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A NEW CRITERION OF _ADEQUACY OF EXPOSURE. 

BY 

ALBE~T H. MOW'B~AY. 

Except in a few unusual lines of industry compensation insur- 
ance rates must for a long time in the future be based upon a mini- 
mum of dam supplemented by expert judgment. This must be so 
for at the present time there are some 1,400 classifications in the 
workmen's compensation rate manual. We may look forward to 
changes from time to time in the phraseolog 7 of the classificagons 
and the elimination of some existing classifications. I doubt if we 
can look forward to any material reduction in the total number. 
We must allow a certain time to elapse for the collection of our 
statistical data, yet so rapid is the flux and change of conditions 
we must measure and deal with, that we can not #re  much credence 
for future rate-making to data of even a very few years back. 

This combination of conditions requires that we make the best 
possible use of every scrap of data we have, stdlfully combining it 
with others as we find ourselves justified, and modifying its indi- 
cations for rate-making where our judganent points out the need of 
so doing. Under such circumstances grouping of classifications for 
rate-making purposes and judgment of modification of experience 
indications before acceptance seem inevitable. Any extension of a 
group, however, to include data from an additional classification, 
even though pure premiums be made separately for the several 
parts of the hazard, breaks down to that extent the homogeneity 
of the group and, therefore, the applicability of its indication for 
all the classifications in the group. Hence the greatest skill and 
care is necessary in such work. 

Generally speaking, the grouping of classifications is to give an 
increased spread of experience, though it may be in certain in- 
stances for the purpose of determining rates for some of the less 
important classifications by linking them up with a more important 
one in which there has been a large exposure. 

Judgment is resorted to to correct apparent aberrations. These 
may be of two kinds, 
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1. Those due to a volume of statistical data insufficient to over- 
come the influence of pure chance. 

2. Those due to persistent disturbing factors, such as the pres- 
ence of a particular risk or risks of large size, which are distinctly 
better or worse than the true class type or average, a change in 
general industrial conditions, etc. 

The proper correction of the latter type of cases is further 
analysis of the data so as to present homogeneous material and/or  
its modification to measure and allow for the differences in condi- 
tions of the past and future so far as known. This further  analysis 
may so reduce the data as to introduce aberrations of the first type 
which may or may not be recognized as such. 

I t  would seem there could be a substantial reduction in the need 
for judgment modification of experience indications if the hazards 
covered by the premium be segregated and separately measured. 
The big variations in indication arise from the hazards of low 
probability but high cost, such as death and permanent disability 
both total and partial. I t  may well be that we are fully justified 
in a much wider grouping basis for these elements than for those 
of high probability and low cost, such as medical expense. But 
even here we do not wish to extend our groupings too widely. 
There are many reasons why we may wish to confine them as 
closely as may be and give us a sufficient spread to give reasonably 
dependable indications. We need then a satisfactory criterion of 
exposure necessary to give such indications. 

Back of this, of course, we must say what is a dependable indi- 
cation. I t  would appear that this definition must be expressed in 
the form of a probability that the indication is within a certain 
fixed percentage of the true value. The definition in this form 
involves two free constants. 

At the organization meeting of this Society, the writer presen£ed 
a tentative solution which will be found in the Proceedings, Vol. I, 
p. 24. This solution was based upon two assumptions : 

]. That  the probability of hazard remained constant (or approxi- 
mately constant) throughout the period observed so as to give 
a Bernoullian distribution of occurrences, and, 

~. That  over the critical region the normal frequency curve 
(Gauss's error cur~e) fitted the Bernoullian dispersion with a 
sufficiently close approximation to permit its use in place 
thereof. 
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Neither of these assumptions are fully realized in actual practise. 
But after due allowance and correction has been made for disturb- 
ing factors (such as for "increasing cost," "industrial  activity," 
and other items considered at the last rate conference) the first 
may perhaps be taken as approximately true. Indeed, its approxi- 
mate truth when so corrected seems to be a fundamental require- 
ment of prospective rate-matting. I f  this is so then we may prop- 
erly approach the problem of the dependability of our data by first 
examining the conditions under which it was produced and making 
correction for general disturbing influences, and then determining 
from appropriate criteria its probable freedom for error due to lack 
of spread. Recently I have found a way to attack this latter prob- 
lem without resorting to the second and more questionable assump- 
tion above cited. The method rests upon a theorem of Tchebycheff 
cited by Arne Fisher in his "Mathematical Theory of Probabili- 
ties," Vol. I, p. 108. 

After pointing out the practical uselessness of the much discussed 
most probable value of a series of trials of an experiment with a 
given probability (p), Mr. Fisher shows that the expected value in 
a series of, say s, trials under a constant probability (i. e., in a 
Bernoullian series) is sp. Using the notation R a t  e(x) is the ex- 
pected value in a series of trials of an event whose probability is 
@ (x) we may define the mean error of the series (x) by the equation 

,-'(~,) = z I ~:--e(~)I~g,(~:) .  

Tchebycheff's theorem then is: 

"The  probability that the absolute value of the difference 
Ix--e(x)l  does not exceed the mean error by a certain multiplier 
h (h > 1) is greater than 1 ~ (1/X -~)." 

If  we express this probability as PT we have 

1 
P ~  > 1 - - - - .  (1) 

I will not reproduce here the proof of this theorem which will be 
found in Mr. Fisher's book as already referred to. 

I t  can be readily shown that where the probability of x is p and 
the number of trials n then 

, (x)  _~ V,~pg 
18 
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and if the relative frequency x/n is under consideration 

~(±: n) --= ~P~- (2) 

If  we now choose a constant ~ ~ 1 such that ),e ~ / c p ;  P'r becomes 
the probability that Ix--e(x){ J> 7¢p, that is, the departure of the 
indicated probability from the true probability does not exceed a 
given percentage of the true probability. We are concerned, of 
course, with the relative rather than the absolute value of x. 

SubstStuting in h c ~  ~p the value of • in (2) and squaring we get 

from which 

h2Pq~p2, 

q - ( 3 )  n-.~--/~ P 

In this equation and (1) above we have set up the conditions 
which enable us to determine the number of trials necessary to give 
a probability indication of which we may say the probability exceeds 
a certain value that it is not more than a given percentage from the 
true value. I t  will be noted that n is fixed by three parameters, 
A determined from the value taken for P~,, k the permissible per- 
eentage of error, and p the true probability. The latter is the un- 
known in our work, but the experience indication may generally be 
used as an approximation thereto. 

The application of this theorem may be rapidly made to a wide 
range of conditions by the use of two simply constructed tables. 
Entering the first with P~, and k, which are the judgment constants 
defining the dependability of an indication, we take out A2/~% With 
this and the probability of the event we enter the second table and 
read off directly n the number of observations required. 

Appendix I gives the first table for a limited range of values of 
P'T and k and Appendix II gives the second table for a limited 
range of values of £2/7¢2 and q. I t  may be here noted that follow- 
ing the analogy of life-insurance work where p is taken as the 
probability of survival I have taken p to be the escape from acci- 
dental injury during the term and g the incurring of injury. As f 
is what we are interested in these tables are in terms of q. 

A comparison of (3) with equation (7), Proceedings, Vol. I, p. 
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26, shows that they are of the same form, the simpler ~, taking the 
place of x--~--lchnq. The general conclusions noted on page 27, 
therefore, still stand, but since the tabular solution of the problem 
is so simple and the construction of the tables also so easy, it is not 
necessary to give much consideration to such general statements of 
tendencies. 

The tables may also be used in a different way, which may prove 
of greater practical value, taking the problem from a slightly dif- 
ferent point.of view. Given a certain exposure and hazard indica- 
tion we may wish to know the probability that this is within a given 
percentage of the true value. Entering the second table with the 
indicated value of q and the known value of ~ we may read of the 
value of X2/lc 2 interpolating if the table is not sufficiently extensive. 
Using this and the percentage of accuracy whose probability is de- 
sired, we may read off from Table I the value of P r  the probability 
sought. 

The second use may prove of particular value in connection with 
the making of premiums to cover complex benefits for widely vary- 
ing hazards. Obviously the direct application of the theory can 
deal only with a simple hazard, 'but we may use the tames in the 
second way to judge the accuracy of the experience indication for 
the several kinds of benefits and make such correction as appears 
necessary in the total result, bearing in mind that deviation in ex- 
cess in one part may be offset by deviations in deficiency for the 
other part while our theory deals only with absolute values of 
departures. 

Throughout the above we have used the theory of probability 
without discussing its basic definitions. In general it has been 
assumed necessary in compensation work to express probabilities in 
terms of annual full-time workers, and then convert that result into 
terms ef payroll. I do not believe this is necessary. 

The fundamental definition of probabilit:y of an event is the ratio 
of conditions favorable ~o the occurrence to the totality of equally 
likely conditions governing the occurrence. 

In general we look upon this as limited to occurrence in the 
physical world, e. g., the drawing of a ball from an urn, the falling 
of a die with a particular face up, the death of a person, etc. If 
the fundamental conditions of the definition are adhered to there 
appears to be no reason why there should be strict limitation to 
physical events--why it is not rational to substitute some other 
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measure associated with the event for the event itself. For example, 
there seems to be no reason for concluding that the life companies 
are not justified in investigating mortality experience and con- 
structing a table therefrom on the basis of policies or amounts of 
insurance rather than lives. ~aving regarcl to practical business 
conditions there are marked advantages in so doing. 

The same principle would apply to compensation insurance, tak- 
ing, for example, death cases. Unless the terms of the compensa- 
tion act and variation in marital conditions of injured persons make 
it such that sharper distinctions should be recognized, there appears 
to be no impropriety in taking the amount of death claims rather 
than the number of deaths as the numerator of the probability frac- 
tion. Again, the denominator which expresses the total possibility 
has usually been taken as the number of persons exposed during 
the year from which the deaths are presumed to arise. There is 
nothing sacred about the year as the unit for the probability and 
we might equally well express our probabilities in terms of weeks 
or months or some other unit, as for example, unit of payroll ex- 
posure, and we might use as our probability a probability of death 
or a fixed monetary loss within the term during which a given 
am<)unt of payroll would be expended. I t  would thus seem that if 
we deal only with occurrences having approximately the same 
probability and cost we might be justified in treating the pure 
premiums for that element of benefit as its probability, or in erect- 
ing a probability which would compare the number of units of 
death loss, for example, with the corresponding number of similar 
units of payroll exposure. The probability might then be expressed 
as the proba'bility that 100 per cent. of the payroll unit would be 
required for compensation for fatal accidcnLs arising out of the 
expenditure of that unit. 

I t  would seem that the fundamental requirement of the defini- 
tion of equal likelihood of each condition entering into the denomi- 
nator would be violated if we did not confine ourselves in this work 
to hazards of a like nature and. of approximately like freqency of 
occurrence. 

The advantage of this treatment, if it is logical, as I believe it is, 
is that it avoids the necessity of arbitrary assumption or statistical 
investigations as to average wages by which we may pass from a 
probability expressed in terms of the individual into a rate based 
upon wages or payroll. We only require to determine the average 
compensation cost per occurrence of the type under consideration. 
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The theories presented above will probably be made more clear 
by a few illustrative examples. 

Let  us consider the medical cost in a low-rated group where the 
pure premium for medical and hospital service is about 5 cents or 
6 cents per $100 of payroll. Let  us take the average medical bill 
at  say $10. A pure premium of 5 cents or 6 cents per $100 means 
a probability of .0005 or .0006 that  a unit  of payroll exposure is 
required for medical cost. We may wish to know how large a vol- 
ume of data will be required in order that  we may say of the indi- 
cated value of the medical pure premium there is less than one 
chance in ten that  there is an error in i t  exceeding 10 per cent. of 
itself. Here P• is .9 and k is .10. Using Table I we find X2/k 2 is 
1,000. Then f rom Table I I  we find the number of units required 
if q is .0005 is 1,999,000 and if q is .0006 is 1,656,667. Since the 
u n i t  is $10 this means the payroll exposure required is between 
$16,000,000 and $20,000,000. 

Of course, this standard of accuracy is very high. Were we con- 
tent with a probability somewhat more than eight in 10 that the 
error did not exceed 10 per cent., we would find the value of X~/k 2 is 
500, and from Table I I  that  abou~ half the payroll exposure indi- 
cated above would be required. For a probability of more than 
nine in ten that the error does not exceed 20 per cent. £2/k2 equals 
250, whence we require about 50%000 units or $5,000,000 of payroll 
exposure. And if we are content with a probability of eight in ten 
that  the error does not exceed 20 per cent., the value of X~/k ~- be- 
comes 125 and we require but 250,000 units or $2,500,000 of pay- 
roll exposure. 

As another illustration we may take a death benefit which is as- 
sumed to cost on the average $3,000. With the pure premium in 
the same neighborhood, and with the same s~andards of accuracy 
we would have the same number of units required, but the unit 
would here be $3,000 or 300 times as much as in the other case, so 
that  for a probability greater than 90 per cent. that  the error 
doesn't exceed 10 per cent. we would require an exposure of 
$6,000,000,000. For the ease of a probability of more than 80 per 
cent. that  the error doesn't exceed 20 per cent. we would require 
an exposure of $150,000,000. 

Let  us take as a further example of the theory temporary disa- 
bility where the pure premium is about 20 cents per $100 of pay- 
roll and the a~.erage cost is say $50. Here the probability of total 
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loss of a unit of exposure is .20/100 or .002, and the unit  is $50. 
Let us take as our standard that  the probability shall exceed three 
in four (75 per cent.) that  the error in the indicated pure premium 
does not exceed 15 per cent. Here P r  is .75 and k is .15 f rom 
which by Table I A2/k".--~-177 and using this and q ~ .002 we get 
bY Table I I  that r~ is about 8,500 units. Since the unit  is $50 this 
means we must have $425,000 of payroll exposure to give us a pure 
premium indic~tdon of the desired dependability. 

We may illustrate the second application of these theories by 
using the following data from the returns of all companies on i~Ias- 
sachusetts Schedule Z, 1916, Pa r t  I I ,  courteously furnished by )lit. 
E. S. Cogswell of the Massachusetts Insurance Department. 

Classmcatlon. Actual 2,660. 

Total pay roll . . . .  $78,943,253 
Total incurred 

losses for death. 12,861 
Specific indemnity 14,596 
Perm. total . . . . . .  3,538 
Perm. partial . . . . .  7,646 
l~emporary . . . . . .  67,924 
Medical hospital. 45,961 

l>uro 
l~rem, 

per 
$100. 

.0163 

.0185 

.0045 

.0097 

.0860 

.0582 

2,222. 

$65,343,542 

26,412 
13,721 
10,048 
8,874 

166,543 
53,878 

Pure Pure 
P r e m .  Prem. 

per 2 28B. per 
$100. $100. 

~39,593,977 I 

.0404 7,091 .0179 

.0210 9,642 .0244 

.0154  4,000.0101 

.0136: 6,526 .0165 

.2549 60,829 .1536 

.0825 32,094 .0811 

Taking the permanent  partial  element of classification ~,660, for 
example, we may fairly assume $1,000 as the average cost per case. 
We then have 7.6 occurrences out of 78,943 exposures giving a 
prebability of .000097 or approximately .0001. We have to ex- 

TABLE I. 

V,kLUES OF t*~.Z/kZ.~'~ 

k c:~Iuals 

i 
_P~-. .05. 

.95 . . . . .  8,000 

.90 . . . . .  4,00.0 

.85 . . . . .  2,666 

.80..... 2,000 

.75 . . . . .  1,6o.0 

.70 . . . . .  1,333 

.65 . . . . .  1,143 

.60 . . . . .  1,0O0 

.55 . . . . .  888 

,10. 

2,000 
1,00.0 

666 
500 
400 
33~ 
286 
25.O 
222 

.15. 

888 
444 
296 
222 
177 
148 
127 
111 
98.8 

.20. 

500 
250 
166 
125 
100 
83 
71 
62.5 
55.6 

.25. 

320 
160 
107 
80 
64 
53 
46 
40. 
35 
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trapolate on line 10 of Table I I  to get the value of X2/k 2 which we 
can see will be very small, viz., about 8. Again this value of h2/k 0 
is not found in Table I but by using the formula we can see that  
the probability does not greatly exceed ½ that the indication is 
within 50 per cent. of the true indication. This seems to be in 
accord with what might be our subjective judgment on the problem. 

If  we assume the average temporary case to cost about $25 for 
temporary disability compensation, we have 2,717 occurrences in 
classification 2,660 out of 3,157,730 exposures. Our q is .0009 
nearly. Table I I  shows that ~2/k2 is slightly more than 3,000. 
(This value is not shown in the table but is easily seen by noting 
the value of p/q and dividing 3,157,730 by it.) Table I showed a 

TABLE IL 

VALUES O~ ~ . ~  

~21k2 1,000. 

.00001 

.00002 

.00003 

.00004 

.00005 

.00006 

.00007 

.00008 

.0O0O9 

.0001 

.0005 

.0010 

.0015 

.0020 

.0025 

.003 

.004 

.005 

.006 

.007 

.008 

.009 

.01 

.02 

.03 

.04 

.05 

.06 

.07 

.08 

.09 

.10 

A2lk~equals 

99,999 
49,999 
33,332 
24,999 
19,999 
16,665.66 
14,285 
12,499 
11,110.1 
9,999 
1,999 

999 . 
665.6 
499 
399 
332.:i 
249 
199 
165.6 
141.857 
124 
11O.ll 
99 
49 
32.3 
24 
19 
15.6 
13.28 
11.5 
10.1 
9.0 

800. 

99,999,000 
49,999,000 
33,332,333 
24,999,000 
19,999,000 
16,665,667 
14,284,714 
12,49%000 
11,110,111 
9,999,000 
1,99%000 

99%000 
665,667 
49%000 
39%000 
332,333 
249,000 
199,000 
165,667 
141,860- 
124,000 
110,111 
99,000 
49,000 
32,333 
24,000 
19,000 
15,667 
13,280 
11,500 
10,111 
9,000 

900. 

89,999,100 ' 
44,999,100; 
29,999,1001 
22,499,100 ] 
17,999,100 
14,999,100 i 
12,856,243 
11,249,100 
9,999,100 
8,999,100 
1,799,100 

899,100 
599,100 
449,100 
359,100 
299,100 
224,100 I 
179,100 
149,100 
127,671 i 
111,600 
99,1001 
89,100 I 
44,100, 
29,100 I 
21,600 i 
17,100 
14,100 I 
11,957 i 
10,350 
9,100 
8,100 i 

700. 

79,999,200 
39,999,200 : 
26,665,866 i 
19,999,200 
15,999,200! 
13,332,533 
11,427,771 
9,999,200 
8,888,089 
7,999,200 
1,599,200 

799,200 
532,534 
399,200 
319,200 
265,867 
199,200 
159,200 
132,533 
113,486 
99,200 
88,089 
79,200 
39,200 
25,867 
19,200 
15,200 
12,533 
10,629 
9,200 
8,087 
7,200 

600. 

69,999,300 
34,999,300 
23,332,633 
17,499,300 
13,999,300 
11,665,967 
9,999,300 
8,749,300 
7,777,078 
6,999,300 
1,399,300 

699,300 
465,967 
349,300 
279,300 
232,633 
174,300 
139,300 
115,967 
99,300 
86,800 
77,078 
69,300 
34,300 
22,633 
16,800 
13,300 
10,967 
9,300 
8,050 
7,078 
6,300 

q. .Plq. 

59,999,400 
29,999,400 
19,999,400 
14,999,400 
11,999,400 
9,999,400 
8,570,828 
7,499,400 
6,666,067 
5,999,400 
1,199,400 

599,400 
399,400 
299,400 
239,400 
199,400 
149,400 
119,400 
99,400 
85,114 
74,400 
66,087 
59,400 
29,400 
19,400 
14,400 
11,400 
9,400 
7,971 
6,900 
6,067 
5,400 
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.07 

.08 

.09 

.10 

q. p]q. h~/ku 500. 400. 

99,999 49,999,500 
49,999 24,999,500 
33,332 16,666,167 
24,999 12,499,500 
19,999 9,999,500 
16.665.66 8,332,833 
14,285 7,142,357 
12,499 6,249,500 
11,110.1 5,555,056 
9 ,999  4,999,500 
1,999 999,500 

999 499,500 
665.6 332,833 
499 249,500 
399 199,500 
332.3 166,167 
249 124,500 
199 99,500 
165.6 82,833 
141.857 70,929 
124 62,000 
ii0.I 55,056 
99 49,500 
49 24,500 
32.3 16,167 
24 12,000 
19 9,500 
15.6 7,833 
13.286 6,643 
11.5 5,750 
I0.I 5,056 
9 4,500 

139,999,600 
119,999,600 
113,332,933 

9,999,600 
7,999,600 
6,666,267 
5,713,886 
4,999,600 
4,444,044 
3,999,600 

799,600 
399,600 
266,267 
199,600 
159,600 
132,933 
99,600 
79,600 
66,267 
56,743 
49,600 
44,044 
39,600 
19,600 

800. 

29,999,700 
14,999,700 
9,999,700 
7,499,700 
5,999,700 
4,999,700 
4,285,414 
3,749,700 
3,333,033 
2,999,700 

599,700 
299,700 
199,700 
149,700 
119,700 
99,700 
74,700 
59,700 
49,7001 
42,557 I 
37,200 
33,033 
29,7001 

200. 

19,999,800 
9,999,800 
6,666,467 
4,999,800 
3,999,800 
3,333,133 
2,856,943 
2,499,800 
2,222,022 
1,999,800 

399,800 
199,800 
133,133 
99,800 
79,800 
66,467 
49,800 
39,800 
33,133 
28,371 
24,800 
22,022 
19,800 

lO9. 

9,999,900 
4,999,9130 
3,333,233 
2,499,900 
1,999,900 
1,666,567 
1,428,471 
1,249,900 
1,111,011 

999,900 
199,900 
99,900 
66,567 
49,900 
39,900 
33,233 
24,900 
19,900 
16,567 
14,186 
12,400 
11,011 
9,900 

14,7001 
12,933 9,700 I 
9,600 7,200 ' 
7,600 5,700! 
6,267 4,700 
5,314 3,986 
4,600 3,450 
4,044 3,033 ! 
3,600 2,700 

9,800 4,900 
6,467 3,233 
4,800 2,400 
3,800 1,900 
3,133 1,567 
2,657 1,329 
2,300 1,150 
2,022 1,011 
1,800 900 

very high probability that the indication is not in error 5 ~er cent. 
on account of the influence of chance. 

The medical will be found to have about as high accuracy. 
Taking the specific indemnity element and remembering the ~as :  

sachusetts provision we may perhaps take $200 as a fair round figure 
per case. This gives us approximately 400,000 exposures with 73 
occurrences, q ~ . 0 0 0 3  nearly. Table I I  shows X~/k 2 is approxi- 
mately 100. And from Table I we may say the probability exceeds 
75 per cent. there is not a 20 per cent. error in the result, that it  
exceeds 85 per cent. there is not a 25 per cent. error, but it only 
exceeds about 57 per cent. that there is not an error of 15 per cent. 

Other examples may be worked out at will. I believe a careful 
use of this criterion will be of great value in analyzing data to be 
used in rate-making. A little practice with the Tables will develop 
great rapidiW in their use. The construction of the Tables is very 
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simple and they may, therefore, easily be extended to cover a wider 
range or proceed by narrower graduations. 

Although the above theorem has been presented primarily with a 
view to its application to workmen's compensation rate-making, 
there seems to be no reason why it may not be equally applicable to 
similar problems in personal accident insurance, fire insurance and 
elsewhere, and indeed, I am not sure that it may not be possible/o 
develop in this way methods by which the data at different ages 
might be appropriately weighted preliminary to the graduation of 
a mortality table. 


