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I n t r o d u c t i o n .  A retrospective rating agreement is an agreement providing 
that  the premium u ultimately to be considered as earned for a certain insur- 
ance or set of insurances, shall be determined as a function of the losses actually 
incurred by  the insurer on account thereof, valued (in accordance with a set 
of prescribed rules) after the events causing such losses have occurred. 

All of the plans for the making of such agreements which have ever been 
explicitly approved by  any of the insurance commissioners in the United States, 
are plans under which u becomes a continuous function of the sum of the losses 
so valued, which is linear within some interval and constant outside tha t  in- 
terval. The range of practicable possibilities under the condition that  u shall 
be such a linear or sectionally linear function of the sum of the actual values 
of the losses, has been very well explored by T. O. Carlson [4] and F. S. Perry- 
man [I0].* 

Now, the following question naturally arises. What practicable retrospective 
rating possibilities (if any) lie beyond the domain governed by that condition? 
In  seeking an answer to this question, it is necessary first to determine precisely 
what  we mean by  the term "practicable retrospective rating possibility." 
Section B of this paper is therefore devoted to a formulation of the conditions 
which it is either necessary or desirable tha t  any particular functional relation- 
ship shall satisfy in order tha t  it may  be employed in practice as a formula 
for the determination of u. In  Section C, continuous functions linear in each 
interval of a set consisting of any  finite number of contiguous intervals cover- 
ing the entire range of possible values of the sum of incurred losses, are examined 
as possible retrospective rating formulae and found to leave unsatisfied at least 
one of the conditions which it is desirable that  such formulae should fulfill. 
In the first paragraph of Section D, a class of non-linear functions is defined, 
and it is asserted that  the members of tha t  class are fundamentally better  
adapted to serve as retrospective rating formulae than those belonging to the 
sectionally linear class; and the remainder of the paper is devoted to the de- 
fense of that  thesis. 

• Bold face numerals in square brackets refer to the Bibliography on page 62, 
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A. Termino logy  and Notat ion  

Le t  x be a one-d iment ional  r andom var iable ,  i .e . ,  a r andom var iab le  of 
which  each possible value  is a single real  number .  I f ,  for every  real  number  z ,  
t he  p robab i l i t y  t h a t  x will not  exceed x (i .e. ,  t he  p robab i l i t y  of t he  event :  
x ~ x) is given as the  value  of a real  funct ion  F(x), then  F(x) will be called the  
distribution function of x and  m a y  be regarded  as defining the  probability dis- 
tribution of x. Such a funct ion is necessar i ly  s ingle-valued and  non-decreas ing.  
Moreover ,  l i m F ( x )  = 0 and  l i m F ( x )  = 1. 

z - - - ~  - c o  x - - ~  + c o  

f÷° Hence  the  St ie l t ies  in tegral ,  dF(x) = 1. (1) 

I# '  - - C O  

Le t  z = ~b(x) represent  any  funct ion of x. Then the  mathematical expectation 
or mean value of z, which will be  deno ted  b y  the  symbol  E(z) ,  is defined b y  the  

equat ion :  E(z)  = ~b(x)dF (x) (2) 

c o  

and  will be said to  exist if the  Lebesgue-St ie l t jes  in tegra l  on the  r ight  exists 
and  has  a finite value.  I f  z = (x - c) ~ where k is a posi t ive  integer ,  then  
E(z)  is the  k th  moment of the distribution of x about the point c. Obvious ly ,  
for k = 1 and e = 0, E(z) becomes E(x) ,  the  mean  value of x. The  mome n t s  
abou t  E(x) ,  often cal led the  central moments, will be denoted  by  the  cus tomary  
symbol, #~ (x). 

i 
-t-co 

• = - - 

c o  

(3) 

If  F(x) is cont inuous  in the  in terva l  ( - o~, + oo ) and  has a cont inuous  differ- 
ent ia l  coefficient, Y'(x) = f(x), at  every  po in t  of t h a t  in te rva l ,  wi th  t he  ad-  
missible except ion of poin ts  of which any  f ini te  in terva l  conta ins  a t  mos t  a 
f ini te  number ,  then  the  p robab i l i t y  d i s t r ibu t ion  defined b y  F(x) will be said to  
be  of t he  continuous type, and  f(x) will be cal led the  frequency function of x. 

jf_ 
Z 

F o r  d i s t r ibu t ions  of the  cont inuous  type ,  F(x) = f(x)dx for eve ry  

OD 

real  value  of x, and  the  Lebesgue-St ie l t jes  in tegra l  in equa t ion  (2) is equiv-  
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f 
+co 

alent to an ordinary Riemann integral, ~b(x)f(x)dx = F'(z), (2') 

--CO 

provided ¢(x) is almost everywhere * continuous and the integral on the left 
side of (2') is absolutely convergent. 

Each random variable with which we shall have occasion to deal, will be 
represented by a lower-case letter in bold-face Roman type, and the same 
letter in italic type of ordinary face wilI be used as the variable in its dis- 
tribution function and its frequency function. Regardless of what random 
variable it is to which we are referring, the letter F will be used to denote its 
distribution function and the letter f to denote its frequency function. Thus 
F(x) will mean the distribution function of x; F(y) will mean the distribution 
function of y; and these may l~e two quite different functions, i.e., x = c and 
y = c will not imply that F(x) = F(y). This departure from the usual con- 
vention under which F(y) means the value of F(x) when x has the value y, 
should not be confusing, and it will avoid the introduction of a number of 
different letters, or of subscripts or other distinguishing marks upon the basic 
letters F and f.~ 

Now let J be any set of one or several insurances, and let n be the number 
of even~cs (hereinafter called loss-events) each of which results in some loss of 
positive value being incurred by the insurer under one or several of the con- 
tracts belonging to J .  From a purely theoretical viewpoint, it seems un- 
necessary to make any assumptions about J .  I t  may include Workmen's 
Compensation insurances, liability insurances of one or several kinds, group 
life or group disability insurances, and even property insurances of certain 
forms. However, there are a great many sets of insurances to which it would 
be impracticable to apply a retrospective rating agreement; we assume that J 
is not one of them. 

Let the n loss-events be simply ordered; let ak be the actual value of the 
loss to the insurer resulting from the/cth loss-event; and let 

s = a l  + a 2  + . . . . . .  + a . .  (4 )  

Now, suppose that  u, the premium ultimately to be considered earned for all 
of the insurances included in J ,  is to be determined in accordance with a re- 
trospective rating agreement as a function of Vl, v2, , , vn, where for each 
positive integer k Z n, vk is the value placed upon the loss resulting from the 

* I .e . ,  wi th  the  admissible  exception of points forming  a set  of Lebesgue measure  zero. 
t A ve ry  beautiful  exposit ion of random var iables  and  probabil i ty dis t r ibut ions will be found in Cram~"  

[5, Second Par t ,  or  6]. 
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kth loss-event in accordance with some prescribed set of rules. The possi- 
bility that  vk = ak for some or all values of k, is - -  of course - -  not excluded. 

Under any of the approved plans for the making of retrospective rating 
agreements, the functional relationship which u would bear to vl, v2, , , v~, 
would be of the following form: 

I H i f t _ L h  

u = B ÷ C t  i fh  £ t £ g 

G i f t  ~x g 

(5) 

where t  = vl + v 2  4- . . . . . .  + v , ;  H = B  +Ch; G = B  +Cg; 
and B, C, h and g are parameters independent of n, as, vk and every other 
characteristic or consequence of any particular loss-event. H is usually called 
the Minimum Retrospective Premium; G, the Maximum Retrospective Premium; 
B, the Basic Premium; and C, the Loss Conversion Factor; though in most of the 
plans at present in use these two latter terms refer respectively to B / r  and 
C/T, where r is a factor dependent solely upon the ratio to u of the sum of 
all taxes which will be levied directly upon u or upon some part of u. 

The range of possible values of H, G, h, g, B and C, and the determination 
of any three of them for any set of insurances when the remaining three are 
given, have been thoroughly discussed by Carlson and Perryman in the papers, 
[4] and [10], to which we have previously referred. Though, for each par- 
ticular set of insurances, the class of sectionally linear functions defined by (5) 
includes a three-fold infinitude of members each of which represents a practi- 
cable retrospective rating possbiility, it is nevertheless a very restricted class 
of functions. 

Therefore, let us suppose that u is to be some single-valued function of 
t¢ say u = R(t),  where R(t) is not necessarily of the form (5), but 

t = v~ + v 2  + . . . . . .  + v n  (6)  

and every parameter or variable other than t which may be involved in the 
determination of u, is--as in (5)--independent of n, ak, vk, and every other 
characteristic or consequence of any particular loss-event. We have then t o  

inquire: What conditions must be imposed upon the function R(t) in order that 
u = R(t)  shall be a practicable retrospective rating formula? 

These conditions are in general dependent upon the set of rules which 
have been prescribed for the determination of the values, vl, v2 , , , Vn. At 
the outset of our inquiry we shall assume those rules to be of the following form. 
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For every k: v~ = ak if ah < kk; 
(7) 

vk = )~k if ak _~ )kk; 

where )~k is a constant depending only upon characteristics of the /~th loss- 
event  other than the actual value ak of the loss resulting therefrom, e.g., upon 
the number of persons injured in consequence thereof, upon the number or 
the nature of the insurances involved, or simply upon the index k. Every  
set of rules for determining vx, v2,  , , v ,  appearing in any of the retrospective 
rating plans which have ever been approved in any of the States, can be shown 
to be of the form (7) under appropriate definitions of the terms loss and toss- 
event. In  those plans which provide tha t  actual values of losses without limita- 
tion shall be used in the computation of u, kk = co and vk --- ak for every k, 
so that  t = s. In  subsequent sections of this paper, we shall refer to vl, v2, 
• , , vn as the modified tosses. 

In the course of our inquiry, we shall need to consider the following random 
variable in addition to those already introduced: 

w = the sum of all expenses (other than losses) * incurred by the insurer 
and directly allocable to the insurances included in J ,  plus an 
appropriate portion of the insurer's expenses (such as home office 
rent) not directly allocable to any particular set of insurances, but  
rather to the totali ty of the insurer's business. 

We assume throughout tha t  the probability distributions of s and w are 
such tha t  both it(s) and It(w) exist, for otherwise the risk covered by J could 
hardly be regarded as insurable. From the existence of It(s), it follows--in 

view of (4), (6) and (7) - - tha t  It(t) exists and It(t) _Z E(s).  (8) 

From the existence of It(w), it follows 'f tha t  there is a single-valued real 
function W(t)  such tha t ,  if t' and t" be any two real numbers for which 

1 f l" F(t" )  - F(~') > 0, then F(t")  - F(t ')  W(t)  dF(t) is the mathematical  

expectation of w under the condition t' < t _Z t".  Hence lr{W(t)} -- it(w). (9) 

In  fact, there may  be an infinite class of such functions. But  if Wl(t)  and 
Wu($) be any two members of tha t  class, then WI(~) = W~(t) for all values of 
t except those belonging to a set Z such tha t  the probability tha t  t will fall 
in Z, is zel"o. Although the probability tha t  no loss whatever will be incurred 

• The  te rm expenses (other than losses) includes taxes o ther  than  ~et  income taxes,  and also includes all ex- 
laenses for inves t iga t ion  and  ad jus tmen t  of claims e~cei)t such as m a y  be included by definit ion wl th i a  the  deo 
no ta t ion  of the  te rm losses. 

J- Kolmogoroff  [9, Ffinftes Kapi te l ,  § 4]. 
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under J may be very small, we assume that  it is not zero. Hence, zero does 
not belong to any such set Z. Therefore, W(0) is an uniquely determined 
number, which is quite properly to be regarded as the mathematical expecta- 
tion of w under the condition t ~ 0. Since w will certainly exceed zero even 
though no loss whatever be incurred under J ,  W(0) > 0. Since the expenses" 
allocable to any particular insurance never decrease in consequence of any 
increase in the losses incurred thereunder, we assume that every function hav- 
ing the character ascribed to W(t) is monotone non-decreasing throughout the 
domain of non-negative real numbers with the possible exception of those be- 
longing to a set Z of the aforesaid character. 

By their definitions, none of the random variables: n, a~, a2 . . . .  v~, v2, 
, , , s, t, w, can have a negative value. Therefore, their distribution func- 
tions, F(n), F(al), etc., are all identically zero for negative values of n, al, 
etc., so that every integral of the form (1), (2), (2') or (3) may be written with 
0 as its lower limit, in place of - on, without changing its value, so long as x 
is one of the random variables listed above. Moreover, since t cannot be 
negative, R(t) need not be defined for t < 0. All that  is hereinafter said 
about R(t)  is to be understood as referring to R(t) for t ~ 0. 

I t  m a y  be  a rgued  t ha t ,  since t will be expressed as an  integral  mult iple  of the  smallest  cur ren t  
f ract ion of some  m o n e t a r y  uni t ,  R( t )  need be defined only for values  of t which are such mult iples  
of t h a t  f ract ion,  e .g . ,  integral  mul t ip les  of .01 if  t is to be expressed in dollars. However ,  we shall 
r egard  the  domain  of possible values  of losses, expenses and  p remiums  as a cont inuum identical  wi th  
the  set  of all non-nega t ive  real numbers ,  Accordingly,  R ( t )  m u s t  be defined for every  non-negat ive  
real va lue  of t ,  

B. Condi t ions  of Prac t icab i l i ty  

Let t' and t", t' < t", be any pair of possible values of t. From (4), (6) 
and (7), it is clear that  an increase in t from t' to t" can not occur except in 
consequence of an increase in n or in ak for some one or several values of k. 
Therefore, R(t") must not be less than R(t') for, if it were, the insurer in effect 
would be offering the insured a reward in the form of a reduction in ultimate 
premium for an increase either in the number of loss-events or in the actual 
value of the loss to the insurer resulting from some one or several of them. 
Thus, one of the conditions imposed upon R(t) by the requirement of prac- 
ticability, is that  

R(t)  be monotone non-decreasing. (I) 

But  R(W) must not so greatly exceed R(t') that  an increase in t from t' 
to t" would be likely to result in an increase in the insurer's underwriting profit, 
u - (s + w), for then the retrospective rating agreement would operate to 
encourage carelessness in the adjustment of claims, neglect of salvage possi- 
bilities and laxity in loss prevention, on the part of the insurer. Nor should 
R(t") so greatly exceed R(t') that  the insured might save money by withhold- 

* Except  commissions  under  certain cont ingent  commission agreements ,  which we leave out  of account  
since such agreements  are no t  l)ro~erly a!-,Dlieable to retrospectively rated insurances.  
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ing reports of loss-events from the insurer and bearing the ensuing losses and 
expenses himself, for--at least in the case of liability insurances--such with- 
holding of reports may prove to be very costly to both the insured and the 
insurer. * Apparently, then, the following condition must be satisfied: 

R ( t " )  - R( t ' )  Z ~(t ' ,  t")  ÷ a( t ' ,  t") 
(II) 

for every pair ,  t ', t " ,  such that t' < t " ,  

where 8(t' t") is the m i n i m u m  increment in s which would effect an increase 
in t from t'  to  t", and a(t ' ,  t")  is some non-muni f i cen t  allowance for an increase 
in w concomitant  with such an increase in t. F rom (4), (6) and (7), it follows 
tha t  ~(t', t") = t" - t'. Precisely what  the allowance c~(t', t") should be, we 
need not  decide. I t  is sufficient to observe tha t  at  most  a(t ' ,  t")  should cer- 
ta inly  not  exceed the mathemat ical  expectation of the increment in w con- 
comi tant  with an increase in t f rom t' to  t";  and tha t  expectation is given as 
the difference W(t") - W ( t ' )  where W ( t )  is any  member  of the class of func- 
t ions to which the context of (9) refers, provided tha t  neither t '  nor t"  belongs 
to  a certain set Z, dependent upon the function W(t), whereof the probabil i ty 
t h a t  t will fall in Z is zero. I t  follows tha t  

R ( t " )  - R( t ' )  A t"  - t' + W ( t " )  - W ( t ' )  (10) 

mus t  be satisfied for every pair, t ' , t " ,  such tha t  t' < t" ,  with the possible ex- 
ception of any  pair of which at least one member  belongs to Z. 

I t  m a y  be argued tha t ,  if ( I I )  were viola ted only for va lues  t ' , t". such tha t  t '  ~ t "  .~ ~', where 
~" is some number  such tha t  the  event :  t >_ ~', is practically certain to occur,  t hen  the  probabil i ty of 
any  u l t imate  benefit to the  insurer ar is ing out  of i ts  own carelessness, or of any  u l t imate  sav ing  to the  
insured as a result  of withholding reports ,  would be so small as to be of no practical  impor tance .  
Hence,  wi th  respect to increments  in R( t ) ,  pract icabil i ty demands  only t h a t  ( I I )  be satisfied for  
eve ry  pair ,  t ' .  t " ,  such tha t  t I • 1" and  t "  ~ ~'~. where ~-t is the least  upper  bound of the  numbers  ~'. 
Likewise,  i t  m a y  bc a rgued  tha t ,  in respect  to monotonici ty  of R( t ) ,  pract icabi l i ty  de mands  only 
tha t  R(t ')  ~_ R( t")  be satisfied for eve ry  pair ,  t' t", such t h a t  t' ~ t '~ a n d  t" ~ ~'. 

But  i t  is well known tha t  there are sets  of insurances under  which the  probabil i ty t h a t  no loss 
wha tsoever  will be incurred is by  no means  inconsiderable,  ye t  to which i t  would not be impract icable  
to apply a retrospect ive ra t ing  agreement .  J m a y  be such a set ,  for  in the  in teres t  of general i ty  we 
h a v e  refrained f rom m a k i n g  any  assumpt ion  about  t h e  probabil i ty dis t r ibut ion of a, except  t h a t  E(s)  
exists .  I f  o r is such a set ,  then zero is the  only non-negat ive  n u m b e r  ~* of which it  m a y  be said t h a t  
the event: t ~ ~', is practically certain to occur, in that case, ~" ~ 0, and the conditions (I) and 
(II) as originally stated must be satlsfied if u ~ R(t) is to be a practicable retrospective rating for- 
mula. 

By definition, the underwriting profit to the insurer on the insurances 
included in J, is u - s - w, which is a random variable.t Clearly, 
E(u - s - w) must exist, that is to say, the Lebesgue-Stieltjes integral 

(~ - s - w) d F ( u  - s - w) must  exist and have a finite value, for otherwise 

• Cf .  P e r r y m a n  [10. p. 7]. 
Cr~m~" [5, p. 154, 155, 162-164]. 
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the Law of Large Numbers  would not hold-- in  fact, it could not even be mean- 
ingiully s ta ted- -wi th  respect to the net underwriting profit on any portfolio 
of insurances of which those included in J might form a part .* S i n c e  

u = s -t- w -F (u - s - w) and since, by  assumption, both It(s) and E(w) 
exist, it follows t that  

E(u) must exist; and the number p defined by the equation 

p = E ( u )  - E ( s )  - E ( w ) ,  

must satisfy such criteria of reasonableness as may be applicable in 
practice to the mathematical expectation of underwriting profit under 
the retrospective rating agreement in accordance with which u is to be 
determined. ( I I I )  

As a necessary consequence of (10) and ( I I I ) ,  we have the following prop- 

osition: R(O) must not be less than E(s - t) + W(0) + p. (11) 

Proof: Substituting t for t" and 0 for t' in (10), we have 

R(0 - R(0) g t + W(t) - W(0), 

which must  hold for all values of t X_ 0, with the possible exception of a set Z 

whereof f dF(t) = O. Therefore, since F(t) is non-decreasing, 
J z  

r /o R(t)dF(t) - R(O dF(t) t dF(t) + W(t)dF(t) - W(O dF(t).  

J o  , J o  , J o  

But,  since R(t)  = u R(t)dF(t) = E (u) = E (s) + E (w) + p, by (2) and ( I I I ) .  

J 0  

f° By (1), dF(t) = 1; by (2) and (8), tdF(t)  = It(t); 

• ] 0  J O  

* Uspensky  [12, Chp.  X ,  esp. Pa r .  7, p.  191]. 
~/Cram~r [5, p.  172-173]. The  existence of E(u)  can also be shown to be a necessary consequence of (8), 

(9), (10), (I)  and  the  fact  t h a t  R(t') and WO') mus t  be uniquely defined for t '  = O. 
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f 
co 

and by (2) and (9), W(t)dF(t) = E(w). 

J0 

Hence: E(s) + ~'(w) + p - R(0) _Z [(t) + E(w) - W(0), from which (11) 
fo l lows.  

Since, by (8) ,  v ( s  - t) X 0, and since W(0) ÷ p is certainly positive, 
(11) implies tha t  R(0) must  be positive. Therefore, in view of (I), R(t)  must 
be positive for every p0ss~[e value of t .  

I t  m a y  appea r  tha t  this  conclusion is an obvious condition of the  pract icabi l i ty  of u - R ( t )  as  
a re t rospect ive ra t ing  formula ,  independent  of any  of the  condit ions (I) ,  ( I I )  a n d  ( I I I ) .  However ,  
this  is no t  the  case. I f  i t  were pract icable to violate  (1) or ( I I ) ,  then a pract icable  formula  could be  
devised under  which u would be nega t ive  for some va lues  of t .  Moreover ,  if there  is a n u m b e r  
~" ~. 0 such t h a t  t is pract ical ly certain to be  not less than  ~', then under  certain conditions re la t ive  

to  the  probabil i ty dis tr ibut ions of s and  t ,  i t  would be possible to devise a practicable formula  under  
which u would be nega t ive  for some values  of t ,  wi thout  violat ing either (I) or ( I I )  for any  pair ,  
t ' ,  t " ,  such tha t  t '  < t" and t "  _~ ~'. 

In  addition to the conditions (I), ( I I) ,  ( I I I )  and their logical consequences, 
which the function R(t)  must satisfy in order that  it shall be a practicable 
retrospective rating formula, there is at  least one condition not implied by 
(I), (II)  and (III)  which it is desirable (though not necessary) that  R(t)  satisfy, 
to wit: that R(t)  be bounded. 

If  R(t)  is bounded, then it has a least upper boundG and, since R(t)  must 
be monotone non-decreasing, either (i) there exists a number g such that  
R(t )  = G for every t ~ g, and R(t)  < G for every t < g, or (ii) no such num- 
ber g exists, but lira R(t)  = G as t - ~  oo. In  accordance with custom, we shall 
call G the Maximum Retrospective Premium; and in case (i) we shall say tha t  
G is attained at the point g, while in case (if) G is never attained. 

If  [:(n),  i.e., the expected number of loss-events, is l a rge - - say- -more  than 
500, and if p2(n), i.e., the variance of n, is not much greater than F'(n), the 
insured in negotiating the retrospective rating agreement may be much less 
interested in a Maximum Retrospective Premium than he is in the limits 
)~1, )~2, , , , placed upon vz, ve , , , by  rules of the form (7) in accordance 
with which the value of t shall be determined. In fact, if for every k, )~k = A 
then--even if R(t)  were unbounded-- the  insured would be exposed to no 
greater economic risk under the retrospective rating agreement, than tha t  
which he would have retained under a fixed-premium excess insurance against 
loss greater than A resulting from any one loss-event, provided--of  course - -  
tha t  R(t)  satisfies conditions (I), (II) and ( I l l ) .  :By proper selection of the 
value of A, the latter risk could in any case be so limited as to be quite bearable 
by the insured. These facts constitute a sufficient reason why R(t)  need n o t  
be bounded in order to be practicable as a retrospective rating formula. 
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Nevertheless, however great It(n) may be and however much the insured 
may be interested in prescribing the limits )`~, ),2 . . . .  he will certainly prefer 
an agreement in which a definite limit G is placed upon the possible values of 
u ,  to one under which there is no such limit. Moreover, it should be observed 
that  if R(t) is bounded, then the existence of E(u) and of all of the moments 
of the distribution of u about any point whatever, is assured, and every ana- 
lytical difficulty which might arise if some moment of that  distribution were 
not known to exist, is thus avoided. 

Finally, there are two conditions which cannot very well be expressed in 
categorical terms, but  which it is desirable that R(t) satisfy in some degree 
depending upon the circumstances of its proposed application. The first of 
these conditions is tha t  , given any particular value of t, the corresponding value 
of u shall be computable to a certain number of significant figures with relatively 
small expenditure of time and effort. For example, a function R(t) such that 
the computation of its value to six significant figures for a particular value of 
t, would require ten hours of labor by a skilled computer working with all 
available tables and computing devices, would certainly not be a very suitable 
formula for the rating of risks on each of which Jr(u) is $5,000. Yet it might 
be quite satisfactory as a formula for the rating of a risk on which E(u) is 
$500,000. 

The second such condition is that ,  in the case of any particular set of insur- 
ances, it shall be possible with relatively small expenditure of time and effort to 
determine the values of whatever parameters appear in the formula u = R(t) so 
that there i s  only a small probability that [ It(u) - ~ I exceeds 7, where ~ is some 
predetermined value which it is desired that E(u) shall take, and 7/ is some 
number which is relatively small in comparison with ~, e.g., .05~. That  R(t)  
should satisfy this condition arises out of the fact that ,  in practice, estimates 
of E(s), E(w) and p [which we will represent by the symbols E(s), E(w) and p] 
are given, * and it is required to determine the parameters in R(t) so that  con- 
dition (III) shall be satisfied. Thus, the sum of those three estimates is a pre- 
determined value ~ which it is desired that  E(u) shall take, for if E(u) does 
indeed take that  value, then that  condition will be satisfied provided the alge- 
braic sum of p and the errors of the estimates E(s) and E(w) is a number which 
satisfies the criteria of reasonableness referred to therein. But in the course 
of any determination of the aforesaid parameters, E(u) can only be expressed 
in terms of characteristics of the probability distribution of t. In practice, 
none of these characteristics is ever exactly known. Estimates of their values 
must be made from data relative to past experience on a properly selected 
sample of insurances, and such estimates arc of course--subject to error. 
Hence it is never possible to say (after the values of those parameters have 

• These  est imates are uaually called the Expected Losses, the Expense Allowance and  the Profit or Conli~ 
gency Loading, respectively. 
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been determined) precisely what value E(u) does indeed take. At best, one 
can only say how small is the probability that  E(u) differs from u by  more 
than ~, which is the reason why the condition under discussion in this para- 
graph has been phrased as it is in the first sentence hereof. 

C. Sectionally Linear Retrospective Rating Formulae in General 

In  many  categories of insurance, the losses which insurers undertake to 
bear, though they do indeed have about them a certain air of fortuity, are 
nevertheless subject to control by the insured to an extent which is often sur- 
prisingly great, through one or several of the following means: (i) rigorous 
inspection of premises, material and equipment; (ii) installation of special 
devices designed to prevent the occurrence of loss-events or to minimize the 
losses resulting therefrom; (iii) revision of working methods so as to eliminate 
hazardous operations; (iv) careful selection and training of employees; (v) 
cooperation with insurers in the adjustment of claims, in efforts toward salvage, 
and in proceedings to recover damages from negligent third parties; and (vi) 
in the case of Compensation losses, the re-employment and rehabilitation of 
injured workmen. 

However, with the possible exception of (v), all of these means are costly 
to the insured. Their employment frequently appears to be in conflict with 
his immediate interests. Under non-retrospective methods of rating his risks 
for insurance, any reduction in premium rates which he may  obtain as a result 
of their employment,  is generally delayed or spread piecemeal over a period of 
years, even though their employment brings about an immediate reduction in 
loss rates. 

The fundamental premise upon which the most widely applicable argument 
in favor of retrospective rating is based, is that  the insured will be much more 
likely to employ those means vigorously and persistently if-- in addition to 
the rather indefinite moral and long-term economic incentives which are always 
present- -he  has a very definite and immediate economic incentive to do so. 
Under a retrospective rating agreement made in accordance with any of the 
approved plans, such an incentive exists so long as the sum of the modified 
values of the losses incurred under the insurances which are subject to the 
agreement, is less than the "allowance for losses in the Maximum Retrospective 
Premium,"  i.e., the lower bound (g) of the values of t for which u = G by  
formula (5). 

But  if that  premise is sound, then it would be well to have such an incentive 
persist throughout the entire term of the agreement, regardless of how great the sum 
of the losses becomes. 
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Now the incentive provided by  an agreement under which u is determined 
by  formula (5) arises out of the fact that ,  for every increment (At) in the sum 
of the modified losses after that  sum has attained the value h and until it 
attains the value g, the cost to the insured of the very insurances covering 
the events causing such an increment, is forthwith increased by an amount 
equal to CAt. Obviously, if C is a constant, such an incentive cannot be made 
to persist regardless of how great the sum of the modified losses becomes, un- 
less u is to be unbounded, i.e., unless there is to be no Maximum Retrospective 
Premium. Yet, as we have previously observed, the insured will certainly 
prefer an agreement under which u is bounded. In fact, except under extra- 
ordinary circumstances, he will refuse to be interested in any proposal in which 
G is greater than 4F'(s). 

In many cases, given values of )~i, k2, , , e.g., kk ffi $10,000 for every k, 
it is possible to select a value of g so great that t, the sum of the modified losses, 
is practically certain not to exceed g, and then to select some two of the other 
parameters, B, C, h, H and G in formula (5), so that--after the remaining 
three have been determined--C is found to be not too small--say--not less 
than .30, and neither H nor G is so large that the insured would refuse to be 
interested in any proposal in which they were set forth as the minimum and 
maximum values of u. In  any such case, (5) may be regarded as a satisfactory 
formula, for an agreement drawn in accordance with (5) wherein the para- 
meters have been so selected and determined, will be an agreement under 
which a definite and immediate economic incentive for the insured to prevent 
losses is practically certain to persist throughout its term. However, it must  
be admitted tha t  "practically certain" is a term having no precise meaning. 

But  in other cases [unless the upper bound of the sequence )~1, )~2 . . . .  
is so small tha t  the retrospective rating agreement would have Iittle vaIue as 
a device to encourage the insured's efforts to hold down the value of each as, 
or unless tha t  sequence is constructed in some special way, e.g., monotonically 
decreasing so tha t  )~k is very small for values of k which are large relative to 
[ ( n ) ,  in consequence of which evaluation of the parameters in (5) would be 
very difficult] it turns out tha t ,  as soon as one selects g so great that  t is prac- 
tically certain not to exceed g, then either H or G must  be too large to be of 
any interest to the insured, or else C must be so small tha t  the prospect of a 
saving of CAt in premium for the insurances in question, could hardly be con- 
sidered (at least for small values of At) as an incentive for the insured to take 
actions he would not otherwise be inclined to take which might prevent an 
increase of At in losses. In  any of these cases, o r - - for  tha t  m a t t e r - - i n  any 
case, an agreement under which a considerable incentive of the kind under 
discussion will persist until the sum of the modified losses has attained a certain 
value, say ¢1 or g2, while some lesser incentive will persist until that  sum has 



O N  N O N - L I N E A R  R E T R O S P E C T I V E  R A T I N G  47 

at tained any value g~ which one chooses to specify, may be drawn in accord- 
ance with the following formula: 

H i f t _ Z h  

B~ + Cj t 

B~ + C z t  

B~ + C ~ t  

G 

in which: 

BI +C1h = H 

B~ + C~ gl = BI + Cl gl 

if h Z t L gt 

if g, Z t g g~ 

o o  . o  . ° . .  o o  

. . . . . . . . .  ° 

ifg~.~ Z t_Z gm 

if t X g~ 

(12) 

Bm +Cmgm.1 =Bin-1 + C m q g ~ . l  i (13) 

. . . . . . . . . . . . . . . .  G =Bm + Cm gm 

I t  is apparent  that ,  when the relationship between u and t is of the form 
(12), the graph of u plotted against t is a segmental arc composed of m + 2 
straight line segments joined together in succession so that  the right end-point 
of any one of them is the left end-point of the next. The slope of the first and 
the last is zero; while the slopes of the m intervening segments are Cl, C~, , , C,, 
respectively. For the purpose of drawing an agreement under which the in- 
centives shall be as stated in the preceding paragraph, it is generally sufficient 
to have m -- 2 or 3. However, in the interest of generality we shall t reat  the 
case in which m may be any finite positive integer. Clearly, (5) is only a 
special case of (12), i.e., the case in which m = 1. 

In  (12) there are 3m + 3 parameters (m B's,  m C's, m g's, h, H and G) 
and in (13) there are m + 1 independent equations relating them to each other. 
Hence 2m + 2 of the parameters must  be determined by means other than the 
system (18). Values for 2m + 1 of them may be selected arbi t rar i ly--wi th  
a view toward the design of a formula under which the insured will have an 
adequate incentive to prevent losses, p rovided--however- - tha t  the values 
selected must  be such tha t  u as a function R(t)  shall satisfy the conditions 
(1) and (II) set forth in Section B. But  u must  also satisfy condition ( I I I ) ,  
i.e., E(u) must  equal E(s) + ~'(w) + p, where p is some number satisfying 
the criteria referred to in ( I I I ) .  Accordingly, after integrating the function 
of t defined by (12) with respect to F(t) over the interval (0, ¢0 ), and col- 
lecting terms, we have: 
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m-1 

Z ~ C ~ H + C~ ~(h) + (C~+~ - Cj) ~(gj) - m~(g,,) = E(s) + E(w) + p,  (14) 

.i=I 

= (t dF(t) ~(h) of course in which ~, (gs) - g./) and is defined by the same 

equation with h in place of gj. 

In case ;k~ = oo for every k, so that t = s, the function of two variables, 
r and P,  first studied by Paul Dorweiler [7] and now generally called the Excess 
Pure Premium Ratio, when defined in terms of operations such as summation 
performed upon a finite number of observed values of losses or loss-ratios, 
may be regarded as an estimate of the value of ,E(g)/E(s) for g = rP  and 
b'(s) = aP, where a is a certain constant usually called the "permissible loss- 
ratio." But when defined as by Stefan Peters [11, p. 589] or as by A. L. Bailey 
[1, p. 67] in terms of a frequency function, the Excess Pure Premium Ratio is 
the same as ~(g)/E(s) for g = rP and E(s) = aP, provided t = s and pro- 
vided the probability distribution of s is of the continuous type. For m = ,1, 
the left side of (14) reduces to an expression equivalent to the product of P by 
the left side of Perryman's fundamental equation [10, p. 7] when the symbols 
H'p and Gtp appearing therein are interpreted to mean ~ ( h ) / P  and ~(g ) /P ,  
respectively. 

Equation (14) and the m -t- 1 equations in (13) form a system of m + 2 
independent equations; so that after a value for p and values for 2m + 1 of 
the parameters in (12) have been selected, the values of the remaining m + 2 
parameters are uniquely determined by that system, as soon as a particular 
set J of insurances has been specified and values of ;~1, X2, , , prescribed, 
so that  E(s), E(w) and F(t) are theoretically fixed. 

However, the actual computation of the numerical values of the remaining 
m + 2 parameters may be very difficult. In  fact, unless a table is at hand 
from which a reliable estimate of ~(g) for any particular value of g may be 
obtained, the time and effort required to complete a satisfactory approxima- 
tion to the values uniquely determined as stated above, may be so great as to 
prohibit the use of a formula of the type (12). Even when such tables are at 
hand, one generally has to resort to trial and error methods unless every one 
but one of the 2m + 2 parameters appearing in (14) is either included in the 
set of 2m + 1 parameters to which values have been pre-assigned by selection, 
or else its value can be determined from the pre-assigned values and the equa- 
tions in (13). 
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A reliable estimate Of ~(g) for any particular value of g may be obtained 
by the proper use of a table of Excess Pure Premium Ratios provided the dis- 
tribution of total losses underlying or implied by that table for risks of "stand- 
ard premium size" P equal to E(t)/a, is approximately the same as F(t). 
Otherwise, estimates of ~(g) obtained by use of that table cannot be regarded 
as reliable.* Now, sets of insurances to which it is practicable and desirable to 
apply retrospective rating agreements differ widely among themselves in re- 
spect to the characteristics of the probability distributions of total modified 
losses incurred thereunder, even though we confine our attention to a single 
particular prescription of values for X1, ),~, , , e.g., Xk = $10,000 for every 
k, and to sets for each of which E(t) has the same value under that prescrip- 
tion. Therefore, if one is always to have at hand an appropriate table for use 
in drawing a retrospective rating agreement under which the ultimate premium 
u for a set J of insurances is to be determined by a formula of the type (12), 
regardless of the nature of the set J, then a great many different tables [either 
of Excess Pure Premium Ratios or of values of some other function from which 
reliable estimates of Z(g) may be obtainedl will have to be constructed. But 
the construction of any one such table for any one distribution function F(t) 
e.g., the construction of any one column in a table of Excess Pure Premium 
Ratios, requires a very considerable expenditure of time and effort; ~ and the 
construction of a number of such tables for a number of different distribution 
functions all having the same first moment, g'(t), about the point t = 0, 
would be a rather formidable task. When one considers that this would have 
to be done for each of a series of values of It(t) ranging from $3,000 to $500,000, 
it is clear that the entire project would be a prodigious undertaking indeed. 
Consequently, (12) can hardly be said to satisfy the condition expressed in 
the last paragraph of Section B. All of the statements relative to (12) made 
in this paragraph or in the preceding one, apply also to (5), since (5) is only a 
special case of (12). 

D. A Class of N o n - l i n e a r  Re t rospec t ive  R a t i n g  F o r m u l a e  

The facts set forth in the preceding Section, impel us to inquire whether 
there may  not be a class of functions which are fundamentally better  adapted 
to serve as retrospective rating formulae than those belonging to the class of 
sectionally linear functions defined by (12). The principal thesis of this paper 
is that  there is indeed at least one such class, to wit, the class defined by  the 
equation: 

* Cf. Bailey [2, Par t  VI,  Section A]. 
t For  methods of constructing tables of Excess Pure Premium Ratios, see Dorweiler [7 and 8] Valertus 

[13], Peters [11] and Bailey' [2, Par t  VI,  Section B]. Each of the methods outlined or exemplified in these 
papers, involves a very considerable expenditure of time and effort, not by rondo-_ of arty defect in the method, 
but by reason of the character of the function ~(g). 
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u ffi ~ ( t )  = G  - Ae -~t  for t X 0, (15) 

in which G, A and 13 are parameters having positive real values indepen- 
dent of every characteristic or consequence of any particular loss-event, and 
t is defined by (6). Thus, all tha t  was said of R(t)  in Section A applies to  
~ ( t ) ;  t?~(t) is defined for every non-negative real value of t; and for t < 0, ]A(t) 
is not defined. 

Since A and/3 are real and positive, ~lg(t) is monotone non-decreasing, and 
so satisfies condition (I) of Section B. 

If  t ' ,  t "  be any pair of possibIe values of t ,  such tha t  t '  < t",  it can easily 
be shown * that  ~lA(t") - ~l~(t') < A/3(t" - t '). Hence, it is always possible 
by a suitable restriction upon the values of A/3 to ensure that  ~ ( t )  shall satisfy 
condition (II) of Section B. For example, (If) will certainly be satisfied if 
A~L1. 

~ ( t )  has a lower bound, G - A, which it attains only at  the point t -- 0, 
and an upper bound, G = lim ~ ( t ) ,  which it never attains. Hence, under 

t---~ oo 
(15), G - A may  be called the M i n i m u m  Retrospective Premium; G, the Maxi-  

mum Retrospective Premium; and A, the amplitude or "swing." 

Since ]~(t)  is bounded, the existence of E(u) under (15) is assured. Hence, 
~ ( t )  will satisfy ( I I I )  of Section B as soon as the values of the parameters  
G, A and /~ have been determined so tha t  

/o" E(u) = (G - Ae -¢ t  ) dF(t) = I:'(s) ÷ I:'(w) -k P, (16) 

where p is some number satisfying the criteria referred to in ( I I I ) .  

In any case in which numerical values have been assigned to G, A and ~, 
the value of u = ~ ( t )  for any particular value of t may  be computed to six 
significant figures in a very few minutes with the help of a seven-place table 
of common logarithms and an ordinary calculating machine, by means of the 
formula 

u = G -  a n t i l o g l o I l o g ~ o A - ~ t l o g i o e  1 , (15') 

which follows at once from (15). Six significant figures will be sufficient in 
almost all cases encountered in practice. But  of course, greater accuracy 
may  be attained by  the use of more elaborate tables, or by expanding e -t~t 
in a power series and computing the sum of a sufficiently large number of terms. 

* See (17). 
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At every point in the domain of t, ~ ( t )  possesses a positive first differ- 
ential coefficient, ~ ' ( t )  = A#3e -~t. Hence, under an agreement drawn in 
accordance with (15), the insured would always have a definite and immediate 
economic incentive to prevent losses, regardless of the height to which the 
sum of the losses already incurred may have arisen. For at every point in the 
stochastic process by which the sum of the modified losses attains its ultimate 
value t, the premium which the insured will be obligated ultimately to pay to 
the insurer is increasing (or the return to which the insured will be entitled 
out of the amount he has already paid to the insurer is decreasing) at the rate 
of A#3e -et per monetary unit of increase in the sum of the modified losses, 
where t is the attained value of that sum at that point. 

Thus, A#3e-8' may be regarded as an index of such incentive under such an 
agreement. I t  has its maximum value A#3 at t = 0; it decreases as t increases, 
approaching 0 asymptotically as t --~ oo. Admittedly, in any particular case, 
for very large values of t the incentive will be so small as to be inconsiderable. 
But, in every case in which the making of a retrospective rating agreement 
could be at all justified, it is possible by proper choice of the values of ~1, 
)'2, , , A and fl, to construct such an agreement in accordance with (15), 
under which the incentive will be quite considerable, say A#3e -~  ~x .30, for 
every t Z t', where t' is some number of which the a priori probability that t 
will exceed t' is small, say 1 - F(t') < .05, while some lesser incentive (smaller 
and continuously diminishing as t increases) will persist for every t > t', with- 
out making G so great that  the insured will not accept the agreement, or Xk 
so small that  the agreement would have little value as a device to encourage 
the insured's efforts to hold down the value of ak. 

Thus, we have shown that under a proper choice of values of G, A and #3, 
~ ( t )  satisfies all of the necessary conditions of practicability as a retrospective 
rating formula, and that ~ ( t )  also possesses all of the properties which it is 
desirable that  such a formula should possess, except that  we have not yet 
shown that ]~(t) satisfies the condition, expressed in the last paragraph of Sec- 
tion B. That it does indeed satisfy that condition in a great many cases, is 
the theme of the following Section. 

E. Eva luat ion  of t h e  P a r a m e t e r s  G, A and ~, 

In (5) there are three parameters, G, A and/~, to which numerical values 
must be assigned; and (16) is the only equation relating their values one to 
another which must be satisfied. Hence, values for two of them may be se- 
lected arbitrariIy--or with a view toward the design of a formula which meets 
the insured's requirements and at the same time offers the insured an adequate 
incentive to prevent losses, provided--however--that  the two values selected 
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and the third which is consequently determined by (16) must ,  when taken 
together, be such that  ~ ( t )  satisfies condition (II) of Section B. [As pre- 
viously remarked,  ~ ( t )  always satisfies condition (I) since A and fl are real 
and positive by  definition.] 

I f  we set a(t ' ,  t") p(t', t"), then, since ~(t', t") = t" - t ', 
t"  - t' 

condition (II) with respect to t~(t) may be expressed thus: 

~ ( t " )  - t~(t') L 1 + p(t', t") 
t" - t' 

for every pair, t', t", such that  t' < t".  

But ,  by the Theorem of the Mean and the fact that  t~ ' ( t )  = A~e -or is a de- 
creasing function, 

t~(t") - t~(t') 
< Afle -~" (17) 

t" - t' 

for every such pair. Therefore, if A~e -~e l 1 + p(t', t") (18) 

for every such pair, (II)  will certainly be satisfied. In the case of any par- 
ticular set J of insurances, all of the facts upon which the allowance a(t', t") 
depends (e.g., the past expense experience on similar insurances, the tax rates 
applicable to u, whether or not the term losses is to be defined to include allo- 
cated claim expenses, etc.) will be known or can be ascertained; whereupon a 
value can be assigned to a(0, t) where t is some relatively small possible value 
of t, e.g., .01 E(t) ,  from which the value of p(0, t) can be computed, p(t', t") 
can be considered constant for small values of t' and t". Hence, if Aft X 
1 + p(0, t), then (18) will be satisfied for small values of t' and t"; and when 
it is satisfied for small values, it will usually be found that  A~e-~t , decreases 
fast enough as t increases so that  (18) is satisfied for all values of t' and t", 
t' < t". 

In  accordance with (11), in order that  the values of the parameters G, A 
and ~ shall be such that  ~ ( t )  satisfies both (II) and ( I I I ) ,  it is necessary that  
~ ( 0 )  be not less than E(s - t) + W(0) + p, which is positive. Now, 
~ ( 0 )  = G - A. Therefore, the choice of values for two of the parameters must  
be governed not only by (18), but also by the following relationship: 

G - A X E(s  - t)  + W ( 0 )  + p > 0 (19) 

Of course, any set of values of G, A and ~8 which satisfies (16) and (18), will 
also satisfy (19). But  (19) is useful as a guide in selecting the values for twa  
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of the parameters which are to be substituted in (16) in order to obtain a value 
~or the third. 

Let us turn our attention now to the integral which appears in (16). 

/o r F (G - Ae  -Or )dF(t)  = G dF(t)  - A e -Or dF(t)  (20) 

J O  J O  

The integral appearing in the second term on the right is the Laplace-Stieltjes 
t ransform of F(t),  which we shall denote by ~ {F(t),~}. 

In general, if x be any random variable, we shall write 

{° 
e - ~  aF(z) ~ ~: {F(x),/~}. (21) 

. ] o  

I f  the probability distribution of x is of the continuous type,  the Lebesgue- 
Stieltjes integral in (21) has the same value as the ordinary Riemann integral, 

/o  ° e - ~ f ( x ) d x ,  in which f (x)  = F' (x) .  We shall denote this latter integral, 

which is the Laplace transform of the frequency function f(x), by ~ { f ( x ) , ~ } .  
These notations emphasize the fact tha t  the Laplace-Stieltjes t ransform is a 
function of/~, of which the character is determined as soon as the probabili ty 
distribution of the random variable x is known. 

I f  in (21) we were to replace 0 as the lower limit of integration by - oo • 

we would have the bilateral Laplace-Stieltjes transform, ~/.2{F(x), ~}, which 
- - i n  view of ( 2 ) - - i s  the same as E(e-~x). ~2{ F(x),  - i0} regarded as a 
function of 0, is the familiar characteristic ]unction of the distribution of x; and 
~2 { F ( x ) , -  0} regarded as function of 0, is often called the moment-generating 
function of the distribution. If  x is a random variable (like n, ak, vk, s, t) 
which cannot take a negative value, then of course ~2  {F(x),/~} = ~ {F(x),/~}. 
Furthermore,  if x is any such variable, then 

f° dF(x)  = 1, from which it follows (by virtue of certain fundamental theorems 

. , /o  

on Lebesgue-Stieltjes integrals, * and since 0 < e - ~  L 1 for x N O) tha t  
{F(x),B} exists and 0 < ~ {F(x)fl} ~ 1 for every real value of ~ ~ 0. In 

* Cr~rndr [5, p. 63]. 
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particular, ~{F(x),0} = 1. I t  can also be shown * that  7~{F(x),~} is con- 
tinuous at every point in the interval 0 _L ~ < oo, and that  it decreases mono- 
tonically from 1 at  ~ = 0 and approachesF(0) as ~--~- oo. 

f 
co 

In view of (20), (21) and the fact that  dF(t) = 1, equation (16) may be 

, ] o  

rewritten as follows: 

G -A~/.{F(g),fl} = E(s) + E(w) + p  (22) 

In the structure of retrospective rating formulae of the non-linear type (15), 
this single equation (22) is the analogue of the system of m + 2 equations 
consisting of (14) and the m + 1 equations (13) in the structure of retrospective 
rating formulae of the sectionally linear type (12). Or perhaps it would be 
better to say that  (22) is the analogue of (14) and that  in the structure of for- 
mulae of the type (15) there is no analogue of the m + 1 equations (13), for 
(13) is really a part of the definition of the class of functions from which sec- 
tionally linear retrospective rating formulae are chosen, whereas the class of 
non-linear functions under discussion is defined by the single equation (15) 
and the assertion that  G, A and ~ are real and positive. 

When a particular set J of insurances has been specified and values of 
~1, ~2, , , prescribed, It(s), it(w) and F(t) are theoretically fixed, so that  as 
soon as values of p and two of the parameters G, A and ~ have been selected, 
the value of the third is uniquely determined by (22). 

If F(t) is (or can be closely approximated by) a function whose Laplace- 
Stleltjes transform can be expressed in a few simple terms easy to evaluate 
numerically, then the value of the third parameter can be computed without 
difficulty. For example, if the probability distribution of t is of the continu- 
ous type,  and if the frequency function of t is: 

f ( t )  = 0 

C b 
f ( O  = ~-~ t b -~  e - ~  

{F(t),fl} = ~ { y ( 0 , ~ }  = (1 then 
\ 

for t L 0, 

for t > 0, t (23) 

(24) 

* By applic~tion of the first tWO theorems in Section 7.3 of Cram~r [5]. 
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On substituting this last expression for ~/. {F(t)fl} in (22), one sees at once tha t  
the value of any one of the three parameters,  G, A or ~, may  be computed 
without much effort as soon as values for the other two have been selected and 
the values of b, c and E(s) + It(w) + p are known. 

Frequency functions of the class defined by (23), which is a sub-class of 
those of Pearson Type I I I ,  will be found to fit distributions of t very satisfac- 
torily in many  cases; * and in those cases it is already clear that  non-linear 
functions of the form (15) are better adapted than sectionally linear functions 
of the form (5) or (12) to serve as retrospective rating formulae. 

Of course, it may be argued that  if F( t )  is such that ,  for any particular g, 
the numerical value of ~,(g) can easily be found, then the values of any m + 2 
of the parameters in (12) can be computed without difficulty as soon as values 
for the other 2m + 1 of them have been selected. But  the functions which 
can be satisfactorily fitted to distributions of t without extraordinary labor, 
do not have that  property.  They are of such a character that  integrals of the 

Z form ,~ (g) = (t - g )dF( t )  are not easy to evaluate for ¢ > 0; whereas some 

of them [notably those corresponding to the frequency functions defined by 
(23)] have Laplace-Stieltjes transforms which are very easy to evaluate for 
any given ~, and which in addition are such that ,  if the value of the transform 
be given, the corresponding value of ~ may  very quickly be computed. 

In  any case, whether or not F( t )  can be satisfactorily approximated by a 
function whose Laplace-Stieltjes transform has the virtue discussed above, 
~/.{F(t),~} itself possesses two properties by reason of which the non-linear 
functions defined by (15) are especially well adapted to serve as retrospective 
rating formulae. The first of these is set forth in the following paragraph. 

By a MacLaurin expansion of the factor e -~* appearing in (21), we have: 

= 1 - _ 1 3- +... +q,(~,x) dF(x) 

ill which qm~8, z), the remainder after the term of degree m - i, is given by 

the equation: qm (~, x) = (- I)" e -~cx (/gx)m ]_mm , w h e r e 0  < c < 1. Now, if • 

is any random variable (like n, ak, vk, s, t) which cannot take a negative 

s Cf. A. L. Bailey [I. V. 78 and Table g]. 
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of° f° value, the dF(x) = 1 and (~x)k ~ Ir(x~)for every k N O, 

J o  f 2  dF( ) = _ 

in  which E(x k) is the kth moment  of the distribution of x about the point x = 0. 
Therefore, if E(x m) exists, then 

~ { F ( x ) , ~ }  = 1 - ~ E ( x )  + _ ~ E ( x 2 )  - [_8 E(x3)  + "  " " + Q m @ ,  

in which Q,, (fl) = qm (~, x)dF(x) .  So [Qm _ z I E(x-)[ 

Thus, if the first m - 1 moments of the distribution of t about the point t = 0 
are known, then for any particular value of f~, an estimate of the transform 

{F(t),fl} is immediately given by the polynomial 

• . . I : ' ( t"' l ) ;  (25)  1 - f~E( t )  -b : - -  E ( t  2) - + ( -  1) '~'l f~,,-1 
12 I m  - - 1  

and the absolute difference between that  estimate and the true value of the 

transform is less than E ( t ' )  , which is very small for sufficienty small 

values of B. 

Now, in the case of any particular set J of insurances, all of the moments,  
E(t  ~) for k = 1, 2, 3 . . . . .  certainly exist, since the range of possible values 
of t is bounded by the total amount of wealth in the world. But none of them 
is ever exactly known. However. estimates of their values may be made from 
data relative to past experience on a properly selected sample of insurances; 
and although the variances of the sampling distributions of moments of order 
k > 8 are very great, the contribution to the probable error of (25) resulting 
from the substitution therein of such an estimate of I=(t k) in place of E(tk) 
itself, will be very small for small values of ~, provided--of  course- - tha t  the 
sample from which such estimate was derived, was very large and properly 
chosen. Thus, both the absolute difference I Q~ (/3) J and the probable error 
introduced into (25) by the substitution of estimates of the moments therein 
appearing, in place of the moments themselves, will be small in comparison 
with the true value of the transform ~. {F(0 fl} for sufficiently small values of ~. 

Fortunately,  in many  cases, the only values of f~ which are of any practical 
interest, are ones which are very small indeed. For, in general, A/3 can not 
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be greater than 1.25 without violating condition (II) of Section B, at least for 
small values of t"; and in retrospective rating formulae of the type (15), the 
amplitude or "swing" A can be quite high, e.g., 3 times the Expected Losses, 
without in effect shifting almost all of the risk back to the insured. In many 
cases, values of A < 21r(t) will be of no interest; and in those cases, only values 
of/~ < 1.25/2E(t)  will be of any practical importance. 

For example, suppose that  E(t) has been estimated to be $50,000 with a 
probable error of ~1, that  A is to be $100,000, and that  A/~ is to be 1.00. 
Then fl = .00001. Suppose further that  it is known that E ( t  *) < ($10) 1~, 

and that  estimates, E(t 2) and E(t3), of E'(t 2) and Ir(t~) are at hand, of which 
the probable errors are E2 and ~3, respectively. Then 

8 2 8 3 
1 - fl(50,0O0) -}- ~ E (t 2) - I--~ E (t 3) gives an estimate (L) of the value 

I -  ~ J  

of ~. {F(t), fl } for fl = .00001, of which the error made by neglecting all 
moments of order greater than 3, is less than .0042, and the probable error 
(~) due to the use of estimates of E(t),  E(t  2) and F'(t 3) is less than 

(.00001) ~ e2 
.00001 ~1 + + I J  

(.00001) 3 e3. When a 

equation (22) has been given, L may be substituted 
substituted for A in the left side, and the equation 
to the value thus obtained, A = $100,000, and 
short of ~ by less than $420 with a probable error 

value ~ for the right side of 

for ~ {F(t), ~} and $100,000 
solved for G. With G equal 
/~ = .00001 ,  E ( u )  will fall 
less than ~ times $100,000. 

Thus, it is apparent tha t - - in  many cases--the parameters in (15) can be 
determined in a manner satisfying the condition set forth in the last paragraph 
of Section B, without any knowledge of the shape of the probability distribu- 
tion of the sum of the modified losses, that  is to say--without any knowledge 
of the function F(t), provided only that  one has reliable estimates of the first 
three or four moments of that  distribution about the point t = 0. But in no 
case can any such statement be made relative to the parameters in (5) or (12). 
In order to determine them, one must have at hand reliable estimates of the 
value of the function E(g) for at least some values of g; and in order to obtain 
such estimates, one must have knowledge of the shape of the aforesaid dis- 
tribution. 

The second of the two properties of the transform ~{F( t ) ,~}  by reason 
of which the non-linear functions defined by (15) are especially well adapted 
to serve as retrospective rating formulae, is expressed in the following 
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T h e o r e m .  The Laplace-Stieltjes transform of the distribution function of the 
sum o.1 any finite number ( N) of independent random variables, none of which 
can take a negative value, is equal to the product of the Laplace-Stieltjes transforms 
of the distribution functions of the N terms in that sum. 

The following proof for the case in which N = 2 can easily be extended to the 
case in which N is any finite number. 

Let  x and y be any two independent random variables, neither of which can 
take a negative value; and let t = x + y. Then e-SX and e-flY are indepen- 
dent  random variables, and 

l:" ( e - f i  t) = I:" (e - ~ ( x ÷ y ) )  _- Ig" ( e - f l ' e - f Y )  = E (e -E ' )  X E (e-~Y). * 

But,  by  (2) and (21), in view of the hypothesis tha t  neither x nor y can take 
a negative value, 

E(e - f t )  = ~ { f ( t ) , / 3 } ;  E(e -~x) = ~ { f ( x ) ,  ~3}; E(e -~y) = ~ { f ( y ) ,  '8}. 

Hence: ~{F(t), .8} ffi "~..{F(x), '8} X ~{f(y) ,  '8}. 

Now, suppose tha t  the set J to which a single retrospective rating agree- 
ment  is to be applied, consists of N insurances, Jl, J2, , , J~, such tha t  the 
sums, tl ,  t2, , , tN, of the modified losses incurred under Jl,  J2, , , iN, re- 
spectively, are independent random variables. Then 
t ffi tl 4- te + . . . .  + tN; and by  the foregoing theorem, 

]g.{F(t),~} -- ]f-{F(tl), ~} X ~{F(t2),/3} X . . . .  X ~{F(tN) ,  fl}. (26) 

Thus, if for each of the insurances Jl, J2, , , iN, we know the Laplace-Stieltjes 
transform of the distribution function of the sum of the modified losses in- 
curred thereunder, then ~ {F(t), fl} is immediately given by this simple equa- 
tion (26), the right side of which may  then be substituted for ]L{F(t), #} in 
(22) in order to determine the value of any one of the parameters G, A and/~ 
as soon as values for the other two have been selected. 

The analysis of J into components, Jl, J2, , , iN, need not follow tradi- 
tional lines of insurance classification. For example, suppose J consists of 
group life insurance, non-occupational disability insurance, and Workmen's  
Compensation insurance covering all employees of some one corporation. 
Then Jl may  be defined to be the first and the last of these insurance~ in so far 
as they apply to events resulting in the death of one or several employees by  
reason of which an obligation arises under the Workmen's  Compensation Law 
to pay benefits in addition to those afforded by the group life insurance; js 

* Cram~r [5.14.5 and 15.3.41. 
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m a y  be defined to be the group life insurance in so far as it applies to deaths 
not  resulting from events to which Jl applies; J3 m a y  be defined to be the non- 
occupational disability insurance; and j 4 m a y  be defined to be the Workmen ' s  
Compensation insurance in so far as it applies to events other than those to  
which Jl applies. Under such definitions, the random variables tl,  t2, t3 and 
t4 may  - with negligible error - be considered independent.  

Now, let us consider any single one (Ji) of the insurances, Jl ,  J-~, , , iN, 
of which the set J is composed. Let m be the number  of loss-events under  
Ji, and vl, v2, , , vm be the modified losses consequent thereto.  Suppose (i) 
tha t  v~, v2, , , Vm are independent and (ii) t h a t - - p r i o r  to the actual occur- 
rence of any  loss-event-- their  distribution functions are identical, so tha t  the 
distribution function of any one of them m a y  be represented by  Fi (v). Let  
ti = vl + v2 + . . . .  + vm, and let ti (m) represent the value of ti on the hy-  
pothesis t ha t  m takes the value m. 

f° Then ~ lF( t , ) , /~}  = E(e -~ t i )  ffi E(e -~t~) dF(m), where E(e -~ t i )  is the 

J 0 m = r a  Itll = ~rJ 

conditional mathematical expectation (or conditional mean value) of e -/at ' )  on the 

O~ 
i f "  (ra)  , , 

hypothesis  tha t  m ffi m,* given by  the integral / e  -# t l  dF(t~'n~), which is 
f f  
J o  

the  Laplace-Steiltjes t ransform of F(t~m)). But  t~ m} is the sum of m indepen- 
dent  random variables each of which has the distribution function Fi(v). 

[ ]" Hence, by  the Theorem stated above ,  Ir(e-Oti) = ~{Fi (v ) ,  ~} 

Therefore: ~ { F(ti),/3} = ~ { F~ (v),/$ } ~ dF(m) .  (27) 

Now,  suppose (iii) tha t  rn has a Poisson distribution, tha t  is to  say,  suppose 

m 

F(m) ffi ~-~ e-¢Oi, where o~ i = I: ' (m).  Then the Lebesgue-Stietljes 
I_.._ 

k = 0  

integral on the right side of (27) becomes equivalent to the infinite series 

* Kolmogoroff  [9, Ff tnf tes  Kapltel ,  S 4]. 
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Jk e-Wi[~..lFi(v),/S}]', which converges for all real non-negative 

kGO 

values of w, and fl, to eft, where fl, = w , [ ~ { F ,  Cv), B} - 1] .  (28) 

Given any particular set of insurances to which it would be practicable 
and desirable to apply a retrospective rating agreement, it is generally possible 
to define the members Jl, J2, , , iN, and the terms loss and loss-e~ent in such 
a way that  (a) the conditions (i), (ii) and (iii) are realized, or can be considered 
as realized for all practical purposes, in the case of each of the insurances 
Jl, J2, , , iN; * and that  (b) the sums, tl ,  te, , , tN, of the modified losses 
incurred under them, respectively, are independent random variables, or can 
for all practical purposes be so considered. Then each of the transforms on 
the right side of (26) may be expressed in the form (28), so that  we have 

~ { F ( t ) , 3 }  = e O x × e 0 2 X  . . . .  X ePN = ee; 
N 

i : 1  

Thus we have shown that ,  if for each insurance (Ji) included in the set J ,  
we have a realiable estimate (~,) of the mathematical expectation of the num- 
ber of loss-events, and reliable estimates, Li(/~), of the Laplace-Stielt]es trans- 
form of the distribution function of the modified losses each resulting from a 
single loss-event, for the values of /3 in which we may be interested, then a 
reliable estimate of ~ {F(t), fl} for each of those values of/3 may be obtained 
by a fairly simple computation, indicated by (29). If, for any particular value 
of/~, ~ '  be the estimate of • obtained by substituting the estimates ~i and 
Li(fi) for 6oi and ~. {F~(v), fi} in (29), and if e be the actual error of ~' ,  then the 

absolute difference, I E (u) - ~ [  will be Ae~'X [ 1 - e -e [, when the para- 

meters G and A have been determined so as to satisfy equation (22) with e~" 
substituted in place of ~{F(t),/~} and ~ in place of It(s) + It(w) + p. I t  is 
clear, therefore, that  the parameters in (15) can be determined in a manner 
eminently satisfying the condition set forth in the last paragraph of Section 
B in every case in which sufficiently reliable estimates, ~ and Li(fl) for 
i = 1, 2, , , N and for the values of fl in which we may be interested, can be 
obtained with relatively small expenditure of time and effort. 

# Concerning (i i i) ,  see Bailey [1, Par t  I, Section A]. A very interesting 
discussion of imperfect realizations of condition (iii) will be found in Carleton 
[3]. Note that  when (iii) is not realized even approximately, the t ransform of  
F(~d may still be evaluated in terms of the t ransform of F~(v) and the distri- 
tion of m by means of(27) ,  provided (i) and (ii) are satisfied. 
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Such estimates can indeed be so obtained from statistics which are regu- 
larly compiled by insurers and their rating organizations, in the cases of a 
great many  sets of insurances to which it is practicable and desirable to apply 
retrospective rating agreements. For example, let us consider Workmen's  
Compensation and Employers '  Liability insurances, with respect to which 
we may assume tha t  only those rules of the form (7) in which ),k = A for 
every k, will be of any interest. Each such insurance with respect to operations 
falling within several Manual classes may be considered to be several differennt 
insurances, one (Ji) for each such class. Then ~i may  be obtained by multi- 
plying the exposures of the ith class for the risk in question, by the observed 
mean accident frequency per unit of exposure for all exposures of tha t  class 
wi th in - - say- - the  three latest Policy Years, modified in accordance with an 
appropriate individual risk experience rating procedure. 

For each jurisdiction, all Manual classes could be divided into a small 
number of groups, e.g., five groups, such tha t  the distribution function of 
actual losses each resulting from a single accident arising out of operations of 
any one class, could be shown to be approximately the same as the distribution 
function of actual losses resulting from a single accident arising out of opera- 
tions of any other class in the same group. For each such group, a table of 
values cf the transform K IF(v), 8} [where F(v) is the distribution function of 
modified losses each resulting from a single accident, which is characteristic 
of that  group] could be constructed for values of ~ ranging from 0 to .01 and 
for each of several values of A, e.g., $5,0{)0, $10,000, $15,000, $20,000 and ~o. 
Values of fl > .01 can be shown to be of no practical interest. For small values 
of fl, ~ / F ( v ) ,  fl} could be very satisfactorily approximated by polynomials 
of the form (25) with v in place of t. The construction of such tables would not be 
a very  laborious task, especially if it were found that  for some groups the dis- 
tribution of v could be satisfactorily approximated by a frequency function 
of the form (23). From such tables, the estimtes Li(~) could be read directly 
or determined by interpolation. 

Finally, it may be asserted that  no rule comparable in simplicity to either 
(26) or (29) can be stated for the evaluation of ~(g) in terms of statistics rela- 
tive to individual members of a set consisting of several [different insurances. 
Therefore, when any such set is to be the subject of a single retrospective rating 
agreement, the determination of the parameters in a sectionally linear formula 
of the type (5) or (12) to a prescribed degree of accuracy, will necessarily in- 
volve a greater expenditure of time and effort than the determination of the 
parameters  in a non-linear formula of the type (15), to the same deg r~  of 
accuracy. 
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