrelated and if p = 1 they are

perfectly positively correlaced
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Let u = -.05, a=1, R= .08, b = .02, k =2 and v=1. This
implies Rs = .14, The following table ﬁrovidea values of
oy JV(KB). the standard deviation of return on surplus, for

various values of N and p:

B
N o .20 .40 .50 .60 .80 1
1 1.94 1.96 1.99 2.00 2.01 2.04 2.06
10 1.94 1.25 .71 .64 .77 1.36 2.06
100 1.94 115 .39 .21 .50 1.27 2.06
1000 1.94 114 .3 .09 .46 1.26 2.06
® 1.94 1.14 .3 .06 .46 1.26 2.06

Notice that when there is perfect (positive or negative)
correlation, increasing exposure will not reduce surplus risk,
since in effect the insurer has only a single exposure because
\Qll gains and losses move together. Similarly, the surplus

risk 1s minimum when there is no correlation between exposures
and asset returns. Here the unsystematic risk diminishes rapidly
with increasing exposure until the only remaining risk is due

to the levered asset portfolio.
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Optimal Asset and Underwriting Portfolios
The preceding section has shown how there is a limit to risk
reduction through exposure increases. However, it may be possible

to reduce risk (or increase return) by altering the composition

of both the asset and underwriting portfolios. Let there be M
lines of insurance (or individual exposures) with underwriting
gains denoted by 51 and characteristic reserve/premium ratios vy-
Let xy be the proportion of total premium allocated to line 1,

i

invested, with returns represented by K

so that Exi =1 and 0¢ x, «1. Similarly, let there be N assets
o]
T and yj being the

proportion of total assets being held in asset j, such that

;;yj =1 and Oay,¢l. Thus K = 1+ k§x
it

~ B e
z Vi U =.§ x:lU1 and

i

N
R = Zyjﬁj. from which we have
in

L] L] n
(20) Rs = {1+ k Iz.;xivi)(l};: ijj) + k"z; XUy

2 2 2.2

= 2
(21) V(RS) o, = Kap + Koy + 2kxqu, where

2 LA ~ = 2 (SR - -
T =28 99 CRLRY, oy = ) 2 x % 000, T,
inl gz s

.3 N - o
Tur -ZZ xiij(Ui.Rj). and K as above.

@ om
From (21) 1t is clear that the variance of return on surplus
contains weighted covariances between the returns of all assets
and all underwriting lines. However, for each feasible value of
Rs there will be a single value of A which 1s minimum, and hence
optimal. The graph of these optimal values in the Ra - u; plane

forms an efficient frontier for the joint asset-underwriting



portfolio. Note that this optimization problem is an extension
of the classic investment portfolio problem of merely determining

the composition of the asset portfolio; i.e., to optimize (R,Uk).

Other authors have tackled the asset/underwriting optimization
problem. Ferrarri [13]at:empted to optimize only the (U, ah)
choice, Kehane and Nye[lo] tried to solve the joint problem, but
ignored the reserve/premium levers vy and their consequent
interactions with the asset return mixture XJRJ' Bachman and
Lang[lo] set up a two—asset, two-line problem with appropriate

levers, but did not find the efficient frontier, and concentrated

instead upon ruin probabilicies.

The solution to the classic investment portfolio problem ususlly
involves the techniques of Lagrangian multipliers and quadratic
programming. Appendix 1 outlines a similar procedure for the

more complex joint asset/underwriting problem.

It should be emphasized that the optimal (RB.O;) pairs cannot

generally be found by separate determination of (R,ck) and (U,oh)

optimal sets. The following example will bear this out.

Suppose an insurer may choose between two assets and two lines
with only four possible certain outcomes for the combination (E.ﬁ)

depending upon the choice of asset and line:

Agget Line E E
1 1 .05 .02
1 2 .04 .04
2 1 .06 0
2 2 .05 .02
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In this case the optimal asset portfolio will contain all of
Asset 2 since its return is in all cases superior to that of
Asset 1. Similarly the optimal underwriting portfolio will

congist of all Line 2.

But now let k = 2, with v, " 1 and v, = 0. The four possible

2

(X,U) combinations produce the following certain returns on

surplus:
Asset Line G+ + W = R
1 1 (1 +1-2).05 + 2(.02) = .19
1 2 (1 + 0:2).06 + 2(.04) = .12
2 1 (1 +1-2).06 + 2(0) = ,18
2 2 (1 +0-2).05 + 2(.02) = .09

Here the optimal asset/underwriting combination consists of all
asget 1 and Line 1! The mixture of all Asset 2 and Line 2 in

fact produces the worst return.

In the preceding illustration there is perfect correlation between
R and ﬁ, and the return is is certain. Let us turn to another

example where R and 5 are uncorrelated, and ia is random:

~ ~ 2
Let U1 =0, Vi " 1, V(Ul) =0, U, = .02, vy = o, V(Uz) = (.02)%,

2

R, = .04, V(R) = 0, R, = .08, V(K)) = (.08)%, andk = 2.

1 2

With x denoting the proportion of Line 1 (1-x for Line 2) and y
the proportion of Asset 1 used, the above values produce, using

equations (20) and (21):
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(22) Re = .12 + ,12x - .04y - .08xy

2

e o2 = 0016 [a-n2a + mP+ a - 0

Figure 2 depicts the feasible saet of (Ra.o'a) points obtained by

letting x and y vary between 0 and 1:

Figure 2
2% 8
R A
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<
0
[o] 5.1} 08 g
]

The feasible set is bounded by ABCDA, with efficlent frontiar AB

formed by RB = 12 + U;. which occurs when x = 1. Point A
represents (x = 1, y = 1) and point B represents (x = 1, y = 0),
80 the optimal combination of asaets/lines has all of Line 1 and
any mixture of Assets 1 and 2, the exact amount depending upon the

insurer's utility preference.

From the values given in this example, the insurer might separatcly
choose all of Line 2, since it has a higher expected underwriting
return (but with & higher risk), and all of Aeset 2, also with a
higher return. Now because the insurer prefers expected raturn

despite the corresponding risk, his optimal point along AB might
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be B, which uses all of Line 1 and all of Asset 2. Again, th..
example shows that separate optimal asset and underwriting port-
folios will not necessarily produce the optimal risk-return

combination for the return to surplus.

The cause of this apparent inconsistency is due to the vy levers.

If the reserve/premium ratio is large enough, an underwriting line
can produce a superior return on surplus, through investment income,
even if the underwriting gain 1s highly negative. And, as will be
shown in the next section, the competitive underwriting return in

an efficient market cannot be positive unless there {s a correlation

between the underwriting gain and the asset (stock) market as a _

whole.
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Risk and Return in an Efficient Market

The preceding analysis has demonatrated how the individual
property-casualty firm can optimize its own risk-return situation.
What happens when all such firms, driven by the preferences of
shareholders (policyholders for mutuals), try to optimize their

asget/underwriting mixtures?

In financial theory, the equilibrium behavior of asset returns
can be analyzed through the concept of an efficient market. The
classical assumptions underlying this theory include (1) assets
are infinitely divisible (2) information is free and available

to everyone (3) there are no transactions costs (4) everyone pays
the same price for an asset (5) no individual or firm can affect
the price or availability of assets (6) the price of an asset
fully reflects all of the available information concerning the

asset.

Using the further assumption of the ability to borrow and lend
any amount at a riskless rate of interest, we can determine that
the optimal portfolio from an individual investor's viewpoint
must be a linear combination of the riskless asset and the market
portfolio of all assets (usually taken to mean the stock market).
Any other portfolio would be suboptimal, since by adding other
assets, more unsystematic visk can be diversified away. The
rigk-return relationship for such an efficient portfolio is

given by

(24) RM = RE + 1Ty



where RH is the expected rate of return on Ehe’ﬁarkét portfolio,
Rf is the riskless interest rata, I, is the price of risk reduction
for efficient portfolics, and oh is the astandard deviation of the

market portfolio rate of return.

From this relationahip we can determine the risk-return rslation-

shipa for individual securities which comprise the market portfolio:

(25) (R, - R, C(R,,R)
Ri_kf+*‘r« ) SRRy

P
Ty

vhere Ri i the expected rate of return on asset i, This relation-

ship 18 called the capitnl ammet pricing model.

The notion of covariance with the market rate of return lacks
intuitive appeal, so if we define b1 - C(Ei.ﬁu)lcﬁ we get &
measure of the volatility of the asset rate of return with respect
to that of the market. In other words, each 1X change in the market
rate will produce a bi x 1% change in the expected return for assot
1. The equilibrium expected rate of raturn for asset 1 now

bacomes

(26) R1 - Rf + bi(Rm - Rf)'

Now in an efficient market, the securities of property-casualty
insurers will produce returns according to (26), since this
relation holds for all firms. For an insurer, the relevant raturn

18 the gain on surplus, or Rs Hence

7=



(27) R, =R +b (R - Ry,
where b, = C(ie.ﬁm)/d; . Consequently
(28) b, = G(kE + ku, /a2 « Kby + kb,

1 - el 2
with by = C(R,f ) /o and b (k) /oy

Because the insurer's aseet portfolio must also be in capical

market equilibrium,
(29) R = Re + bR(Rm - Rp).

Now we can develop the equilibrium expected underwriting gain.

From the fundamental Rs = KR + kU, we have
(30) kU = RB - KR
=R, - [KR + b (R =R - kb (R =R,
from (28) and (29). Thus
(31) kU = RB - KRE - ba(Rm - Rf) + kbu(Rm - RE)
= (1~ K)Rf + kbu(Rm - Rf)
from (27). Finally, since K = 1 + kv,
(32) U~ -va + bu(Rm - Rf).

This important result shows that the equilibrium underwriting
return ie independent of both the insurer's asset portfolio

composition and the level of premium writtem. In other words, U
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1s not affecred by R and k. And when bu = 0, or the underwriting
gain is uncorrelated with market returns, we have U = -va, a
negative value. In an efficient market this must be true, because
ifE U = —va + ¢, with ¢ > 0, and the insurer holds all of its

assets In a riskless security (e.g., Treasury bills) then

(33) Rs = KRf + k(—va +¢) = (1L + kv)Rf - kva + ke = Rf + ke.

But this insurer has no systematic risk, and therefore its
expected rate of return should equal the riskless rate Rf.
Consequently, the market will force an adjustment through the
underwriting margin U, driving it back down to —va. In an
efficient capital market there 1is no price for unsystematic risk,

since an investor can merely diversify his holdings until it

dlsappears.

A numerlcal example will help explain the previous development.
Suppose wc nave a one-line Ilnsurer with v = 1, k = 2, and whose
underwriting sy<tematlic risk is characterized by b” = .5. In
other words, a l0% change in the market rate of return Rm will
on the average be accompanied by a 5% change in che underwriting
return U. Further assume that the Insurer's asset portfolio has
bR = 1.5. 1If the market rate of return is Rm = .10 and the
riskless rare is Rf = .05, then the expected return on the asset

portfolio i{s R = ,05 + 1.5(.10 - .05) = .125. From (28) the total

risk bs 1s 3(1.5) + 2(.5) = 5.5. This is a rather high degree



of systematic risk whose price is determined by (27) as
Ra e .05 + 5.5(.05) = .325, which also equals KR + kU = 3(.125) + 2u,

ylelding U = -.025. This value is also found from (32).

This insurer has a highly levered surplus risk due to k, bR' and
bu' If the firm wishes to reduce its systematic risk bs to a
lower value, say ba = 2.5, it can change k to .5 by reducing
premium volume, or it can lower bl to .5 by adjusting the invest-
ment portfolio. By ewitching 1ts underwriting line to one with
bu = -1 (1f such a line could be found) the insurer would also
reduce bs to 2.5, keeping bR = 1,5 and k = 2. And, of course,

a combination of all three methods could be used.

Although the capital asset pricing model, which produces the
preceding results, 1s based upon rather strong assumptions
regarding capital market behavior, its implications have held up
quite well according to empirical evidence. For details, see
Jensen [7), Fama (6) or the other references dealing with
market efficiency. From these results we can expect that returns

to property-casualty insurers behave correspondingly.
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Applications

The preceding sections have examined the concepts of risk and
return as applied to the special case of the property-casualey
insurer (actually the model describes all non-life firms). The
results have important implications for several different areas

of application, as briefly outlined below:

1) Ruin Theory: The traditional treatment of ruin theory deals
sclely with variation due to claims, or in other words, underwriting
gain/loss. However, this 18 only a part of the total risk to the
insurer, since the firm is concorned with the possibility that
surplus will be depleted. This Implies that we would like to

know the probability distribution of ia‘ bacause when ﬁs £ -1,

the insurer becomes insolvent., Classical ruin theory considers

only one component of surplus risk, underwriting gain, while
ignoring the investment risk and the risk arising from cuvarfance
between investment and underwriting returns. For a large insurar,
the systematic components of surplus risk may dominate the variation

due to random claim fluctuations.

Another component of surplus risk is due to the uncertainty of loss

ragerves. The risk-return model developed in this paper has

assumed implicitly that the loss reserve equals the actual value of
unpaid losses. Appendix II shows how, when loss reserves equal
the expected value of unpaid losses (which may fluctuate randomly),

the variance of surplus return is increased. The notion of

uncertain loss reserves is of great practical importance, and



should be explored more fully in the context of the surplus risk-

return model.

In any case, more attention should be focused upon the probability
of insurer insolvency arising from sources other than pure claim

fluctuations.

2) Product Pricing: Property-casualty insurers have traditionally
ignored economic principles in an attempt to establish so-called
"fair"” underwriting profit margins. Over the long run, these
profit margins can only be determined by competitive forces. Even
in a' less-than-efficient market, the prices of insurance products
will be governed by their contribution to the overall risk of the
ingurer. Relationships such as (32) could be used as guidelines
for setting profit margins, with more efficieat insurers able to

produce margins greater than that of the industry.

As shown in the analysis developed in this paper, investment
income 18 an integral part of the total return to surplus, and
through the reserve leverage, is closely related to underwriting
gain. This interrelationship should be carefully considered
when establishing a product's price.

3) Marketing: Portfolio theory, as extended to the joinct asset/
underwriting case, should prove useful to the insurer wishing to
take advantage of a diversified mixture of business. By properly
balancing the asset and underwriting portfolics, the insurer can

produce an optimal surplus risk-return combination.
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New products should be evaluated not only according to the return

which they generate, but also by the risk which they create.

4) Reinsurance: The primary purpose of reinsurance is the reduction
of risk. Since the relevant risk to the insurance firm is the
surplus risk, we should be concerned with the cost of its reduction.
Quota-share and other forms of pro-rata reinsurance basically

reduce the premium/surplus ratio k and provide a proportiocnal
reduction in the insurer's systematic risk, without changing the

other parameters of the insurance operation (v, U, R).

Stop-loss reinsurance, on the other hand, primarily affects the
underwriting risk, since individual losses are truncated.
Essentially, the variance of underwriting gain is reduced, while
the net expected underwriting gain drops according to the

reinsurer's own risk charge.

In terms of our property-casuilty risk-return model, the use of
reinsurance provides additional means of reducing surplus risk.
Depending upon the cost and the nature of the risk reduction,
the insurer may find reinsurance an appealing alternative to
other means such as premium reduction, portfoliov adjustments, or

marketing realignments.

5) Regulation: One major area of insurance regulation concerns
insurer solvency. This is the reason for current premium/surplus
ratio requirements. However, these ratios should vary by line of
insurance. 1In an efficlent market the regulator would want

monoline firms with different lines to have the same surplus risk
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1f their asset portfolios are identical. This implies that
kllk2 = (vzbR + bz)/(vlbR + bl) where the subscripts distinguish
the two companies, with bl and b2 denoting the systematic under-
writing risk for each insurer. Since bR is a matter of cholce
for the insurer, the regulator can establish a standard, such as
bm = 1, the market systematic risk. Therefore the relative

premium/surplus ratios by line of insurance can be determined as

a function of the line characteristics v and bu.

Another area of regulatory concern is rate fairness. Again, the
basic result of Equation (32) can be used as a guideline for

establishing competitive underwriting profit margins.
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Summary

The usual treatment of return to property-casualty insurers
ignores the risk inherent in their operating structure, or

in some instances, considers only the risk of underwriting return.
This paper has demonstrated, using simple models of the insurance
firm and basic economic assumptions, that the risk of total
surplus return is an important dimension, and should be considered

Jointly with the insurer's expected value of return.

The results presented here are, of course, dependent upon the
validity of the underlying assumptions, and should not necessarily
be taken as truth. Since the strength of a model or theory lies in
its ability to explain and predict behavior, much empirical work
must be done in order to accurately apply the model results

presented here. We eagerly await these future efforts.
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Appendix I: The Joint Asset/Underwriting Portfolio Optimization
Problem

Using Lagrangian multipliers, the basic problem becomes
2 L N
(I-1) minimize Z = - AR +0_ + 3 (1 - ‘z; x) + A0 - l2: yJ)

H B
under constraints in =1, _Zyj = 1 and

Y

(I-2) A, ¢ x, & B, fori1=1,...,Mand C

i 1 1 £ D, for § = 1,...,N.

1790
We now find the following partial derivacives (I K/9 x = kvi) from

equations (20) and (21):

2 2 1 R LR . .
(1-3) ;;oﬁ/ax1 = 2k :Z x c(ui.uj) + Zkaiz:thij(Ri.Rj)

] I
Sxpgedpfp + 2d 5 £y e,y
+ 2kK x,y,C(U ,R.) + 2kv x, y,C(U,,R
L RATRL” 1 & & Wtk

2 2. PO " R
(1-4) 30’3 /QyJ =- ZKZ in(Ri'RJ) + 2kK : xic(ul.R )

Y v j

N
(1-5) BRB/'axi = kU, + kv, = ijj

jal

(1-6) akslayj = l(R_1 Thus

(1-7)  32/3x = - NRBx) + (ac:/axi) -A; =0 fordi=1,...,M
(1-8) 22/dy, = - AR BY,) + (3a3/3y,) = Xy = 0 for 3 = 1,...,N

These M + N non-linear equations must now be solved subject to the

M + N inequality constraints in (I-2).



Appendix I1: Effect of Uncertain Loss Reserve on Surplus Risk

Assume that claims can only be paid in the current and succeeding
periods. The loss reserve LRt will therefore equal the paid losses
in (t, t+l), which we treat as a random variable. In other words,
fh: = Ei(t). Incurred losses and investment return are also
random. Premium is collected at the beginning of the period and
losses are paid at the end of the period. Hence we get C(t) = W(t)

and UR = 0. Therefore
(1-1) (e) =R [A_+W(D)] and T(e) = EC0) - Ti(e)

11-2 ~ ~+~ ~ [od ~ ~
( ) Se41 s: I(t) + U(Y) At - LRt + I(t) - U(e),

since the beginning assets At are fixed. We then have

~ ~ ~ o~ ~ o~ ~
(11-3) V(8 ) = V(IR + 20(LR ,T(1)) + 2CALR,U(e)) + v [T(e) + T(0)]
If the loss reserve 18 known to equal paid losses, however, we get
(t1-4) v, = v[Ie) + To)],

Consequently the variance of surplus gain will be greater with the
loss reserve as a random variable, provided that V(fkt) plus the
covariance terms in (II-3) exceeds zero. In most cases this will
be true, especially 1f there is no correlation between LRt and I(t)

or U(t).
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