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Reserving For Excess Layers: 
A Guide to Practical Resewing Applications 

A ctuaries analyzing resewes for excess insurance layers are confronted with circumstances 
distinctly different from those faced in primary layer reserving. Although many excess 
reservinp techniques are similar to primary techniques, the low-frequency/high-severity nature 

of excess exposures creates some dit%ulties not typically experienced in primary analyses. 
However, this same low frequency nature of excess layers allows the application of some reserving 
methods that would be impractical for many primary coverages. 

This paper presents a compilation of excess loss reserving methods, describes their application 
Using a common data base, and tests their performance in projecting ultimate loss amounts. 
Throughout this paper there are several underlying ideas that we believe are important to keep in 

mind: 

m Excess reserving involves some considerations different from those for primary layer 
reserving. However, with adjustments, many standard reserving techniques can be applied 
to reservinQ for excess layers. 

n The availability of data often dictates the type of analysis performed. In some cases the 
application of the method can be modified based on the data available. In other cases, it will 
be impossible to use a method due to a lack of data. 

s The strength of several of the techniques described is that they help establish an initial 
estimate of expected losses. These initial estimates can be used as a prion’assumptions 

in a Bomhuetter-Ferguson calculation. 
I The most important overall consideration is that the nature of the business for which you are 

estimating a reserve must be understood. 

Se&on I describes several commonly used excess loss reserving techniques and provides practical, 

spreadsheet examples. The intent of S&ion I is to provide a reference guide of reserving methods 

applicable to excess layers. Borne of the methods discussed are similar to commonly used methods 
for reserving primary layers and will already be familiar to many readem. Section /I presents an 

alternative excess reserving technique that uses modem day computing power as a tool to develop 
a range of potential costs for the layer of coverage. Section //I applies the methods from the first two 

sections to a common set of data and retrospectively tests the performance of each method. 

‘Bomhuetter. Ronald L. end Ferguson, Ronald E., ‘The Actuary and IBNR,’ PCAS LIX, 1882 
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Section I - Common/y Used Reserving Techniques for Excess Layers 

An excess layer provides coverage for that portion of losses greater than a specified attachment 
point and is typically limited to a maximum per occurrence and/or aggregate amount. Direct excess 

policies involve the original insured and their high layer insurer. This differs from excess of loss 
reinsurance coverage, which would involve the original insured purchasing a policy from a primary 
insurer and then the primary insurer purchasinp excess of loss coverage from a reinsurer. There 
are many differences between these two types of excess coverape, inckrding regulations Qoveminp 
the contracts, the loss reporting pipeline and actual contract wording. Many reinsurance contracts 
“follow the fortunes’ of the primary carrier, while direct excess policies may cover different perils or 
have different definitions for an occurrence as compared to the provisions of lower layer policies. 
Despite these differences, the methods described can be used in either a direct excess or 

excess-of-loss reinsurance reserving context, provided the necessary data is available. 

In any case, understanding the book of business for which you are reserving is a key element in 
properly applying a methodology. At a minimum, the following information should be known in any 
reserving assignment: 

What type of losses are covered (e.Q., 3rd party bodily injury liability, property damage 
catastrophe, workers compensation, professional liability, etc)? 

What event triggers coverage by the policy (e.Q., reporting of a daim to the insurer, reporting 
of the claim to the policyholder, occurrence of an injury, ‘injury-iwfati, etc)? 
How do the attachment point and limit respond to a daim (or combination of claims)? Are 
there any reinstatement provisions for the limits? 
How does the policy respond to costs spent defending the original insured from lawsuits (i.e., 
is defense covered within the limits, outside the limits, or not covered at all)? 
Am declaratory judgment costs an issue (i.e., costs spent defending the insurer in coverage 
disputes with the original insured)? 
What is the mechanism or series of steps that results in a claim presented to the insure0 

This list is not intended lo be exhaustive, but should provide a basic UnderStandinQ of the coverage 
provided and the losses that can occur. Each reserving assignment will dictate areas where 

additional detail is required. 

Differences from reserving for primary contracts 
Resewing for BxceSs layer contracts is, in many ways, similar to reserving for primary insurance, and 
many of the same methods are commonly used. However, there are also differences between the 

primary insurance process and excass layers that make mserving for these contracts unique and, 
in some ways, mom difficult. The followinp is a partial list of these differences: 
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a The daim reporting lag for excess layers is generally longer than for primary contracts. This 
is especially true of casualty excess-of-loss contracts. 

a Excess layer policy forms and language vary to a much greater extent than primary 
contracts. In addition, data grouped by “line of business” for an excess carrier may contain 
contracts with a wide array of underlying exposures as well as different attachment points 

and limits. 
a The heterogeneity of excess contracts makes it difficult to obtain useful industry statistics. 

Furthermore, the potential use of additional case reserves necessitates further 
considerations when applying industry statistics compiled from reinsurers. 

9 Low daim frequency and high claim severity make the available data more volatile and less 
useful for predicting future loss emergence. 

n Rating information may not be available. 
a For excess-of-loss reinsurance. differing reserving philosophies of cedants can create 

inconsistencies in historical data. 
a Inflationary effects on attachment points and policy limits force adjustments to the historical 

data. 

Typical actuarial loss development methods are predicated on the existence of a relatively stable, 

homogeneous Qmup of underlying exposures. To achieve homogeneity, data are typically 
segregated into groupings such as annual statement lines of business. For an actuary charged with 
the responsibility of estimating loss reserves, the level of detail from the annual statement line of 
business may not be sufficient to achieve homogeneity. Therefore, the data may be further 
SeQreQa!ed by state or coverage. Given the relatively low frequency of daims for excess of loss 

contracts, segregation beyond even the highest level of detail may result in a data base of 

insufficient size to derive credible reporting statistics. 

Primary companies faced with the problem of insufficient data to derive credible reporting and 
payment patterns will typically turn to “industry statistics’. For workers compensation. the National 
Council on Compensation Insurance (NCCI) annually publishes the Statistiwl Bulletin and prepares 
rate filings for a number of states. These data sources contain useful information for preparing 
workers wmpensation industry reporting and payment patterns by state. In addition, A.M. Best and 
the Insurance Services OtQw (ISO) publish industry loss mportinp and payment patterns for certain 
lines of business, The A.M. Best data provide summaries of the statistics for the largest carriers in 
the market and aggregate statistics for all carriers completing an annual statement. The 
Reinsuranw Association of America (RA4) publishes a summary of casualty excess reinsurance 
loss development statistics every two years from approximately thirty member companies. The 
reviewed lines of business include automobile liability, general liability, medical malpractice and 

workers compensation. 
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Like any industry data, the appliwtion of these statistics to develop losses to ultimate values must 
be performed with care. However, industry data for reinsuranw development statistics are 

particulariy heterogeneous in nature. Before using these statistics in any application, the following 
factors (among others) should be considered: 

a the mix of daims-made versus owurrenw policies in the book of business being reviewed 
(RAA data is primarily reported on an occurrence basis, medical malpractice data is the 

exception), 
a whether the business is broker market or direct, 

s the extent of excess over primary versus retrowssions (i.e. excess over excess), 

a the presence of unusual loss events (pollution, asbestos, breast implants), and 
a the prevalence of additional case reserves contained in the data (RAA contains additional 

wse reserves). 

Aside from pure workinQ layer exwss of loss contracts, such as $75,000 exwss of $25,000 on 
commercial automobile, most exwss policies do not anticipate incurring a significant number of 
claims. The daims that do exceed the attachment point are large (high severity) losses. Therefore, 

except in extremely rare cases, large claims are not excluded from the data base as is sometimes 

the practice when reserving for primaty contracts In an effort to provide an additional measure of 
stabilii. For medium and higher layer exwss contracts, some years may have no reported claims 
at several evaluations, and may ultimately incur no losses. What is a reasonable reserve provision 
for an accident year that is several years old, but has no associated incurred claims? How many 
daims should be expected to emerge in the accident year7 What is the average seventy of claims 
ultimately reported and settled? Them is no one right method for determining the range of reserves 
for exwss policies, consequently, we will present several methods that can be compared and 
evaluated for their relative strengths and weaknesses and ultimately used to determine a reasonable 

range of reserves. 

In the following sections, we assume the reader is already familiar with basic actuarial techniques 
such as the loss development (chain ladder) method. Additionally, the methods presented below 

utiliie incurred loss data only. In general, paid losses lag incurred losses, but for excess layers the 
lag can be very substantial. The lag in claim payments accentuates the leverage problem 
associated with development techniques. For these reasons, additional care should be used in 
substituting paid losses in excess reserving methods. 

Throughout Section f, we will use the same underlying data to demonstrate the application of the 

methods being described. For example let’s assume that we are estimating reserves for workers 
compensation losses in the layer $250,000 excess of $250,000 per occurrence with no aQQreQate 
limit. 
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Several techniques de&bed below provide a method of estimatinQ ultimate losses without dimctly 

WnsidetinQ reported tosses in the layer. As a result, a mechanical application of these methods will 

never produce an estimate of ultimate losses that results in zero mseTves, even if no claims are ever 
reported to the exwss layer, Therefore, the best use of these methods is often as an a prforf 
estimate of expected losses in a Bomhuetter-Ferguson analysis. 
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Development of losses in the layer 

Loss development (Le., chain ladder) is the most wmmonty applied actuarial method used to 
estimate ultimate losses and thus, reserves. The basic technique of loss development wn be used 
for reserving excess layers. In Exhibit I, Page I we demonstrate the familiar technique. Column (2) 
displays the repot-led losses in the layer 5250,000 exwss of 5250,000. Column (3) displays the 

expected percentage reported for losses in excess of the attachment point. These patterns can be 

determined based on a mix of historical data triangles, representative industry statistics, and 
judgment. 

Excess losses (W) can be described as the truncated and shifted distribution of ground-up losses 

(X). The following definition is provided by HOQQ and Klugman’: 

W=X-d. X > d, where d is the truncation (attachment) point, 
w=o, otherwise. 

Therefore, W represents the dollars of loss in excess of the attachment point. When constructing 
the development triangle of excess losses, we must consider the impact on the excess loss 
distribution caused by changes to the underlying size of loss distribution. Over time, the impact of 
inflation causes the ground-up size of loss distribution lo increase. This increase in ground-up 
losses affects the distribution of excess losses. For example, assume the following three claims 
occur in 1992: $95,000, $125,000, 5150,000. If we are analyzing claims in excess of $100,000. we 
would have two claims: 525,000, and 550,000 (total excess losses of $75,000). However, given a 

‘Hogg. Robert V. and Ulugman, Stuart A, Loss Ckhibtiions. J Wiley and Sons, Inc., 1984 
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15% annual inflation, the same three claims in 1993 would resuii in three losses excess of $100,000: 
$9,250, $43,750, and $72,500 (total excess losses of $125,500). 

When constructing a development triangle of excess losses, we must be careful to account for the 
impad of trend on the underlying size of loss distribution. To do this, the most common procedure 
is to use a detrended attachment point. For instance, if we are compiling data on losses in excess 
of $100,000, we would select $100.000 as the attachment point for the latest year, say 1994. We 
would then compare the ground-up value of claims in the 1994 year (as at V/31194) to the 
attachment point of $100,000 to determine which claims contribute to the excess distribution. 
Assuming a 10% trend factor, the atlachment point used to compile data for the 1993 year would 

be $90,900 ($iOO,OOO/l.l). Therefore, for 1993, we would compare the value of the ground-up 
losses (as at 12/31&l and 12131193) to an attachment point of $90.900 to determine which claims 
contribute to the excess distribution. Using this procedure, we determine the claims in each year 
that will be used to construct the loss triangle. 

Once the historical data have been compiled, the development statistics for the company specitic 
data can be analyzed and compared to industry development statistics for a corresponding 
attachment point (ii available). The selected reporting pattern is based on this analysis of alternative 
factors. It is worth noting that many industry benchmarks are based on development of losses above 
a particular attachment point with an unknown upper limit (i.e., carriers submit data censored at 
various limits). Therefore, it is possible that unadjusted factors could overstate the potential losses 
in a layer of coverage if losses are implicitly developed above the policy limits. 

A second procedure for estimating the expected percent of losses reported is to derive a pattern lo 

estimate the development of losses in the specific layer (versus development of losses in excess 
of an attachment point with some unknown limit, as is the case with many industry statistics). One 

such method for adjusting the reporting and payment patterns is presented by Pinto and Gogo?. In 
their paper, “An Analysis of Excess Loss Development”, the authors introduce the formula for the 
excess development factor as follows: 

where, LDF,, = loss development factor to ultimate for 1088ea in the layer c to d 

c = attachment point 

d = Attachment point plus the kmit 

f(c) = ratio of loss6a in excese of c to ground-up ultimate losses 

f(d) = ratio of losses in excess of d to groun&up ultimate losses 

e,, = f(c) divided by the loss development factor to ultimate, for the retention c and month n 

ed,” = f(d) divided by the loss development factor to ui%mate, for the retention d and month n 

‘Pinto, E. and Gogol, D.F.. ‘An Anat@ of Excess Loss Development,” PCAS LXXIV 
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A brief inspection of this equation reveals that the numerator is an estimate of the percentage of 

ground-up ultimate losses in the layer, while the denominator is an estimate of the expected reported 

losses in the layer (as a percentage of ground-up ultimate losses) as of month n. For worlfers 

compensation, the NCCI excess loss factors provide a suitable estimate for f(c) and f(d) (except for 
considerations discussed in the section on ELFs, below). 

We used the formula described above to determine a reporting pattern for losses in the layer 
$250,000 excess of $250,000. The variables f(250) and f(500) were calculated using methods 
similar to those described by Gillam’. The following table provides the excess loss factors (f(250) 
and f(500)) and reporting patterns for accident years 1990 to 1994 used to calculate the excess loss 
development patterns. 

Table I -Pinto and Gogol Reporting Pattern 

Percent Re,wrted Percent Reported Percent of Losses Pwcent of Los&as IWO d Go@ 
Acddent Year Excess 1250.004 Excess S500.000 Excrs-3 1250.mJ Excess S5oo.OCkl Pemsnt Reported 

fll (21 fll (41 = f~Cl z (61 
1990 60.27% 5345% 21.65% 12.87% 70.28% 

1961 53.42% 46.12% 22.73% 13.56% 6423% 

1592 43mm 36.53% 23.65% 14.28% 54.74% 

1593 34.25% 3&u% 25.01% 15.04% 3s.a4% 

1894 17.12% 15.1s 2B.m 15.83% 20.18% 

(2) a (3) setded based on industry statI*. 
(4) 8 (5) are defivad based on sdjusted NCCI ELF table. 

We applied the loss development factors calculated in the table above to the losses in the layer 
$250,000 excess of $250,000 and derived a second set of estimates of the ultimate losses in the 
layer. The detailed calculations are displayed in Exhibif /, Page 2. 

The results of the two procedures using the loss development method are displayed in Table 2 

below. 

Table 2 -Results of Loss Develo ment Method 

~ 

‘Gillam. W.R., ‘Retrospective Rating: Excess Los8 Factors,’ PCAS LXXVIII. 1992 
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Excess Loss Factor Methods 

A second method of estimating ultimate losses, and thus reserves, for an excess layer is the excess 
loss factor method. Excess loss factors (ELFs) are usually expressed as a percentage of a specific 
premium (or unlimited benefits for loss cost states) and represent the portion of total unlimited 
benefits expected to exceed a specific attachment point. For workers compensation, the 
methodology used to estimate ELFs is described by Gillam’. On reviewing this methodology, we 
note the following: 

a The curves used to model size of loss distributions are not developed beyond fifth report. 
A significant amount of development takes place beyond fifth report, especially for excess 

claims. 
n Permanent total and fatal injuries are discounted at 3.5%. These injury types conlribule a 

significant portion of benefits in the excess layers as compared to other injury types. 

w The data used in the development of the curves are organized on a per claimant basis, not 
a per occurrence basis. A significant number of occurrences that reach excess layers have 
multiple claimants. 

n Allocated loss adjustment expenses are- exduded from the NCCI ELF analysis. 

These characteristics of the workers compensation ELFs may all serve to understate the estimated 
actual excess losses when these factors are used for deriving reserving assumptions (which is not 
the purpose for which the ELFs were intended). Therefore, when applying the excess loss factor 
method, special attention should be given to the selected ELFs, and appropriate adjustments should 
be made to account for the potential understatement. A detailed description of these adjustments 
is outside the scope of this paper. Additionally, If the data base contains a sufticient volume of data, 
wnsidemtion should be given to deriving ELFs from the actual data. A frame-work for the necessary 
calculations is provided by Gillam? 
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The ELF method can be applied to either an exposure measure (e.g., premium) or an estimate of 
ultimate losses. The ELFs as published by NCCI represent losses in excess of a retention 

expressed as a percent of premium. Dividing these factors by the expected loss ratio yields ELFs 
applicable to ultimate losses. Depending on the data available, it may be desirable lo use the ELF 
method applied to premium, ultimate ground-up losses, censored losses, or truncated losses. The 
following equations show examples of excess layer losses estimated from different bases of data, 
where ELF,, is the excess loss factor for a $250,000 retention: 

r- (Premium) I (ELF,, - El&) - U&Q Premium Based ELFs 

. Using Loss Based ELFs’ 

Table 3 displays excess loss factors applicable to the 1994 accident year calculated using the NCCI 
methodology adjusted lo account for the characteristics mentioned above. For our sample data, we 
modified the premium based ELFs to be percentages of unlimited losses (i.e., divide ELFs by 
expected loss ratio). 

Table 3 -Excess Loss Factors 

RdCdiO~ 1 Label 

f50.~ ELF, 

Excess Loss Factor 

58.4m 

sKo.Dco ELF,, 45.4% 

S2WWJ ELF, 26.2% 

ssoo.ocm ELF 15.8% 

Based on the factors in Table 3, one would expect 10.4% (ELF,, - ELF,) of ground-up ultimate 
losses to be in the layer $250,000 excess of $250,000 for accident year 1994. 

For coverages other than workers compensation, a suitable estimate of the ELFs may be determined 
using increased limits tables published by ISO. For a discussion of the use of increased limits 
factors in ratemaking and insight into how they may be used for reserving, see Miccolis’. 

‘Miccolii, Robert S., ‘On the Theory of Increased Limits and Excess of Loss Ptibng,’ PCAS, WV, 1077 
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Once suitable excess loss factors have been obtained, the next step is to determine the base 

estimate to which the ELFs will be applied, an exposure measure or some portion of ultimate losses. 

For our sample data, we chose to estimate the ultimate losses for an attachment point (the data 

limit) which is below the attachment point of the layer in question. For example, a data limit of 
$50,000. $25,000, or even $0 (Le., from ground-up) could be used as a starting point for estimating 
tosses in the layer $250,000 excess $250,000. An estimate of losses from ground-up is preferred 
because ground-up losses typically provide the highest level of stability and because benchmark 
statistics (i.e., loss development patterns. loss ratios, pure premiums, etc.) are more readily available 
if company specific data prove less than 100% credible. However, when ground-up loss information 
is not available, the ELFs can be adjusted to accommodate other data limits. 

Ultimate losses for ground-up data (or other relatively low data limits) can be esimtated using well 
documented methods such as loss development, Bomhuetter-Ferguson’, expected loss ratio, 
frequency/severity and others. For our example, we elected to use the incurred loss development 
method. However, since the excess loss factor method is dependent on the accuracy of the base 
data to which the ELFs are applied, in “real life’ applications, we recommend using several of the 
techniques to derive the estimates of ground-up losses. The final selection of an ELF procedure will 

depend on the data available, the confidence in the base data estimate (e.g., premiums, ground-up 

ultimate losses, etc.) and the reasonableness of the ELFs. 

Exhibit I/, Page 1 displays the details of our analysis for accident years 1990 to 1994 using a data 

limit of $100,000. 

The excess loss factors displayed in Table 3 above represent the percentage of ground-up ultimate 
losses in excess of the specified attachment points. Since we elected to use a data limit of 
$100,000, we needed to adjust the estimate of the expected percentage of losses in the layer to be 
stated as a percentage of ultimate losses in excess of $100,000. Based on the factors in Table 3, 

for accident year 1994, we would expect 22.9% ([ELF, - ELFJ + ELF& of ultimate losses in 

excess of $100,000 to be in the layer $250,000 excess of $250,000. Therefore, the ultimate losses 
in the layer for accident year 1994 can be calculated as 22.9% times the uitimate losses in excess 
of $100,000. Table 4, below, displays the results of the excess loss factor method applied to the 
sample data base. 

A primary strength of the ELF method is its use as an a @on’ estimate in a Bomhuetter-Ferguson 

analysis. Exhibit II, Page 2 displays the application of the Bomhuetter-Ferguson method. The 

reporting pattern utilized to calculate the ‘IBNR factors” (i.e., the percentage of losses unreported) 

is the pattern used in the traditional loss development method in the prior section (Exhibit I, page I). 
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Table 4 - ROSU~~S of Exw8r Loss Factor Method 

~ 
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Frequency/&verity Based Method’ 

As with projecting ultimate losses for a primary layer, a frequency/severity method can be used to 
project ultimate losses in an excess layer. The basic methodology does not change: project an 
ultimate number of claims and multiply by an average severity to produce an estimate of ultimate 
losses. However, estimating the number of claims and the average size of a claim in an excess 
layer is typically more complicated than deriving these estimates for primary layers. 

As with the expected loss approach, a primary strength of the frequency/severity method estimates 
is their use as Q prioti assumptions for a Bomhuetter-Ferguson analysis. 

i 
EaUmaUng Frequency: Estimating the number of claims in the excess layer typically begins with 

an estimate of the number of daims in excess of some attachment point (the data /imifj below the 

attachment point for the layer in question. The number of claims above this data limit will serve as 
a starting point to produce the expected number of claims above the attachment point for the layer 
in question. After estimating ultimate claims above this data limit, a size of loss distribution can be 
used to project the estimated number of claims in the layer. 

An alternative to this approach is to directly estimate ultimate claim counts in the layer using a 
development technique (similar to the development of losses in the layer) Estimating the frequency 
directly from the data may provide insight into the claim reporting process. However, for excess 

layers, the volume of the claim count data is usually lnsuffrdent for a development type approach. 
Therefore, the use of a size-of-loss distribution may be necessary. 

*had Angeih. “thing Pareto Di8Mbutlon to &iimste Exc808 Lowa, A PmciW Guide,” PraentaUon at me 
Casually Losl RWN~ Seminar. 1006 
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To apply this method to our sample information, we selected a data limit of $200,000 for the 1994 
accident year. The selected data limit must be high enough to assure that the detrended data limit 
for any accident year does not fall below the lowest available data attachment. Assuming a data limit 

of $200,000 and an annual inflation trend of 12%, the detrended data limit in 1988 (the earliest year 
in our data base) was $101,326 (just above our lowest attachment point of $100,000). 

Using these detrended data limits, we constructed the triangle of daim development displayed in 

Exhbif 111, Page 3. It is important to remember that this triangle contains only claims known to be 

greater than the detrended data limits. Therefore, it is not unreasonable to expect a greater 
magnitude of report-to-report factors and a longer tail than might be expected when analyzing claim 
development for primary cover-ages. Using the chain ladder method, we calculated report-to-report 
factors, and, based on various averages of the factors, selected age-to-ultimate claim count 
development factors. The selected development factors were then used to develop known claims 
greater than the data limit. Exhibit //I, Page 1, shows the development of reported claim counts 
greater than the detrended data limit. 

The next step involves using a size-of-loss distribution to estimate the percentage of claims greater 
than the attachment point. For our sample data, we found that the single-parameter pareto 

distribution, as described by Philbrick’, was well suited for this application. Solving the selected size 
of loss distribution for F(x) yields the probability that a claim will be less than or equal to x. The 

complement of this figure is the probability that a claim will be greater than x. Using our example, 

in Exhibit 111, page 1, the estimated ultimate claims greater than $200,000 for 1990 is 215. 

To estimate a value for q. we applied the formulas described by Philbrick’ to the claims in the data 

base. Based on the results of the calculations, we judgmentally selected a value of 1.800 for the q 
parameter. Using the single parameter pareto distribution and with a parameter q = 1.800, we 

estimated the number of claims greater than the $250,000 attachment point as follows; 

CL7im.v Over 9250,000 = (Uil Ckzim Estimafe) * (% of lh0.u Chims Over 52SO.OC4) 

= 215 x Il.0 - F(r)] 

= 144 

‘Philbrick. Stephen W., ‘A Practical Guide to the Single Parameter Pareto Distribution.’ PCAS, LXXII 
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This calculation is performed for each accident year in column (6) of Exhibit /I/, Page 1. In column 

(5) we show a similar calculation using the two-parameter pareto model. In practice, we recommend 
comparing the results of several size-of-loss distributions. 

As an aside, one additional consideration in the process of estimating the frequency for the excess 
layer is the impact of a potential mixture of primary policy limits included in the data base. For 
instance, assume the analysis is for a $300,000 excess of $200,000 reinsurance coverage on 
automobile policies. Furthermore, assume that the data provided include claims over $100,000. 
Some of these claims over $100,000 may arise from prtmary policies with limits of $150,000 (or 

some other figure between $100,000 and $200,000). Claims from these policies will never reach 
the reinsurance layer, so an adjustment based on the distribution of policy limits should be made to 
eliminate these claims from the analysis. 

Estimating Severf# To estimate the average daim size (severity) in the layer, we utilize the pareto 
distribution with a q parameter of 1.800. In column (9) of Exhibif 111, Page 1, we apply the single- 

parameter pareto formula for estimating the average size of a claim in the layer $250,000 to 
$509,000. Again, for comparison purposes, column (9) shows the average claim size using a two- 
parameter pareto distribution. A brief inspection of the estimated average severities show that the 
single-parameter pareto distribution projects the same average claim size for each accident year 
(i.e., the distribution does not adjust the average claim in the layer for the effects of trend). This is 
because, unlike most distributions, the q value of the single-parameter pareto distribution is 

unaffected by trend. This may seem counter-intuitive given the well-documented leveraged effect 
of trend on excess losses discussed by Miccolis5. However, as Philbrick’ notes, the leveraged effect 

is on the total excess dollars. not necessarily on the average excess claim size. In addition, the 
leveraged effect is somewhat reduced due by the application of policy limits. This implies that the 

major impact of trend is to increase the frequency of excess claims rather than the seventy. 

According to Hogg and Klugmar?, a two-parameter pareto distribution with parameters b and q 
before the effects of trend till have parameters (I+i)b and 9 after trend of BL. In Table 5 we compare 

the average severities produced by the two-parameter pareto distribution assuming a 12% annual 
trend and the single-parameter pareto distribution. As shown in the table, the expected impact of 
trend appears to be minimal. 
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The estimate of the ultimate losses in the layer is the product of the number of claims greater than 
the attachment point (frequency) and the average daim size (severity) in the layer. Table 6 displays 

the results of the frequency/severity method for the layer $250,000 excess of $250,000. 

As discussed above, the estimate produced by the frequency/severity method can be used a6 the 
a prforf estimate in a Bomhuetter-Ferguson method. The Bomhuetter-Ferguson method recognizes 

actual losses as they emerge or, if no losses emerge, will eventually reduce to an estimate of zem. 

Table 6 - Results of Fmquency Swerlly Method 

Comparing the results of the frequency/severity method for our sample data to the results of the 
other two methods, the frequency/severity method produces much higher (and perhaps more 
reasonable) results for the two latest years, 1993 and 1994. This is because the frequency/severity 
method is not dependent on the application of a highly leveraged loss development factor to actual 
reported losses for an immature accident year. In this case, the emerged losses in 1993 and 1994 
were less than might be expected based on our selected reporting pattern. Therefore, the indicated 
ultimate losses from the development factor approaches (and excess loss factor method, which. in 
our example. used loss development for base ultimate losses) are producing low results relative to 
the frequency/severity method which is not dependent on actual emerged losses in the layer. 
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Difference Method 

One method for estimating ultimate losses in an excess layer bears mention because of its frequent 

use. For lack of a better name, we call it the difference method. The three methods described 
above derive estimates of ultimate losses in the layer directly. The difference method produces an 
estimate of the ultimate losses in the layer as a by product of estimating two other quantities: 
ultimate losses limited to the attachment point and ultimate losses limited to the attachment point 
plus the limit. 

In Exhibit /V, Page 1 we use the chain ladder method to develop losses limited to $250,000 and 

losses limited to $500,000 to ultimate values. The loss development factors were selected based 
on an analysis of historical losses censored at the appropriate limit. Our data base contains workers 

compensation daims greater than $100,000 on a combined medical and indemnity basis. Therefore, 

the two quantities that we estimated were actually claims greater than $100,000 limited to the 
attachment point (i.e., $250,000) and claims greater than $100,000 limited to the attachment point 
plus the limit (i.e., $500,000). Given that the claims below $lOO.OW were not included in the data 
base, it is not surprising that the loss development factors selected for the two different limits are 
very similar. 

Table 7 - DHferenca Method 
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Individual Claim Development 

The last technique that we will describe in Section I is the development of individual claims. In this 

method, the ground-up losses for individual claims greater than a selected data limit are developed 
to ultimate. and the resulting values are compared to the attachment point and limit to determine the 
ultimate value of losses in the layer. This method relies on the weak assumption that all losses 
develop equally. 

The first step is to select a data limit below the attachment point for the layer in question. This 
permits accounting for claims currently below the attachment point that will ultimately exc8ed that 
attachment point. For example, if the current incurred value of a claim is 5125,000 and the loss 
development factor is 3.0, then the projected ultimate value is $375,000. If the attachment point of 
the layer in question is $250,000, then this claim will contribute $125,000 of excess losses to the 
layer. Given that the losses in our data base are all greater than $100,000, we will again use 

$100,000 as the data limit. 

To anabe historical development applicable to the current claims it is necessary to create multiple 

data triangles. For instance, the 1992 year as of year-end 1994 shows a certain number of claims 

over the selected data limit after 24 months. To develop that specific group of claims. a triangle 

must be constructed which examines the group of claims for each accident year that exceed the 
detrended attachment after 24 months. To project claims from the prior accident year, 1991 as of 
year-end 1994, a triangle must be constructed such that, for each accident year, there are only 
those amounts related to claims over the detrended attachment after 36 months. 

With these development factors selected, the method proceeds in two steps. First, we apply the 
selected loss development factors to each of the known claims and determine the ultimate value of 
known daims in the layer. Second, we use a frequency/severity technique to estimate the number 

of claims in the layer still to be reported and the average cost associated with these claims. The 
final estimate of losses in the layer will be the sum of the known and unknown claims in the layer. 
From an IBNR perspective, this approach segregates the IBNR into two components: (1) case 
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development on known claims (incurred but not enough reported, IBNER), and (2) claims that have 
not yet been reported that will penetrate the layer. 

An alternative procedure is to implicitly indude the emergence of unreported daims in the 
development factor applied to known claims. This approach requires only a single triangle of 
amounts over the detrended attachment points at all evaluations. For this alternative. there is no 
need to construd multiple triangles or to perform a frequency/severity estimate of unreported claim 
amounts and, therefore, eliminates a substantial amount of the analysis discussed above. 

GrMCf V, Page 1 displays a sample of the claims in our data base and the application of the loss 
development technique to individual claims. In this exhibit, we apply a loss development factor for 
ground-up losses above the particular data limit to incurred losses on a claim-by-claim basis to 

determine the ultimate value of individual daims. The estimates of ultimate losses for the individual 
daims are then compared to the attachment point and limit of the layer in question and the ultimate 
value is truncated and shifted as discussed earlier. The result of this calculation is the expected 
amount of losses in the layer for known claims and the expected number of known claims that will 

ultimatety exceed the attachment point. This second piece of information will be useful in step two 
of this method. 

Depending on the actual provisions for the particular coverage being analyzed, it may not be 
necessary to estimate unreported claims. For instanw. if the contract is reinsurance and there is 
a spediied sunset dause that limits the reporting period for claims or if the policy is a claims-made 
policy, it may not be necessary to incorporate a specific provision for unreported daims. It is 
important in these instances that the policy language, judicial precedence and prewutionaly notiw 
provisions are carefully understood, since not all ‘claims reported, policies eliminate the potential 
for future claim emergence. Depending on the results of this investigation, step two of this 

procedure may not be necessary. 

The second step applies a fraquenq/severity technique to estimate the number of unreported claims 
and the average amount of a claim in the layer for each unreported daim. In review, the following 
steps are used to determine the expected number of daims in the layer: 

n Determine the number of reported claims that exwed the selected data limit. 
a Using a triangle of reported claims (based on a detrended data limit), wlculate an expected 

reporting pattern for claims in exwss of the data limit (see Exhibit 111, Page 3). 

a Multiply the reported number of claims in excess of the data limit by the expected loss 

development factor to determine the expected ultimate number of daims in excess of the 

data limit. 

a Using a size of loss distribution, estimate the percentage of losses in exwss of the data limit 
that will also exceed the attachment point. 
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a Apply the percentage from (4) to the estimated ultimate number of claims in exwss of the 
data limit from (3) to determine the ultimate number of claims in exwss of the attachment 

point. 

Once we have an estimate of the ultimate number of daims in axwss of the attachment point, we 
can determine the expected number of unreported claims by simple subtraction (IBNR claims equal 

ultimate claims (step (5)) minus the number of reported claims over the attachment point afler 

applying the development factors). 

Similarly, the estimate of severity for unreported claims will once again call upon the procedures 

described in the section on the frequency/severity method. In short, a size of loss distribution is 
applied to determine the estimate of the average severity in the layer. For a more detailed 

discussion, see the frequency/severity method discussion above. 

In Exhibti V, Page 2 we apply the methods to determine the number of unreported claims in the layer 
and the average severity. The final estimate of ultimate losses in the layer is the sum of the losses 
in the layer as the result of unreported claims (step two) and the estimate of the ultimate losses in 
the layer as the result of known claims (step one). 

Table 6 summarizes the results of the individual claim development method. 

If we elected to implicit-y include the emergence of unreporled claims in the selected development 
factors, the use of the frequency/severity method would not be necessary. 
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One of the implicit assumptions (and limitations) of the loss development technique as applied to 
individual daims is that each claim will develop in a fashion similar to the reporting pattern for all 
claims in total (i.e., there is no variation in individual loss development factors between daims). Of 
course, in reality, individual claim development is much more volatile than the aggregate 
development of all daims. In fact, development factors for aggregate losses wn be thought of in 
terms of a mean development factor and a distribution of loss development factors that apply to 
individual claims. For instance, suppose our claims data base consists of the following 10 claims 
with reported losses at 12 months and 24 months as displayed in Table 9. 

Table Q - ExamM of lndlvklual Chlm Loss Development Factors 

C/a/m Number 1nwnsd @ 12 monthr bcumd Cp 24 nwntYn Age-b-Aw Fmtor 

1 t1,MO t1.000 l.ooO 
2 Sl.CUl $1 mo l.WO 
3 Sl.oJo s1,2m I.200 
4 $293 s2500 l.CO3 
5 s2m s2xfJ 1.0X 

6 t2m-J sv@J 0.880 

7 s5w 4.~ l.mo 
8 55,~ 57.500 1.5m 
0 s10.000 512.725 1.273 

10 s10,mo s15.Mo 1.500 
Tatal s4c45Do s5w23 1.250 

The aggregate age-teage factor for these claims would be 1.250; the sum of the incurred losses at 
24 months divided by the sum of the reported losses at 12 months. This quotient is simply the 
weighted average of the age-toage factors for each of the ten claims with the weights equal to the 
incurred losses at 12 months. Thus, the aggregate factor of 1.250 could be viewed as the mean of 
the distribution of individual claim development factors shown in the Table 10. 
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Table 10 - Hypothetkal Distribution of Individual Cblm Development 

In Section II, we expand these concepts to construct a simulation model of individual claim loss 

development that can be used lo estimate a distribution of ultimate losses in the layer. 
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SECTION II - A Simulation Procedure for individual Claim Development 

This section describes a method for excess layer reserving that combines aspects of the other 
projection techniques and uses the computing power of current desktop computers, The method 
is a simulation routine that projects multiple alternative scenarios of potential ultimate costs. These 
multiple alternatives form a distribution of possible outcomes and, hence, a distribution of potential 
reserves. 

Note that we am describing this method in a separate section because it is unique, not because it 

is expected to consistently outperform other methods. 

The concept for (his procedure extends from methods described in Section 1, most notably the 

individual claim development method. The individual daim development method assumes that the 

seleded aggregate developmenl factor applies to each individual claim in the accident period. As 
described above, the individual claim development method is performed in three steps: 

a Develop known claims greater than the data limit to an ultimate value, 

a Projecl IBNR claims and average severities in the layer, and 
a Apply the coverage provisions to determine the losses in the layer. 

In some ways, this method is an expansion of the ideas presented by Ferguson’. In his paper, 
Ferguson notes that an expected gross loss of $129,280 does nol imply an expected loss of $50,000 
for a $50.000 retention nor does it imply an excess reserve of $79,250 for the layer above $50,000. 
This is because there is a non-zero probability that the claim will settle for less than $50,000 or for 
more than $129,280. 

Similarly, because the average developmenl factor for a group of claims is 1.75, we cannot assume 
that each claim will develop by the same average amount. For any claim there is a non-zero 

probability that it will develop by more or less than the 1.75 average. However, there is a problem 

in identifying which claims will develop more than the average amount and which will develop less. 

‘Ferguson. Ronald. E., ‘Actuarial Note on Workmen’s Compensation Low Reserves,’ PCAS LVlll 
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The simulation program helps to answer that question using a high-tech trial-and-error routine. 
Instead of assuming that all claims develop equally, this method randomly selects individual 
development factors from an assumed group of possible values and applies them to each claim. 
The layer losses are then calculated and saved as the result of one trial. Having saved the result, 
the routine starts over again and randomly selects another set of individual development factors to 
apply to the incurred claim values, and so on. This process continues until a sufficient sample of 
trials is generated to represent a distribution of possible ultimate loss outcomes. 

Simulation programs are now relatively easy lo create in current spreadsheet environments or can 

be performed using pm-packaged computer software. Essentially, a simulation muline consists of 
Iwo steps: 

a select a range of possible outcomes for one or more of the input assumptions 
n generate multiple potential outcomes by randomly choosing input assumptions from the 

selected ranges. 

A simple example may help darify the process. Assume you want lo estimate the number of home 
runs Ken Griffy Jr. will hit in a season. Lel’s say that you’ve chosen the following equation to 
estimate the number of home runs: 

Number of Home Runs = (Number of At-&h) x (/Jmbebi/ity of Home Run) 

For Ken, assume the average number of at-bats per season is 420 and the percent of home nms 
during any season averages 8.1% (about one every 12.3 at bats). A simple point estimate may be 
34 home mns per season (34 = 420 x 0.081). However, assume that you have enough information 

to determine the distribution of at-bats, taking into account possibility of injury, players’ strike. lock- 
outs, hold-outs, etc. Based on this analysis assume that the dislribution of the number of al-bats 
is given by the following equation: 

Number of Al-Bats = 250 (9x) (0.30x2) (9.5x’) ForO<x<l 

Furthermore, assume that for any given year, the percentage of home runs to Lola1 al-bats is 
approximately normally distributed with a mean of 8.5% and standard deviation of 2.5%. Also 
assume that the percentage of home runs never goes below 0% and never above 10%. (The mean 
of this censored distribution is 8.1%.) Using these two input assumptions, a simulation routine can 
be created lo determine a distribution of potential home run totals for a season. 

The simulation program selects a random number between 0 and 1 and substitutes this number into 
the at-bats equation to estimate a possible resull for this parameter. Then, assuming that the 
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percent of home runs is independent from the number of at-bats, the simulation selects another 
random number and determines an estimate from the normal distribution according to the assumed 
mean, standard deviation and limitations. The program multiplies the random at-bats by the random 
percent of home runs, records the results, and begins the procedure from the beginning. Table 11 
displays the results of 1,000 trials of the simulation procedure. 

Table 11 - Results of Home Run Simulation 

Percentile 

10% 

25% 

50% 

75% 

85% 

90% 

95% 

98% 

99% 

Average 

Number of 
Home Runs 

19.6 

26.7 

33.6 

40.9 

44.3 

47.5 

53.2 

56.6 

61.7 

33.9 

Care must be taken when using a simulation model. The model’s design should reflect your ability 
to estimate the parameters and the relationships between parameters. A problem with some 
simulation models is that they are owerparameterired, that is, the model has too many input 
assumptions and the relationships between variables are not easily determined or clearly defined. 
WIthout key parameter relationships, the results of the simulation will not fully reflect true potential 
events, but rather a conglomeration of arbitrary outcomes. 

For instance, assume in our model of home runs that the probability of a home run is negatively 
correlated with the number of at-bats in a season (i.e., too many games without rest decreases the 
ability to hii one over the fence). Without this correlation, the model will simulate loo many high 
home run seasons and the tail of the distribution will be too fat. 

Beneftis of this method include the distribution of results produced, the ability to investigate individual 

iteration results, and, hopefully, a better understanding of the underlying loss process obtained in 
determining the input assumptions. The individual iteration results of the simulation procedure 
represent random points in the distribution of actual potential ultimate loss outcomes. If a sufficient 
number of iterations are performed, the results can be sorted to determine the percentile rank of any 
given outcome. Thus, the results can be reported as ‘Given the input assumpfions, there is a 65% 

probability that ultimate losses will be less than or equal to $5 million.’ 
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In addition, detailed simulation output allows you to investigate the various combinations of 
parameters that result in specific loss outcomes and promotes the understanding of the conditions 

under which certain results are produced (e.g., whether a high-dollar indication is the result of a large 
number of IBNR claims reported or significant development on several key claims). 

Finally, the process of determining the input assumption parameters can be insightful. There are 

a number of aspects of the loss process that may be overlooked when performing a chain-ladder, 
frequency/severity or Bomhuetter-Ferguson anatysis. For instance, when selecting a report-to-report 
factor, it is usually not important whether a consistent 20% upward development is the result of all 
claims increasing by 20% or whether the 20% increase is caused by a small handful of significant 
deteriorations while the majority of claims remain constant. Another issue may be the possible 
correlation between the size of a reported claim the future development on the claim. The 
importance of these questions begins to become apparent when performing the individual claim 
development method. The investigations needed to properly parameterize a simulation model 

should provide a better insight into the loss process and, ideally, enable better application of other 
loss projection methods. 

With that introduction, let’s look at the application of the simulation method to reserving for excess 
loss layers. The description and example below assume that the method is applied to a single 
accident year (or report year, underwriting year, etc.). There are four major steps in the simulation 

approach. 

a Estimate the number of future claims to be reported. 

n Estimate the potential ultimate costs for each claim. For current claims, this is accomplished 
by simulating individual development factors based on an assumed distribution. For IBNR 
claims, costs are projected directly from a size of loss distribution. 

n Apply the coverage details to each loss generated in (2) to determine an estimate of losses 
in the layer and record the results. 

H Repeat steps (1) to (3) for a selected number of trials to determine a range of results. 
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Determining the range of potential future daims reported for step (1) is similar to the techniques 
described for the frequency/severity method. When reserving for the layer $250.000 excess of 
$250,000 using a data limit of $100,000, the goal of step (1) is to estimate the number of claims 
currently not reported or with reported values below $100,000 that will eventually become $100,000 
or greater. This procedure is slightly different than the determination of claims in the layer used in 
the frequency/severity method. In addition to estimating the expected number of additional claims 
reported, the analysis should indude an estimate of the variation of potential future claims reported. 

If the policy form precludes the possibility of additional claims (i.e., sunset clause or claims-made 

policy), then this step would not be necessary. 

Since the main input to the simulation method is a listing of claim values, this method will be most 
useful for years that have a fair number of claims already reported. For years that have very few 
claims reported (i.e., immature years), the simulation method is essentially a complex 
frequency/severity procedure. As the year matures and more claims are reported, more weight will 
be given to the development of known claims and less on the IBNR claims. 

The goal for step (2) is to determine the distribution of potential claim costs for daims greater than 
$100,000 as well as the distribution of development factors for the claims already repotted. The 
distribution of potential claim costs for claims greater than $100,000 is used to estimate costs for 
the unreported claims generated from step (1) while the distribution of development factors will be 
used to project potential costs for known daims. 
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In estimating the distribution of development on current claims, it is important to consider the 
possible correlation of development factors with factors such as age/maturity, line of business, size 
of loss, and type of loss (injury type). Furthermore, it is important to know how the shape of the 
distribution changes due to higher/lower average development factors. 

For instance, assume the analysis of development factors for a group of claims reveals that the 

average tncurred development factor to ultimate ls 1.50. The analysis of the distribution for individual 
daims shows that the majority of claims settle for costs very close to their incurred value, while a 
few claims deteriorate significantly, as shown in the graph below. 

Dlstrlbutlon of Dovslopment Factors 
100 r 

This graph shows that a small percentage (approximately 10%) of claims settle for less than their 
incurred value, while the majority of daims settle for the incurred amounts (devolopmont factor of 
1.0). Slightly mom than 20% of claims settle for amounts greater than their incurred value. 

It may not be practical to replicate this analysis each time resemes am projected, therefore, it is 

important to know how this distribution would be affeded by a change in the aggregate development 
factor to, say 2.00 (instead of 1.50). Would the expected development for each and every claim riss 

by 33.3% (2.011.5) so that the vast majority of claims would increase by 33.3% over their incurred 

value (i.e., the distribution shifts upward)? Or, perhaps, the majority of claims still settle for the 

incurred estimates and a larger percentage are settling for amounts greater than their incurred 
values (i.e., the distribution pivots)? These two alternatives are illustrated below. 
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To answer this question, we anatyzed a data base of claims at several different maturity levels (i.e., 
evaluations). As the year matures, we expect that the aggregate development factor will decrease 
and the shape of the distribution will change. The following graph depicts the results of our analysis. 

Distribution of Development Factors 
At Different Maturities 
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This figure seems to show that the distribution tends to pivot rather than shift. There appears to be 

a portion of claims at all maturities that settle for amounts very close to their incurred value (i.e., 
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incurred development factor of 1.00). The tail of the distribution seems to expand for less mature 
periods (or for higher average development factors for groups of claims at similar maturities). 

Based on the data available, other analyses of development factor correlations should be 
investigated. We examined the possible con-elation of the individual claim development with the size 
of the incurred claim amount. Our analysis shows a slight negative correlation between incurred 

claim size and the magnitude of development factors (large claims tend to develop less). The 
negative correlation might reflect a greater attention paid to high-dollar claims and, hence, a greater 
accuracy (or conservatism) in their case reserves. Or perhaps, more simply, it reflects the fact that 
an equal dollar amount of deterioration will result in a smaller percentage change for a large loss. 

The third step of this analysis is to randomly generate potential losses based on input parameters 
determined in steps (1) and (2). This can be accomplished by using pm-packaged software or by 
writing a program that selects random figures (independent or possibly correlated) from all input 

distributions. Each set of random results represents one possible ultimate outcome of claim counts 
and amounts. 

The final step is to apply the coverage provisions to the claims within each iteration that yields an 

estimate of the potential losses in the layer. It may also be desirable to apply any outwards 
reinsurance coverage so that each iteration resuls in an estimated gross and net liability amount for 
the layer in question. 

The following pamgraphs describe the application of this method using the example from tha 
individual claim development in Section 1. Speciticaliy, we examine a group of claims over $100,000 

for reserves in the layer $250,000 excess of $250.000. Exhibit VI, Page 2, displays the calculations 

for a single iteration of this method for a sample of claims. In the top half of the exhibit, we develop 

an estimate of ultimate losses in the layer for each reported claim. In the bottom hatf of the exhibit, 

we address the issue of losses from unreported claims. 

For reported claims, column (4) shows the incurred value as of December 31, 1994. Column (5) 
displays the percentile mnking for the incurred values in column (4). This percentile ranking is used 

to adjust the randomly selected development factor for correlation with size of loss. Column (6) 
displays a random value selected from a uniform distribution between zero and one. Column (7) 
shows the selected correlation factor between size of loss and magnitude of development factor. 
Column (8) is a calculation using the incurred loss percentile In column (5). the random factor in 
column (6) and the toss size correlation fador in column (7) to determine the random value adjusted 
for correlation. The footnotes to the exhibit describe the actual calculation. Based on the adjusted 
random lookup value from column (8). a development factor for the claim is selected from the 

distribution and recorded in column (9). Column (10) is the calculation to determine the developed 
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ultimate loss for the particular claim (i.e., column (4) times column (9)) and column (11) calculates 
the indicated ultimate losses in the layer. 

For IBNR claims, the process is somewhat simpler. First we sample from a distribution of IBNR 
claim counts to determine the number of claims not reported or reported but currently with values 
below $100,000. Next, for each IBNR daim, we sample from a size of loss distribution to determine 
the ground-up loss seventy for a claim that is known to be greater than $100,000. This value is 
recorded in column (10) and the losses in the layer for IBNR claims are determined in column (I 1) 
by applying the attachment point and limit to the value in column (10). The sum of the values in 
column (1 I) is the estimated ultimate losses in the layer. This process is repeated for the selected 
number of trials. 

Once the simulation routine has been completed, the results are compiled and analyzed. In Exhibit 

VI, Page 1, we display the percentile distributions for the results of a simulation for a single accident 

year. This information is useful in comparing results with other methodologies. These results can 
form the basis for questioning assumed parameters for the simulation model or those assumptions 
used in the other methods. 

Table12 -Result8ofSlmulation Model(SOOO.OOO) 

A&dent Year 

PWCdl& 1990 1991 1992 

10% 19.7 12.5 23.3 

25% 20.7 14.4 26.8 

50% 21.9 lb.2 31.4 

75% 22.2 18.6 37.3 

05% 22.9 19.5 39.7 

95% 24.1 21.5 45.4 

99% 25.9 22.7 47.3 

Mean 21.6 16.4 32.1 

1993 1994 

16.2 15.3 

22.2 21.2 

28.3 25.0 

32.2 28.9 

34.0 32.1 

40.2 37.4 

47.0 42.4 

27.3 25.4 

selecled 21.9 17.1 32.5 29.3 20.7 
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Two final considerations mentioned under the disadvantages (item (4) above) deserve further 
explanation: the sampling procedure and confidentiality. The Monte Carlo method is the traditional 
sampling procedure used to generate random (or quasi-random) numbers. Monte Carto techniques 
are meant to be entirely random, i.e., any given outcome will fall anywhere within the range. The 
advantage of a Monte Carlo method is its simplicity and availability, but its disadvantage is that for 
small samples the results can cluster and the full range of outcomes ara not sufficiently represented. 

An alternative structured simulation procedure is the Latin Hypercube. This method segments the 
range of inputs and samples evenly from each segment so that small samples are more likely to 
recreate the assumed probability distribution. The choice of sampling procedure should be 
considered when deciding on how many iterations to run. 

Another important consideration regarding the simulation procedure (or any method that lists 
individual claims) is that of confidentiality. It is important to note that the simulation result for any 
given claim is based on assumptions derived from a review of data for the group of claims in 
aggregate and may differ from results derived from an analysis of a single claim in isolation. In 
addition, a coding system should be used to protect the idenlity of individual daimants. 
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Section Ill - Testing and Conclusions 

Armed with the various methods described in Sections I and II, the question becomes which method 
produces the “best’ estimate. You might also ask whether there are certain conditions under which 
a particular method should be expected to perform well or poorly. 

In this section, we apply each of the methods described above separately to two different data 
bases. The two data bases have different features that illustrate some (but not all) of the 
performance characteristics of the resewing methods. Due to the availability and volume of data, 
we selected two data bases of workers compensation information. Table 13 highlights important 
aspects of each data base used for testing the reserving methods. 

labls 13 -Data Bases Used for Testing Reserving Methods 

Data Bare 1 Data Bars 2 

scufcm hxluahy WC&en camp Dsbl Adual Waken Cmp Resern Asslgti 

YSan Ac~!d&yeam1987(01890 u~ngYmnlw4lo1wl 

EWMtkCS Yewend 1891 to 1 es4 Year-end 1891 to 1994 

Data Availabb 

I 

Lass data mty on Lndivldual ctalm bask far all Prmiumbyyearmdallgrcwdupkadataon 
accurrenMmw5100.m Indivldd d&m hala 

For the purposes of testing the reserving methods we relied on a relatively mechanical application 
of each technique to lhe subject data in order to highlight the performance of the method rather than 
the reasonableness of any judgments. This is particularly true for the first data base where even our 
selected best estimate used for our performance test is based on a simple average (excluding the 
highest and lowest projection) at the latest evaluation. The methods applied to data base two 
include much more judgment since they reflect an actual analysis that formed the basis of reserve 
opinions at successive year-ends. 

Table 13 displays the selected ultimate losses for data base one for each accident year, along with 
the mean test result and the standard deviation of the results for all methods. 
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Table 13 -Selected Ultlmete Losses In the Layer for Data Base 1 

TOtid I SJ3a.a08,512 

A ‘perfect’ method would produce the best estimate under any conditions (i.e., at an early 
evaluation, no losses actually reported in the layer, case reserves are strengthened by the claims 
department, higher than normal emergence of claims, an unusual loss occurs, etc.). However, to 

our knowledge, no method for estimating ultimate losses, excess layers or otherwise, can produce 
the best estimate under any conditions. Therefore, it is instructive to understand the set of 
circumstances under which each method produces a good estimate (close to our best estimate) or 
a bad one (inconsistent with our best estimate). In general, each method is founded on some 
underlying assumptions about the loss process. It is typically the violation of one or more of the 

assumptions that results in a bad estimate. When we compare the results of each method 
produced at several successive evaluations to the overall best estimate, we can observe which 
methods perform well and which perform poorly and examine the reasons for the performance. 

Our test statistic will be the percentage deviation of the indicated ultimate loss to the best estimate. 

In each instance we examined the results of the methods to evaluate how they performed relative 

to the overall best estimate and how they performed relalive to the other reserving techniques. 

Loss Development Method: The loss development method is highly leveraged upon the selected 

loss development factor, especially for immature accident years. By this we mean that, at early 

evaluations of an accident year, large or small changes in the reported data can result in significant 
variation in the indicated ultimate losses. In addition, if there are no losses reported in the layer 
(which is not uncommon for eady evaluations of medium- and high-layer excess covers), the loss 
development method will produce an indication of zero. 

Reviewing the results of the retrospeclive testing, as expected, we found the incurred development 
method performed best for the more mature accident periods and that the total for all accident 
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periods improved as the data matured. while ycu might generally assume that all methods improve 
with maturity, that was not ahvays the case. In additional, wa found that the total for all accident 
periods for the loss development method improved relative to the other methods as the data 
matured. In other words, when selecting an ultimate loss, more weight should be placed on the loss 
development method for more mature accident years and less weight on immature accident years. 

Excess LOM Factor Method: The accuracy of the excess IOSS factor method is heavily dependent 

on the estimate of base data to which the ELFs are applied. In the first data base, we applied loss- 

based ELFs to ultimate losses greater than our data limit. In the second data base, we applied 
premium-based ELFs to written premium. The ELF method applied to the first data base was heavily 
dependent on our estimate of ultimate losses above the data limit. While we calculated a relatively 
mechanical estimate of losses over the data limit, in practice, several methods (i.e., loss 
development, frequency/severity, Bomhuetter-Ferguson, etc.) could be used to estimate losses in 
excess of the data limit. 

An addltional conslderatlon is the selectlon of accurate excess loss factors. It Is Important that the 
ELFs applied are consistent with the underlying business and potential loss severities. 

In our analysis on the first data base, the ELFs were applied to losses with a data limit of $100,000 

and the selected estimate of ultimate losses greater than the data limit was based on the incurred 
loss development method. Because the accuracy of the incurred loss development method 
generally improves relative to other methods and to the best eslimate as the data matures, the ELF 
method, in this case, improved slightly as the data matured. 

For the second data base, the ELFs were applied to premium which did not vary from evaluation to 
evaluation. Thus, the results for the second data base did not improve with maturity. 

Because actual losses in the layer are not used for the ELF procedure, the results can be 
inconsistent with emerged losses to date (e.g., estimated ultimate losses less than actual losses 
emerged to date). Therefore, it is often preferable to perform a Bomhuetter-Ferguson analysis using 

the results of the excess loss method as an a prior’ estimate (excess loss-BF method). The 

Bomhuetter-Ferguson method places an inaeasing weight on he actual losses emerged as the data 
matures. 

Reviewing the results of the relmspective testing for both data bases, we found that the all-accident 
year total for the excess loss-BF methods improved relative to the best estimate as the data 
matured, while the results of the ELF method alone did not. In fact, for the second data base, the 

all-accident year results of the excess loss-BF method were within I .0?6 of the all-accident year best 

estimate as of year-end 1994, while the results of the excess loss method were 13.3% above the 

best estimate. In addition, we found that the all-accident year results of the excass loss-BF method 
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Unproved relative to the other estimates as the data matured. It appears that the combination of the 
excess loss method and the Bomhuetter-Ferguson method is preferable to the excess loss method 
alone, and that more weight can be applied to the excess loss-BF method as the dala mature. Note 
that the excess loss-BF method is slightty more responsive if ELFs are applied to losses since the 
base data will also reflect actual emerged experience. 

Frequency/Severity Method: The frequencylseverity method is heavily dependent on the 
parameterization of the loss distribution used to estimate the number of claims and seventy of a 
claim in the layer. For our first data base we selected the single-parameter pareto distribution to 
model claim frequency and seventy in the layer. Our selection was based on several factors: 

a We believe that the singl~parameter pareto distribution provides a reasonably good fit to the 

actual data, 
a Parameterization of the distribution is relatively easy and, in general, can be accomplished 

based on empirical data, and 
a The distributional form of the single-pammeter pareto Is easy to manipulate to obtain 

estimates for the frequency and severity In the layer (complex, multi-pammeler distributions 
often produce results very similar to less complex distributions). 

We also lested the twoparameter pareto distribution on the first data base and found that the results 
were very similar to the single-parameter Pareto. While we believe that the pareto distribution is a 
reasonable distribution lor modeling excess frequencies and severities, we encourage you to review 
Hogg and Klugman’ for further information regarding other distributions. 

For the second data base we used a prepackaged software program to fit alternative curves to the 
actual ground-up size of loss data. We examlned the results of several test statistics (Chiisquare 
and Kolmogorov-Bmimov) and found the lognormal generally produced superior results compared 

to other distributions. In applying the lognormal distribution, we varied our assumed distribution 

means to reflect trend in the avemge loss size. 

Like the excess loss method, the frequency/severity method does not directly utilize actual emerged 
tosses in the layer, Therefore, the potential for results that are inconsistent with actual emerged data 
etists. In addition, this property makes the fmquency/severity method less suited to matum accident 

years. However, by using the results of the frequency/seventy method as the a priori estimate for 

a Bomhuetter-Ferguson method (fmquency/sevedty-BF), actual loss emergence can be recognized. 

Based on a review of the retmspecttw analysii, the PlCawident year totals for the frequency/severity 
method generally produced the poorest results at the more mature years. However, the results of 

the frequency/severity-BF method improved relative to the other methods as the data matured, 
although, for the tkst data base the msults were still generally not consistent with the best estimate. 
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We believe the relatively poor perfonnanca of this method applied to data base one can be attributed 
to the following factors: 

w The volume of claims was not high enough to produce a stable triangle of claims used to 
select claim development factors, and, 

l Not using actual losses in the layer resulted in indicated ultimate losses that were not 

consistent with actual data. 

As with the excess loss factor method, it appears that the combination of the frequency/severity 
method with the Bomhuetter-Ferguson method is preferable to the frequency/severity method alone. 
In either case, a decreasing weight should be applied to the indicated ultimate results of the this 
method as the data mature. 

Difference Method: The difference method is an indirect application of the loss development 

method. Uitimate losses below the attachment point are estimated and subtracted from an estimate 

of ultimate losses limited to the attachment point plus the limit. In our description of the method, 
both quantkies are estimated using a development factor approach. Because the results of the loss 

development method are highly Isvemged In Immature accident years, wa had concluded above that 
less weight should be applied to the loss development method at ear!y evaluations. 

This conclusion may appear to apply to the difference method, and certainly would if we were 

concerned with the individual estimates of losses below the attachment point and losses below the 
attachment point plus the layer. However, for the purpose of estimating losses in the layer, we focus 

on the di/Rmms between the two estimates, not on the estimates themselves. In addition, since 

the data used to estimate losses below the attachment point are a subset of the data used to 
estimate losses up to the limit of the layer, it would seem to follow that aberrations in the data 
affecting one set of data would affect both sets of data, and in the same direction, For instance, if 

losses below the attachment point emerge at a rate that is fess than expected, then the losses below 
the attachment point plus the layer will also emerge at a mte that is less than expected. Therefore, 
any understatement of the ultimate costs will have an impact on both estimates. 

As with several of the ELF and frequency/severity methods, we considered the results of a 

Bomhuetter-Ferguson approach using the estimates of the difference method as the a pion’ 

assumption (difference-BF). For the first data base, which included case reserve adjustments 

between the 1992 and 1993 evalualion, we found that the difference method and the difference-BF 
method seemed to outperform the other methods when wmpared to our selected best estimate. 
In fact, for data base one at year-ends 1991 to 1994, the difference-BF method ranked in the top 
three results (i.e., closest to the best estimate) of all methods and combinations of methods 
considered and the difference method ranked first at year-end 1992 and in top four at the other 
evaluations. In addition, the indicated ali-accident year results of the difference-BF method were 
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within 7.0% of the best estimate at each of the year-end evaluations. In this case, it appears that 
the difference method somewhat minimized the distortions created by the case reserve changes. 

In the second data base, the difference method estimates produced reasonably consistent estimates 

at each of the four evaluations, however, it did not out perform the other projections. We believe 

it is appropriate to apply a consistent weight to this method over time. 

Individual Ctalm Development: The individual daim development method Is based primarily on an 

assumption we know to be inaccurate, that is, all current daims develop by the same amount. While 

we accept that all methods will perform poorly in some situations, we should rarely choose to rely 
on 8 method that contains such an ovenlmpliflcation. That issue aside, the individual dalm 

development method Is used by some actuaries to estimate potential losses in the excess layer. 
Overall, the method performed consistency over all four evaluations, improving slightly as the data 
matured. 

For the first data base, the individual claim development method perfotmed better relative to the 
other techniques at the earlier evaluations than at the later evaluations. This result may have 

occurred because a greater portion of the ultimate losses were genemted by the frequency/severity 
portion of this method (I.e.. the unreported claims). However, as the accident years mature, loss 

projections am prtmatily driven by the development of current claims. Since this development on 

current claims involves a significant over-simplification, the accuracy of the method does not 
improve. 

There were not a significant number of unreported claims for the second data base (perhaps due 

to the lower attachment point), and thus, the frequency/severity portion of this method did not figure 
heavily in the projection of ultimate losses. For the second data base, the results were among those 
estimates closest to the best estimate at the earliest evaluation and improved slightly as the data 

matured. &cause this method is based on erroneous assumptions, we do not recommend placing 
much weight on the results. 

Simulation Method: The simulation method is based on a number of underlying assumptions that 

will vary based on how the model is constructed. In our analysis of both data bases these 

assumptions are: 

n The development factor applied to an individual claim is dependent on the age of the claim 
(accident year), the size of the incurred losses, and the estimated average development factor 

for the group of claims. The distribution of development factors can be estimated based on 
historical distributions. 
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a The number of unreported claims emerging will be proportional to the number of claims already 
reported in the layer (daim development method). The distribution of potential unreported claims 
is approximately normal. 

a The average seventy of unreported daims is independent of the time the claim emerges. A size 
of loss distribution is used to project costs associated with unreported daims (pareto for the first 
data base and lognonnal for the second data base). 

A signifiwnt benefR of this method is the additional analysis that goes into producing the projections 
as well as the questions that are raised when reviewing the results in comparison to the other 
methods. For instance, the results of the simulation method can be analyzed, and values such as 
the ultimate frequency and severity can be compared to the corresponding values implied by other 
methods. In addition, ratios of losses in the layer to ultimate losses in exwss of a lower limit wn 
be used to test the reasonableness of the ELF assumptions. In fact, since claim detail figures are 
produced, virtually any comparison wn be made from current reported information to projections of 

ultimate values. 

For the first data base, the simulation method for immature accident years relied prtmanty on the 
projection of unreported claims from frequency/severity portion of the analysis. As the accident 

years matured, more weight is placed on the assumed distribution of development factors. The 
simulation method appears to have performed reasonably well relative to the overall best estimate 
and in comparison with the other methods for all accident years and evaluations. Our relatively 
mechaniwl application of this method to the first data base pmduwd results the departed from our 
best estimates and, in an actual application, would indicate an area for further investigation. 

For the second data base, the simulation method produced results that, in total, were among the 
best estimates at each of the four evaluations. We note that the results produced by the simulation 

method are sensitive to many of the input assumptions, therefore, a great deal of cere must be 

exercised when relying on these estimates for a reserve projection. 

Summary: Comparing the results of our analysis for both data bases, as expected, shows that no 

single technique consistently outperfoorms the other methods. Each method, with perhaps the 

exception of the individual daim development technique, provides some insights to potential ultimate 
losses for the exwss layer. In general, the excess loss-BF, frequency/severity-BF, and difference 
methods seem to perform better al early evaluations, while the incurred loss development method 
seemed to perform better at later evaluations. The simulation method provides some valuable 
insights and can be expected to produw reasonable results, however, a greater degree of care (and 
time) is required to ensure the model is property parameterized. 

In wndusion, the process of aelectIng an uttlmah loaa value rdatlng to a particular group of 
c/alms cannot be reduced to a purely mechanical proceaa. The most valuable time spent by an 
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aduary when performing a review of the liabilities for a particular book of business is understanding 
the coverage provided, the manner in which claims are reported and data are collected, and the 
process by which reported daims are reserved on a case-by-case basis. This information can 

generally be wlleded only by interviewing the responsible party(ies) in the claims, undenvriting and 
data-reporting areas of the company. This information better enables the reasonable application of 
loss reserve methods and proper interpretation of the results. Without this type of information, the 

assumptions regarding the data will more likely lead to inaccurate estimates. 
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Appendix A - Summary of PintolGogol Method of deriving loss development factors 

for excess layers. 

The general method used to derive loss development factors applicable to losses in an excess layer 
as described by Pinto and Gogol’ is as follows: 

Den’ve reporting patterns applicable to a mange of retention points. Incurred loss triangles for 

losses in excess of selected detrended retentions were constructed, and loss development 
factors were selected by applying a chain ladder technique. The selected retention point for the 
most recent policy year was detrended for application in earlier policy years, Pinto and Gogol 

used an IS0 data base of commercial general liability daims. Their selected factors by retention 

are displayed in Exhibits 1 to 3. The selected age-to-age development factors are referred to 

by Pinto and Gogol in Exhibit 4 as “an values-actual.’ 

Fit a cwve to the selected exwss development factors by age. The selected age-to-age 

development factors are then used to estimate curves which, in addition to smoothing the 
underlying factors, allow for extrapolation to maturities that were not available in the IS0 data 
base. The paper does not appear to specify the particular curve used to fit the development 
factors’ maturity. For the purpose of the example in this paper, we used a curve of the type y 

q a?, where x is the maturity in months and y = a, -1. Values of a and b for each retention were 

determined by fitting the values of In(x) and In(y) to a least squares line which gives In(y) = In(a) 

+b*ln(x). 

Fit a CUM to the excess development factors by relention. For each development interval, a 

curve is fit to smooth the fitted age-lo-age factors by retention. The curve selected to fit the 
exwss development factors by retention was y = axb, where x is the retention divided by $10,000 
(the selected data limit), a is the development factor excess of $10.000, and y is the fitted factor. 
In practice, we found that we could reproduce the b-values by retention displayed in exhibits 5, 
6 and 7, by using a curve of the type y = xb, where x is the development factor for the retention 
divided by the development factor for the $10.000 retention (i.e.. a relativity of the excess loss 
development factor for the retention relative to the $10.000 retention) Values of In(x) and In(y) 
were fit to a least squares line passing through the origin. 

Using this method, we can produce a table of excess loss development factors by retention limit. 
However, we are interested in excess loss development factors by layer. In section 5, Pinto and 
Gogot introduce the following formula to calculate excess loss development factors by layer using 
the excess loss development factors and excess loss factors (ELFs): 
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where, LDF., = !QM development factor to ultimate for loas=a in the layer o to d 

c = attachment paint 

d = Attachment point plus the limit 

t(c) = ratio of losses in excew of c to groun&up ubmate loeaes 

f(d) = ratio of lowed in excess of d to ground-up Amate lossa 

e,, = f(c) divided by the k6 development factor to ubmate, for the retentlon c and month n 

e, = f(d) divided by the loss development factor to utimate. for the retention d and month n 

A brief inspection will reveal that the numerator is an estimate of the percentage of ground-up 
ultimate losses in the layer, while the denominator is an estimate of the expected reported losses 

(as a percentage of ground-up ultimate losses) as of month n in the layer. For workers 

compensation, the NCCI excess loss factors provide a suitable estimate for f(c) and f(d) (except for 

the issues mentioned in Se&ion I). 
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Reserving for Excese Layers 
Incurred Loss Development 

Age in Incurred Projeded 
Accident Months Q Losses Percent Ultimate 

Year QW31/94 In Layer Reported Losses 
(1) (2) (3) (4) 

lQQ0 80 9,22o.Q62 60.27% 15298,414 
1991 48 10,767,Q49 53.42% 20,155.392 
1992 36 8.536.993 43.64% 19.475.016 
1993 24 3.603464 34.25% 11.106,116 
lQB4 12 672.472 17.42% 3,927,236 

33,001,840 69.982.173 

Notes: 

$ 
(2) Reported losses in the layer $250,000 excess of $250,000 
(3) Expctfxf percentage of ultimate losses excess of $250,000 reported 
(4) = (1 M2) 

Exhibit I 
Page 1 
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Reserving for Excess Layers Exhibii I 
Loss Development Method using Pinto 8 Gogol Loss Development Factors Page 2 

Per-cant Percent Excess Excess 
Reported for Reported for LOSS LOSS Pinto & Incurred Projeded 

Accident Losses Losses Factor Fador Gogol Losses Percent Ultimate 
1 Year Excess 500k Excess 250k 250k 500k LDF In Layer Reported Losses 

(1) (2) (3) (4) (5) (6) 0 18) 

1990 53.45% 60.27% 21.65% 12.07% 1.423 9220,962 70.28% 13.120.925 
1991 46.12% 53.42% 22.73% 13.56% 1.557 10.767.949 64.23% 16.765.635 
1992 36.53% 43.84% 23.85% 14.28% 1.827 8B536.993 54.74% 15,598.445 
IQ93 30.54% 34.25% 25.01% 15.04% 2.510 3,803.464 39.84% 9,547,318 
IQ94 15.12% 17.12% 28.22% 15.83% 4.957 672,472 20.18% 3.333,119 

Notes: 
33.001,840 58363442 

(1) Repottng pattern for losses excaas of a $500.000 attachment point 
(2) Reporting pattern for lossas excess of a 3250,000 attachment point 
(3) Percentage of uttimate losses in excess of a $250,000 attachment point 
(4) Percentage of uttimate losses in excess of a S500.000 attachment point 
(5) = l(3)-(4)Y(I(3)‘(2)1-I(4)‘(1)1) 
(6) Reported lossas in the layer 3250,OOtl excess ofS25Cl.000 
(7) = l/(5) 
(8) = Wt-0 
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Reserving For Excess Layers 
Excess Loss Factor Method 

Exhibit II 
Page 1 

Accident 
Year 

IrWJlTed Percent 
Losses Reported 

(1) (2) 

Ultimate 
Losses 

(3) 

Excess Excess EXCES Ultimate 
Loss Factor Loss Fador Loss Factor Losses 

1OOk 250k 5OOk In Layer 
(4) (5) (6) 0 

1990 80,290.884 82.55% 97,264,441 39.41% 21.65% 12.87% 21669,165 
1991 81 m448.233 18.42% 103,855.144 40.90% 22.73% 13.56% 23n284.882 
1992 74960,557 71.17% 105.331,706 42.39% 23.85% 14.28% 231779.770 
1993 35,329,211 59.31% 59,563,708 43.88% 25.01% 15.04% 13.533,504 
1994 7,331,857 35.09% 20,895,383 45.36% 26.22% 15.83% 4.786222 

Total 279360,542 279.360,542 279.360342 

Notes: 
(1) Ground-up reported losses on claims in excess of $100,000 
(2) Expected percentage of ultimate losses on claims > 1OOk reported 
(3) Estimated ultimate losses on claims > IOOk 
(4) Percentage of ultimate losses in excess of a $100,000 attachment point 
(5) Percentage of ultimate losses in excess of a 6250,000 attachment point 
(6) Percentage of uttimate losses in excess of a $500.000 attachment point 
0 = K(5)-(6))7(4)1 l (3) 
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Resewing For Excess Layers 
Bomhuetter - Ferguson Using ELF Method 

W-4 Expedd Adual 
Ultimate Unreported Losses Projeded 

Accident LOssaS Percent Losses Repotted Uttimate 
Year In Layer Unreporte In Layer In Layer Losses 

0) Q Q (4) 1% 

1990 21669,165 39.73% 8,608,298 9220,982 17,829.260 
1991 233284.882 46.58% 10.845.014 lo,787949 21.612,962 
1992 23.779,770 56.16% 13.355,761 8,536,QQ3 21,892.754 
1993 13.533,504 65.75% 8,898,743 3,803.464 12,702,207 
1994 4,786.222 82.88% 3966.863 872,472 4,639,135 

Total 87,053.543 45.674.479 33,001,840 78.676.319 

Notes: 
(1) Based on Excess Loss Factor Method 
(2) 1 - I. 1, [Exhibft Page column (2)) 
(3) = (V l (2) 
(4) Adual losses reported in the layer $250.000 excess of $250,000 
(5) = (3) + (4) 

Mibii II 
Page 2 
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Reserving for Excess Layers Exhlblt Ill 
Frequency/Severity Method P-SW1 

Accident 
Year 

1990 
1991 
1992 
1993 
1994 

Uitimate Counts Count6 Average Average Ultimate Ultimate 
Number of Claim Counts in Excess in Excess Severity Severity LosseS LoSWS 

Claims Count In Excess of Reten. of Reten. In Layer In Layer In Layer In Layer 
Data > Data Dvtp’mt of Data Two Single Detrend Two Single TWO Single 
Limit Limit Factor Limit Parameter Parameter Factor Parameter Parameter Parameter Parameter 

(1) 0 m (4) Q le) 0 le) Q) (10) (1’) 
WC3 o’(s) Qml 

200,000 146 1.470 215 144 144 1.574 133.162 133,016 19.171,067 19,110,465 
200,000 147 2.059 303 203 203 1.405 133,202 133,016 27.0270368 26.937,902 
200,000 135 3.603 486 326 325 1.254 133,224 133,016 43,444,115 43,293,056 
200,000 51 6.645 349 234 234 1.120 133,249 133,016 31.189,065 31,074.794 
200,000 10 23.957 240 161 160 1.000 133,277 133,016 21,408,751 21.325.839 

Two Parameter Pareto 

B= 1,070 
P= 1.800 
DL= 200,000 
R= 250,000 
L= 250,000 

Detrend = 1.12 

Single Parameter Pareto 
Q= 1.800 

142.240365 141,742,056 

Notes: 

(1) Data limit 
(2)Numberdrepor(edclaimsasatD&smber31,1994~reatermpn~dDtplima 
(3) Ctaim developmnt factor. Lkid from Ghibit III, Page 3 

(4) = (2) l (3) 

(5) = (4) * [(DL + By(R + B)]q 
(6) = (4) * [(WDL) A -a] 

(7) = Dsbsnd Fact~c; l.iP(l~Year) 

(8) = I@ + Wl’0WlQ - 1)Ml - [(R + (BI(W(R + L + (B/(~)))]^(Q - I)} 
(9)= ~R~[(Q-((R+L)IR)~(~-Q))Y(Q-~))-R 
(10) = (5) l (6) 

(11)=(6)‘(9) 

FREQSEVXLS - Method 5/23/97 - 9:49 AM 



Reserving For Excess Layers Exhibit III 
Bomhuetter - Ferguson Using Frequency/Severity Method Page 2 

1990 
1991 
1992 
1993 
1994 

Expected Expected Actual 
Uttimate Unreported Loses Projected 
Losses Percent Losses Reported Ultimate 

In Layer Unreported In Layer In Layer Lc6ses 
(1) (2) (3) (4) Q 

19,110.465 39.73% 7,591,828 9,220.982 16.812.790 
28,937,902 48.58% 12,546.420 10,767.949 23,314.389 
43.293,056 58.16% 24,315,278 8538,993 32.852,271 
31,074.794 85.75% 20.432.741 3.803.484 24,236,205 
2ls325.839 82.88% 17.674,154 672,472 18346,626 

Total 141.742.056 82,580,422 33.001.840 115,562.262 

Notes: 
(1) Based on Frequency/Severity Method 
(2) 1 - [Exhibit I. Page I, Column(2)] 
(3) = (1) l (2) 
(4) Adual losses reported in the layer $250,000 excess of $250,000 
(5) = (3) + (4) 
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Reserving For Excess Layers 
Claim Count Development 

Loss + Medical Clam Counts 

Exhibit III 
Page3 

Accident Attachment 
Year Point 

(1.12) 12 24 36 48 60 72 a4 96 

1987 90,470 6 17 a3 113 172 211 258 275 
1988 101,326 2 45 84 135 207 278 327 
1989 113,405 ia 26 54 126 227 293 
1990 127.tc-4 11 20 43 202 295 
1991 142,356 5 20 147 241 
1992 159,439 6 74 173 
1993 176,571 0 61 
1994 200,000 IO 

------Report-to-ReportFactors------ 
/2-24 24-36 36-48 48-60 60-72 72-84 84-96 

1987 2.833 4.802 1.361 I.522 1.227 1.223 I.066 
19aa 22.500 1.422 2.109 1.533 1.343 1.176 
1989 1.444 2.077 2.333 1.802 1.291 
1990 1.818 2.150 4.698 1.460 
1991 4.000 7.350 1.639 
1992 12.333 2.338 
1993 7.625 

AvgN 
WtdAtl 
Avg3yr 
Wtd3y 

Selected 
Age-to-Utt 

12-24 24-36 36-48---- 48-60 60-72 72-84 04-96 

7.508 3.370 2.428 1.579 1.267 1.200 I.066 
2.720 2.291 1.767 1.496 1.263 I.196 1.465 
7.986 3.946 2.890 1.598 1.287 
6.231 2.298 1.826 1.490 1.263 

5.000 2.250 1.900 1.500 1.250 1.175 1.065 1.100 
55.168 11.034 4.904 2.581 1.721 1.377 1.172 1.100 
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1990 76,299.050 62.52% 122.037945 67.078.088 67.78% 98.971.329 
1991 79.333,756 51.25% 154.808.077 68565.809 56.01% 122.41 I.354 
1992 74.855226 38.53% 194,271.617 66,318.232 43.09% 153,918.348 
1993 34,817.llO 24.86% 140,059,202 31.013,646 28.72% 107939,609 
1994 7,331,857 8.57% 85-532.450 6,659,385 10.45% 63.755,187 

\o 
Total 272.637.000 696,709,291 239.635,160 

c 
5475025.827 149,683,4&l 33,001.840 

Notes: 
(1) Reported Losses limited to $500,000 
(2) Expeded percentage of ultimate losses limited to $500,000 reported 
(3) = (l)/(2) 
(4) Reported Losses limited to $250,000 
(5) Expeded percentage of uttimate losses limited to $250,000 reported 
(6) = (4)/(5) 
V-I = (3) - (6) 
(8) Reported losses in the layer $250,000 excess of $250,000 

Exhibit IV 
Page 1 

Reserving for Excess Layers 
Difference Method 

Eathate of Ultimate ‘Ceded” Losses 

Reported Ultimate Reported Uttimate Reported 
Losses Losses Losses Losses Uitimate Excess 

Accident Limited LDF $500,000 Limited % of Ultimate $250,000 Excess Losses 
Year to $500,000 to Uttimate Retention to $250,000 Reported Retention Losses ~12/31/94 

(1) (2) (3) (4) (5) @I 0 (8) 

23,066,616 9.220,962 
32,398,723 IO.787949 
40.353,269 8p536.993 
32,089.593 3,803.464 
21,777.263 672,472 
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Resewing for Excess Layers 
Individual Claim Development Method 
Sample of Individual Claim Development Method 

Claim 
Incurred Projected Projected 

Accident Loss % of Ultimate Ultimate Layer 
( Number Year @,12/31/94 Reported Loss Losses 

(1) (2) (3) (41 (5) (6) 

42711 
272955 
484249 
435112 
189802 
266644 

34889 
576948 
849584 

E 
649821 
676584 
676312 
712493 
713480 

1987 
1987 
1988 

1989 
1989 
1990 

1992 
1992 
1993 
1993 
1994 
1994 

233.451 89.79% 260,002 10,002 
187,285 89.79% 186,311 
278,950 87.91% 317,323 67,323 
173.721 87.91% 197,618 
398,637 85.36% 467,005 217,005 
253,160 85.36% 298.578 46.578 
279.488 82.55% 338.573 88.573 
129,424 82.55% 156,785 
197,409 71.17% 277,392 27,392 
219,514 71.17% 308,453 58,453 
174,526 59.31% 294,244 44,244 
121,999 59.31% 205,688 
142.809 35.09% 4W,998 156,998 
109,383 35.09% 311,735 61,735 

Notes: 
(1) Claim Number 
(2) Accident Year 
(3) Ground-up reported losses as of December 31, 1994 
(4) Expected percentage of ultimate losses reported 
(5) = (3)/(4) 
(6) = max(500,000, (5)) - 250,000 

Exhibit V 
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Resewing For Excess Layers 
Individual Claims Development Method 

Aa at December 31,1&U 

Exhibit V 
Page 2 

Accident 
Year 

Projected Expected 
Number Ultimate 

Projected of Claims Claims Expected EwJ-d m=-d Expected 
Layer In the In the IBNR IBNR IBNR Uttimate 

Losses Layer Layer Claims Severity Losses Losses 1 
(1) (2) (3) (4) (5) (6) 0 

1987 14966,210 110 a7 0 133,016 i4,988,2io 
1988 15675.012 127 106 0 133,016 15.675012 
1989 14,458.466 121 109 0 133.016 14,458,466 
1990 15333,241 138 144 6 133,016 754,273 16.087.514 

60,434,849 496 445 6 61,169.223 

Notes: 
(1) Result of developing individual claims greater than $160.060 (data limit) to ultimate values and 

and applying coverage provisions to determine projected uttimate losses in the layer for known claims 
(2) Number of claims with projected ultimate values greater than $250,600 
(3) Expected uttimate number of daims greater than S250,OoO; based on single parameter pareto 

distribution from the Frequency/Severity Method [Exhibit Ill. Page I] 
(4) MAO, (3~2)) 
(5) Expected uttimate severity of losses in the layer $250.000 excess of $250,000 [Exhibl Ill, Page I] 
(6) = (5) l (4) 
0 = (6) + (1) 
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Claimnm Exs.6 ofllW,wO Chms in the Layer 
Prqeded Claim Prqeded Prcjeued Clam Awag+ Lors Prqkld 

PWle CuJnla ultimate Counts size Ultilll~l~ 

10% 324 55.754005 127 130.101 17.290.539 

25% 332 e-3.970.722 133 134.674 15.492.375 
5% 343 92.1W.lS9 142 138.754 19.645394 

50% 34s 93,7wm 144 140,854 20,09%i99 
75% 353 95.817.1ss 149 143.123 20.899.313 
99% 362 98.495.432 155 148.076 21.766.831 
95% 288 100,1&3,e4 154 150.348 22,306.9.38 
97% 370 lW.974.722 ml 151.617 22.5w.575 
99% 373 102.030.869 162 153.061 23353.312 

P 
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hlwned Random RdMl POlWll~l 

Acadent Inad LOSS Random LCSS s!ze LmG”p Dweloplent Prqected Loss in 

Imwrd CYm IO Year LmS Percentile Number Correlation V&J0 F&U LOS Layer 

(1) (2) (3) (4 (5) (5) (7) (5) (9) (W (11) 

1 25957 
2 42054 
3 15569 
4 72915 
5 53597 
6 55609 
7 43727 
8 25334 
9 37349 
10 25691 
11 12475 
12 cd657 
13 73815 
I4 54897 

15 57609 

1907 

,987 
1987 

0.1099 
0.1732 

04063 
0.3512 
0.4534 
0.5032 

425 023070 
-925 0.19239 
625 031145 
6.25 042714 

132,979 
222.957 
651.445 
123.123 
592,842 
114.598 

250,OW 

1987 
1987 
,387 
1987 

I :.::z 250.00, 

1957 
1987 
,957 
1957 

132.877 40.7% 
222337 75.0% 
551.395 97.3% 
129.091 37.5% 
592,553 93.0% 
113.745 19.0% 
157.5~32 57.2% 
147.200 51.9% 
120.199 243% 
Mao31 95.0% 
151.L-69 505% 
184.7Q.s 564% 

01222 
01106 

625 
-025 
-925 
-025 

,987 
111.758 18.4% 
175,244 65.1% 
158,515 58.5% 

0,044 025 
0.1265 -0 25 
0.9125 -0.25 
08415 425 
0 1550 425 

0.19066 
0.20315 
025752 
0.09992 
0.75314 

157.502 
147.2W 
120.203 
560,513 
206.432 

250,m 

1987 
,987 
1987 

04372 -025 
05386 0.25 

151 50915 
152 62430 
153 63544 

154 Pure IENR 
155 Pure IENR 
155 Pure IENR 
157 PumlBNR 

101.557 2.5% 
Em.205 98.7% 
122.545 27.5% 

t 

0.5747 -0 25 
0.1221 -0.25 
05221 0.25 

0.71515 
0.32028 
041517 
050757 

057us 
0.09984 

1.004 
moo 
1000 
1000 
i.ooo 
1.007 
1.030 
1.000 
1.000 
0.979 
1.252 
1.052 
1.ooo 
1 ,300 
1 001 

l&49 
111,779 
175.251 
155.544 

0.64750 

r 
1.030 
0979 
1.020 

104.505 
583.514 
125.054 

135.420 
235.306 

3368M 
409.235 

250.0‘" 

L 

e&w 
159.23! 

240 Pure IBNR 
341 Pure IENR 
342 Pure IBNR 
343 PumlBNR 

114,507 
247.955 
ew.030 250,0+x 

5w.m 25om 
344 PumlBNR 433,745 183.71 

2A5 Pure IBNR 16w68 

SIM~EZNA XLS 5n3.w 1033 AM 



96 


