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A N  I L L U S T R A T I O N  O F  T H E  D U A L I T Y  T E C H N I Q U E  I N  

S E M I - C O N T I N U O U S  L I N E A R  P R O G R A M M I N G *  

F.  DE VYLDER 

We give a complete parametric  solution of the following problem Find a claml 
size d is tnbuhon F on the finite interval [o, ~], maxitmzmg the stop-loss premmm 
corresponding to a given excess e, under the constraints t ha t  the first inoment of F 
be at  most cqual to p. and the second at  most equal to v The method used is the 
dual i ty  technique m semi-continuous hnear prograinmmg described in DE VYLDER 
(197 8) This technique is summarized, without proofs, m the first par t  of the paper 

1. THE DUALITY TECHNIQUE IN SEMI-CONTINUOUS LINEAR PROGRAMMING 

1.1 Generalized Matrices  

L e t  A~ be  d e f i n e d  f o r ,  e I = {1 ,2  . . . .  , m} a n d  x e K c_ R.  I n  m o s t  s i t u a t i o n s  

K is a f in i t e  i n t e r v a l ,  b u t  in m a n y  c o n s i d e r a h o n s  i t  m i g h t  be  a r a t h e r  g e n e r a l  

se t  in R W e  c o n s i d e r  A as  a generahzed matrzx, w i t h  t h e  se t  I of r o w - i n d i c e s  

a n d  t h e  set  K of c o h u n n - m d i c e s .  T h e  augmented matr ix  A .  = (A, 1) is f o r m e d  

b y  t h e  m a t r i x  A fo l lowed  b y  t h e  u m t  m a t r i x  I of d inaension m W e  s u p p o s e  

t h a t  t he  c o l u m n s  of t lns  un i t  m a t r i x  a r e  i n d e x e d  b y  a n y  i ndmes  at,  c~2 . . . . .  am 

(not  n e c e s s a r i l y  n u m b e r s ) ,  of course  none  m K .  T h e s e  i nd i ces  a re  ca l l ed  slack 

indices. L e t  we d e n o t e  b y  S t h e  se t  of s l ack  indices .  I f  M = ( x ~ ,  x 2  . . . . .  Xr) 
is a n y  f in i t e  s e q u e n c e  of e l e m e n t s  in K + S, we d e n o t e  b y  A M t h e  u s u a l  m a t r i x  

w i t h  c o l u m n s  A .  z ' ,  A .  z:, . . . .  A~. ,, to  be  d e f i n e d  m a m o m e n t .  I f  x ~ =  x e K, 
t h e n  A x is t h e  c o l u m n  (A~, A~, z , . . . .  A,,,) . I f  x~ is a s l ack  i ndex ,  s a y  xj = , g  

(1 ~< k ~< m), t h e n  t h e  c o l u m n  A °k is t h e  co lu lnn  w i t h  m e l e m e n t s  (0, 0 . . . .  , 

o, 1, o, . . . ,  o, 0), w h e r e  t h e  1 is a t  t h e  k - th  p lace .  

S i m i l a r l y ,  if b* is d e f i n e d  for  x ~ K ,  we c o n s i d e r  b as  a generalized row w i t h  

t h e  set  K as  c o l u m n - I n d i c e s  T h e  augmenled row b. = (b, o) is f o r m e d  b y  b 
fo l l owed  b y  m zero ' s .  T h e  u s u a l  row b M is t h e  row 

b M = (b ~', b*',  . . . .  b~,), 

w h e r e  bzJ = 0 if xj  is a s l ack  i n d e x .  

I n  t h e  sequel ,  t h e  s e q u e n c e  M will  h a v e  e x a c t l y  m e l e m e n t s .  T h u s  A M wil l  
be  a s q u a r e  m a t r i x .  T h e  o r d e r  of t h e  e l e m e n t s  in  33I is i r r e l e v a n t ,  b u t  u s u a l l y  

we sha l l  s u p p o s e  t h a t  t h e  l n d m e s  m K a re  w r i t t e n  h r s t ,  m t h e  n a t u r a l  o rde r ,  

f o l l owed  b y  the  s l ack  m d m e s  in t h e  o r d e r  i n d u c e d  b y  t h e i r  s u b s c r i p t s .  

* Presented at  the 14th ASTIN Colloquium, Taormina, October 197 8. 
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J.2. Problems in Semi-Continuous Linear Programming 

In  the  sequel K is a lways  fixed. F is an unknown dis t r ibut ion funct ion on R 
(not necessari ly a p r o b a b i h t y  dis t r ibut ion funct ion,  the  to ta l  mass  induced 

b y  F on R m a y  be different f rom 1, but  it mus t  be finite, for simplicity).  In  
fact ,  the  mass  induced b y  F on R - K  is comple te ly  i r relevant ,  since all integrals  
considered in the  sequel will be t aken  over  K (then this set is general ly  not 
indicated) or over  a subset  of K,  re la t ively  to the  dis t r ibut ion funct ion F. 

Let  A, b be defined as in 1.1. and  let a be the column a = (aL, a2 . . . . .  am)'.  
Then  the p rob lem noted  (A, a, b, F, M A X )  is to find a dis t r ibut ion funct ion 
F m a x m f i z m g  f b z dFz under  the  cons t ra in ts  S A f  dFFz ~< a, (i • I). The  dual  
p rob lem is to find a row y = (yl, y~ . . . . .  ym) minnnizing y a = ~ y* a, under  
the  cons t r a in t sy*  ~ o (i • I),  X y* A~ ~ b z (x • K). 

1. 3. A Fundamental Theorem 

I f  F satisfies the cons t ra in ts  of the prob lem (A, a, b, F, M A X ) ,  if y satisfies 
the cons t ra in ts  of the dual p rob lem and if 

(1) f b z d F ~  = ~ yea,, 

then F,  y are solutions of the p rob lem and  its dual  respect ively.  

1.4. The Duality Techmque 

Various tes ts  have  p roved  t h a t  the following technique for solwng the p rob lem 
(A, a, b, F, M A X )  works in r a the r  general  c i rcumstances ,  p rov ided  step 1 can 
be executed.  I t  would be highly in teres t ing to know the mos t  general  condi- 
t ions  on K ,  A, a, b for the  technique to succeed. 

S T E P  1. F ind  a solution y of the  dual  problem.  
S T E P  2. F ind  M = (xl, x 2 , . . . ,  xm) sat isfying y A M = b ~ .  The  indmes xj 

(slack or not) can be searched for the  one af ter  the  other.  Each  x 
sat isfying y A z = b z m a y  be an e lement  of the  sequence M. In  view 
of the  following s tep t ry  to find as m a n y  different radices as possible. 
Ideal ,  bu t  not  a lways  realizable (nor necessary) is t ha t  A M be 

inverslble.  
S T E P  3- F ind  a column z= (z~, z2 . . . . .  zm)' sat isfying A M z = a, zt ~ o 

(i • I ) .  Then  define the  discrete dis t r ibut ion F in the  following way.  
For  each xj in M,  xj • K (thus xj not a slack index),  place the  mass  
z~ at  the  point  xj. I f  e.g. x~ = x2, then  the  mass  zt + z2 mus t  be p laced 

a t  xt = x2 and  s imilar ly  if more indices are equal. 
S T E P  4. Ver i fy  (1). Then,  b y  the  fundamen ta l  theorem,  it follows tha t  F and  

y are solu tmns (for y this is in fact  a confirmat ion)  since the relat ions 
A M z = a, z ,  ~ o (i  • I )  imp ly  t ha t  F satisfies the  cons t ra in ts  of 
the  given problem.  
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2. THE MAIN PROBLEM CONSIDERED IN THIS P A P E R  

2.1. Original Problem 

Find  a claim ~ize p robab i l i ty  dis t r ibut ion F on K = [o, col max imiz ing  the  
stop-loss p r e m m m  

co 

(2) I ( x -  e)dF~ 
e 

corresponding to the  excess e, under  the  cons t ra in ts  

(3) < Ix dF  < 

2.2. Equivalent Problem 

Find  a dis t r ibut ion F on K maximiz ing  (2) under  the  cons t ra in ts  

(4) I dFz  ~< 1, I x d F .  ~< Ix, J'x2 d F ,  ~< v. 

T h a t  this p rob lem is equivalent  resul ts  f rom the fact  tha t  the  first m e m b e r s  
in the relat ions (3) do not  depend on the  p robab i l i ty  mass  at  the  origin of K.  
I f  we have  a dis t r ibut ion F,  solution of the second problem,  we can m a k e  a 
p r o b a b d i t y  dis t r ibut ion of it b y  placing, if necessary,  the missing p robab i l i ty  
a t  the  origin. ( I t  will turn  out  t h a t  this modif icat ion will not  even be necessary.)  

Thus,  our main  p rob lem is the  problem 

(5) ( A , a , b , F ,  M A X ) ,  where I = { I , 2 , 3 } , K  = [o, co] 

(o) iA i = (x K ) ,  a = , = 
\ 4 a /  x= x e f o r  e ~< x ~< co 

2.3. Dual Problem 

The dual p rob lem is to f ind y = (u, v, w) minimizing u + v~. + wv under  
the  cons t ra in ts  

(7) u i> o , v  i> o , w  i> o, u + vx  + wx2 >1 b ~ ( o  .< x .< oo). 

Of course, these cons t ra in ts  are equivalent  to 

(8) u i> o , v  t> o , w  >1 o, u + vx + w x  2 >1 x - e (e ~< x < o~). 

2.4. The Parameters of the Problem 

The prob lem is one wi th  four p a r a m e t e r s  co, e, p, v and  we shall give its solu- 
t ion wha teve r  be the relat ions among  these paramete rs .  For  the sake of com- 
pleteness,  unrealist ic  cases have  been included. Ev iden t ly ,  we a lways assume 

(9) ~ > o,  v > o, o~< e < co 
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and also, unti l  section 5, the relations 

(lO) ~ < V~, ,, < ~oo 

implying 

(I  I)  ~ < ~o~, v- < co. 

Suppose for a momnent tha t  we have not the first relation (lO), i.e. tha t  we 
have ~/~ < tx. Then it follows from the last relat ion (4) tha t  

(12) I x  dF~ ~< [ I  x2 dFx~ ½ ~< 1~ ~< ~z 

and the second constraint  (4) becomes superfluous. Thus, the case ~ ~< tz 
leads to a simpler problem tha t  shall be constdered separately.  Note tha t  the 
first relat ion (12), well-known when F is a probabi l i ty  distribution,  is also 
vahd  if .F is defective. 

Similarly, suppose for a moment  tha t  we have not the last relation (to), 
i.e. tha t  we have V.o~ ~< ~. Then it follows from the second relation (4) tha t  

and then the last constraint  (4) is superfluous. Again we are faced w~th a 
smlpler problem, in fact  a problem equivalent  to the GACLIARDI-STRAUB 

(1974) problem. 

3. S T E P  1. S O L U T I O N  O F  T H E  D U A L  P R O B L E M  

For  each x(e ~< x ~< oo), considered as parameter ,  we imagine tha t  we represent  
the par t  of the plane u + vx  + w x  2 = x - e  s i tuated  in the positive oc tant  of 
the (u, v, w) space (fig. I). 

Le t  

( ) P z  = ( x -  e, o, o), Qz = o, , o , R~ = o ,o ,  
X 

be the intersect ion with the u, v, w-axis respectively. 

When x increases from e to ~o, P z  and Qz remove monotonous ly  from the  
origin. For  Rx, two cases must  be considered: 

O . ) - - e  
Case C1" 2e >/o~. Then  Rz goes up from the height 0 to the height ~o 

Case C2: 2e < co. Then R~ goes up from the height 0 to the height I/4e 
( . O - - g  

(for x = 2e), then comes down to the height o~ 2 
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R~ 

. ~ V 

U Fig .  l 

w 

~s =(o,o,~ 

2Q e U=(o, 1 - - ~ , ~ )  

s 

u ~ F i g .  2 
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3.1. Study of Case C~ 

I t  is clear, in the c a s e  C 1 ,  t ha t  the m i m m u m  of u + vbt + wv, subject  to the given 
constraints ,  is ob ta ined  for (u, v, w) in the t r iangle P,,Q,~R,o. For  reasons of 
l inear i ty  it mus t  be ob ta ined  at  one of the  corners. F r o m  (10), (11) it is im- 
reed_late tha t  the  m i n i m u m  is ob ta ined  at  R,o. Thus  we have  the solution and  
corresponding m i n i m u m  : 

U -~- 0 ,  7) = O,  W - -  

3.2. Study of Case C2 

( O - - e  

~2 , M I N  = ( c o - e )  o 2 .  

Since Rz goes up and  down when x increases f rom e to oo, the t r iangles PzQzR~ 
have  a superior  envelope.  We can find its equat ion b y  el iminat ing x be tween 
the relat ion u + vx + wx 2 = x - e  and its de r iva t ive  in x. The  equat ion  of the  
envelope is 

1 (1  - -  V) 2 
( ' 4 )  w - 

4 (u+e) " 

Of course, only the  pa r t  in the posi t ive  oc tan t  mus t  be used, and  even not  
complete ly ,  because  we have  the restr ict ion x ~< o). I t  is ca lcula ted  tha t  the 
t r iangle  P,oQoR~,, corresponding to the m a x i m u m  value of x, is t angen t  to the  
envelope along the  s t ra ight  segment  TU (fig. 2), where  

T = - e , o ,  , U  = o, I - - -  . 
(t)  

Then the m i n i m u m  of u + vbt + wv, under  the given constraints ,  is ob ta lned  
for (u, v, w) in the  pa r t  S T U  of the  envelope,  or for (u, v, w) in the plane 
por t ion  PooQ,,UT. 

In  order to s t udy  the  var ia t ion  of u + va + wv on STU, let we take  u and  v 
as independent  var iables  and  let we use (14). Then the quan t i t y  to be minimized 
equals, on STU: 

( l - v )  0- 
(15) f ( u , v )  = u + + 

4 (u + e) 

I t  is easily ca lcula ted  tha t  there can be no u, v annula t ing  the par t ia l  deri- 
va t ives  f,~, f£. We conclude tha t  there  can be no m i n i m u m  at  the  interior of 
STU. Therefore,  and  also for reasons of l ineari ty,  the  m i n i m u m  of u + vvt + w,J 
is only  possible for (u, v, w) on ST, on SU, at  Po,  at  Qo. 

3.2.1. Study of the Variation of J(u, v) along ST  

We have,  for ST: 

= = - - - -  0 ~ '/~ ..< - -  - -  e , g(U) f(u,  O) U + 4 U + e '  2 
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g'(**) = 1 4 ( u + e ) , '  g " ( u )  1> o.  

g'(u) = 0 f o r u  = ½ ~ / ~ -  e. 

Therefore ,  

"9 
i f½ l/~ - e ~< o, t h e n :  M m l m u m  on S T  = Value  a t S  - 

4 e" 

if o < ~ ~/~ - e, t h e n :  M i n i m u m  on S T  = Value  a t  /~  - e , o ,  

= 1 / ~  e, because½ ~ - e < - - e b y ( l l ) .  
2 

3.2.2. Study of the Vamalion of f (u ,  v) along S U  

W e  have,  for SU:  

( h(v) = f (o ,  v) = vv. + ~ ( ~ -  v)~, o <. v <. 

- -  - - ( l - - v ) ,  h"(V) t> O, h'(v) = V. 2e 

e~ 
h'(v) = o f o r v  = 1  - 2 - - .  

,¢ 

Therefore ,  

ea "9 
if 1 - 2 - -  ~< o, t h e n :  M i n i m u m  on S U  = Value  a t  ,5 = - - .  

"9 4 e 

i f o  < 1 - 2 - -  t h e n  : M i n i m u m  on S U  = Value  a t  o, 1 - 2  
'q ~ "9 J "92 ] 

1 b e c a u s e l  2 - -  1 -  - b y  ( ) 1 0 .  

3.2.3. We  n o t e  t h a t  the  va lue  of u + va + w'9 a t  P o  

a n d  at  Q~ -- o, c o -  - ,  o it  is ( co -  e) ~ .  
O) ~ 

= (~o - e. o .  o)  i s  (~o - ~) 

3.3- Subclassifica~ion of Case Ca 

T h e  subcases  of Ca i n d m a t e d  in  t ab l e  1, wi th ,  in  the  r igh t  c o l u m n  the  poss ib le  

m i m m u m ,  resu l t  f rom the  d i scuss ion  in  3.2.1 a n d  3.2.2. No te  tha t ,  s ince 

a/co < l, t he  va lue  (co -  e) a t  Poo can  a l r e a d y  be a b a n d o n e d  aga ins t  the  va l ue  

(co - e) ~/oo at Q~. 
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T A B L E  1 

Subcases of C~ (2e < co) Possible minimum 

Cat :  v N  4 e2, v< 2etx 

C,~' ~< 4eL v>  2ev. 

C~" ~ >  4 e°-, ~ 2eve 

C~4: ~> 4 ea, ~> 2e~ 

2_ 60 - e) -~ 
4 e  ' 

4e '  ~ ~ - ( o - e )  tz 
¢o3 

Irrelevant (see &scussmn) 

l ~ - e ,  ix(, - -~), (~o-e) ~o 

The  first re la t ion  (lo) a nd  the  re la t ion  v~< 2e~. appea r ing  twice in tab le  1, 

i m p l y  ~ = 2e 1/7~, ~ ~< 4 ~2. This  m e a n s  t h a t  case C2~ is imposs ib le  a n d  t h a t  in 
case C2t, t he  cond i t ion  v 44 4 e~ is superf luous .  I n  case C21, we can a b a n d o n  the  

~z 
po ten t i a l  m i n i m u m  (oo - e) = ,  because,  b y  a d d i n g  the  re la t ions  4e ~< 2 '  - -  < 

O )  - -  0 . )  2 '  

- -  . - is seen to  be we h a v e 4  e < ( ( , ~ - e ) -  T he  re la t ion  ~x 1 - < (~o-e)  a 
0J O) 

e q m v a l e n t  to  ,~ < p.o. Therefore ,  b y  (m) ,  ( c o - e )  V- - can also be a b a n d o n e d  
O0 

in C22 and  C24 F r o m  o 44 (2e lz -  v) 2 resul ts  t h a t  - -  can be a b a n d o n e d  in C22. 
4e 
e e~ ~. 

- -  < W e  ob t a in  F ina l ly ,  m case C24, let  we a dd  t he  re la t ions  - ~  < .~, 

e 
- (~/~ + a) < 1. Af te r  m u l t l p h c a t m n  b y  ~/~- ~ > o, we have  a re la t ion  equ iva -  

lent  to~x I - ~ < 1/~ - e, showing  t h a t  1/~ - e can  be a b a n d o n e d  Then  

C2.o a n d  C24 can be a m a l g a m a t e d  in one case, s ay  C'm,  def ined b y  ~ > 2e~., 2e < co. 

3.4- F i n a l  T a b l e  

The  p reced ing  discussion is r e sum e d  in tab le  2. 

T A B L E  2 

Point (u, v, W) 
giving the 

Cases minimum MIN 

c o - - e  
C~ : 2ea  ~ o, o, -~---) (co-e) - -  

cos 

C-~: 2 e < o ,  v<2e~  o, o, 4e 
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4. F U R T H E R  S T E P S  

4.1. Case C~ 

STEP 2. 

\Ve look for x ~ K satisfying 

( ~ - e )  ( ~ ) =  ) o  i f x  < e 

o,o, ~ x - e i f x  >i e 

The solutions a r e x  = o a n d x  = ~ . S m c e  

O, O, ~ 2  ] = O, 

the slack index ~r2 can also be used. Then M = (o, o~, era). 

STEP 3- 

\Ve look for zl, z2, ~ (the last is a slack var, able corresponding to ~2) satisfying 

(lo) (z)ti) 0 oo I Z2 = . 

0 co 2 0 

The solutton is zt = 1 ~°  z , z 2  - -  ~ = bt . 
f,)2 ' (D 

Thus, ff has two atoms, one at o, the other at oo, with respective masses 

~//Zo = 1 - -  - -  "t1~ - -  
002 ' 0)2 

STEP 4 .  

f ( x -  e)dF. 
~J 

= (co-e) 00 2 Value ~[IN in table 2. 

4.2. Case C2t 

STEP 2. 

We look for x a K satisfying 

O, O, ~ 

X2 

~0 l fx  < e 

x - e l f x  >1 e 
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S o l u t i o n s :  x = o a n d  x = 2e. T h e  s l a c k  i n d e x  ,2  c a n  a l so  b e  u s e d .  T h u s  

M = (o, 2e, *2). 

S T E P  3. 

W e  l o o k  fo r  zt, z2, ~ s a t i s f y i n g  

(o) (/(it o 2 e  1 z 2  = . 

o 4 e2 o 

S o l u t i o n : z 1  = 1 - - -  z 2 -  ¢ = ~ . - - - .  
4 e2 ' 4 e2 ' 2e 

H e r e  F h a s  t h e  a t o m s  o a n d  2e w i t h  m a s s e s  

~ V 

m o  = 1 - -  - -  m 2 e  -- 
4e2 ' 4e2 

V 

S o l u t i o n s :  x = o, x -- - O n l y  t h e  s l a c k  i n d e x  -1 c a n  a l so  b e  u s e d ,  b u t  

t h e n  w e  o b t a i n  t h e  c o l u m n  ( I ,  o, o ) '  a l r e a d y  o b t a i n e d  fo r  x = o. S i n c e  t h e  

u se  of  t h e  f i r s t  s l a c k  i n d e x  g i v e s  a d e f e c t i v e  d i s t r i b u t i o n ,  w e  p r e f e r  t o  t r y  

M =  o , ~ ,  

S T E P  3. 

W e  s e a r c h  fo r  z l ,  z2, z8 s a t i s f y i n g  (11 1)0 ()22 
o [x 2 tx 2 Zo 

S T E P  4. 

( x - e ) d F ~  = e  - - -  = V a l u e  M I N  in t a b l e  2. 
4 e2 4e 

o 

4-3- C a s e  C'22 

S T E P  2. 

W e  l o o k  fo r  x 8 K s a t i s f y i n g  

v ' v ~ /  x - e l f x  >~ e. 

X ~ 



DUALITY T E C H N I Q U E  2 7 

T h e  s y s t e m  is e q u i v a l e n t  to"  z2 + zs - 
~2 [j2 

- - - ,  z~ = l - - - .  T h e r e  is an  

i n d e t e r m i n a t i o n  in  t h e  c h o i c e  o f  zo., zs ,  b u t  t h e  r e s u l t i n g  d i s t r i b u t i o n  F h a s  

a n y w a y  t h e  t w o  a t o m s  o a n d  v / a  w i t h  c o r r e s p o n d i n g  m a s s e s  

~2  ~ 2  

~ 0  = l - -  - - ,  ~l~vl ~ - -  

S T E P  4 .  

= V a l u e  M I N  in  t a b l e  2. 

5. THE CASES v >/ ~ AND ~2 1> v 

T h e s e  c a s e s  in w h i c h  o n e  c o n s t r a i n t  & s a p p e a r s  a r e  l e f t  a s  e x e r c m e s  fo r  t h e  

r e a d e r .  T h e  a n s w e r s  c a n  b e  f o u n d  m t a b l e  3. 

T A B L E  3 

M a x i m u m  
C o n d i t i o n s  on  M a x i m a l  s t o p - l o s s  s t o p - l o s s  
t h e  p a r a m e t e r s  d m t n b u t i o n  p r e m m m  

~ 2 <  v <  btco 

2 e ~  6) m o  = t ~ ,  m e = 6) ~ (o ,  - -  e )  

• 2 e v t < ~  mo = I - - - ,  m ~ / ~ =  ~ ~ 1 - 
M 

2 e < ~  
v v v 

4e2' 4ea  4 e 

bt Vt 
t*<c° . . . . . . . . . .  m0 = 1 - - , m ~  = -  (o~-e ) - a  

Ca) it) 6) 

~ ¢0 . . . . . . . . . . .  " g ~  = I (CO - -  B) 

2 e >  co 

2 e <  co 

'q V 

6 )  2 

V ~___ o j 2  m e = 1 ( o ) - - e )  

v ~ xl 

I - 
N 4 e2 m o  = 1 --  ~ ,  m ~ e  --  4e  2 4 e  

4 e2 < v < oo"- m 4 ~  = t V ~ - e  
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6. SUMMARY 

A comple te  solution of the original problem in 2.1 is given in table  3. I t  migh t  
seem surpr t smg tha t  we solved the modffxed problem in 2.2 and  nevertheless  
a lways  found a p r o b a b d i t y  distr ibution This is due to the fact,  a l ready ob- 
served m step 2 of the case C~2, t ha t  we never  used the first slack index. 

I t  is clear t ha t  several  cases could be regrouped in table  3. For  clearness, 
we leave it as it is Indeed,  given numerical  values of the pa ramete r s ,  the 
table  pe rmi t s  immed ia t l y  to s i tua te  the  case to be used. Moreover,  remind  
tha t  the  condi tmn ,J >/ p.~ am oun t s  to the absence of the cons t ra in t  on the  
second m o m e n t  of F and  tha t  the condit ion p.~ >/ ,J amoun t s  to the absence 
of the cons t ra in t  on the first m o m e n t  of F .  See the discussion in 2 4. 
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