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ON THE CREDIBILITY OF THE PURE PREMIUM 

ALLEN L. MAYERSON, DONALD A. JONES, 
NEWTON L. BOWERS, JR. 

With two exceptions, the many papers on credibility which have ap- 
peared in the Proceedings of the Casualty Actuarial Society have been con- 
cerned only with the credibility of the number of claims. From Whitney’ 
to Mayerson* the theory has been based on the distribution of the number of 
claims alone, ignoring the distribution of claim amounts. 

By assuming that the number of claims has a Poisson distribution, and 
approximating probabilities by use of a normal distribution, Whitney3 and 
Perryman” developed a criterion for full credibility in terms of the expected 
number of claims. Bailey” and Mayerson” showed that the partial credibility 

formula z = * holds for several distributions in addition to the normal. 

Buhlmann’ derived this formula on a distribution-free basis for the claim 
amounts and the claim frequency. 

Two papers which deal specifically with the credibility of the pure premi- 
um are Perrymans and Longley-Cook.n Perryman’” states: “the volume of 
exposure required for full credibility of the pure premium requires the 

multiplication by the factor 1 + & of the number of claims required for 

credibility of the accident frequency.” (M and S are the mean and standard 

1 Whitney, A. W., “The Theory of Experience Rating,” PCAS Vol. IV, p. 274 (1918). 
2 Mayerson, Allen L., “A Bayesian View of Credibility,” PCAS Vol. LI, p. 85 (1964). 
:s Whitney, A. W., op. cit. 
.I Perryman, F. S., “Some Notes on Credibility,” PCAS Vol. XIX, p. 65 (1932). 
6 Bailey, A. L., “Credibility Procedures, ” PCAS Vol. XXXVII, p. 7 (1950). 
G Mayerson, Allen L., op. cif. 
7 Buhlmann, Hans, “Experience Rating and Credibility,” ASTIN Bulletin Vol. IV, p. 

199 (1967). 
8 Perryman, F. S., op. cit. 
0 Longley-Cook, L. H.. “An Introduction to Credibility Theory,” PCAS Vol. XLIX, 

p. 194 (1962). 
10 Perryman, F. S., op. cit., p. 72. 

Editor’s Nofe: Mr. Jones, who, with Mr. Bowers, collaborated with Mr. Mayerson in 
writing this paper, is Associate Professor of Mathematics at the University of Michigan 
and is an Associate of the Society of Actuaries; Mr. Bowers is Assistant Professor of 
Mathematics at Michigan and is a Fellow of the Society of Actuaries. 
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deviation of the claim amount distribution.) Longley-Cookl’ derives Perry- 
man’s result in a slightly different form. 

The credibility tables in general use are based on the distribution of 
the number of claims, but they are applied, in practice, to the pure premium. 
The standard for full credibility generally used in automobile liability insur- 
ance is 1,084 claims, corresponding to a normal distribution probability of 
90% that the actual number of claims will not deviate from the expected 
number by more than 5% of the expected number (on the assumption that 
the mean is equal to the variance). For general liability insurance, the 
standard is usually 683 claims; this corresponds, on the assumption that the 
mean equals the variance, to a normal curve probability of 95% that the 
actual number of claims will not deviate from the expected number by 
more than 7*/z%. In neither case is the distribution of claim amounts 
taken into consideration, although these credibility tables are routinely used 
for ratemaking, where the pure premium, rather than the expected number 
of claims, is being determined. This procedure has recently been subject 
to criticism (Braverman’?). 

This paper will present a criterion for full credibility of the pure 
premium which does not depend on a specific distribution assumption for 
either the claim frequency or the claim severity. 

PERRYMAN’S DERIVATION 

Perryman assumed that the expected number of claims “is large so 
that the frequency distribution of the average claim cost is fairly norma1.“13 
He also followed earlier authors in assuming that claim frequency is approxi- 
mately normally distributed and, in working with the pure premium, the 
product of the claim frequency and the average claim cost, he assumed that 
it, too, is approximately normally distributed. The approximate normality 
of the pure premium is an implication of the Central Limit theorem, 
rather than a consequence of the approximate normality of the claim fre- 
quency and the average claim cost. It should be noted that the density of 
the product of two random variables, both of which are normal, is not 
normal. 

11 Longley-Cook, L. H., op. cif., Appendix C. 
12 Braverman, Jerome, D., 

409 (1967). 
“A Critique of Credibility Tables,” JRZ Vol. XXXIV, p. 

13 Perryman, F. S., op. cit., p. 72. 
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We will show that it is not necessary to assume that the claim fre- 
quency and the average claim cost are normally distributed. Perryman’s 
results are valid if we assume that the number of claims has any distribu- 
tion with equal mean and variance, and that the pure premium is normally 
distributed. We will also derive a criterion for full credibility based only 
on the moments of the distribution of the number of claims and on the 
moments of the claim amount distribution-without making an assump- 
tion about the specific form of either distribution. This derivation will 
permit the abandonment of the usual assumption, which underlies credibility 
tables in use today, that the number of claims, the size of a single claim, 
or the pure premium is normally distributed. Credibility tables can be 
based on moments derived from actual data, rather than on a hypothesis 
about the form of the distribution of the number of claims or of the pure 
premium. 

A CRITERION FOR FULL CREDIBILITY 

In a given classification (which may be, for instance, a territory), let 
,N be the number of claims and let X1, X2, X,? . . . . . . . be the individual 
claim amounts, in order of occurrence. Define a random variable T to be 
x, +xe+xs+....... + Xn7, the sum of a random number of random 
variables. T, of course, can be interpreted as the total amount of claims. 
We will assume that: (a) the random variables X1, X8, X3, . . . . are inden- 
tically distributed, (b) that the random variables N, X,, X,, . . . . . are inde- 
pendent, and (c) that the random variables N, X1, X2, . . . . . have fourth 
moments. 

We now define the concept of full credibility for the pure premium 
derived from the experience of a given classification during a given time 
period. This definition will depend upon two parameters, k and P, and is 
identical with Perryman’s criterion (the observed pure premium should 
be within 100 k% of the expected pure premium with probability P) . 
We will express our criterion in terms of T, the total amount of claims. 
(The pure premium can be derived from T by dividing by the exposure, 
which is a constant.) 

Definition: A classification is said to be fully credible (k, P) if 

(A) Pr [(I - k) E(T) L T 4 (I + k) E(T)] A P 

or equivalently, in terms of the standardized linear translate of T 

(B) Pr 
-kW)LT--E(T)LWT) 

VT VT VT 
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In practice, the exact distribution of T, the total amount of claims, is 
not available. Some approximation must be used to determine whether, 
for a given k and P, inequality (B) is satisfied. Perryman used the standard 

normal distribution to approximate the distribution of 
T - E(T) 

. Since the 
VT 

normal distribution is symmetric, inequality (B) is satisfied if and only if 

L k E(T) 
t(l+P)/8 - 

l+P 
-where tfl+p)/e is the 100 2 

VT ( ) 
percentile point of the 

approximating distribution for 
T - E(T) 

, in this case the standard normal 

distribution. Thus, for P = .90 wzse the value t.95 = 1.645, as given in 
any table of the normal distribution function. 

In this paper, the percentiles of the distribution of T - E(T) will be 
VT 

approximated by the first few terms of an expansion due to E. A. Cornish 
and R. A. Fisher (see Bowers14). The Cornish-Fisher expansion expresses 

a percentile of the distribution of 
T - E(T) 

as a percentile of the standard- 
VT 

ized normal distribution and certain correction terms, which adjust for 
the departure from normality of the distribution of T. The expansion 
requires a knowledge only of the moments of T. If zs denotes the 1OOe 
percentile of the standard normal distribution, and t, denotes the IOOle 

percentile of T - EtT) , the sum of the first few terms of the Cornish-Fisher 
VT 

expansion is : 

(C) t, = to+ y1 6 (&,a - 1) 4 
[ 

s (zeS - 32,) - -g (2zeS - 5z.q 9 

where y1 = 
E[T - E(T)lS 

and ya = 
E[T - E(T)]4 

VT’ VT4 
- 3. Perryman’s result can 

be obtained by omitting all terms after the first (thereby assuming that T 
E(T) is normally distributed) and solving the inequality tfl+P)/e 6 k -, for a 

VT 

given P and k, under the assumption that E(T) = VT'. 

We now express the moments of T in terms of the moments of N and 
of the X(s. These moments are needed in inequality (B) and to compute 

l4 Bowers, Newton L., Jr., “An Approximation to the Distribution of Annuity Costs,” 
TSA Vol. XIX, p. 295 (1967). 
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the y’s used in the Cornish-Fisher expansion (C) . We will use a property 
of conditional expectations (see Brunkls) : 

E ldT> VI = EN [EMT> N) 1 WI. 

In the formulas which follow: 

E(N) = h. E[(N - A)“] = ht 

E(X) = P Q-(X - PYI = w 

for i = 2,3, . . . . . 

for i = 2,3, . . . . , 

Since E(T 1 N) = E(X, + X, + X3 + . . . . . . . -I- Xn ) N) = Np, it follows 

by setting g(T, N) = T that E(T) = EN [E(T 1 N)] = E(Np) = pE(N) = pi. 

Now let g(T, N) = (T - ph)# = [T - E(T)]‘?. 

Since E [(T - ph)” 1 N] = E [{(T - Np) + (Np - ~p)}~ / N] 

= NpZ + $(N - A)~, it follows that 

E [{T - E(T)}‘] = EN [Npg + p’(N - A)‘] 

= peh + p*Ae. 

We can also show, by a similar algebraic development, that: 

El{T - W))‘l = WA + 3p&e + p3A3, 

E[{T - E(T)}41 = p4A + 3p2(A2 - A + A')+ 4pp3Aa + 
6&&h3 + Ahe) -I- $A~. 

We now apply the Cornish-Fisher expansion, using the moments just 
developed. In applications involving risk theory, E[{T - E(T)}3] is 
greater than zero, since all terms in the formula, except pJ and As, are posi- 
tive. In the usual models for the number of claims, the Poisson distribution 
or the negative binomial, As is positive; claim amounts, too, have positive 
skewness in most lines of property and casualty insurance, so p3 is also 
greater than zero. Thus the third central moment of T, hence A,, is positive, 
hence t(l-p)/e and tcl+P,/2 are not equal, as they are in the case of a sym- 
metric distribution like the normal. Because positive skewness implies that 
the longer “tail” of the distribution is to the right of the mean, tcl+Pj/2 is 
greater than 1 tfl-Pj/e 1 for values of P of interest in credibility theory. To 

k E(T) 
satisfy the inequality (B) we will set - = ttl+pj/s which produces an 

UT 

15 Brunk, H. D., An Introduction to Mathematical Statistics, Blaisdell Publishing Co., 
1965. 
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interval with probability greater than P and a slightly conservative full credi- 
bility standard. 

k E(T) 
For a given k and P we can let t, = t(l+P)/2 = - in the Cornish- 

UT 

Fisher expansion. For algebraic simplicity, we will use only two terms of 
the expansion (C) : 

k E(T) = z t ED- - W)ls 
- e 6 (zc” - 1). 

VT VT3 

Substituting the moments of T just developed, we obtain: 

We then have the following equation which must be satisfied by A, the 
expected number of claims: 

If we ignore the term involving the third moment, we obtain the follow- 
ing simple equation for A: 

(E) A= TL(++;). 

If we assume that the mean and the variance of the number of claims are 

equal, and remember that ze is the 100 
1+P - percentile of the standard 2 

normal distribution [fltimes Perryman’s f(P), since Perryman used a 
normal distribution with variance I%] and that p and pI are the mean and 
variance of the claim amount distribution (Perryman’s A4 and Se), formula 
(E) becomes 

2f(P)” (1 + -g). 
IO 

A= 
ks 

16 Perryman, F. S., op. cit., p. 72. 
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THREE EXAMPLES 

To illustrate the use of the Cornish-Fisher expansion, we give three ex- 
amples of the calculation of A, the expected number of claims necessary 
for full credibility. We will, in each case, use for k and P the values com- 
monly used in automobile insurance credibility tables, k = .05 and P = .90. 

Poisson Distribution - Automobile Insurance 

If we assume that N, the number of claims, has a Poisson distribution, 
then A3 = As = A. This is the assumption underlying most credibility work 
done to date. 

To use the Cornish-Fisher expansion, we need the moments of X, the 
size of an individual claim. These may be obtained from a study of claims 
by size of loss, data which are not readily available. A study of one large 
company’s 1952 experience on 2,116 automobile property damage claims 
yielded the following moments : 

,L = 89.82 

,LL~ = 26,060 

,.Q = 28,740,OOO 

Thus the values of the ratios @ and q are 3.230 and 39.658 respectively. 
P1 P 

Because of the Poisson assumption, formula (D) becomes: 

- 
(F) kh=zefi 

and, substituting k = .05, ze = z5 = 1.645 and the moments of X given 
above, we have: 

.05A = I.645 fiQm+ (.2843) z, and 

A = 4,713. 
If, instead, we solve equation (E), we obtain A = 4,577. The similarity of 
these two results indicates the modest effect of including the third moment 
of the claim distribution in the calculation, but emphasizes the importance 
of recognizing the effect of the variation in size of claim in credibility calcu- 
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lations. Assuming that claim frequency follows a Poisson distribution, it takes 
4,713 claims, not 1,084, to achieve a 90% probability that actual claims 
will be within 5% of expected. If we solve equation (D) for k, using A = 
1084, we find that a full credibility criterion of 1,084 claims produces a 
probability of 90% that actual claims will be within 10.6%, not 5%, of 
expected claims. 

Negative Binomial Distribution 
The negative binomial distribtuion has now replaced the Poisson distri- 

bution in the affections of casualty actuaries. In his paper, Dropkin17 used 
the negative binomial to represent the distribution of the number of auto 
claims per policy. His data show a mean of .163 and variance of .193, which 
are inconsistent with the moments of the Poisson distribution. 

In Dropkin’s notation, the probability function for the number of claims 
can be written as: 

WN=x)=(,,:-l) (fi- (&-- forx=O,1,2,.... 

The first three moments are: 

A = E(N) = r. 
a 

Ae = E[(N - E(N)}*] = f f+ 

A3 = E[{N - E(N)}31 = ; G q * 

From this, it is easy to verify that A3 =+ (WAS - A) and that 

xs = + (2 + - I). 
A 

If we assume that we have E independent exposure units and use Dropkin’s 

data, then A = .163E and he = .193E, ? = 1 .184 and $= 1.620. We will 

use the same moment ratios for the claim amount distribution as in the 

preceding example, namely T - rue - 3 230 and e = 39.658. We can now write . 
P P3 

equation (D) for A, the number of claims required for full credibility, 

k = .05 and P = .90: 

.05A = 1.645fldm + c.2843) s . 

A = 4,913. 

17 Dropkin, L. B., “Some Considerations on Automobile Rating Systems Utilizing Indi- 
vidual Driving Records,” PCAS Vol. XLVI, p. 165 ( 1959). 
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If we solve equation (E), which ignores third moments, we obtain 
A = 4.776. 

Poisson Distribution - Workmen’s Compensation Insurance 

Our third example will again use the Poisson distribution for the number 
of claims, but will use, for the moments of the claim amount distribution, 
the data in Dropkinls on the distribution of California workmen’s compen- 
sation losses for major permanent partial cases and for temporary total 
disability cases, policy year 1961 first reports. 

For the 4,721 major permanent partial cases included in Dropkin’s 

study, /A = 13,687.67, /L~ = 85,715 x 10s, /.Q = 461,448 x 

and 2 = 1.7994. Substituting these values in formula (F) 

k = :OS and P = .90, we have: 

.05x = I .645 6 dm + (.28434) z and 

A = 1,610. 

If we solve equation (E) , we obtain A = 1,578. 

10’ !z = ‘g : 4575 

and again using 

For the 60,398 temporary total disability claims included in the Dropkin 

data, p = 513.80, pe = 689,244, t.~ 

2 = 25.4985. 
P 
Substituting these values in equation 
have: 

= 345,857 x 104, @ = 2.6109 and 
CL2 

(F), with k = .05 and P = .90, we 

.05h = 1.645 fid3.6109 + (.28434) 9 and 

A = 4,016. 

If we solve equation (E) with these same data, we obtain A = 3,908. 

CONCLUSION 

On the basis of the above results, the following conclusions seem to be 
justified : 

(1) The usual criteria for full credibility, 1,084 claims in automobile 

1s Dropkin, L. B., “Size of Loss Distributions in Workmen’s Compensation Insurance,” 
PCAS Vol. LT, p. 198 ( 1964). 



184 CREDIBILITY 

insurance and 683 claims in general liability insurance, are too low. If we 
adopt a Poisson distribution for number of claims and the moments of the 
claim amount distribution derived from the automobile data available 
to us, 1,084 claims as a standard for full credibility results in a probability 
of 90% that actual claims will be within 10.6% of expected claims. The 
use of 683 claims as a standard for full credibility, on the assumption that 
the shape of the general liability claim amount distribution is not too dis- 
similar from that for automobile insurance, yields a 90% probability that 
actual claims will be within 13.4% of expected. In view of the 5% margin 
for underwriting profit and contingencies built into most liability insurance 
rates, swings of 10.6% or 13.4% in claims seem to be larger than prudent 
management ought to be willing to accept. 

(2) If the third moment of the claim amount distribution is used, there- 
by recognizing the positive skewness inherent in most insurance claim pat- 
terns, the number of claims needed for full credibility is increased by 3% 
to 10% (based on the data used in the paper). 

(3) If a negative binomial distribution is adopted for the number of 
claims instead of a Poisson, the number of claims needed for full credibility 
is increased. Credibility tables currently in use for liability insurance are 
based on the assumption that the mean equals the variance, as in the Pois- 
son distribution. 

(4) The number of claims needed for full credibility of the pure 
premium varies substantially by coverage. The results shown in the 
paper, 4,713 claims for automobile liability insurance, 1,610 claims for 
major permanent partial disability, and 4,016 claims for temporary total 
disability, indicate the need for separate credibility tables by coverage and, 
for workmen’s compensation, by type of claim. (It should be noted that 
the automobile insurance data on which the moments of the claim amount 
distribution were based comprised only 2,116 claims. Thus no particular 
credence should be given to the particular figure of 4,713 claims until it is 
substantiated by a calculation based on a larger and more recent block of 
claims by size of loss.) 

By expressing the number of claims required for the pure premium 
in a given classification to have full credibility in terms of the moments of 
the distribution of the number of claims, the moments of the distribution 
of claim amounts, and a selected normal distribution percentile, this paper 
has attempted to supply a basis for more accurate and scientific credibility 
tables. The formula, however, requires much more data on losses by size 
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I than is currently available. If losses by size data were available for various 
coverages, both countrywide and by state, it would be possible to calculate 
the full credibility point for each coverage and state. It should be noted, 
however, that the number of claims required for full credibility does not 
depend on the magnitude of the moments of the claim distribution, but only 
on the relationship between the higher moments and the mean. We suspect, 
therefore, that the credibility calculation for a given coverage will be rela- 
tively stable from state to state and from year to year. 


