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I. Introduction

An important fact brought inco sharp focus by the papers submitted
to last year's program is that a healthy insurance enterprise not
only must produce adequate earnings but must do so steadily and
predictably. That is to say: che risks that confront the enter-
prise must be tightly controlled. Management must Steer a course
nindful not only of reasonable expectacions but also of unforeseen
deviations therefrom. This is true of the insurance encerprise

in particular because of the urgent character of its obligations

to policyholders who have suffered insured losses.

Last year's contributors also made clear that the risks inhereat
in the operation of the insurance enterprise cannot be isolated
or sequestered: every source of financial uncertainty either in the
environment or internal to the enterprise inevicably impinges on
1ts abilicy to make that essential transaction - the loss payment.
One of the most consplcuous areas where control of financial risk
is essenctial is in che pricing of che business. It is misleading
to think - let alone say - thar the actuary can exert detailed
control of the pricing process by prescribing and enforcing a
static, cost-plus formula. The keyword here is "process'.
Pricing is a dialectical process engaging the potential insurer
and insured within cthe market environment. Neither participant
in the process can count on having complete control. Much that

passes under the name of "pricing" is what engineers call "costing”
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and provides the insurer with the indispensable knowledge of the
region in which to break off negotiacion: between the economist's

"break-even'" and "shutdown" points. Successful pricing involves
using the results of the costing formulas with art and judgment
to anticipate the condition of the marker. This is the first
source of risk which the enterprise must face: that of misjudging

the market and rushing in at a price at which too litrle (or too

much) can be sold.

A second source of risk is that involved {n estimating the aggre-
gate cost of benefits which have been purchased in the market.
Minimizing this risk is the chief endeavor of the pricing accuary.
His chief ally is the law of large numbers; his chief foe is the
pagssage of time: the time it takes for data to reach him and the
time that elapses between his calculation and the losses it

purports to forecast.

A third source of risk arises from a unique characteristic of

insurance: the true ultimate meaning of the insurer's contractual
obligation is as varied as the insureds themselves: no two alike.
This is the joint domain of actuary and underwriter and this risk
of inhomogeneiry within the aggregate is artacked by such devices
as classification ratemaking and experience rating, and, after all

other bolts are shot, underwriting Judgment. Since the underwricing
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decision is essentially yes/mo, it is less risky to the extent

that the actuary can propose a price that is graduated to be
appropriate to the individual applicant. That is to say, as we

all know, the underwriter is on the razor's edge and needs all

the help he can get in deciding whether or not to expose the
insurer's assets to risk. It is on this problem of resolving the
inhomogeneity of the actuarial aggregare, in a way that minimizes
the insurer's financial risk, that we shall concentrate in this
paper: the problem of credibility. We have been careful in setting
the stage because we shall follow che same course mathematically

as we have conceptually: we shall define the problem in a way that
leaves it distincr, as much as possible, from the other grear
problems of market strategy and aggregate valuation and forecasting.
On the other hand we shall argue strenuously that credibiliry in
classificarion ratemaking and credibility in individual risk racing
are essentially the same problem on different scales, differing
only in the relative importance of small sample corrections, and
are not discinct fields of sctudy as tradirional actuarial practice

would lead us to suppose.

This program will not lead us to present new work oa credibilicy
or even the most advanced. Our emphasis will be on simplicities
rather than complexities, on the robust rather than the ethereal.

For example it will be emphasized chat it is more important for a
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credibilicy scheme to be well tuned -~ adjusted to minimize
practical risk - than that it should embody a sophiscticated
model with the most general assumptrions. And we shall spend
significant space discussing the estimation problem for the
parameters of the credibility model. Further we shall restrict
ourselves to quadratic risk: that is, we shall consistently
characterize risk in terms of the second moments of the
financial variables. This is time-honored practice in risk
theory, and we adopt it here on the premise that it is better to
have a primitive definition that one can work with than to waste

time and effort refining it to something unworkable.

We shall attempt to focus attention on the conceptual streams
which feed into current practical work on credibility, particularly
that going forward at I.S.0. These two converging streams are

that iniriaced by Biilhmann and Straub in their landmark 1972

paper (1), which established the requirements for practical appli-
cation of Bayesian Credibility, and that began by Charles Stein

in his work on estimates with minimal quadracic loss (2).

In a concluding section we shall examine the benefits which flow
from a credibility program tuned and managed for optimal risk
control. In particular we shall see the Llmplications for markert

strategy, soclal responsibility, and financial management.
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Finally, in a series of technical appendices, we review a number
of simple stochastic models for the loss ratios of a class of
individual risks (or a group of classes). We show how these
models all lead to a simple model for the covariance structure
of the loss ratios over time and how this covariance model leads
naturally to the familiar credibility formula as a predictor of
future loss ratios. A final appendix shows an applicacion of a

simplified model to numerical data.
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I1I. Decomposing che Chain of Risks
In che introduction we identified the scurces of risk in the
pricing process and declared that these can be dealt with
geparately. This is a declaration of hope because these risks
are dealt with separately in practice. Indeed, the structure
of the pricing process makes such separate treatment almost a
practical necessity. Market risk is dealt with at the executive
levels of underwriting, marketing, and financlal management using
as input knowledge of market conditions, aggregate loss costs,
and administrative expenses. These deliberations can be knocked

badly askew if aggregate loss cost projections are inaccurate.

These projections, in turn, are of diminished utility {f the means
of dealing with inhomogeneity in the aggregates are inadequate.
This is particularly true in a competitive environment where :he.
insurer's competitors are using accurate class rates and experience
rating plans to reach pricing and underwriting decisions. 1In such
a situation a company with a crude pricing apparatus will find

that its aggregates are in fact unstable, with better business

leaving and worse business coming in.

Thus we sea that each level of the pricing process depends on the
adequacy of risk control at the next, more detailed level. The
question confronting us on the technical plane is whether or not

these levels can be modeled independently:
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Can the computation and trending of the aggregate be carried
out without regard to its composition in terms of clagsses and
in such a way that classification relativities can be defined

free of secular trend?

Can the rate for a particular classification be further split
by an individual experience model utilizing only information

pertaining to that classificarion?

The first question can be answered in the affirmacive if we give
due consideration to two issues: firsc, the obvious problem
encountered in tracking any aggregate chrough time, that of shifrs
in the makeup of the insured population by class; second, the
rather more arcane problem that arises because the aggregate from
which we split the classification relarivities is not exactly

known but is subject to sampling uncertainties.

The problem of shifting risk populations can be dealt with by a
method familiar to demographics: define or project a standard

risk population and restate historical aggregates in terms of irt.
Once this is done, there is an extensive repertoire of trending
models that can be applied to the adjusted numbers - pure premiums
are the most likely candidates for such treatment. Not to get too
far from our main thrust, we should remark that the ubiquitous
least squares trend line 1s neither the simplest nor - it is likely

- the most robust of these models. The process has twin but
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complemenctary goals: to achieve an accurate projection of aggregate
rate level and to allow classification relativities to be treated
as a bundle of stationary time series, that is, to allow the
problem of assigning relativities to be detached from that of

projecring secular movements.

The more arcane problem; that the relativities will be based on
aggregate numbers which are themselves uncertain, will be addressed

in succeeding seccions.

The second question, whether individual risk relativities can be
split reasonably from the classification relativities, is somewhat
more subtle and elusive. Classification rates are dependent on
objective characteristics of the individual risks. The information
used is limited to what can be recorded economicaliy and more or
less reliably. The most efficient use of this information is a
matter beyond the scope of this paper. But there can be no dispute
that, no macter how efficiently classification variables are
utilized, a residuum of useful information will remain in the form
of individual risk experience records. It has long been

recognized that this information can be ucilized to refine the
pricing of individual contracts. How to do thig most efficiently
and, indeed, how to define efficiency in this situation is one of
our principal topics. Some difficult problems make this task less
than straighrforward. One of the hardest is how to define and
establish the identity of an individual risk whose characteristics
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may be changing over time. We shall have more to say about this

later.

We have advanced about as far as we can using words only. In the

next section we shall invoke a particular stochastic model to

illustrate our previous remarks.

- 125 -



III. A Stochastic Model for Credibility

Without attempting to sertle all the quescions raised in the last
section, we shall propose here a simple and plausible covariance
model for the behavior of individual risk relativities within a
given class. Assuming stationaricy and a stable covariance struc-
ture, we shall arrive at a best linear unbiased estimator for the
individual relativity, in terms of past experience, presuming a
known aggregate value. The model has a classification structure
also. and the best method for computing class rates and assigning

credibility emerge from the model as well.

A. Variables and Notations

For the sake of concreteness we shall couch the model in terms
of loss ratios. This allows closer comparison with the
pioneering work of Buhlmann and Straub. The loss ratio is
also a recognized index of equity, and the goal of most
experience rating plans is to equalize loss ratios - properly

defined - across all insureds, insofar as possible.

The variable of interest, thenm, we shall denote as
-~
PRI

the loss ratio for the a-th risk in class, A, during period,

t. The superposed tilde denotes treatment as a random
variable. For convenience, the time label, t, will be

reckoned backwards, and we shall atrempt to forecast experience

in period, O.
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The only assumptions we shall need to chqracterize the variable
for our purposes apply to the first two moments:
E[ Zpte)] = £, w

E[ (Ent-E) Fu0 )] S [+ 2] )
The first condition is the global expectation, without reference
to class membership or individual experience records. The
notation, é&i , 13 the Kronecker delta which is unity if the
indices mactch, zero otherwise. The parameter, K, measures the
homogeneity of the entire aggregate; f(g measures the homo-
geneity of the particular class, A. The quancity, UVQ‘(f) ’
measures the relative statistical weight of individual risk
experience, thus characterizing the size of the risk. For
practical purposes, we may take it to be the individual risk
premium computed at the aggregate rare before classificacion
and experience rating. Statistical research with coplous and
accurate data might yield a better choice, but experience
teaches not to hold one's breath but to proceed as best one

can.

Credibility Estimator

The next step in our conceptual process is to propose an Ansatz
for the form of the best estimator for predicting individual
risk experience in time period, zero. This estimator should
be:

1) 1linear in the aggregate and experience variables,

2) confined to experience within the class (since we

have assumed a fixed, known aggregate),
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3) unbiased, as our method of comstruction will ensure.

These requirements lead to the Ansatz,

R l0-F = ZA:'(»&)(&M(U—'E) + El0), &
»

where é;.(b) is a random variable expressing the residual
variation after our attempt ac predicrion. It is this
variation that we wish to minimize in some sense by seeking
an optimal form of the coefficients, A.
How best to go about this requires some thought. We might
follow Mayerson's approach in his famous paper on B;yesian
credibility (3) and minimize E[ gﬂn(o)’ﬂ . This
optimizes individual equity. More imporctant than individual
equity, however, 1s the insurer's aggregate risk in this
class of business since the security of all policyholders
depends in part on the control of this risk. This would lead
us to seek a solution minimizing E[@ W4£°)E,£°))7. If there
were indeed a conflict,we should have to choose the lacter.
The marvelous fact is that no conflict exlsts: the individual
equity solution also minimizes the aggregate risk, as we shall

demonstrate in Appendix B.

Let us now compute the expectation of the squared individual

risk residual. In our abbreviated notation am asterisk denotes
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summation on the indicated index.

SN 4)
Rae HEL G ] = & 4L 45 (

- 2 ~ 2 Al L ()« )
+ G v A 22 (4l Z""?‘)) #2214, (Alter-ZA0)

The extra terms with Lagrangian coefficients, ﬂ and My
are added to enforce the sum constraints while treating che
starred objects as independent variables. This model is

solved in Appendix B. Here we merely gtate the solution:

. ) _kndult)
A = 8 Zu9 + (-20) 5,

where Z (’é) = ——Pl‘:—(—é)— . (g-)
As K + W 8
This leads to the prediction,

D o) =(/—ZM(-)){ (1- —=22— Ko La®) Z+ M

K +Ka Zgu™) Ktkn Z, .(J)

+ T 20T + Enle) (¢)

The above is a beautiful result whkich should gladden the hearts
of a1l actuaries. What it tells us is chat, in the contexc
of our covariance model, credibilities can be nested at
different levels of aggregation, providing only that the

aggregation is carried out properly.
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Within this bristling expression, ve may identify:

the parcial credibili:ies.z:‘@j)applying to the

experience of risk, Aa, in period, t,

their complement, {/~ Zp.(0 )’ applying to the

class aggregate,

the experience estimate of the class aggregate,

Aa ”~
AR

Za?') &,z
Ka Ly, (%)
and {ts credibilivy, _—ﬁ_ﬁ'_.—) relative to the
K41y 2, (%)

global aggregate,

All this falls out of the model and a simple Ansatz with

no need for approximation.

This nested structure, with its easy identificacion and
separation of individual and aggregate elements, is the
structure that has always been assumed in actuarial practice.
It is gratifying to know that it also has an appealing
axiomatic justificacion in the context of risk and estimation
theory. One loose end remains, however: the parameters K

and Kp, one for che aggregate, one for each classificacion

in the scheme. These must be estimated from the data available
and this considerable problem will occupy us in the next
section. Before embarking on this project, however, let us

consider some stralghtforward extensions of our model.
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Extensions of the basic Model
It is fairly easy to compute the consequences of relaxing the
assumption that the aggregate loss ratio, E , 1s known and

fixed. Doing so, we are led to the predictive relationship,
Aa ~ -4
Haulo) = Z Ry () 2, () + Zn.(”)/
et
with the bias constraint,
Aa
C4 _
A =1
Note that rhe sum now extends outside the class, A, Also,
the global mean, F/ does not appear: the model tells us how
to compute it from the experience data. The resulc is iden-
tical to equation (6), except that where Z appears in (6)

we have now

T )

T 5%
L e ke T
S ik Zon®

Another natural extension of che model is to take into account
the problem raised in the last section: that cthe identiey of
an individual risk changes as time elapses and that the rele-
vance of experience decays with age. Let us suppose that
this decay is exponential in time. The indicated covariance

model becomes

See “Alt-+]
E[R -2 -] - Sl £ +5.05 * i)}

a>o0.
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This model is much more difficult to solve (and to apply iIn
practice) than the model of equacion (l). At this wricing,
the general solution 1s not available. We can, however,
exhibit the partial credibilities in a simple, one-class model

using two periods of data:

oy - WO 520-8)]
A+WO[1+ %2045 + W)

L{)= 6*W(2)
A W(/)f/ + %’(/—y)} +Weay

where

L-e".

This form is less than appealing, but not out of the question
in a computerized experience rating system. The form becomes
progressively more complex as more periods of data are intro-
duced. It is seen rthat, as L-’]_ these expressions approach

the more familiar partial credibilities defined with equation

().
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IV. Estimation
As we have remarked, our basic model, with the linear Ansarz,
prescribes the form of the credibilities at all levels of
aggregation and even tells us how to compute the most efficient
linear estimaces of the aggregates at each level. (Our results
apply to a simple, cellular scheme of classificarion. More
complex schemes, involving several class differentials, require
separate study.) We have, however, to estimate the homogeneity
paramecters, and our preferred forms make thar task singularly
awkward. Regardless of difficulries, this task of estimation
cannot be bypassed. Reliance on judgment produces an untuned
credibility scheme that can do more harm than good. The admin-
istration of an experience rating plan is two expensive and time
consuming to leave its risk-control aspect out of reckoning since

it is just chis chat justifies the trouble and expense.

In this section we shall discuss several aspects of the estimation
problem, starting with the algebraic estimation scheme of

Bihlmann and Straub. We shall then discuss a more elementary
approach: that of non-linear estimation by searching on the param
eter space. We shall then conclude with some brief remarks on
alternative estimation schemes associated with che name of the

statistician, Charles Stein.

A. Algebraic Estimation

We use the term algebraic estimation to denote the use of

statistics which can be computed directly and combined te
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vield a solurion for the parameter in question. Following
the mecthod of Buhlmann and Straub in their 1972 paper (1),
we may define the statistiecs, for our model defined in equa-

tion (1) of Seccrion II,

S0 = Z W) Faet) - X1

and . _ N
Z Wauld) [ Zaelt) = ¥ ]
with
X, = W, )%, &)
/KM(’) = [/V‘“(J) ez Az Aa )
d ~
- gl = Z 0a [6) Zaa(4),

(-')
for each class, A, and the global statistics,

-T‘“) = Z gf) ’
T S W@ Taut) -Tu)]
Aat
Using the defining equacion of the model, we find,
EISP) = o M -2 + 2 (W) 3
E [ S;l? J & Jr Was =) ZT/ :EE ( “Ja-?;L> ;]

Wae () \2
+UA1(’) -2 4 2( w:.(r))

E[T"] - S e[,
E[T] - {22 - 36GER)
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The important thing to noctice about this system of expressions
is that ic can be solved for the K4'S and K in terms of che
expectations and the exposures and risk counts (the N's).
Replacing the expectations by the actual sums of squares then
gives asymptotically unbiased estimators for che parameters,

K and K g , (all A).

For ease of computation, these estimators are unmarched.

Thev do, however, possess some drawbacks. First, estimarion

of the K's involves taking ratios of sums of squares, and
small sample bias may be substantial. This problem can be
circumvented only by introducing a hypochesis for the detailed
form of cthe distributions - something we would rather avoid.
Second, the estimation scheme involves computing the aggregates
in a way we have already seen to be suboptimal. Third, and
most important from a practical viewpoint, the solution for

the K's involves taking the difference of sums of squares with

appropriate (positive) coefficients. This can, and sometimes

ot c*
does, lead to a negative estimate for TET. ovr TE:— , as

should never be since these are components of variances and
must be positive to make sense. One recourse, in such a sic-
uation is just to set 7?f to zero (K=~» o©), a solution
corresponding to perfect homogeneity. Considering the extreme
ease of computation in this scheme, along with the counter-
vailing drawbacks, it seems sensible, in the age of the
electronic computing machine, to use these estimates as

starting values in a more accurate iterative scheme. This
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brings us to our next topic.

Non-linear Estimation

On chis subject, there 1is always much less to be said than

to be done. This is the brute force method for estimatring
non-linear models when short cuts prove unacceptable. Given

a model for the individual risk residuals, the method is
applied in two stages: first define a loss funccrion, usually

a linear combination of the squared residuals, which we wish
to minimize: second, vary the paramerers of the model,
folloving an efficient search algorichm, until no furcther
improvement in the loss function can be achieved. Both stages
are fraught wich difficulcy, and a discussion of search
algorithms is entirely beyond the scope of this paper. Although
refinements are possible, and perhaps desirable, a choice for

the loss function of the form,

Z = St E, (10

~
will usually serve. (Here K refers to estimated values of K
and all che K, , one for each class.) For the purpose of

-~

evaluating the efficiency of the model, 2{ may be compared

t Z = 2 Wat) (T -2

-
where E 1s the assumed aggregate value or the estimated

value defined in Section ITII-C. The efficiency can be defined

i £= /—/v—:/-/ %),
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where N is the number of risks and n is the number of classes.
Small sample corrections have been applied to account for the
number of parameters (K's) that must be estimated. If the

A
estimated value, Z'}is used, it is preferable to minimize

Z/2,

If there are many classes in the model, it may be desirable

to minimize in stages, guessing at the aggregates, optimizing
K 4 within each class, combining these results to find a
value of K, recomputing the azgregaces, and iterating uncil
the loss funcrion ceases to improve. Such an approach was
suggested by Morris and Van Slyke in their recent paper. It
is impossible to specify more detail outside a practical
situation, but a simplified treatment using data from Bihimann

and Straub's 1972 paper is described in Appendix C.

Stein Estimarors and Small Sample Corrections

In recent years, some very lnteresting developments have

taken place in the staristical community which have an
important bearing on actuarial credibility concepts. We refer
to work in estimation theory initiated by Charles Stein ( 2 ).
There is not space for thorough discussion, but the basis of
these estimation techniques lies in shrinking the individually
estimated means for an inhomogeneous ensemble toward some prior
estimate or guess at the true means. The shrinkage factor
varies according to the expected variance of the individual

member and is chosen to minimize a quadratic loss function
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summarizing the deviations of the entire ensemble.

If all this sounds familiar, it is no wonder. If the center

of the shrinkage is taken to be an estimate of the common
aggregate mean, the procedure satisfies the definition of an
actuarial credibillty technique. Further the explicic goal

of the estimation, minimization of quadratic loss, is identical
to the goals of Bayesian credibility analysis. TIndeed, a
recent paper under review by the adventurous and innovative
Subcommittee on Credibility at ISO, treats a scheme nearly
identical to that proposed in Section III of the present work.
The paper is that of Morris and Van Slyke (4), and their

formal results are identical to ours except that the indlvidual

risk credibility turns out to have the form,
n-3 K
;Z?’n = / - 15 K+Wa_

where n is the number of risks in the sample. As n becomes

large, this approaches the usual Bayesian result. The disturb-
ing point is that the small-sample correction is not detivable

from their formalism, but must be Introduced freehand, mainly to
compensate bias introduced due to the use of maximum likelihood

estimation assuming normal distributions.

It is interesting to compare with the Bayes-Mayerson formula-
tion that we used in Section I11. 1In this paper we let the
minimal risk condition dictate the computation of aggregates,
and the small-sample corrections did not appear. 1If, on the

other hand, we had used straight premium weighting, as in the
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Buhlmann Straub procedure, the model would have bristled with
small-sample corrections of the clumsiest sort. Thesc corrections
are eliminated because they are built into the aggrecgates which
are not fixed but slide around as the homogeneity parameters

are varied. Since Morris and Van Slyke compute their aggregates
in the same way, their small-sample correction must arise
entirely from the method of estimation. Their method of
maximum likelihood assuming normal distributions imposes a

level of hypothesis which one would like to avoid in insurance
statistics, if at all possible. It seems that a quest is in
order for a method of estimation which does not have these
drawbacks. We propose the method advanced carlier in this

section as a possible candidate, deserving more study.
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V. Conclusion
In conclusion, we shall review our main points, remark on some
connections with financial theory, and close with a brief discussion

on the systematics of practical use of these ideas.

Some of the lessons we have learned deserve underlining:

- A credibility scheme for pricing that is well-tuned for
risk control can have significant impact on the marketing,
underwricing, and financial aspects of an insurance busi-
ness, on marketing through improved individual equity, on
underwriting by allowing greater flexibility in the choice
of insured and more rational review of individual risk
experience, on financial by decreasing uncertainty in
underwriting resulcs consequently allowing more lucrative

employment of the investment portfolio.

- An uncuned credibilicy scheme cannot be expecred to do any
of these things optimally, or even reliably. In particular,
the "classical” clalw count credibiliry used in classifica-
tion racemaking is very rigid and difficult to tune and

poorly adapted to risk control requirements.

- A credibility scheme cannot be expected to follow trends
accurately, nor to prescribe the most efficient system of
classification. These must be treated separately, though
the credibility scheme may produce technical corrections

to the global and class aggregates.
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- Our proposed model, extended to estimate the overall aggre-
gate corrections, dictatesthe splitting out of relativicies
from the top to the bottom of the process, including class
credibilities, and has the convenient nested structure

always assumed in class and experience rating.

- Although the question of estimation is far from sectled.
The recent work of Morris and Van Slyke shows that it is
possible, by an iteracive scheme, to go beyond the limita-
tions of the Buhlmann-Straub estimators. Extensive lore
on non-linear estimation techniques is available as a gulde

in such work.

- A greac deal of credit is due to the ISO Subcommittee for

bringing these ideas close to practical applicacion.

It is perhaps enlightening to examine our results in the light of
some aspects of financial theory which came to the fore in last
year's call paper program. In his prize-winning paper, (5), Robert
Butsic brought forward the distinction between systematic and
non-systematic risk: non-systemacic risk is subject to the law

of large numbers and can be reduced, relatively, by increasing
the book of business; systematic risk camnnot. The significance

of this distinction to pricing is that an insurer can load its
rates to cushion against systematic risk since it affects

companies of all sizes in the same way. In a market with efficient
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price comperition, however, ir is not possible to load rates
against non-systematic risk since smaller companies will price
themselves out of the market. Inspection of the covariance
assumptions of our model shows that it combines both elements:
inhomogeneity i1s a key element of systematic risk, and credibili-
ty theory {s aimed directly at controlling it. The lesson is
clear: well-tuned pricing credibilities can give a company a

real market advantage by allowing it to run gafely on slimmer
marging. The result is a more financially efficient operarion

from which all parties benefit.

Some final clarificarions are due on how such ideas can be put
intc practice. We shall draw a broad outline, omitting - unfor-
tunately but necessarily - some important questions of detail

regarding data consistency and other matters.

First, tuning a credibility scheme requires data; where are they
to come from? The answer 1s that companies and bureaus are awash
in such data. The main problem is that they throw it away too
soon - before rhe feedback loop is complete. A proper credibili-
ty scheme for ratemaking and individual risk pricing must be an

information system and not just a set of assumptions, however apt.

A complete feedback loop implies correlation of premium and loss
data oun the individual risk level. This 1s done in the gperation

of all experience rating plans. However, these data must also be
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kept around for tuning the model for the next rating cycle and
testing the stability of the optimal parameter values. Such
tuning will yield aggregate corrections, class relativicies, and
a simple experience rating formula, using the K, tabulated for
each class, A, in which all complications are kept behind the

scenes and away from the rating clerk's desk.

I wish to thank my colleague Glenn evers for keepine me up to
date on happenings ar ISO and developments in the literature.

Special thanks go to Barbara Dudman for typing the manuscript.
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Appendix

A: Detailed Stochastic Models

Bayeslian models are usually presented in terms of underlying

variables, which can be
inference. We have not
leads to the covariance
and there is no need to
illustrate this we show

plicative which lead to

1. Additive Model

observed only indirectly through Bayesian
done so here because a variety of models
structure which determines the credibilicies,
comeit oneself to a particular model. To
two simple models, one additive, one multi-

the same structure.

Let %‘.(f) = E + ?‘ + qu‘ + i‘;.({:) , where

-f is the aggregate

mean;

~
E“ 1s the systematic departure of class A's experience from

the aggregate.

~
'14. is the departure of risk a's experience frum the mean

of class, A.

KA‘(é) is the random fluctuation producing risk a's actual

experience in period, .

The random variables | E} ij} j’ N have unconditional

mean, zero, and are mutually independent. Their covariance

struccure is

E[ ?A 2;,]" %’-Sﬂs) E[’Ee.?&s =%l&ggal.,

E[ jﬂ‘(ﬂ j:BA(“

G—!
D=3y Swbabe.
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These assumptions lead to
~ 2 —_— _'_ ,EE!—-
€ I._(xhn “"ZX":L’“)'Z’)] = GS“B [ K * g“l’ ( Kn ¢ Wn(q> y

our model from Section III.

Multiplicarive Model

Let us apply exactly the same symbols and assumptions to a

different model,
%ac (t) = FUAE)(47a)(1+ T,,0)
The same covariance for this model is
2 ! SN &ty Sta
N (I-o-—-— —-+( ——)_.
o £ g’*"{ K AN )[Ka e W]/
This has the same algebrailc structure as the additive model

and, after redefinition of the parameters, will lead to the

same credibility formula.
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Appendix B: Solution of Least-Squares Conditions
Our purpose here is co record calculations too involved to include
in the main text: the derivacion of our chief result, equations
(5, 6) of Section III and the proof of our assertion of harmony

between individual equity and aggregate risk control.

1. Derivation of Credibility Formula

Requiring the risk function, Rpa » of Secrion III, equation
(4) to be stationmary to variations of the coefficients, A,

leads to the equationms,

-%'/q:.(”)—-—'l(- -‘-ﬂzol (')
LA Sw A+ =0,  G)
Ka Ka

I

(3)
W,,({)A - - .

Solutrion:
B)— ALw® = puWald)
C)LB)—> AYw = S +Ka (A1) = ps War(¥) ;

whence _ S:!L /(4 q
M = Ko+ Vaa(® Ka+Wott)

and

At = 8., Z, 0 + K2 Zu@), (1)

where Mq(t) .
Zalt) = W)

(1) & (4)—> ,q ‘“y = /= #A4 = Za. (,)4.(4/?2;,.()
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whence j

H

[
! - *) ——<—7
( Znﬁ G 4/4/(42,,,(*).
which on substitution into (&) gives

2= 5 Zea (0 4 (1-Z0.) 22

KKy 2,07 -

This is equation (5) of Section III, which, wich equation (3)

of that section gives equation (6), the desired resulr.

Harmony of Equity and Aggregate Risk Conmtrol

Our assertion in the main text was that
~’ 2 .
[E-[j(:gg V\AQA (0) EiAa (02) :]

is minimized by the same solution which minimizes
~ 1
Ef &™)
7
so that there is no conflict between the two. This would be
obvious except that these model residuals involve the same

individual risk records thraugh the classification aggregpates

and are not manifestly independent.

To proceed, we first define .
ﬁ:(*) = S W, (DA, ('l’),
so that the aggregate residual is
Z W 8O = 7 N e(303)
* RS- HOIE MLE )

and the expectation of its square {s
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6'":{ L Waa @+ L Was () + Wy (0) = W, IR - EZ VA
— 2 = A A2
“g Ay L F A Zak Al
+ 2A (Al - SAI)
)
+ 22M (AN ~ZAw),

giving the equations,

Al = M, Wa®)
Altx) = ng o) + Kaln—m,)
Al = W) — kA

These can be solved by the same steps used earlier in this

appendix, using the sum constraints; the resulr is

q KaZ,
Al(e) = Was O Z,08) + Z WaI(1-Z9) zz;';—'},) ,

which is easily recognized as

LA

where the A is the solution derived earlier for the individual

risk problem.
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Appendix C: Estimation of Single Class Model with Data
It is desirable to test our model against data; however, data are
hard to come by. We shall content ourselves by working with the
tabulation presented i{n (l). This is a set of reinsurance data,
gross premiums and excess logs ratios on a uniform, 'as~if' basis.

We present these in the following table:

Treaty/Year: 4 3 2 1 0

1 w= 5. 6. 8. 10. 12.
x= 0.0 0.0 4.2 0.0 7.7

2 w= 14, 14. 13. 11. 10.
x= 11.3 25.0 18.5 14.3 30.0

3 w= 18. 20. 23. 25. 27.
x= 8.0 1.9 7.0 3.1 5.2

4 w= 20. 22. 25. 29. 35.
x= 5.4 5.9 7.1 3.1 5.2

5 w= 21. 24. 28. 34, 42.
x= 9.7 8.9 6.7 10.3 1.1

6 w= 43. 47. 53. 61. 70.
x= 9.7 14.5 10.8 12.0 13.1

7 w= 0. 77. 85. 92. 100.
x= 9.0 9.6 8.7 11.7 7.C

In the above table, w srands for the premium and is used as a

statistical weight, while x stands for excess loss ratio (in percents).

We have used the data from years 4 through 1 to predict experience
in year zero. The collective consists of a single class and our

wodel 1is

L) = 2 ZJORw + (-2 F+ B0,

tm
AO) . . S
Z.(*) = e [~Zu) = KW, 7

A ‘ vy
= = ROPA
7 Z’M?ZWZ() ).
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The asterisk denotes summation on treaty, a=i, 7, or on year,
t =1, 4.
The model has a single parameter, K. Its structure, however,
A
involving the aggregate estimator, E , 1is too complex for the
non-linear fitting modules of most statistical software packages.
In this instance, though, ir was a simple matter to construct a
Fortran program to scan across prescribed parameter values and
wricte out the value of the loss function,
A~ ~ 2
L= W
Ae17

and other sctatistics.

The results are shown in Exhibit 1 and are somewhat surprising.
Buhlmann and S$traub, using their algebraic estimators, arrived at
a value, Kpg = /7.3 . Optimizing the loss funccion in our wmodel
gives a value, A= 0./, or, essentially, zero. This is the same
as saying that the members of the collective are so diverse that
the aggregate information 13 of no use, and each Insured is rate
should be determined from his experience alone. Statistically,
the Bihlmann-Straub result is not much different £rom this since
17.3 18 a good deal smaller than the cumulative premium on any
one treaty. Unfortunately, the collective is very small, and any

estimate will be highly uncertain.
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Exhibic 1

Ficcing of Single Class Model

Parameter, Loss Sliding
K Funcrion Mean

- 10.0 3631.13 -

- 1.0 3334.86 --

- 0.1 3332.94 -
0.0 3332.89 8.644
0.1 3332.87 3.646
1.0 3334.00 8.663
10.0 3425.40 8.787
oo 6431.49 9.496

Fitting Residuals
Ireaty K =0.0 K= 00 Weight

1 6.54 -1.80 12.

2 12.58 20.50 10.

3 0.31 -4.30 27.

4 1.80 -1.20 35.

5 2.17 1.60 42.

6 1.32 3.60 70

7 -2.83 -2.50 100.

Average 0.59 0.32 296.
Root Mean 3.36 4.66
Square
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