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Abstract

In response to a request for proposal from the Com-
mittee on the Theory of Risk, Shaun Wang has written a
paper that significantly advances, to quote the proposal,
“the development of tools and models that improve the
accuracy of the estimation of aggregate loss distributions
for blocks of insurance risks.”

Dr. Wang’s charge was to “assume a book of business
is the union of disjoint classes of business each of which
has an aggregate distribution. ... The classes of business
are NOT independent. ...The problem is how do you
calculate the aggregate distribution for the whole book.”
Dr. Wang’s paper covers a variety of dependency models
and computational methods.

This discussion of his paper delves more deeply into
a particular dependency model—correlation caused by
parameter uncertainty—and then shows how his work
applies to calculating the aggregate loss distribution for
this case with one particular computational method—
Fourier Inversion.

1. BACKGROUND

The collective risk model has long been one of the primary
tools of actuarial science. One can view that model as a computer
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simulation where one first picks a random number of claims and
then sums the random loss amounts for each claim. Simulating
the distribution of losses for the collective risk model can (even
today) be time consuming so, over the years, a number of math-
ematical methods have been developed to shorten the computing
time. Klugman, Panjer, and Willmot [6, Ch. 4], provide an ex-
cellent description of the current computational methods.

The early uses of the collective risk model were mostly theo-
retical illustrations of the role of insurer surplus and profit mar-
gins. Such illustrations are still common today in insurance ed-
ucational readings such as Bowers, Gerber, Jones, Hickman and
Nesbitt [3, Ch. 13].

By the late 1970s, members of the Casualty Actuarial So-
ciety were beginning to use the collective risk model as input
for real world insurance decisions. The early applications of the
collective risk model included retrospective rating, e.g., Meyers
[7], and aggregate stop loss reinsurance, which is described by
Patrik [10]. Bear and Nemlick [2] provide further examples of
the use of the collective risk model in the pricing of reinsurance
contracts.

Some of these early efforts recognized the fact that the param-
eters of the collective risk model were unknown. Patrik and John
[5] introduced parameter uncertainty by treating the parameters
of the claim severity and claim count distributions as random
variables. Heckman and Meyers [4] followed with an efficient
computational algorithm that allows for some particular forms
of parameter uncertainty in the collective risk model.

It is easy and instructive to consider the effect of parameter
uncertainty on the variance of a distribution. Let X be a random
variable that depends on a parameter ¢. Then:

Var[X] = E,[Var[X | 6]] + Var,[E[X | 6]]. (1.1)

Process Variance Parameter Variance
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If there is no parameter uncertainty, the parameter variance will
be zero. Introducing parameter uncertainty will increase the un-
conditional variance.

Suppose X;,...,X, are identically distributed random vari-
ables that depend on a parameter 6. Let E[X | #] and Var[X | 0]
be their common mean and variance given . Assume further that
the X;’s are conditionally independent given 6. Then:

E[znjxiwl =n-B[X|6] and

i=1
Var [ZX,- | 9] =n- Var[X | 0].
i=1
Unconditionally:

Var [ZX] _E, [Var [Zx 0

i=1

] + Var, [E [le |9H

= n-Ey[Var[X | 0]] +n®- Var,[E[X | 6]]. (1.2)

Process Variance Parameter Variance

In most insurance situations, Ey[Var[X | 6]] > Vary[E[X | 0]],
and we should expect the process variance to be dominant for
small n. But as n increases, the parameter variance becomes in-
creasingly important. This becomes apparent by looking at the
coefficient of variation:

n-Ey[Var[X | 6]] + n2 - Var,[E[X | 6]]

CV [;Xi] = " EIX
/Var, [E[X [0]] o, (13)

—
n—o00 E[X]

More generally, we expect parameter uncertainty to play a minor
role for small insureds and to play a major role for large insureds
or for a reasonably sized insurance company.
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In situations where parameter uncertainty affects several lines
of insurance simultaneously, we expect high losses in one line
to be associated with high losses in another line. Thus parame-
ter uncertainty generates correlation. There are, of course, other
generators of correlation. One example is in property insurance,
where natural disasters cause damage to properties in close prox-
imity.

Meyers and Schenker [9] provided some statistical methods of
quantifying parameter uncertainty using observations spanning
a period of years. However, any statistical method for quanti-
fying parameter uncertainty requires considerable judgment be-
cause:

1. Data is scarce. You get one observation per insured per
year.

2. The source of the historical variability in the parame-
ters is often identifiable (at least after the fact). The user
might not expect that source of variability to be present in
future years. However, other sources of variability may
arise.

2. DYNAMIC FINANCIAL ANALYSIS

The Casualty Actuarial Society coined the term “Dynamic
Financial Analysis” (DFA) in the wake of the efforts to create
a risk-based capital formula for insurers. To do DFA, one must
often create an aggregate loss distribution for an entire insurance
company. Now, for an insurance company, the primary source
of parameter uncertainty is change over time. Thus parameter
uncertainty will be a very important component in any collective
risk model when it is applied to an entire insurance company.

As mentioned above, quantifying parameter uncertainty in-
volves a fair amount of judgment. For example:

e Uncertain inflation will affect all claims simultaneously.
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e Changes in the general economy can affect various lines of
insurance in special ways. For example, directors and officers
liability claims are more likely in a recession.

e Insurance companies write liability insurance at several differ-
ent policy limits. We expect uncertainty in the claim frequency
to affect policy limits in the same way.

The ultimate goal of DFA is to make financial decisions based
on controlling the risk of an entire insurance company. DFA nec-
essarily involves the more general concept of covariance, which
can be driven by mechanisms other than parameter uncertainty.
Practitioners familiar with the collective risk model should make
the effort to express their knowledge in financial language. On
the other hand, as we shall show, the collective risk model—with
parameter uncertainty—can enrich the financial models.

3. PARAMETER UNCERTAINTY AND CORRELATION
For the 4™ line of insurance let:

u, = Expected claim severity;
a,zl = Variance of the claim severity distribution;
A, = Expected claim count; and

A\, + ¢, - A2 = Variance of the claim count distribution.

Following Heckman and Meyers [4], we call ¢;, the contagion
parameter. If the claim count distribution is:

Poisson, then ¢;, = 0;
negative binomial, then ¢, > 0; and

binomial with n trials, then ¢, = —1/n.

A good way to view the collective risk model is by a Monte
Carlo simulation.
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Simulation Algorithm #1
The Collective Risk Model Without Parameter Uncertainty

1. For lines of insurance 1 to n, select a random number of
claims, K, for each line of insurance h.

2. For each line of insurance A, select random claim
amounts Z;, for k = 1,...,K},. Each Z,;, has a common
distribution {Z,}.

3. Set X, = S0 Zj-
4. Set X =Y, X,

The collective risk model describes the distribution of X. In
this section we restrict ourselves to calculating the covariance
structure of X. In the next section we will show how to calculate
the entire distribution of X.

If we assume that K, is independent of K|, for g # &, and that
Z, is independent of K, we have:

Var[X,,] = Eg [Var[X, | K, 1] + Varg [E[X, | K}]]
=\, 0r +ph- O+ ¢ A0, (3.1

Also
Cov[X,.X;]1=0 for g # h. (3.2)

We now introduce parameter uncertainty that affects the claim
count distribution for several lines of insurance simultaneously.
We partition the lines of insurance into covariance groups {G;}.
Our next version of the collective risk model is defined as fol-
lows.
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Simulation Algorithm #2
The Collective Risk Model with Parameter Uncertainty in the
Claim Count Distributions

1. For each covariance group i, select o; > 0 from a distri-
bution with:

Eloy] =1 and Var[o;] = g;.

g; 1s called the covariance generator for the covariance
group 1.

2. For line of insurance & in covariance group i, select a
random number of claims Kj; from a distribution with
mean o; - \y,;.

3. For each line of insurance 4 in covariance group i, select
random claim amounts Z,; for k =1,...,K;. Each Z,;
has a common distribution {Z;}.

4. Set Xy = YK 7,
5. Set X,; = >heG; Xni-

6. Set X = Zlﬂ:]X'i‘

We have:

COV[Xdi’Xhi] = Ea,- [COV[Xdi’Xhi | O[l]]
+ COV(M,‘ [E[Xdl | O‘i]’E[Xhi | Ozi]].

For d # h, X; and X,; are conditionally independent. Thus
Cov[X,;, X | ;] =0 and

Cov[ Xy, Xpil = Covy, [ - Agi - Hais @ = Ay~ fpi]
=&t Adi* Hai - Ani M- (3.3)
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Also,
Cov[X;,;,X;;] = Var[X,,;]
= Ea,- [Var[ X, | o]l + Vara[ [E[X},; | o;]]
=B, [ Ny o + iy - (0 - Ay + 0 - ¢ Aj)]
+ Var, [ - Ay - o]
= Api* UI%i + #%i A+ (L+g)cp- A%i) +g; )‘%i : Mii-
(3.4)
And:
Cov[X:,X,;1=0  for i#]. (3.5)

We now introduce parameter uncertainty in the severity dis-
tributions. Let (3 be a positive random variable with E[1/5] = 1
and Var[1/3] = b. Following Heckman and Meyers [4], we call

b the mixing parameter. Let X,fl = X;,;/0 for all h and i. Then:
Cov[Xgi,ij] = E4[Cov[X,;/5,X,;/B1]
+ Cov4[E[Xy;/ 81, EIX,,;/ 811
= Cov[Xy;, Xp;1- (1 + D) + b -E[Xy]-E[X,;].
(3.6)

From Equations 3.3 to 3.6, we see that the first term of Equation
3.6 will be zero whenever i # j, and the second term will be
positive whenever b > 0.

To calculate the coefficient of correlation, pyy, between two
separate lines of insurance with random losses X and Y, we use
Equations 3.3 to 3.6 and the relationship:

Cov[X,Y]
= . 3.7
PXY = UNar[X] VarlY] (3.7)
We illustrate the effect of parameter uncertainty on correlation
with an example. We use the illustrative claim severity distribu-
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TABLE 3.1

CLAIM COUNT DISTRIBUTION PARAMETERS

Covariance Covariance Line of
Group Generator Insurance A c
#1 .01 GL-$1M Varies 0.00
GL-$5M Varies 0.00
#2 .02 AL-$1M Varies 0.01
AL-$5M Varies 0.01

tions for general liability and automobile liability given in Ap-
pendix A. Table 3.1 gives the covariance group and claim count
distribution parameters. The examples use » = 0.01.

Table 3.2 gives the correlation matrices for the claim count
distributions! and the aggregate loss distributions for each line of
insurance with A = 10, 100, and 100,000. Note that as )\ increases
the coefficients of correlation approach a limiting value. We can
calculate that limiting value by dropping the terms with )\, (small
compared with terms with A7) in Equation 3.4. If ¢ =0, the
limiting coefficients of correlation are 1.0.2

If we modify the claim severity distribution by a deductible,
with p being the probability of exceeding the deductible, we must
then change the A\ parameter of a negative binomial claim count
distribution by replacing A with p - A. The contagion parameter ¢
remains unchanged.> We can then apply Equations 3.3 to 3.7 to
the modified claim count and claim severity distributions. Table
3.2 gives the resulting correlation matrices.

These examples show the practical utility of having correla-
tion coefficients that are generated by a model. One should not

I'We calculated claim count covariances from Equations 3.3 to 3.6 using #y; =1 and
o, =0.

2Holding ¢ as a constant while varying A uses the interpretation of ¢ as quantifying
parameter uncertainty within a single line of insurance. See Heckman and Meyers [4]
for details.

3This is proven on pp. 266-7 of Klugman et al. [6]. Note that, in our parameterization,
A=r-fandc=1/r.
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TABLE 3.2

ILLUSTRATED CORRELATION MATRICES

Expected Claim Count = 10

Claim Count Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

Total Loss Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

GL-$1M 1.00000 0.09091 0.00000 0.00000
GL-$5M 0.09091 1.00000 0.00000 0.00000
AL-$1M 0.00000 0.00000 1.00000 0.15361
AL-$5M 0.00000 0.00000 0.15361 1.00000

1.00000 0.01361 0.00412 0.00354
0.01361 1.00000 0.00355 0.00305
0.00412 0.00355 1.00000 0.00560
0.00354 0.00305 0.00560 1.00000

Expected Claim Count = 1,000

Claim Count Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

Total Loss Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

GL-$1M 1.00000 0.90909 0.00000 0.00000
GL-$5M 0.90909 1.00000 0.00000 0.00000
AL-$1M 0.00000 0.00000 1.00000 0.64103
AL-$5M 0.00000 0.00000 0.64103 1.00000

1.00000 0.57819 0.18826 0.17271
0.57819 1.00000 0.17671 0.16212
0.18826 0.17671 1.00000 0.32042
0.17271 0.16212 0.32042 1.00000

Expected Claim Count = 100,000

Claim Count Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

Total Loss Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

GL-$1M 1.00000 0.99900 0.00000 0.00000
GL-$5M 0.99900 1.00000 0.00000 0.00000
AL-$1M 0.00000 0.00000 1.00000 0.66203
AL-$5M 0.00000 0.00000 0.66203 1.00000

1.00000 0.99272 0.34743 0.34674
0.99272 1.00000 0.34705 0.34636
0.34743 0.34705 1.00000 0.73582
0.34674 0.34636 0.73582 1.00000

Limiting Correlations as the Expected Claim Count Approaches Infinity

Claim Count Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

Total Loss Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

GL-$1M 1.00000 1.00000 0.00000 0.00000
GL-$5M 1.00000 1.00000 0.00000 0.00000
AL-$1M 0.00000 0.00000 1.00000 0.66225
AL-$5M 0.00000 0.00000 0.66225 1.00000

1.00000 1.00000 0.35048 0.35048
1.00000 1.00000 0.35048 0.35048
0.35048 0.35048 1.00000 0.74564
0.35048 0.35048 0.74564 1.00000

Ground Up Expected Count = 1,000 with a $100,000 Deductible

Claim Count Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

Total Loss Correlations
GL-$1M GL-$5M AL-$1M AL-$5M

GL-$1M 1.00000 0.43740 0.00000 0.00000
GL-$5M 0.43740 1.00000 0.00000 0.00000
AL-$1M 0.00000 0.00000 1.00000 0.21918
AL-$5M 0.00000 0.00000 0.21918 1.00000

1.00000 0.38533 0.12445 0.11282
0.38533 1.00000 0.11355 0.10294
0.12445 0.11355 1.00000 0.20181
0.11282 0.10294 0.20181 1.00000
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use empirical correlation coefficients if they were applied to an
insured with a different exposure, or if a deductible were im-
posed.

4., CALCULATING THE AGGREGATE LOSS DISTRIBUTION BY
FOURIER INVERSION

In this section, we show how to use direct Fourier inversion
to calculate the aggregate loss distribution described by Simu-
lation Algorithm #2. We begin by summarizing the method of
Heckman and Meyers [4] using the more compact notation of
Klugman et al. [6, p. 316].%

Let Z be a random variable representing claim severity. Define
the Fourier transform of Z as:

¢,(t) = E[e].
A fundamental property of Fourier transforms is that:
Gzrsz(®) = 7 (DK,
K Times

where the Z’s are independent.

Let K be a random variable representing claim count. De-
fine the probability generating function (pgf) of a claim count
distribution as:

P (t) = E[X].
Define the aggregate loss

X=Z+---+Z.
N —
K Times
We then have:

dx (1) = BL(62(1)*] = B (6,(0)). (4.1)

4Wang describes a similar process using the Fast Fourier Transform.
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Let X,,...,X, be independent random variables of aggregate
losses. Then:

Ox,+ax, 0 = [[ox ). 4.2)

i=1

Heckman and Meyers [4] provide a way to obtain the distri-
bution of X; + --- + X, and the distribution’ of (X, +--- +X,)/3
given the Fourier transform ¢y , ., X, (t) and that 8 has a gamma
distribution.

To summarize, Fourier inversion turns the time-consuming
process of simulating the sum of random variables into the
mathematically complex, but doable, process of multiplying the
Fourier transforms of the random variables and then inverting
this product. Until now, we have been assuming that the claim
count distributions are independent and that the claim severity
distribution is independent of the claim count.

To remove the assumption that the claim count distributions
are independent, Wang uses the multivariate Fourier transform
which is defined by:

¢X1 ¥ (tl’” ’tn) — E[ei(t|X|+---+lan)]

.....

¢X|+---+Xn([) = ¢X1 ..... Xn(t’---’t)- (4.3)

When the lines of insurance are correlated, we can then apply
the Heckman/Meyers Fourier inversion formula to Equation 4.3
to obtain the aggregate loss distribution.

We now use Equation 4.3 to calculate the Fourier transform
for the aggregate loss distribution described by Simulation Algo-
rithm #2—the collective risk model with parameter uncertainty

5See Equation 3.6 and the preceding paragraph.
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in the claim count distributions.

¢X.i(t) = ¢X1i ’’’’’ an[([, .. .,[)
(from Equation 4.3)
= Eai[d)X“ ..... Xn-i(t’.”’t) | Oél']

-E, [ﬂ o, 1) | ai]
h=1

(Equation 4.2 applies since the X,;’s
are conditionally independent.)

= Eai [H PKhi(d)Zhi(t)) | Oél"| . (4.4)
h=1
(from Equation 4.1)
Since the covariance groups are independent:

ox(® = [[ox, ©. (4.5)

i=1
To complete the model description, we need to specify:
o the distribution of the a;’s;
o the pgf’s PKM(I); and
e the Fourier transforms of the severity distributions gbzhi ®).
We will use a three-point discrete distribution for a;. Let:
o =1—4/3g;  Pr{oy =y} =1/6
ap = Pr{a; =a;p}=2/3 (4.6)
ai3:1+\/3—gl- Pr{o; = a3} =1/6

This discrete distribution was motivated by an approximation
to Equation 4.4 when g; has a normal distribution. Equation 4.4
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then becomes:

1 1 T M
E P, | = — P, .
o L:!;[l Khi(¢2h[(t)) | az‘| \/T&_ZC L:!;[l Khi(¢Zh[(t)) ’ az‘|
.e_(ai_l)z/Zgidai; “4.7)

by using the Gauss—Hermite three-point quadrature formula:

[y, VT 3\ L 2V7 . VT L[ [3).
/f(x)-e dva?f (\/;) +Tf(0)+?f (\/;>,

(4.8)

with the change of variables:
a; — 1

V2g
One can use a higher-order formula, obtainable from many
texts on numerical analysis. See, for example, Ralston [11].

Appendix B of Klugman et al. [6] provides the pgf’s for a
wide variety of claim count distributions. We provide two exam-
ples here, translated into this paper’s notation.

For the negative binomial claim count distribution:
~1/c,.
Pe (0] ;= —cp M-y (= 1) Vem,
For the Poisson claim count distribution:
B ()] a; = e e,

The Fourier transform of a claim severity distribution with
probability density function f(z):

¢, () = /0 it f(x)dx.

This integral does not have a closed form for most of the com-
monly used claim severity distributions. Heckman and Meyers
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[4] get around that difficulty by approximating the cumulative
distribution function (cdf), F(z), with a piecewise linear cdf, for
which the integral does have a closed form.

To summarize this section, we have shown how to calculate
the multivariate Fourier transform of the collective risk model
with correlations generated by parameter uncertainty. We then
used the direct Fourier inversion formulas of Heckman and Mey-
ers to calculate the corresponding aggregate loss distribution.

Note that one could use the Fast Fourier Transform methods
discussed by Wang.

5. AN ILLUSTRATIVE EXAMPLE

We now illustrate the effect of covariance on the aggregate
loss distribution of the hypothetical XYZ Insurance Company.
XYZ writes commercial lines exclusively—workers compensa-
tion, general liability, commercial auto and commercial property.
Table 5.1 provides summary statistics for XYZ’s book of busi-
ness.

Following are some additional remarks about XYZ’s loss dis-
tribution.

e We set the mixing parameter b = 0.01.

e The claim severity distributions are piecewise linear approxi-
mations to mixed exponential distributions. See Appendix A
for details. Also, the standard deviations for the claim sever-
ity distributions reflect the mixing generated by the mixing
parameter, b.

e The claim count distributions are all negative binomial.

e The correlations between the claim count distributions of the
coverages in a given line are driven by the covariance generator
listed with the first coverage of the line.
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TABLE 5.1
XYZ SUMMARY LOSS STATISTICS
LINE/COVERAGE SUMMARY STATISTICS
AGGREGATE SUMMARY STATISTICS
Aggregate Mean 1,004,422,886
Aggregate Standard Deviation 156,034,063
Mixing Parameter 0.010000
Line Name/ Covariance
Liability Limit E[Count] Std[Count] E[Severity] Std[Severity] E[Tot.Loss] Generator
WC-$5M Limit 80,000.00 8,005.00 5,339.89  52,927.43 427,191,200
GL-$5M Limit 200.00 42.61 40,348.87 160,218.51 8,069,774 0.020000
GL-$2M Limit 800.00 163.27 39,892.11 152,516.66 31,913,688
GL-$1M Limit 2,200.00 444.68 36,966.16 124,853.59 81,325,552
GL-$.5M Limit 1,250.00 25372  31,085.63 87,532.67 38,857,038
AL-$5M Limit 350.00 53.03 12,809.55 99,730.27 4,483,342 0.010000
AL-$2M Limit 1,350.00 194.89 12,626.84 9472436 17,046,234
AL-$1M Limit 3,700.00 528.08 11,456.65 76,434.03 42,389,605
AL-$.5M Limit 2,300.00 329.59 9,131.21 50,896.52 21,001,783
APhD 1,100.00 159.44 4,360.00 6,331.53 4,796,000
CP-$50M Limit 2,000.00 667.83 10,999.77 224,488.75 21,999,540 0.100000
CP-$10M Limit 8,000.00 2,666.83 6,999.95  45,887.29 55,999,600
CP-$5M Limit 18,500.00 6,165.08 6,499.98  24,515.84 120,249,630
CP-$2M Limit 10,000.00 3,333.17 6,199.99 13,467.32 61,999,900
CP-$1M Limit 11,000.00 3,666.33 6,100.00 11,066.55 67,100,000
FIGURE 5.1
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TABLE 5.2

COMPARISON OF AGGREGATE L0SS DISTRIBUTIONS "
WITH AND WITHOUT THE COVARIANCE GENERATORS
AND THE MIXING PARAMETER

WO/Covariance W/Covariance

Aggregate Mean 1,004,422,886 1,004,422,886

Aggregate Std. Dev. 52,698,873 156,034,063

Aggregate Cumulative Probability Limited Pure Premium Ratio
Loss WO/Covariance W/Covariance WO/Covariance W/Covariance

500,000,000 0.00000 0.00000 0.49780 0.49780
600,000,000 0.00000 0.00070 0.59736 0.59734
700,000,000 0.00000 0.01617 0.69692 0.69634
800,000,000 0.00001 0.08782 0.79648 0.79136
900,000,000 0.01954 0.25528 0.89570 0.87477
1,000,000,000 0.47643 0.51146 0.97685 0.93653
1,100,000,000 0.96097 0.74683 0.99909 0.97282
1,200,000,000 0.99970 0.89181 1.00000 0.99004
1,300,000,000 1.00000 0.96115 1.00000 0.99688
1,400,000,000 1.00000 0.98831 1.00000 0.99916
1,500,000,000 1.00000 0.99703 1.00000 0.99981
1,600,000,000 1.00000 0.99935 1.00000 0.99996
1,700,000,000 1.00000 0.99987 1.00000 0.99999
1,800,000,000 1.00000 0.99998 1.00000 1.00000
1,900,000,000 1.00000 1.00000 1.00000 1.00000
2,000,000,000 1.00000 1.00000 1.00000 1.00000

TThe cumulative probability is the probability that the aggregate loss amount is less than the stated
loss amount. The limited pure premium is the expected aggregate loss when limited to the stated
loss amount. The limited pure premium ratio is the limited pure premium divided by the expected
aggregate loss.

Appendix B gives the correlation matrices generated by mix-
ing the claim count and claim severity distributions.

Table 5.2 and Figure 5.1 illustrate the significant effect that
correlations have on the aggregate loss distribution of XYZ In-
surance Company.
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6. CONCLUSION

We congratulate Dr. Wang for his fine work in introducing
dependency into the collective risk model. This discussion has
attempted to expand the applicability of his work and illustrate
its importance in Dynamic Financial Analysis.
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APPENDIX A

THE CLAIM SEVERITY DISTRIBUTIONS

The Heckman/Meyers algorithm requires that the cumula-
tive distribution functions for the claim severity distributions be
piecewise linear. Users of the algorithm usually have an analytic
model for claim severity, so some approximation is necessary.
This appendix gives the analytic models used in this paper and
their piecewise linear approximations. The claim severity distri-
butions are merely illustrative and the reader should note that we
did not derive the claim severity distributions from any propri-
etary data available to us.

This paper uses the mixed exponential claim severity model
for all lines of insurance. The cumulative distribution function
(cdf) is given by:

4
Fx)=1-> w-e /" (A.1)

i=1

The limited average severity (LAS) is given by:

4
L(x) =Y " w;b;- (1 —e /b (A.2)

i=1
A piecewise linear cdf approximates each mixed exponential
cdf. For the specified values xj,x,,...,X,,, the piecewise linear
cdf has the same value as its corresponding mixed exponential
cdf, and the piecewise linear LAS has the same value as its corre-
sponding mixed exponential LAS. We accomplish this matching

of the LAS values by setting:

Xop—1 =
L(xy,,) — L(x3,,_5) — Xp, - (1 = F(x3,)) + X3, _5 - (1 = F(x,,_))
F(x,,) — F(xy, 5)

(A3)
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TABLE A.1

MiXED EXPONENTIAL PARAMETERS

Line Names b, b, by b, w, W, ws wy
WwC 1,000 10,000 100,000 500,000 0.940 0.040 0.015 0.005
GL 1,000 10,000 100,000 500,000 0.350 0.500 0.100 0.050
AL 1,000 2,500 10,000 500,000 0.360 0.500 0.120 0.020
APhD 1,000 5,000 10,000 15,000 0.360 0.500 0.120 0.020

CP-$50M Limit 2,000 5,000 20,000 5,000,000 0.360 0.500 0.139 0.001
CP-$10M Limit 2,000 5,000 20,000 1,000,000 0.360 0.500 0.139 0.001
CP-$5M Limit 2,000 5,000 20,000 500,000 0.360 0.500 0.139 0.001
CP-$2M Limit 2,000 5,000 20,000 200,000 0.360 0.500 0.139 0.001
CP-$1M Limit 2,000 5,000 20,000 100,000 0.360 0.500 0.139 0.001

and

Xn, 1 —Xn,
F(xy, 1) = Fxy,) — (F(xy,) — F(xy, 5)=—2-—21=2,
Xop —Xop_2

(A4)

Table A.1 gives the parameters of the mixed exponential dis-
tributions used in this paper. Table A.2 gives the piecewise lin-
ear approximations for two of these distributions. The values
X, X5, ... are the same for all of the piecewise linear distributions
used in this paper.
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TABLE A.2
PIECEWISE LINEAR APPROXIMATIONS TO MIXED EXPONENTIAL
DISTRIBUTIONS
WC-$5M Limit w’s Means GL-$5M Limit w’s Means
Exp #1 0.940 1,000 Exp #1 0.350 1,000
Exp #2 0.040 10,000 Exp #2 0.500 10,000
Exp #3 0.015 100,000 Exp #3 0.100 100,000
Exp #4 0.005 500,000 Exp #4 0.050 500,000
Loss Amount cdf LAS Loss Amount cdf LAS
0.00  0.000000 0.00 0.00  0.000000 0.00
49.15  0.045700 48.02 4921  0.019500 48.73
100.00  0.089867 95.43 100.00  0.038392 98.05
149.19  0.131200 139.18 14937 0.056200 145.08
200.00 0.171217 182.31 200.00 0.073565 192.43
342.56  0.276533 292.95 343.62  0.120000 322.15
500.00 0.371892 399.35 500.00 0.162648 456.43
729.42  0.494340 529.40 73342 0.219840 645.21
1,000.00  0.598159 652.18 1,000.00  0.269918 846.51
1,419.20 0.727210 793.58 1,443.94 0339720  1,155.13
2,000.00  0.820353 924.97 2,000.00 0.395447  1,506.79
2,883.28 0911960 1,043.19 3,256.69 0485113  2,210.19
5,000.00 0.950186  1,189.09 5,000.00 0.549751  3,051.45
6,797.29  0.960808  1,269.07 7,275.66 0.618840  3,997.45
10,000.00 0.966769  1,385.05 10,000.00 0.676551  4,957.25
14,264.10  0.972925 1,513.63 14,236.37  0.749097  6,173.83
20,000.00 0.977502  1,655.80 20,000.00 0.802420  7,466.28
30,790.44 0.983013  1,868.83 30,030.69 0.861207  9,153.31
50,000.00 0.986108  2,165.42 50,000.00 0.890736 11,630.07
72,261.57 0.988482  2.448.25 71,743.39  0.908547 13,812.20
100,000.00  0.990386  2,741.34 100,000.00  0.922253  16,202.71
142,933.77  0.992801  3,102.25 143,357.97 0.939641 19,196.72
200,000.00 0.994618  3,461.20 200,000.00 0.952951 22,238.65
306,605.45 0.996837  3,916.67 311,738.74  0.970510 26,514.86
500,000.00  0.998060  4,410.19 500,000.00 0.980932 31,085.63
700,063.34  0.998817  4,722.62 702,893.51 0.988239 34,213.12

1,000,000.00  0.999323  5,001.59 1,000,000.00  0.993229 36,966.16
1,343,154.66  0.999707  5,168.02 1,343,292.63  0.997074 38,630.66
2,000,000.00  0.999908  5,294.21 2,000,000.00  0.999084 39,892.11
2,493,216.63  0.999985  5,320.55 2,492,457.58  0.999848 40,155.10
5,000,000.00  1.000000  5,339.89 5,000,000.00  0.999998 40,348.87




803

AGGREGATION OF CORRELATED RISK PORTFOLIOS

0000l 10060  €006'0  0006'0  $868°0 | 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 N WI$-dO
10060 0000'L  €006'0 00060  S8680 | 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 NI NT$-dO
€006'0  €006'0  0000'  CO06'0 L8680 [ 00000 00000 00000 00000 00000 000000 00000 00000 00000 00000 NI WS$-dO
00060 0006'0  TO06'0  0000'T  +868°0 | 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000  MNWITNOI$-dO
$868'0  S868'0 L8680 #8680  0000'T | 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000  MWITNOS$-dO
00000 00000 0000'0 00000 00000 | 00001  SI8YO0  PEBY'O  6LLY'O  €SSP'O [ 00000 00000 00000 00000 00000 audv
00000 00000 00000 00000 00000 | SI8Y'0  0000'T 68870  PE8Y'0  909¥'0 | 00000 00000 00000 00000 00000 INWITNSO0$-TV
00000 00000 00000 00000 00000 | PE8Y'0 68870  0000'T €870  ¥TOY'0 | 00000 00000 00000 00000 00000 nwry Wis-1v
00000 00000 00000 00000 00000 | 6LLV'O  PE8Y'0  €S87°0  0000'T  TLSY'O | 00000 00000 00000 00000 00000 nmury Wes-1v
00000 00000 00000 00000 00000 | €SSY'0  909¥'0  $TOP'0  TLSY'O  0000'T | 0000°0 00000  0000°0 00000 00000 nury WeS-IvV
00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 | 0000'T  SL8Y0  8C8Y'0  ¥TOY'0 | 00000 INWITNSO0$-TO
00000 0000°0 00000 00000 00000 00000 0OOO'0  0OOOO'0 00000 00000 | SL8Y'O  00OO'L  8¥P8¥'0  ¥¥O¥'0 | 00000 Ny WIS-1D
00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 | 8T8Y'0  8¥8Y0  0000'T  665%0 | 00000 nwry WNe$-10
00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 | PCOV'0  PPOVO  66S¥'0  0000'T | 00000 nwry We$-10
00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 [ 0000'T T NES-OM
nwr nwryg N g nury nwrg N g nwry g nwig g nwry g

WI$-dD WT$-dD WS$-dD WOI$-dD IN0S$-dD  dudv WSO0$TV WISTV TS TV INSE TV IWS0$- 1D IWISTID INTS1D WS$T1D INS$-DM

SINNOD NWIVT) d0d XITIdLVIN NOLLVTAIIO))

q XIANAddV



AGGREGATION OF CORRELATED RISK PORTFOLIOS

804

00007 PSO60  SPO6'0  OLSS0  96vS0 | 69ST°0  9SEI'0  TSEI'0  9S0I0 92900 98110 TOTI'0  9L01'0  9LLOO  SS61°0 W INI$-dD
PSO6'0 00001  8E06'0 69880  T6VSO | 89ST0  SSEI'0  ISEI'0 95010 92900 SSIT'0  10TI'0  SLOI'0  9LLOO  ¥S6I0 W INT$-dD
SHO60  8E060  0000'T 09880  98FS0 | 99510 PSEI'0  OSEI'0  ¥SOI'0  ST9O0  SII0  00TI0  PLOT'O  SLLOO  TSGI'0  MWITINS$-dO
9/88°0  6988°0  0988'0 00001  ¥8ECO | LESTO  6TEI0  PSEI'0  SEOI'0  PIOO0  TOIT0  LLITO  #SOI'0  09L0°0  SI61°0  IWITINOI$-dD
96vS'0  T6YSO  98PSO PSSO 00001 | TS60'0  €T80'0  8€800  I¥900  0S€00  61L00  6TLOO  €690°0  ILKO'0 98110  IMWITINOS$-dD
69ST0 89510 99510 LESTO  TS600 | 00001  OPZSO  IPESO  [80P0  OChCcO | 08TTO  OIETO  890T0  T6YI'0  SSLED audv
9GE10  SSEI'0 PSEI'0  6TEI'0  €T800 | OPZSO 00001  9I9¥0  8TSEO  160T0 | IL610 L6610  LSLI'O  06CTI0  SYTE0  MWIT NS0$-TV
T8E10 ISE1'0  08EI'0  PSEI'0  8€80°0 | IPESO  9I9P0 00001  S6SE0  TEITO | 600C0  SE0TO T8I0 vIEIO  T1€€0  IMWITNI$TV
96010 95010 #SOI'0 SO0 I+90°0 | I80K0  8TSEOD  S6SE€0  0000T  6T91°0 | SEST'O  SSST'O  TEEI'0 #0010 OSSTO  IMWITNT$-TV
97900 92900  §T900 1900  0SE00 | OTYTO  160T0  TEITO  6T91°0 00001 | 01600 TT60'0  ST80'0 96500  00SI0  IWITNS$-TV
98110 SSIT'0  ¥SII'0  TOII'0  6IL00 0SZCO  IL61'0  600CO  SEST0 01600 | 00001  SLcSO  ICLPO  90¥E0 | I¥8T0  Wwr NS0$-TD
T0TI'0  T0TI'0  00TI'0  LLITO  6TLO0  OIETO L6610  SEOTO  SSST'0  TTEO'0 | SLTSO 00001  ¥8LY'O  TSPEO | 648T0  NWITINI$-TID
9L01°0  SLOT'0  PLOI'O  +SOI'0  €S90°0  890T0  L8LI'0  TT8I'0  T6EI'0  STSOO | ITLYO  $8LPO 0000 0600 | LLSTO — IMWIT AT IO
9LLO0  9LLOO  SLLOD 0900 ILKO0  T6YI'0  06TI'0  FIEI'0  H0OOI'0  96S0°0 | 90VE'0  TSPED  060£0 00001 | 66810  IMWITNS$-TO
SS61'0  ¥S61'0  TS6I'0 SI6I'0 98110  8SLED  S¥TEO  IIEC0  0SSTO  00ST'0  [P8CTO  6L8CO  LLSTO  6SSI'0 | 00001 | WwrTNS$-OM
1S SRt QR TS ST s S wwrpoowwrm o owwr o wwrl o M nwrp o My Wy g

WI$-dD WT$-dD INS$-dD WOI$-dD WOSS-dD audv WSO0$-TV WISTV IWT$- TV INSS TV WS0$-1D WIS IO WIS TD WSS TD INS$-OM

SASSOT ALVOIIDDY YOd XIALVIA NOLLVIIII0D)

q XIANdddV



805

AGGREGATION OF CORRELATED RISK PORTFOLIOS

PIHIA9TS'S | PI+HRIOY PI+H9S6'8 VI+HILI'Y YI+U6EYT|TI+ARITE €1+UA60V'T €1+UAPP8'T €T+UYPT'T TI+UB00'E €I1+IULO9T CI+IULSK'S CT+TIVIT TI+ASTY'S PI+H998°C T WT$-dO
3+mm~o.vEE+m—0hN.m PI+APCY'E YI+APICT|TI+AVLO'C €T+UTOCT €1+UBTT E€T+ULSO'T TI+UOBL'T E€I+T60P'T €I+UCYO'S €T+HI6L6'T TI+IL00'S PI+I6VIT T We$-dO
PI+I9S6'8 3+mohu.wE§+m—m5\h PI+A9E6'T| TI+IULIL'S €T+USTET €T+ILO0'S €T+H0SOT TIHATOE'S CT+IAELOY €1+U6LL'6 €T+UBEY'E TI+AYOL'6 PI+ILET'S T WSE-dO
VIHAILLIY P1+EPSSE v_+mmhw.hE§+mhcm._ TIHAYRYT €I+HILIL €I+HHAVLET TIFHAIS6 TIHALIST €I+HILIT €I+AVSSY CI+HHLSLT TIHHGISY ¥I1+HTOET Nt WOIS-dD
PI+HA6EYT PI+AVIST PI+HHICOT FIFHALIC T FPIHATIYT| TIHASSOL TIHHOTO Y TIHHITE'6 TIFHOSL'E 11+HEIR6 TI+HASYS® €I+H68Ll TIHHITOL TIHHASLLT €1+HS6E6 Nt WOS$-dD
CTI+ABIT'E TI+HAPLO'T TIHHLIL'S TI+H989'T TI+HASSOT| TT+U9TY'L| TI+UCTOT CTI+UIOY CTI+UEPY'T TT+UTTE Y |TT+UAPOR'T TI+HO06'E TIHATEST TT+H0LY'E €T+H6V0T audv

ET+I60V'T €T+TTOET €T+USTS'T CT+UILT'T TI+UOTOY
EI+APPRT CI+HABTOT CIHHLO0'S €I+APLET TIHHAIIE 6

ET+T68L'T TI+U96T'L TI+HEOR'T |TI+HTOT'Y €T+UROLT TI+ATOL'9 TI+TS69'T €1+UTL6'S nury NS 0$- TV
CIHALLY L [ETHATSYT TIHHOTSE [E1THALYYT €I+ALYFE CI+HHESE] TIHHITYE FI+HHIISTT nurT WISV

CTI+ISTOT| €T+HSSH'T

TIHAYBOY €I+HO68L'L

EI+APPLIT €I+HHLS0TT €I+HHOSOT TIHHAIS 6 TIHAOSL'E| TIHALYY L TIHAYOD'L €IHATSH'L [€1FHITIT|TIHAIES T |TIHAFTY9 €I+HIBE’ ] TIHHOVY'S TIHHILE'T €1+HTETL nury NZ$1TV
TI+AS00'E TIHHOBLT TI+HIOE'S TIHHALIIST [1+HEIRG| [I+HHTITE Y TIHHEOS ] TIHHOTS'E TIHHIES| [TIHHEST Y |TIHHTYL'T TIHHAIYO'C TIHAIEY' T 11+H819°C €1+HCIO nury NSV

E€T+TLO9T €T+TO0V'T €T+UELYY €T+UOLT'T TI+UBYE' TI+AYIY'T TIHHION'S CI+IALYO'T TI+HPCO'O TI+ATPL'T [ET+HO9L'| ET+HEYPS'6 €T+TSHL'E TI+HOLY'6 [PT+H099'T nury NS 0$-TD

ET+ILSY'S E€T+ATPO'S ET+UOLL'6 CT+UPSSY ET+U68LT TIHH006'E €T+HSOL'T €T+ULPY'E €T+UO8ET TI+UOP9'EC m~+mmvw.aEm-+m—wmw.h ET+UTRO'T [PT+AVLY'E Ty INT$-TD
EIHAIVIT €I+H6LOTT CIHHSES'E E€I+HLSLT TIHAITOL TIHALES T TIHATOLO €I+HHESE ] TIFAOPY'S TIHAIEY T |E1+ASPLE m~+ﬂwmm.hEN_+nmhﬁh PI+AE9E] Nt NSO
CTIHASIF'S TIHHL00'S TIHAVOL'6 TIHHGISY TIHASLLT TI+A0L8E TIHASO9L TIHHITE'E TIFHAILET T1+ASIVE|TI+HHOLY'6 €1+HT86'] TIHHASLLL|TIHHETS'S | E1+HLYYE nury NS$19D
PI+A998T PI+HOPOT PIHHLED'S PIFHATOET €1+H86E6 €1+A6VOT €I+ATLO8 PIHHLIIST €I+HATSTL €I+ASIOT PI+AQ9YL PI+AVLYE PIHHEIE ] CI+HHLPYC|STI+HLOSE NWIT NSSDM

ry mry g yry ry Iy g mory ry g g mry ry mry
WI$dD  NWTsdd WEEdO  IWOT$-dD  IWO0S$-dO qQUdV  INS0$IV. TSIV WISV INSSTV. IWNS0$1ID  INT$SID  IWTSTID NS IO INS$-OM

SHSSOTT HLVOHYDDY dO0d XIILVIA HONVIIVAO))

d XIANAddV



