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Abstract 

This paper discusses the application of S-Curve modeling for estimating certain 

environmental and mass tort liabilities. Emphasis is placed on pollution and asbestos 

liabilities, which are a significant component of the total environmental and mass tort 

liabilities for many insurance companies and manufacturers. The general concept of S 

Curve modeling is discussed, followed by a technical discussion explaining its 

application to asbestos and pollution liabilities. Included are comments on the 

advantages and disadvantages of the technique. 
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Introduction 

Manufacturers, their insurers and reinsurers, as well as many other commercial 

enterprises have environmental and mass tort liabilities that must be estimated and 

managed. Such liabilities arise from many sources including environmental pollution, 

asbestos, medical implants, carcinogenic toxins, lead, radiation and other toxic 

exposures. Typically, these liabilities can be characterized by a historical period of 

exposure to a substance or process that produces latent health problems or property 

conditions that result in legal liabilities for bodily injury and/or property damage. The 

latency period can be many years, adding to the difficulty of estimating the exposure. 

For example, a chemical manufacturer legally dumped toxic wastes from 1940 to 1975 

and then became legally liable for the property damage caused by these wastes as a 

result of 1980 superfund legislation. Similarly, a medical device manufacturer made 

artificial mandibular joints that were implanted in thousands of patients and later 

stopped sale of the devices once it was discovered they produced serious side affects for 

which the manufacturer was held liable. 

Environmental and mass tort liabilities typically arise suddenly as a result of long term 

exposure to a given agent or process (for example, asbestos or dumping industrial 

waste). Problems with data, including lack of historical precedents, poorly defined 

exposure periods, and improper data capture are common difficulties of estimating the 

value of these liabilities. Often, only calendar year data is available. Pollution claims, 

for example, have been attributed to multiple accident or policy periods by court 

decisions. Estimating the ultimate liability for these claims is often not feasible using 

traditional actuarial techniques, and highly sophisticated procedures involving a large 

number of claim by claim reviews are expensive and so time consuming that once 

performed, cannot be easily updated, but can quickly become outdated due to 

legislative and judicial changes. 
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The S-Curve approach, because it assumes a general pattern for loss emergence, can 

overcome many of these problems, is easy to apply, and can be updated readily as new 

information becomes available. As demonstrated in this paper, the Xurve is a 

projection technique that has many of the characteristics of traditional loss development 

techniques. 

S-Curves have been proposed by other actuaries as a method for evaluating pollution 

liabilities. However, technical difficulties with the sensitivity of the underlying 

assumptions halted most serious pursuits in this area. This paper provides techniques 

for overcoming these problems and increasing the objectivity, flexibiliv, and usefulness 

of the S-Curve approach for actuarial analysis. 

Background 

S-Curves can lx used to analyze cumulative distributions for paid losses, reported 

losses, and claim counts. For purposes of this discussion, S-Curves will represent 

cumulative calendar year amounts for paid losses. The techniques and assumptions 

used work equally well for other cumulative forms of data. S-Curves have the 

following general shape: 
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The x-axis represents time, while the y-axis represents the cumulative amount paid As 

a cumulative dtsttibution, the first half of the curve indicates an accelerating rate of 

payment up to the inflection point of the curve, then the incremental payments begin to 

taper off and eventually stop. For a given S-Curve equation, the inflection point will be 

the point at which the first derivative reaches its maximum value and the second 

derivative changes sign. Depending on the type of exposures modeled, the 

representative !S-Cwe can be very steep in the center or almost flat. The particular S 

Curve that best fits a company’s historical data will depend on several factors including 

the length of exposure, the beginning pertod of exposure, the claim Mtlement practices 

of the company, the time since claims were first reported and the legal process that 

affects policy coverage. 

!S-Curves CM effectively represent the pattern of emergence for environmental and mass 

tort clatms. A typical scenario involves detection of a health problem and/or a property 

condition, discovery of the agent or process that caused the situation, a period of 

statutory and legal developments that establish legal liability regarding the agent or 

process, an exodus from the production of the agent or process, a period in which 

policyholders and their insurers find themselves reacting to mounting claims activity 

related to the agent or process, a change in insurer coverage (usually eliminating future 

exposure to these claims), a period of increasing reserves and loss payments, then a 

long period of run-off of these claims. In terms of cumulative calendar year paid loss 

activity, it is easy to picture the resulting S shaped curve such scenarios produce. 

S-Curve Functions 

Previously, it has been suggested that the arc-tangent curve, because of its S shape and 

finite tail, be used for modeling purposes. Our research has determined that the arc- 

tangent is not flexMe enough for environmental and mass tort liability modeling 
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purposes. An alternative family of Xurves based on power and gamma flUlCtiOllS 

works much batter and provides much more flexibility in curve selection. In this paper 

we deal primarily with the power functions, as they are easier to model. An example of 

a gamma function application is included for reference. 

The general form of the power function is: 

The dependent variable y represents the cumulative paid losses, s is a scalar coefficient 

greater than zero; x is the year of projection (or year corresponding to the historical 

data), b represents the time at which the curve’s inflection point occurs, p is an odd 

power between zero and one, and c is a constant representing the projected cumulative 

paid loss at time b. 

The power p is typically chosen from among the family of fractional powers l/3,1/5, 

3/5,1/7,3/7,5/7,1/g, etc. Testing of the various powers indicates that a few of them 

can adequately represent most of the S-Curves requtred for analyztng envtronmental 

and mass tort data. It is not necessary to fit all possible values of p. In our models, we 

fit approximately ten different values of p and select the best fits from among them. 

When x is less than b, the odd power returns a negative value. When x equals b, the 

value of y is equal to c, which occurs at the inflection point. When x is greater than b, 

which occurs after the inflection point, the difference between x and b is positive. These 

relationships give the curve its S shape. 

The s parameter determines the change in height of the curve for each time increment, 

and p determines the shape of the curve. 

A positive c parameter is a constant that brings the curve above the x-axis and is 

selected such that y is equal to zero at the beginning period of claims emergence. For 
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example, if c equals zero, then b, the inflection point, would occur where y equals zero 

(that is, the x-axis would cut the curve at b). 

The power curve does not converge for large values of x. Therefore, a matcimum 

number of years of run-off must be selected. Otherwise, the model will produce an 

infinite ultimate loss. We select our maximum number of run-off years at a point when 

incremental changes in the Curve become small, typically after about 30 years for 

pollution and 20 years for asbestos, a runoff period that we feel is reasonable based on 

other factors. 

Power curves are symmetrical around the intlection point, a property that is useful 

when the inflection point is not observable in the data. A gamma function can be 

derived that is asymmehical around the inflection point providing added flexibility to 

the curve fitting process. 

Several actuaries have suggested fitting curves to the incremental paid data. The first 

derivative of the power curve, dy/dx, is given by the following equation and represents 

the shape of the curve corresponding to the calendar year incremental paid losses: 

Ppdx-b) F-1 

This is a bell shaped curve that has an undefined value at its inflection point (where x 

equals b) when p is less than one. This implies that curve fitting using the incremental 

data cannot be achieved for the power curve for values of p less than one, as no value of 

b will minimim the squared error for the fit in these cases. Curve fits using other types 

of functions (gamma, lognormal) may work on incremental data. 
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Fitting S-Curves 

To fit an S-Curve, numerical methods are used in our model. By minimMng the sum of 

the squared errors between the fitted curve and the historical data, a numerical 

algorithm is used to determine the best fitting parameters s, b, and c. As noted above, 

approximately ten values of p are selected and separate fits are made for each p value. 

The fit is performed on the cumulative data. Depending on the relationship between 

the data and the fitted !3-Curve, this approach may give more weight to the squared 

error in the most recent data poink as these points will contain the cumulative errors 

from all prior years. We believe this has a positive influence on the fit as it helps 

minimis error in the most crucial part of the curve (the most recent poink). That is, 

precedence is given to minhizhg the cumulative error over minimkng error for all 

points on the curve. 

The S-Curve, depending on the value of p, can be very sensitive to the selection of the b 

parameter. To make the selection of b less subjective, we constrain the numerical 

algorithm as follows: 

1. The year in which y first becomes positive is fixed based on the earliest date that the 

losses are first paid. This gives the curve a realistic starting point This point can be 

varied plus or minus a few years to improve the goodness of fit, but should be 

within a reasonable range of the known starting date. 

2. The value of b is constrained to be at least four years after the year in which 

payments are first made. This constraint keeps the algorithm from selecting b 

unreasonably close to the starting date, an outcome that may mintmke squared 

errors but is not reasonable for projection purposes. The four year period should be 

used as a guide, as varying the parameter value may provide unproved fit without 

sacrificing reasonability. 
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3. The parameters s and c must be positive. 

For a given value of p, the other parameters are selected, subject to the above 

co219traint9, such that the sum of the squared errors is minimized. 

Once a series of Curves have been fitted to the historical data, the best fits must be 

selected. Standard measures of goodness of fit do not work well with S-Curves because 

of their non-linearity. We developed several relative goodness of fit tests. These tests, 

along with graphical representations of the fit, help to determine which S-Curves 

provide the best fit to the data. Two of these tests are as follows: 

The variable yr indicates fitted values, yd indicates data values, and n is the number of 

data values in the fit. R, compares the squared error of the fitted values to the squared 

fitted values, with lower values indicating better relative fit Rr compares the squared 

error of the natural logarithms of the fitted values from the data to the squared error of 

the natural logarithms of the data from the average, with higher values indicating better 

relative fit A third alternative, based on the q statistic, is to use an absolute difference 

in the numerator of R, instead of a squared difference and drop the square in the 

denominator, with lower values indicating better relative fit 

In practice, we have experienced problems where two fits of the same data using the 

same value of p both nkknize the squared error. This may occur when the data does 

not fit a particular Scurve we& is extremely volatile, or is too immature. In such cases, 

there is enough “slack” in the shape of the curve to obtain more than one best fit. This 

is caused by some interdependence between the b and c parameters where, for certain 
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data sets, several combinations of b and c can result in minimimd squared error. Our 

numerical algorithm stops when it finds the first of these solutions. To address this 

limitation, we run our numerical algorithm twice. The first run determines an initial set 

of parameters. The second run uses the output of the first run for seed values. In 

almost all cases, the second fit is either identical to the first fit or is improved and 

subsequent fittings do not yield unproved results. This approach essentially eliminates 

the “slacK’ problem. 

In the final selection process, actuarial judgment must be used to determine which fits 

best represent the data and are reasonable for the purpose(s) intended. We typically 

select the best two or three fits from our analysis to determine a range of ultimate 

values. Consideration is also given to the quality of the underlying data and its 

applicability for extrapolation into the future. 

Examples Using Insurance Industry Data 

Power Function 

To show how the SCurve model utilizing a power function performs using actual data, 

we have prepared examples based on insurance industry pollution and asbestos claim 

information. This data ia based on information from a select group of companies and 

does not represent an industry-wide composite. Exhibits 1 and 2 show these results for 

asbestos and pollution claims, respectively. The input data, the results of the numerical 

algorithm, best fit statistics, graphical representations of the fit, and resulting estimates 

of ultimate loss are shown on the exhibits. 
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Observations regarding these examples in&de: 

1. The curve fits are still showing fairly large payouts at the end of our projection 

period. The length of the projection period could be lengthened, the curve forced to 

zero over a period near the end of the selected projection peiod, or the curve can be 

truncated as in our example. In certain cases, the p-t value of loss payments 

beyond our projection period will not be significant 

2. The asbestos and pollution paid losses through 1995 in the projection are 

approximately 60 and 40 percent of the projected ultimates, respectively. 

3. The fit statistics are based on 1981 to 1995 and 1984 to 1995 for asbestos and 

pollution, respectively. This period was selected for practical reasons to reflect 

differences in the emergence of asbestos and pollution and to emphasize goodness 

of fit over a certain period of years. It may bs more appropriate to test goodness of 

fit over the entire data set or a different portion of the data set depending on the 

application. 

There are cases where use of a gamma function may improve the fit or at least offer a 

good alternative to the power function. In practice, we found the power function to be 

reasonable in most cases. Cases that may be improved using a gamma function usually 

involve &mmetical Scurve shapes where the data is already fairly mature and an 

inflection point is clearly visible in the data. One form of the gamma function used was 
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where λ is a scalar, α is the shape parameter, c is a constant, ι  is the initial year of 

payment, σ is the projection year, and τ represents the number of years from the first 

year of payment to the projection year plus one (e.g., if the initial year of payment is 

1980 and you are estimating the 1995 value, then ι  is 1980, σ is 1995 and τ = σ - ι  + 1 is 

16).  Both λ and α must be greater than zero.  Parameters α and λ have roles in the 

gamma function that are comparable to the corresponding parameters p and s in the 

power function.  The c parameter is included to improve the fit in certain cases and is 

optional.  The inflection point for this gamma function is given by (α-1)/λ, as 

determined by setting the second derivative equal to zero and solving for τ. 

 

On Exhibit 3, we show a gamma function S-Curve fit to the asbestos data used in Exhibit 

1.  The parameter c produces a disjointed looking change in the fit near the beginning 

years but improves the overall fit for the latter years.  The curve turns faster in the 

projection years than the power curve used in Exhibit 1 and runs off fairly well during 

the truncated projection period.  The fit statistics are also comparable in quality to the 

power curve. 

 

 

Advantages and Disadvantages of the S-Curve Approach 

 

The following lists are based on practical application of the model as well as feedback 

we have received from other actuaries.  The advantage or disadvantage of using this 

approach is dependent on the type of application involved. 

 

The advantages of the S-Curve approach include: 

 

1. Uses readily available data 

2. Is a pure actuarial approach in the sense that it does not have to depend on claim 

department estimates 
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3. Comparable to a loss development approach as it performs aggregate loss 

projexztions rather than individual claim or policy projections 

4. Can be used with paid and reported data for both dollars and counts 

5. Is easy to update with more current information as the data matws 

6. Provides a basis for testing the sensitivity of key assumptions including judgment 

concerning future changes in judicial or legislative practices 

7. can be performed fairly quickly 

8. Appears to produce reasonable results for many environmental and mass tort 

liabilities 

9. Does not require analysis and testing of a large number of assumptions and 

variables 

The disadvantages of the S-Curve approach include: 

1. May be impossible to select best fitting curves with a reasonable range of outcomes 

2. Somedatasetswillbetoo’ unmatwe for valid application of the model 

3. Comparable to loss development methods applied to new lines of business - the 

ultimate pattern of runoff for the tail remains uncertain until the data becomes fairly 

mature 
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I@%230 
1.388.218 
l.rn.ass 
2.088.059 
2.437.385 
2.788.110 
3.064.244 
3,32x877 
3.w.= 

382 
17.018 
33,887 
64.014 

lW.SE 
25%~ 
281.050 
324,534 
374.088 
mBJB 
702.146 
sm.olt 

2;470;6.35 
2.836.w 

0 

i 
0 
0 

208.151 

: 
510 

2.= 
1o.m 
m.uD 
58,= 

104,548 
150,Bo 
210.14¶ 
274.170 
317.8m 

17xa 
l&M0 
same 

100363 
ems7 
25m7 
4o.m 

22z 
l&M 
145,BBB 
128.812 
m.= 
32&l= 
483.4m 
381 .eEa 
366313 

2mo 
zool 
2cQ2 
2415 

2014 
2015 
ml6 
ml7 
ml8 
1010 
2020 
2021 

z 
m24 
2.om 
2c28 
2027 

4m2,5= 
4.oIy,BsB 
4,lBs,43s 
4,21.9,322 
4257,388 
4Zssaee 
4.30&314 
4.310,- 
4,331,022 
4.33&=3 
4*=2.=2 
4.34w59 
4f18.488 
4,34&m 
4.3g.m 
4.351.823 
4.3.52.0(9 
4,3%325 
4.=.=4 
4.sQ.me 

4.?82,681 
4.352.~ 
4,3=n7 
4.m.786 
4.3Q.790 
4.59.804 
4.=.- 

w III 
SNI 



Flt Statl~tlc 1 

- - 
cv osm chm 

1881 S4.014 2W.163 
1062 lW.ME 
1803 =%BB4 zi 
1884 284.ca m:u1 
lW5 324.S34 
10W 374,039 
1807 612,638 
1888 752.148 
1889 898.011 
100U 1.02e.623 
1881 1.250.187 
tsaz 1.=,483 
18gJ 2.07S.f93S 
1894 2.47D.S3S 
18Bs 2.03w4a 
TOW 

(4) Sum d nhm quad 

2SO.Srn 
310,410 
414.658 
574,914 
781,088 

1.088,23# 
1.3SS.219 
1.232.088 
2,OSwBB 
2.437.3&J 
2.7SS.118 

3.488.773,081.811 

lS,42O.BJo.711 
228.217.129 

2.240,1w.383 
3,781.433.14!3 
5.42a8.301 ,288 
4,091.397.32a 

39.077.494.111 
31,407,Ea282,885 
10,8D(.070,680 

1731.m3.887 
18.142.223.881 
2~,483.eB.655 

83,1D1.157 
1.109544.w7 
4.Ss2.416.337 

(3 u*: 0.008 
Fit SWI#tIc 2 

0 m Ql a 
Load rnd sa- sqwo 

0- FRU - - 
m b b FM- Fmnym 
1001 11.33B 12.248 0.824 4:2240 
1002 12.174 
1003 12.4eS 
1904 12.557 
1005 12.m 
1BBLI 12.m2 
1887 13.32S 
1888 13.531 
1950 13.m 
lW0 13.M 
1881 14.04e 
1092 14.278 
lSS3 14.547 
1GW 14.720 
1995 14.SSS 

12.24S O.OM 
12.263 0.041 
12.312 0.080 
12.433 O.WE 
12.S48 0.055 
12.838 0.152 
13.281 0.072 
l3.!!8S 0.015 
13.882 0.002 
14.142 O.W9 
14.385 0.m 
14.552 0.000 
14.708 O.OW 
14&u O.Wl 

1.4em 
0.a 
0.7008 
0.485( 
0.3158 
OS047 
0.0187 
O.oBBLI 
0.2w 
0.4211 
0.7lS7 
1.3303 
1.793 
2.14s 

Tohl I.288 14.S4ea 
An 13.3w 13.3Sl 

Ghlta Ill 
shwtz 
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