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I. Some years ago I discussed opt imal  reinsurance treaties,  
wi thout  t ry ing to give a precise definit ion of this term [I]. I suggest- 
ed tha t  a reinsurance cont rac t  could be called "mos t  eff icient"  
if it, for a given net premium,  maximized the reduct ion of the 
variance in the claim distr ibution of the ceding company.  I proved 
under  fairly restr icted condit ions that  the Stop Loss cont rac t  was 
most efficient in this respect. 

I do not consider this a par t icular ly  interest ing result. I pointed 
out  at the t ime tha t  there are two parties to a reinsurance contract ,  
and tha t  an a r rangement  which is very  a t t rac t ive  to one par ty ,  
may  be quite  unacceptable  to the other.  

2. In spite of my  own reservations,  it seems tha t  this result  
- -wh ich  I did not think deserved to be called a t h e o r e m - - h a s  
caused some interest.  Kahn  [4] has proved tha t  the result is valid 
under  far more general conditions, and recent ly  Ohlin [5] has proved  
tha t  the result holds for a much more general class of measures 
of dispersion. 

In view of these generalizations it might  be useful to s ta te  once 
more, why I th ink the original result  has relat ively little interest.  
In doing so, it is by  no means my  purpose to reduce the value of 
the mathemat ica l  generalizations of Kahn  and Ohlin. Such work 
has a value in itself, whether  the results are immedia te ly  useful 
or not. I merely want  to point  out  tha t  there are o ther  lines of 
research, which appear  more promising, if our purpose is to develop 
a realistic theory  of insurance. 

3- To il lustrate nay point,  let us consider an insurance contrac t ,  
which can lead to the claim paymen t s :  

o with probabi l i ty  o.99 
I with probabi l i ty  o .oi  

Let  us next  consider a portfolio of IO.OOO such contracts ,  and 
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assume tha t  claim p a y m e n t s  under  different cont rac ts  are s tochast i -  

cally independent .  
Expec t ed  claim p a y m e n t  under  the cont rac ts  in the portfolio,  

i.e. the net p remium,  is then 

P -~ ioo  

The  var iance  of the claim p a y m e n t  is 

V = 99 

This  is a portfol io which mos t  insurance companies  would be 
glad to h a v e - - p r o v i d e d  there was a reasonable l o a d i n g - - a n d  it is 
unlikely tha t  the quest ion of reinsurance should be b rough t  up. 

I t  is possible tha t  the portfol io m a y  lead to a to ta l  p a y m e n t  of 
io.ooo,  but  the p robab i l i ty  of such a ca tas t rophe  is IO -2oooo, and  
is a lmost  cer tain to be ignored. 

4- Let  us now a s s u m e - - i n  spite of the a rgumen t  a b o v e - - t h a t  
our c o m p a n y  considers reinsuring a quo ta  of 5 °//o of all cont rac ts  
in the portfolio. The net p r em i um  of this reinsurance cover  is 

obviously  

P~ = 0.05 P - ~  5 

The  var iance  of claim p a y m e n t s  in the portfol io re ta ined by  
the c o m p a n y  is 

Vq = (0.95) 2 V = 89 

Let  us next  assume tha t  the c o m p a n y  considers a Stop Loss 
con t rac t  at  IOO, i.e. if claim p a y m e n t s  should exceed IOO, the 
excess will be  pa id  by  the  reinsurer.  

I t  seems fairly safe to represent  the claim dis t r ibut ion by  a 

Norma l  dis t r ibut ion with mean  = IOO and s t andard  deviat ion = IO. 
Wi th  this approx ima t ion ,  the net p r emium for the reinsurance 

cover  is : 

"P" = IO 2 ~  xe- 'V-~- -J  dx Io  2 ~  e dx 
1oo t o o  

o r  

P * ~ 4  
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The variance of the portfolio retained by  the company  is found 

to be : 

too f z- loo ' lO02 ~ (x- tool' 
V 8 _  IO ,/~I ,g2.' c-~ (---io--) dx + --IO,/~.~ e-  i T ]  dx  

y-.. o 1oo 

- -  ( I o o  - -  p . ) 2  

or  

Vs = 34 

5. Our example  seems to demons t ra te  the striking super ior i ty  
of Stop Loss reinsurance. I t  is cheaper,  and it gives a far greater  
reduct ion of variance than  the convent ional  form of reinsurance. 
In addit ion the Stop Loss cont rac t  gives our company  an absolute 
gua ran tee - -aga ins t  ru in - -p rov ided  of course, tha t  the company  
holds reserves exceeding IOO, af ter  the reinsurance premium has 

been paid. 
This seems almost  too good to be true, and we should ask our- 

selves if it is likely tha t  an insurance company  ever will have  an 
option of the kind indicated by our example.  Do we really expect  a 
reinsurer to offer a Stop Loss cont rac t  and a convent ional  quo ta  
t r ea ty  with the same loading on the net premium ? If the reinsurer  
is worried about  the variance in the portfolio he accepts, he will 
prefer to sell the quota  contract ,  and we should expect  him to 
demand  a higher compensat ion for the Stop Loss contract .  

Exper ience  seems to confirm this. The net  premium will usually 
p lay  only a minor par t  in negociations over non-propor t ional  

reinsurance treaties. 
These considerat ions should remind us tha t  there are two part ies  

to a reinsurance contract ,  and tha t  these parties have conflicting 
interests.  The  optimal contract must  then appear  as a reasonable 
compromise between these interests. To me the most  promising 
line of research seems to be the s tudy  of contracts ,  which in different  
ways can be said to be opt imal  from the point  of view of bo th  
parties. I discussed this problem first in a paper  [2] on reciprocal 
treaties. 

6. The variance has a long t radi t ion as a "measure  of r isk",  
bu t  it has also been clear for a long time, tha t  it is not  always an 
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adequa te  measure.  To i l lustrate this, let us consider a reinsurance 
cont rac t  as reinsurers, and assume: 

E = expected  profi t  f rom the contrac t  
V = the variance of profits. 

We can then lay down a rule to the effect tha t  for given E > o 
we accept the cont rac t  if V is not  too large. If V = o, the cont rac t  
is obviously acceptable,  since it then offers a certain profi t  of E.  

If V is too large, we reject  the contract ,  i.e. we prefer the ce r ta in ty  
of a zero profi t  to accept ing the contract .  

Let  now the pair  (E, V) represent  an unacceptable  contract ,  
and consider the following contract ,  which obviously is be t te r  
than  the cer ta in ty  of a zero profi t :  

Prof i t  o with probabi l i ty  I - - p  
Profi t  x with probabi l i ty  p 

Expec ted  profi t  is px, and the variance is x2p(I - -  p). If we now 
take 

E 2 

P - - E 2 + V  

E2+ V 
X - -  

E 

our rule will tell us to reject  this contract ,  on which we cannot  
loose. This is an obvious contradict ion.  

7- The counter  example,  which we used above,  is evident ly  
artificial. One may  well object  tha t  such reinsurance contracts  
do not  exist, and hence tha t  there is no need for a rule as to whether  
they  should be accepted or not. Nevertheless, the example should 
serve as a warning tha t  we cannot  always evaluate  reinsurance 
contrac ts  by  comput ing  only mean and variance of the claim 
distr ibution.  

We need a more general rule, and this we find in the ut i l i ty  
theory,  which I have discussed in another  paper  [31. 

8. I t  may  be thought  tha t  the preceding paragraphs dismiss 
expected values (i.e. net premiums) and variances in a ra ther  
high-handed manner.  I t  may,  therefore,  be useful to recall why 
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these two concepts  have  p layed  such i m p o r t a n t  pa r t s  in ac tua r ia l  
theory :  

(i) Net  p r emiums  are obviously  i m p o r t a n t  when we can appea l  
to the Law of Large Numbers, so tha t  devia t ions  f rom expec ted  
values can be disregarded.  

(ii) The  var iance  is a fair ly adequa t e  measure  of risk, if we only 
consider p robab i l i ty  dis t r ibut ions,  which are a p p r o x i m a t e l y  

symmetrical. This will be the case if all d is t r ibut ions  are ap-  
p r o x i m a t e l y  Normal ,  which they  m a y  be if the Law of Large  

Number s  and the Central  L imi t  Theorem apply.  

These two condit ions are not usual ly fulfilled in reinsurance.  
The  n u m b e r  of contracts ,  held b y  a reinsurer,  will be small  compared  
to t ha t  of a direct  underwri ter ,  and  the d is t r ibut ions  which occur  
in non-propor t iona l  reinsurance,  are usual ly ex t r eme ly  skew, This  
should indicate  tha t  game theory,  and the ut i l i ty  theory  associated 
with it, are the proper  tools. 
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