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THE NEGATIVE BINOMIAL APPLIED TO THE CANADIAN MERIT 
RATING PLAN FOR INDIVIDUAL AUTOMOBILE RISKS 

BY 

CHARLES C. HEWITT, JR. 

1. Summary of Current Theoretical Developments 
Dropkinl has shown that an excellent fit of actual automobile accident fre- 

quencies is obtained by the use of the negative binomial distribution. 
The negative binomial distribution is justified on the assumption that, for a 

particular mean accident frequency, the Poisson distribution: 

pcx; mt> = (mt)T-m" 
(1.1) 

X. 

will hold. In the above expression m represents the mean accident frequency for 
a particular unit period of time (normally it will be assumed that ooze year is the 
unit of time), and t represents the number of units of time exposed (years). The 
mean of this Poisson distribution is: 

FE(x; mt) =mt 

and the variance of this Poisson distribution is: 

(l.la) 

2(x; mt) =mt (l.lb) 

A significant step in Dropkin’s approach is the assumption that the mean acci- 
dent frequency varies among drivers (or cars) and that this variation can be 
expressed by a Pearson Type III curve of the form: 

T(m) = 8’ 
r(r) 

mr-Ie-am (1.2) 

(a and r positive) 

The mean of this frequency distribution is : 

E(m)=+ 

and the variance of this frequency distribution is: 

(1.2a) 

a(m)=+ (1.2b) 

Dropkin shows that if the mean individual accident frequency m is a con- 
tinuous random variable with a range from 0 to 00 and with a frequency dis- 
tribution T(m) , then the group probability of exactly x accidents during a unit 
time interval may be obtained by: 

1Dropkin. Lester. Some Considerations on Automobile Rating Systems Utilizing Indi- 
vidual Driving Records, CAS XLVI, p. 16.5. 



56 NEGATIVE BINOMIAL - CANADIAN MERIT RATING PLAN 

N(x; t) = 
s 

F(x; mt) . T(m)dm 
0 

This expression takes the form of the negative binomial: 

(t=l) N(x; l)+$ (;‘) (--$$ 
or more generally for a period of time t: 

The mean2 of this latter distribution is: 

E(x; t)=+t 

and the variance:2 

r at-t 
2(x; t) =; -t 

a 

(l-3) 

(1.4) 

(1.5) 

(1.5a) 

(1.5b) 

It is important to remember that, although the mean accident frequencies, m, 
(for unit time interval) may vary as among individuals, it is assumed that m 
remains constant over the period of time under consideration for a particular 
individual. 

Bailey and Simon” have introduced the concept that the occurrence or non- 
occurrence of accidents during a particular period of time creates different 
groupings of individuals by inherent hazard, where the basis of grouping is the 
individual driving record during the period of time under consideration. These 
groupings based on driving record have frequency distributions of the group 
members by inherent hazard, which frequency distributions differ as among 
groupings and as against the original frequency distribution by inherent hazard 
of all drivers. This process of creating groupings based upon driving record is in 
effect a process of selection and is completely random. 

It is quite possible that an inherently good risk through bad luck may find 
himself in a class with risks who have had one or more accidents during the time 
period under review; on the other hand, an inherently bad risk may find himself 
in a classification with risks who have had no accidents during a particular 
period of time. However, in the long run the process of selection on the basis 
of driving record will result in a greater frequency of good risks in the class with 
no accidents and a relatively greater frequency of poor risks in a class with one 
or more accidents. 

2For further characteristics of the negative binomial distribution see Simon, L. J., The 
Negative Binomial and Poisson Distributions Compared, CAS XLVII, p. 20. 

“Bailey, R. A. and Simon, L. J., An Actuarial Note on the Credibility of Experience of 
a Single Private Passenger Car, Appendix 1, CAS XLVI, p. 164. 
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In an actuarial note currently being presented to the Society, Dropkin shows 
analytically how this process of selection works and develops an expression for 
the frequency distribution by inherent hazard in a particular grouping as well 
as an expression for forecasting claim frequency for this grouping. 

Using functions contained in the previous section, it can be shown that for 
the group of risks who have incurred exactly c accidents in the last s years, the 
distribution function by inherent hazard, m, for this particular group is given by: 

T(m/c, s) = 
(a+s)r+” 

IYrfc) 
mr+c-le-(a+s)m 

In this system of notation the expression (c, s) will be assumed to stand for the 
grouping of risks who have had exactly c accidents in the last s years. The mean 
of this frequency distribution is given by: 

r+c 
E(m/c, s) = - 

a+s 

and the variance is: 

0”(m/c, s) = 
r+c 

(a+s)” 
(1.6b) 

From (1.6)) (1.6a) and ( 1.6b) it is evident that T(m/c, s) is, itself, a 
Pearson Type III distribution of the form contained in ( 1.2) where r is replaced 
by r + c and a is replaced by a + s. Furthermore each grouping, (c, s) , contains 
(from (1.5) ): 

N(c;s)=(-+)= (c’)(s)’ (1.6~) 

risks from the initial population. 
With respect to future (or forward) accident frequency, the probability of 

exactly x accidents in a future period of time t is given by a negative binomial 
expression : 

N(x;t,c;s)=( ,;‘slt)” (-(:“‘)( .--:,)” (1.7) 

The mean number of accidents during the period of time t will be 

E(x; t/c; s) = s t 

and the variance : 

r+c 
2(x; t/c; s) xx - - 

a+s+t 
t 

a+s a+s 

(1.7a) 

*Dropkin, Lester. Automobile Merit Ratinz and Inverse Probabilities. CAS XLVII, 
p. 37. 
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The expressions given in ( 1.6a) and (1.7a) are remarkably simple expres- 
sions for the mean forward accident frequency of a grouping of risks who have 
had exactly c accidents in the last s years. From the mean of all risks ( 1.2a) : 

E(m)=* 

it is possible to develop an expression for an experience modification on the 
basis of driving record. This experience modification would have the form: 

r+c 

Mod,,s= a+s = 
a(r+c) 

r r(a+s) (1.8) 

a 

and in the special case where the risk is accident-free during the time interval s, 
this, of course, indicates the “no claim bonus”:” 

l- ar 
S 

r(a+s) = - afs 
(1.8a) 

Of course, such modification is based entirely on accident frequency and ignores 
the question of accident severity. 

Parenthetically it might be noted here that data with respect to accident 
severity is rather limited. The Canadian information that is available indicates 
that except for those risks who have had one or more accidents in the past year, 
there is little or no variation in severity on the basis of driving record. For those 
risks who have had an accident in the past year, Canadian data indicates that 
accident severity is approximately 10% greater than for risks in the various 
accident-free classifications. 

2. Analytical Expressions for Canadian Merit Rating Classes 

The expressions developed in the previous section make is possible to forecast 
forward accident frequency for any group of risks where the accident history is 
known. However, the Canadian system of classifying by accident record does 
not always permit application of these formulae. The Canadian merit rating 
classes are as follows: 

Class A - No claim within past three years (or more) 
Class X - No claim within past two years 
Class Y - No claim within past year 
Class B - One or more claims within past year. 

In the case of Class B, the exact value of c is not known since there will 
undoubtedly be some risks in this class which have had more than one claim in 

5cf. Written discussion by Bailey, R. A. of Some Considerations on Automobile Rating 
Systems Utilizing Individual Driving Records, Dropkin. L. ibid. 



NEGATIVE BINOMIAL - CkNADIAN MERIT RATING PLAN 59 

the past year. In the case of Class A, the exact value of s is not known since some 
risks will have been claim-free for more than the three years necessary to 
qualify for this class. 

In order to permit more complete analysis of the available Canadian data, it 
is necessary to, derive expressions (similar to those developed by Dropkin) with 
the Canadian merit rating classification system in mind. 

The distribution function for risks which have had one or more claims (where 
the exact number of claims is not stated) during a period of s years may be 
developed as follows: 

T(m/>O, s) = 
( l-e-mS)T(m) 

s 
m(l-e-mS)T(m)dm 

0 

T(m/>O, s) = 
1 --e-m8 

r T(m)= 
T(m) -TWO, s) 

(2.1) 

In the above expressions the notation used follows the pattern of the previous 
analysis. It will be recognized that the number of risks falling into this particular 
classification is represented by the denominator of (2.1) . The mean of this 
distribution function is given by the expression: 

[r a -- - 

E(m/>O, s) = a ( ) 

r r 

a+s a+s 

l- a r 
( ) 

(2.la) 

a+s 

The variance of this distribution function is quite involved and not important to 
subsequent analysis and is therefore not given here. 

The probability of exactly x claims during some period of time t is given by 
the difference of two negative binomials : 

(5)’ (x’) (5+)x - ( a+:+t)’ (I’) ( a-L:t )’ 

l- a’ 
( ) 

(2.2) 

a+s 

The mean value of the number of accidents during a future period of time t is: 

t (2.2a) 
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Again, the variance with respect to this function is quite involved and is not 
given here. The denominator of expressions contained in (2.2) and (2.2a) 
represents the number of risks from the original population who fall into the 
group. 

Now, it is necessary to develop a new distribution function consisting of 
those drivers who have had one or more claims (exact number of claims not 
stated) in an s year period and who have then been claim-free during a w year 
period immediately following. This function can be derived and expressed as 
follows : 

T(m//O, w/>O, S> = 
e-‘““‘T(m/>O, s) 

.i 

M 

PwT(m/>O, s)dm 
0 

T(m//O, w/>O, s) = 
[e-n,w-e-m(s+m)]T(m) 

(*)re( a+Z+w)’ (2’3) 

The notation (0, IV/ > 0, s) is intended to indicate that the risks in this particu- 
lar group have had one or more claims in a time interval s and then have 
experienced no claims in the immediately subsequent time interval W. 
The mean value of this frequency distribution is: 

The probability that the risks in this group will have exactly x accidents in a 
period of 1 years in the future is given by the difference of two negative bino- 
mials: 

(a+i+t>‘(;3( a+Q+t )” -( a+sJw+t >‘(rr>( a+s+-k+t 

(ik)r -( a+r+w)’ ( 

The mean value of this function is : 

In the two expressions immediately above, the number of risks out of the 
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original population who fall into this particular group is expressed by the 
denominator: 

(*)= - (a+r+w ) 
(2.4b) 

It must be remembered that this expression does not hold for the group of 
risks who have had no claims in the period of time s+ W. For this claim-free 
group, the number of risks is given by the expression: 

N(O;s+w)= ( a+;+w)’ 
In examining the results during an n-year period (12=s + w) , the number of 

risks who have had one or more claims, but have then been claim-free for the 
most recent w (or more) years is [from (2.4b)l: 

(*)* - (-;;>’ (2.4d) 

Similarly the number of risks who have had one or more claims, but have then 
been claim-free for the most recent w + I ( < n) years (or more) is : 

(a+:+,)’ - (&)’ 

Therefore the number of risks who have had one or more claims, but have then 
been claim-free for exactZy the most recent w (<n) years is: 

(*)’ - ( a+:+,>’ (2.5) 

The average forward probability or claim frequency of such risks is given 
by the expression: 

The weighted average forward probability as represented by the product of 
the number of risks in each such group times the average forward probability or 
claim frequency for the group is given by the following expression: 

[(&)‘Ttii-( a+:+,)’ a+;+llt 
(2Sb) 



Merit 
Rating Number of Average 

TABLE 1 
ANALYTICAL EXPRESSIONS FOR CANADIAN 
PRIVATE PASSENGER AUTOMC-” - - 1 - A 

Forward Claim Frequency 

Weighted Average 
Forward Claim Frequency 

(Number of Risks Times Forward 
Claim Frequency) Class Risks 

r 
a+3 

x (--$(--&) 

Y 

B 

( > -- - 
(-ST)? - (a:,)’ “‘(l:fir- ( a~2)r 

- 
(aI2 af2 (2&&+2&& 1 

2: 

( 
a \‘r 

$ 
r -- - E 

1- a’ 
( > 

a a+ 1) a-i-1 1 
I r/ajTr I 

a+1 1- a = 
( 1 

a-(7iq)aS-l g 
a-t-l 0 

I 
Total 1 r-1 r - 

I 
r - 

A+X 

I I al - - 
r il 1 a+2 
r il 1 a+1 

I a 



NEGATIVE BINOMIAL - CANADIAN MERIT RATING PLAN 63 

All that now remains is a summation from a particular value of w to n ( >w) 
in order to arrive at expressions for risk groups which have been accident-free 
for a period of w years or more including the group which has been claim-free 
for the entire n-year period. 

These expressions are as follows: 
the number of risks who have been accident-free for w years or more is: 

a r 

( > a+w 
(2.6) 

the average forward claim frequency of risks in this group will be: 
r 

a+w 
(2.6a) 

and finally the average weighted forward claim frequency (product of the 
number of risks times the forward claim frequency) will be 

a 

( > 

r r -- 
a+w a-l-w 

(2.6b) 

This makes it possible to produce analytical expressions for the various 
Canadian merit rating classes. These are set forth in tabular form in Table 1 
opposite. 

3. Test of Analytical Expressions Against Canadian Data 
It is possible to, make a test of the above expressions against actual Canadian 

data bearing in mind the method in which risks are permitted to enter a particu- 
lar classification.6 

The parameters r and a can be determined by solving the simultaneous 
equations : 

r 

and 

- = forward claim frequency (All classes) 
a 

_ forward claim frequency (All classes) a+3 
a forward claim frequency (Class A) 

for the Canadian data for policy years 1957 and 1958.T 
The parameters used to determine theoretical claim frequencies become: 

Class 

1 2.6:47 4.3044 30.;76 35.733 
3 4.1665 29.251 
4 4.3859 27.065 
5 4.5776 41.751 

GWittick, H. E., The Canadian Merit Rating Plan for Individual Automobile Risks, CAS 
XLV, p. 214. 

TBailey, R. A., and Simon, L. J., ibid, Table 1. 
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The test of the theoretical expressions against the actual claim frequencies 
produces the results given in Table 2 immediately below: 

TABLE2 

CANADA (EXCLUDING SASKATCEIEWAN) 
POLICY YEARS 1957 and 1958 (AS OF JUNE 30, 1959) 

PRIVATE PASSENGEH AUTOMOBILE LIABILITY - NON-FARMERS 

Pri ate Paeeeneer 
Merit Rating Claee Clask L.QJ Clas Class 

class 
Deoretic&l Claim Freauenciee 

A .0787 .llll .1292 .l459 JO23 
x Jlo7 .1388 .1629 .1823 .126l 
P .ll42 .l425 .1681 .1887 .x90 
B .ll80 .l465 .1738 .l955 .1320 

Total. a66 .1205 l l424 .16a .1096 

A+X .0812 .11&l. .l333 .l509 .I046 

A-i-X(+Y .0838 .1172 .1377 .l563 don 

&&Q&l Claim Freauenciee 

A .0787 .llll .1292 a459 .1023 
X .1055 .1384 .1698 .1725 .1x)6 
Y Al83 .1470 .174l .17l6 .l259 
B .1377 .l591 .2008 .2ooo .1501 

Total .0866 .1205 .l424 .1621 .1096 

A-i-X .0800 .1126 .1316 .1486 .I034 

A+X+Y .0820 .1148 .1347 .1511 .1049 

With respect to Classes 1 through 5, the standard deviation of risk 
frequencies in each clam may be calculated: 

m j?hndarh Deviatiog 
1 .0537 

3" .0581 .0698 
4 .0774 
5 .0512 

Total .Otil.l 
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It is interesting to note, in passing, that Classes 1,2 and 5 produce a standard 
deviation less than the standard deviation for the entire group of risks while 
Classes 3 and 4 produce a standard deviation greater than the standard 
deviation for all risks. However, it should be noted that the claim frequency 
in Classes 3 and 4 is relatively high. Using a measure of relative dispersion 
(standard deviation divided by the mean), all of the Classes 1 through 5 show 
a smaller relative dispersion than the entire group of risks. 

It is recognized that the poorest fit of the theoretical expressions for forward 
claim frequency occurs in merit rating Class B (those risks who have had an 
accident in the most recent year). Further analysis of the data in this class is 
certainly warranted. It is possible that part of the difference between theoretical 
and actual frequencies in this merit rating class is explainable by the inclusion 
within the class of vehicles where the operator has had a conviction within the 
past year. 


