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PRICING TO OPTIMIZE AN INSURER’S 

RISK-RETURN RELATION 

Abstract 

The idea of estimating loss discount rates and risk 
loads for categories of an, insurer’s premium by 
using the categories’ contributions to surpius 
variation is an appealing one. However, there has 
been a theoretical obstacle to this approach, as will 
be explained in this paper. 

A method which overcomes the obstacle will be 
presented. It produces a surprisingly simple result. 
T,he risk load (in dollars) of a category is 
proportional to the covariance of the category’s 
profit with surplus. 

The use of the above result to optimize an insurer’s 
risk-return relation is analyzed in the paper. Some 
examples of applications .of the result to compute 
risk loads and risk-based discount rates for losses 
are presented. 

The relationship between the method of this paper, 
the Capital Asset Pricing Model, and several other 
models is discussed. 
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I. INTRODUCTION 

A few years ago, a Nobel Prize was awarded to Harry Markotiitz [IO] 
for developing a method of producing a diversified portfolio of stocks 
with the optimal relationship between expected rate of return and 
expected variability. In other words, Markowitz showed how to 
maximize the expected rate of return for a fixed amount of expected 
variability and, alternatively, how to minimize the variability at a fixed 
rate of return. Markowitz’s method has been widely used by large 
investors because of their desire to lower the variability of their results. 

Insurance company managers are also interested in reducing variability. 
Taking steps to reduce risk helps a company with its Best’s rating and 
also increases the security of its employees al,d its policyholders. 
These things help in attracting good business and retaining good 
employees, and produce increased profitability in the long run. 
Therefore, insurers require a greater profit margin on a risk with greater 
volatility. 

Suppose that an insurer expects to write a certain volume and mix of 
business in the next year, and that the insurer has a certain target profit. 
The method of this paper produces a risk load for each risk such that 
the total expected profit equals the target and each risk is equally 
advantageous to the insurer in the following sense. If the insurer 
charges more than the indicated risk load for any type of risk, then by 
increasing the proportion of that type of risk in the total book of 
business the insurer can increase the expected return without increasing 
the surplus variability. Conversely, if the insurer charges less than the 
indicated price, then increasing the proportion of that type of risk will 
decrease the expected return if variability is left ccnstant. 

The term “risk load” is sometimes used with a different meaning than it 
is given above. Other meanings of the term include: 

1, The risk load that a customer is willing to pay. This may be based on 
the market, or on the risk aversion of the customer. 
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2. The risk load that an underwriter desires, based on the possible effect 
that a contract may have on the total results of the contracts he or she 
has underwritten, or on the effect on a profit center within the 
company. 

The m&hod presented here produces an indicated price for each risk by 
discounting losses and loss adjustment expenses at a risk-based rate 
and then adding a risk load as well as other expenses. As will be 
explained later, the risk loads and discount rates are produced by 
allocating surplus to categories of underwriting and loss reserves. This 
allocation is based on the contribution of these categories to surplus 
variability. The measure of surplus variability used in this paper is 
defined as follows. 

The “standard deviation of surplus” is the standard deviation of the 
probability distribution of surplus one year in the filhlre. 

A problem with allocating surplus based on each category’s 
contribution to surplus variability is that the effect on the standard 
deviation of surplus of a category can not be estimated by simply 
estimating the standard deviation of surplus with and wilhout the 
category, and then taking the difference. The explanation of this is as 
follows. (See Gogol [7].) 

The standard deviation of surplus equals the standard deviati,)n of the 
sum of the effects on surplus of ail the categories of underw-ri ting, loss 
reserves, other liabilities, assets, aid other sources of income and 
expense. Suppose those categories are arranged in a list. Suppose the 
effect of each category on the total standard deviation is defined as the 
difference between the standard deviation of the sum of the categories 
up to and including that category on the list, and the standard deviation 
of the sum of the categories prior to it on the list. The sum of all these 
“effects” equals the total standard deviation, but the effect of a 
particular category depends on the order of the list. (Suppose, for 
example, that there is a list of two independent categories each with 
standard deviation CJ. The standard deviation of the sum is 2.50. The 
effect of the first category in the list is cr, and the effect of the second is 
2.50-C) 

This dependence on the order in which the categories are listed has 
been considered a barrier to using contribution to surplus variability to 
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estimate required risk loads. This study will propose a solution. The 
following quotations from Venter [ 121 give an interesting description of 
the problem. 

“In 1953, Harry Markowitz developed 
a way of selecting optimal holdings for 
each available security if you were 
clear about your preferred mean- 
variance trade-off. This has been 
applied to optimal line mix strategies 
for insurers as well.” 

It’s tempting for actuaries to invent (or 
re-invent) the Mean-Variance Pricing 
Model (MVPM). 

“Presumably the change in variance of 
your .whole portfolio of risks or 
securities is more important than that 
of the new entrant by itself.” 

“MVPM could be applied to the 
portfolio with and without the new 
entrant, whose price then becomes the 
difference. But then the order of entry 
will influence the price, which it 
should not. Or you could estimate in 
advance the make-up of the portfolio 
and then pro-rate to each unit a credit 
based on the reduction in variance 
achieved by the ccmbination. The 
mind boggles. Besides needing a fair 
way to allocate credits, which this 
theory does not provide, any 
difference from the predicted result 
will give the wrong price overall. 
Because of covariance, MVPM does 
not seem usable for pricing individual 
risks in a portfolio.” 
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2. ESTIMATING RISK-BASED PREMIUM 

A. Return on Allocated Su~lus 

The surplus considered in this paper is a type of adjusted surplus, using 
the market value of assets and a risk-based discounted value for loss 
reserves.1 Statutory liabilities such as equity in the unearned premium 
reserve are included in the surplus. The value of the assets necessary 
to offset the discounted loss reserve liability is considered here to be 
greater than the discounted value of loss reserves at the “risk-free” 
interest rate (see Butsic [3]). This is because it would be necessary to 
pay an insurer more than this amount, as a reward for risk, in order for 
them to be willing to assume this liability. By using a lower discount 
rate to determine the loss reserve liability, the following is expected to 
occur. Iii the course of a year, the value of the offsetting assets is 
expected to grow at a greater rate .of interest than was used to discount 
the liability, providing a profit for the risk of having the liability. 

Suppose that each category of loss reserves is considered to be offset 
by an amount of assets which is equal to the risk-based discounted 
value of the resen’es. The expected effect on surplus*one year in the 
fixture of a category of discounted loss reserves and offseting assets 
equals the accumulated value of the assets after one year of reserve 
payouts, minus the discounted value of the remail-ing reserves and the 
tax effects of the assets and liabilities. 

The expected effect of a category of underwriting on the surplus one 
year in the future equals the effect of the premium minus the effect of 
the corresponding paid losses, discounted loss reserves, expenses and 
taxes. 

Suppose an amount of surplus is allocated to a category of 
underwriting, or to a category of loss reserves and offsetting assets. 
Then the expected return on the allocated amount during the year is the 

1 In this paper “loss reserves” will mean loss and loss adjustment reserves, 
net of ceded losses. “Earned premium” will refer to premium net of 
cessions. 
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after-tax invesnnent gain on it plus the expected effect of the category 
on surplus. The rate of return is the return divided by the a?lount of 
surplus. 

B. Method of Allocation 

Just as there is a probability distribution of what surplus may be one 
year in the future, there are probability distributions of the effects on 
surplus of each category of underwriting and each category of 
discounted loss reserves and offsetting assets. A basic part of the 
method of this paper is the idea that the appropriate amount of surplus 
to allocate to a category of underwriting, or of discounted loss reserves 
and matching assets, is equal to 

~su~lus~~cov(su~lus. effect of catetzory on sut~l~~sJ 
variance of surplus 

It will be shown below, by Theorem 1, that in a certain sense the 
above covariance of a category with surplus is proportion4 to the 
category’s effect on surplus variability. It is shown by Theorem 2 that 
if surplus is allocated to each category of underwriting according to the 
above formula, and the appropriate risk-based loss discounting rate is 
used, the following is true. Each category will improve the risk-return 
relation of the insurer if, and only if, its rate of return on allocated 
surplus is greater than the rate of return on the total amount of surplus 
allocated to underwriting. 

It is a property of covariance that the covariance with surplus of a sum 
of categories equals the sum of the covariances. Therefore, the surplus 
allocated to a sum of categories is the same w:lether the surplus is 
allocated based on the covariance of the sum, or allocated to each 
individual category based on its covariance. This would not be true if 
surplus were allocated in proportion to the standard deviation or 
variance of a category’s effect on surplus. 

Thus, the amount of surplus allocated to a category is independent of 
how fmely.tbe categories are subdivided. For example, the amount of 
surplus allocated to private passenger auto does not depend on whether 
it is considered to be one category or whether it is split into private 
passenger auto liability and private passenger physical damage. 



Surplus variability is caused not only by underwriting and by loss 
reserves and offsetting assets, but also by other things. For example, 
the value a year in the fiihire of the surphs assets themselves is not 
precisely known. If surplus is allocated to all sources of surplus 
variability, and these sources are referred to as “categories” 1 through 
II, then 

ii (cov(surplus, 
i=l 

effect of category i on surplus)) = 

: cov(surplus, effect of &;ategory i) on surplus) = 

cov(surplus, surplus) = variance of surplus 

Therefore, the proportions of surplus allocated to the categories sum to 
unity. 

C. Risk-Based Underwriting Margin and Discount Rate 

In order to explain how to apply the method of this paper, it is helpful 
to consider the following questions: 

1. What risk-based discount rate should be used for loss reserves? 

2. How much surplus should be allocated to loss reserves, and how 
much to underwriting? 

Suppose the insurer’s loss reserves are discounted, bot5 at the 
beginning and end of the year, at a discount rate d. Suppose that, with 
this rate d, surplus is allocated by the above covariance formula to 
discounted loss reserves and offsetting assets, and to underwriting. 

Lastly, suppose that the rates of return on allocated surplus from 
discounted loss reserves and offsetting assets, and from underwriting, 
are equal. Call this rate R. 

Call the amounts of stuplus allocated to discounted loss reserves and 
offsetting assets, and to underwriting, Sr and S,, , respectively. It was 
mentioned above that the surplus allocated to a sum of categories by 
the covariance method is equal to the sum of the amounts allocated to 
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the individual categories. Suppose for the moment that, for each 
category of loss reserves and offsetting assets, the discount rate d 
produces the same rate of return on allocated surplus. Since tke sum of 
the amounts of surplus allocated to each category equals Sr, tllis rate of 
rehun equals R. 

Suppose that, for some underwriting category C, the rate of return on 
the surplus allocated to the category, using the discount rate d, is R. 
Thus, thk premium not only provides a rate of return on allocated 
surplus equal to the rate of return on Sr and S,,, but also provides for 
the offsetting assets for its loss reserves at the end of the year. 
Assuming that the required discount rate remains the same, these 
reserves and offsetting assets are expected to produce a rate of’retum R 
on allocated surplus in each following year. This is a key point, since 
it means that the expected effect on surplus of the loss reserve runoff 
frown category C neither lielps nor hurts the insurer’s risk-rehem 
relation. 

It will be shown by Theorem 2 that in a certain sense the covariance 
method allocates surplus in proportion to a category’s effect on surplus, 
and it follows that the category C neither helps nor hurts the insurer’s 
risk-rerun1 relation. This explains what conditions a category or 
contract must satisfy in order to help optimize that relation. 

A discount rate d with the above properties may be found by iteration, 
as outlined below. (See Example A in section 4 for additional 
explanation.) Suppose the insurer expects to earn a given amount of 
premium in the coming year, with a given expected loss ratio and 
expense ratio. Certain estimates are made relating to loss payout rates, 
loss reserve variability, asset variability, underwriting variability, and 
various correlations, .and an initial value of the discount rate is selected. 

The value of the discount rate affects the estimated amount of surplus 
as yell as: 

1. the ~ovariance with surplus of the total effect on surplus of 
discounted loss reserves and offsetting assets 

2. the covariance with surplus of the total effect on surplus of all 
underwriting categories 
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3. the total amounts of surplus allocated by the above two 
covariances 

4. the rates of rehirn on the above two amounts of surplus 

Iteration is used to find a discount rate d which makes the. above two 
rates of return equal. Call this rate of return R. 

It isn’t actually necessary to assume that a single discount rate d 
produces the same rate of return on the amounts of surplus allocated to 
each category of loss reserves and offsetting assets. The indicated 
discount rate may vary for different categories, and thus it ‘may be 
appropriate to use different discount rates in estimating the required 
risk-based premiums for different underwriting categories. This would 
require a more complicated iteration than the one described above. 
This may not be preferable from a practical point of view. The need 
for a great deal of judgnent in estimating covariances wifh surplus will 
be discussed further in part E of the next section. 

The theoretical significance of the allocation method is indicated by the 
following two theorems. The proofs2 are in the Appendix. 

Theorem I 

Using any discount rates for each category of loss reserves and for 
each category of underwriting, suppose a pro-rata share of l/n of each 
category of one year underwriting results, loss reserves and offsetting 
assets, and other assets, liabilities, expenses, and sources of income 
affecting surplus is added to a list, and this is done n times. ‘The limit 
as n approaches infinity of the total of the n effects of a category on the 
standard deviation of surplus3, divided by the total standard deviation 
of surplus, equals 

(cov(surplus, effect of category on siuplus))/(variance of surplus) 

2 It will be assumed in the proofs that the covariance of a category with surplus is 
not zero. The case in which the covariance equals zero will be left to the reader. 

3 The effect of each category on the standard deviation was defined in the 
introduction as the difference between the standard deviation of the sum of the 
categories up to and including that category on the list, and the standard deviation 
of the sum of the categories prior to it. 
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Theorem 2 

Suppose that an insurer can charge more premium for a category of 
underwriting than the required risk-based premium described above. 
Then, by increasing the proportion of that category in the total book of 
business, the insurer can increase the expected return without 
increasing surplus variability. Specifically, there is some E such that, 
the expected return on surplus will increase if the following is assumed. 

a. The premium for the category is increased by less than E. 
b. The expected underwriting return and the standard deviation of 

underwriting return for the category increase by the same 
proportion as the premium, and the correlation of its return with 
surplus is unchanged. 

c. The rest of the insurer’s premium is reduced by an amount such 
that total surplus variance remains the same. 

d. The expected undenvtiting return and standard deviation of 
undekting return for the rest of the premium decrease by the 
same proportion as the rest of the premium, and the correlation of 
its return with surplus is unchanged. 

Conversely, a contract written at less than the required risk-based 
premium will decrease the expected return. 

3. DISCUSSION OF THE METHOD 

A. Overall Premium Targets 

The method presented above indicates what the required risk-based 
premium is for a contract or category, given certain overall 
expectations or targets of the insurer. These expected values or targets 
include the overall loss ratio, expense ratio, payout rate, and mix of 
business for the coming year. Covariances of categories with surplus 
are estimated based on these expected values. The method applies to 
individual underwriting decisions concerning contracts or categories of 
business, but it does not answer the question of what the overall mix or 
amount of premium should be. It is assumed that there are practical 
constraints against making drastic shifts in the current mix of business. 

An insurer is not free to simply choose any portfolio of business in the 
way that a stockholder can choose a portfolio of stocks. 
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If an insurer increases or decreases its pre!nium, or changes the mix of 
business, this has an immediate effect, as well as an additional long 
term effect, on the insurer’s combined ratio, total return on surplus, and 
variability of surplus. In the long run, increased variability can make 
an insurer less attractive to its employees and its clients, and can 
adversely affect its combined ratio and return on surplus. 

If certain estimates are made, it is possible to use the Capital Asset 
Pricing Model (CAPM) to help in selecting the volume of premium 
which maximizes the market value of the insurer. This mode1 (Lintner 
[9] and Sharpe [l 11) will be discussed further in the last section of the 
paper. In actual practice, insurer managements are more likely to use 
infonned judgment than CAPM. 

B. One Year Variabilitv 

The one year time frame us’ed for optimizing the risk-return r:lation is 
also intended to optimize this relation over the long term. Long-term 
variability may be thought of as a sum of one year random variables. 

Sometimes it may be more natural to estimate the long term variability 
for a category than to estimate the one year variability. Loss reserves 
for environmental and mass tort (E/MT) claims is an example of such a 
category. The estimate of the one year variability for E/MT reserves 
should be selected in a way that is consistent with estimated long-term 
variability. 

The effect of this category on surplus in the coming year i can be 
represented by a random variable Xi. The effect in the following year 
will represented by Xi+l. If follows from the defmition of these 
random variables that Xi+1 is independent of Xi. Since the probability 
distribution for Xi+1 is not detennined until the end of year i, the fact 
that Xi was greater or less than the mean of its distributi0.I has no 
bearing on how Xi+1 will differ from the mean of its distribution. 

C. Loss Reserve Variabilitv and Discounting 

The estimates of loss reserves referred to in this paper are assumed to 
be unbiased, although annual statement estimates may be biased. 
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Thus, the estimates do not necessarily equal the risk-based discounted 
values of annual statement estimates. 

The reader may have noticed that the variability of loss reserves has 
been addressed in the paper, and not the variability of the unearned 
premium reserve. This is because the variability associated with this 
reserve is included in the underwriting variability for the comir.g year. 

The definition of surplus in this paper uses a risk-based discounted 
value for the loss reserves. The corresponding value of surplus is not 
necessarily the market value of the insurer. For one thing, it excludes 
franchise value. However, it appears that optimizing the risk-return 
relation for this surplus, as discussed in this paper, should be a good 
approximation to optimizing the risk-return relation for market value. 

D. Asset Variabilitv 

An attempt can be made to minimize the effects of interest rate 
variability on surplus. A relatively simple method is to choose a mix of 
assets with a “duration” (see Ferguson [j]) such that interest rate 
changes have the same effect on the value of assets as on the value of 
liabilities. To apply this duration method, using the definition of 

1 surplus in this paper, it is necessary to estimate the effect of interest 
rate changes on the risk-based loss discounting rate. The correlation 
between interest rates and inflation, and the effect of inflation on 
estimated loss reserves, must also be estimated. 

An insurer may find that duration matching of assets and liabilities 
requires an asset portfolio with a shorter duration than is desired. 
Shorter duration bonds have a lower interest rate. 

Changing the mix of assets, including stocks, can be used as a tool in 
attempting to optimize an insurer’s risk-return relation. The correlation 
of the insurer’s return with “market return” (i.e. the average return for 
the market of all capital assets) should be taken into account in such an 
attempt. This is discussed briefly in the final section, which contains a 
comparison of the method of this paper with the Capital Asset Pricing 
Model. However, the subject of optimizing an insurer’s mix of assets is 
beyond the scope of this paper. 
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4 -- 

E. Estimation Problems 

The covariance bet\veen the effects on supplies of any two categories a 
and b will be denored by cov(a.b). The covnriance of category c with 
all other sources of jurplus variability \\:ill be denoted by cov(c,s-c). 

Let the variance of rhe effect 011 surplus of :I categoll.: c be denoted by 
(c& Denote the correlation between the category and surplus by 
pcos. Note that 

Therefore, for a cnrcgon’ c \\~li~cli is small, the estimate of cov(c,s) is 
\‘ery sensitive to the estimate of pc,s-c. This is a problem, due to the 
low credibility of rhe related data. From ;I practical point of \lew, it is 
best to implement the method of this paper by staning with estimates 
relating to the largest categories. 

For esample, a practical first step would be to allocate surplus to the 
category of all loss reserves and offsetting assets and to the category of 
all undenvriting. This detennines the risk-based discount rate for the 
category of all loss reserves, and the risk-based profit margin on 
discounted undenvriting results. 

A reasonable second step \vould be IO allocate surplus to the sum of all 
property underwriting categories and to the sum of all casualty 
underwriting categories. (Note that the sum of these two amounts of 
surplus equals the amount of surplus allocated in the first st#:p to the 
category of all underwriting.) Tl;ese allocations determine risk-based 
profit margins for property and casualty as a whole. 

The problem of implementing the method is a vast one, and the 
examples in the next section are only intended as illustrations. In 
practice, it is necessary to use a considerable amount of judgemental 
estimation, in addition to making a study of relevant historical data. 

4. EXAMPLES OF APPLICATIONS 

A. Overall Undenvritine Risk Load and Overall Discount Ra& 
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Suppose that for some insurer: 
I. Risk-free interest rate on assets = 6%. 
3 -. Loss reserves at start of year discounted at 3% = $500,003,000. 
3. Discounted value of amount of loss reserves expected to be paid 

during year = $lOO,OOO,OOO. 
4. Present discounted value of loss reserves not expected to be paid 

during year = S400,000,000. 
5. Expected earned premium for coming year = $150,000,000. 
6. Expected undenvriting expenses to be incurred during year = 

$40,000,000. 
7. Expected current accident year losses to be paid during year = 

$45,000,000. 
8. Expected value of loss reserves at end of year for current accident 

year discounted at 3% = E50,000,000. 
9. The pre-tax contributions to surplus of loss reserves and offsetting 

assets, and of undenvriting, are in the same proportion as the 
corresponding after-tax effects. 

Assume that the expected expense and loss ratios equal the targets 
which were discussed in section 3A. “Risk load” will be taken to mean 
“risk-based underwriting margin,” which was discussed in section 2C. 
The after-tax effect on surplus of loss reserves and offsetting assets 
will be called the-return from loss reserves. The after-tax effect on 
surplus of undenvriting will be called undenvriting return. These 
returns do not include investment income on allocated surplus. 

Using the above 3% discount rate, the expected one year pre-tax return 
from loss reserves and offsetting assets, assuming loss reserves paid 
during the year are paid on average in the middle of the year, is (as 
explained below): 

By the end of the year, the $400 million in loss reserves which are not 
expected to be paid during the year grows to $400 million (1.03) due 
to one year’s unwinding of discounting. The $400 million in offsetting 
assets grows, from investment income, to $424 million, producing a 
pre-tax return of $400 million (1.06 - 1.03). A loss reserve payment of 
$100 million (1.03).5 is made in the middle of the year (on average), 
reducing the assets which were offsetting those reserves to $100 
million (( 1.06).5-( 1.03).5). By the end of the year, these assets grow 
by a factor of (1 .O6).5 to $100 million ((1.06)-( 1.03).5( 1.06),5). 
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If it is assumed, for the sake of simplicity, that the earned premium is 
received in the middle of the year, and that the underwriting expenses 
and accident year losses are paid in the middle of the year, then the 
expected pre-tax return on undemriting is 

( 1.06)~j($150,000.000-$40,000,000-%45.000.000)-~50~000.000=~16,922,000 

Approaches to estimating the covariances of loss reserve return with 
surplus, and of underwriting return with surplus, will be discussed after 
the following brief description of the iterative process. 

Suppose that, using the above 3% discount rate, the above two 
covariances, respectively, are in the proportion A:l, The 
corresponding rates of return on allocated surplus are then in the 
proportion 13,51 l/A: 16,922. Call this proportion B:l. Suppose that 
using a 4% discomit rate changes the proportion of rates of remrn from 
B:l to C:l. Since the goal is to make the rates of return equal, a 
reasonable next step in the iteration would be 

4% + (3%-4%)((1-C)/(B-C)j 

Suppose for the sake of illustration that the above 3% rate is the 
solution to the iteration. It then follows from the above formula for 
pre-tax return on undenvriting that 

In other words, the premium equals expected expenses (i.e. 
$40,000,000) + expected discounted losses (i.e. $45,000,000 + 
(1 .06)~~5(%50,000,000))+ risk load (i.e.( 1.06)~-5($16,922,000)). 

The covariance of the loss reserve return, and of the underwriting return, 
with surplus can be estimated based on the insurer’s historictil data. The 
insurer’s loss reserve runoff variability, its loss ratio and expense ratio 
variability, the duration of its loss reserves, the duration of its assets, and 
the historical variability of interest rates are all relevant. 

Variability in the loss reserve return is caused by differences between the 
estimated loss reserve and the one-year runoff, changes in market values 
of offsetting assets, changes in estimated risk-based discount rates, and 
changes in estimated payout rates for loss reserves. To some extent, 
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changes in asset values caused by interest rate changes are offset by 
corresponding changes in discount rates. Variability in the underwriting 
rehim results from variability in asset values, loss ratios, expense ratios, 
payout rates and discount rates. 

One way of estimating the covariances is as follows. For some period of 
years, estimates are made of what the expected increases in surplus, and 
the expected retunes from loss reserves and underwriting, wou’d have been 
at the beginning of each year. (Note that surplus is increased by the return 
on other assets as well as those offsetting reserves.) These estimates are 
then compared with what would have been estimated for each of those 
returns at the end of the same year. 

For each year, all the above estimates can be brought to the level of the 
current year. The estimated loss reserves. return for each year can be 
multiplied by a factor equal to the reserves at the beginning of the current 
year divided by the beginning reserves for the year. A similar on-level 
adjustment can be made for estimated underwriting rehim, based on the 
premium for the years. For the on-level factor for return on assets other 
than those offsetting reserves, the amount of those assets can be used. As 
mentioned above, the estimated increase in surplus is the sum of the above 
three estimated retms, so the on-level estimate is the sum of the three on- 
level estimates. 

The covariances of the loss reserves and underwriting returns with surplus 
can then be estimated as shown in the example below. The example is 
intended to illustrate a method of computation, but in actual practice many 
more years of data would be used. 

1 Table 

Esthated Estimated 
LossReserve Underwriting Estimated Increase 

Return (000's) Return (000's\ in Surths (000's) 

&&r 111 12/31 111 12/31 j/J 12/31 
1990 $13,600 $12,800 $33,000 $28,600 $81,600 $75,600 
1991 $13.200 $14,200 $3 1,400 $25,600 $80,800 $86,000 
1992 $19,400 $18,600 $28,400 $39,600 $77,400 $81,900 
1993 $17,000 %I 5,000 $21.400 $18.200 $62,200 $57.200 
1994 $18,900 $14,400 $22.700 $24,200 $63,100 $59,500 
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The estimated covariances with surplus are as follows (000,OO~I’s): 

Loss Reserve Return: (l/5)(( 12,800-l 3,600)(75,600-8 1,600) + (14,200- 
l3,200)(86,000-80,SOO) .i (I 8,600- I9,400)(81,900-77,400) + (I 5,000- 
17,000)(57,200-62,200) + (14,400-l&900)(59,500-63,100)) = 3,240.OOO 

Underwitine Return: (l/5)((28,600-33,000)(75,600-81,600) + (25,600- 
3 1,400)(86,000-80,SOO) + (39,600-28,400)(8 I ,900-77,400) + (I 8,200- 
21,400)(57,200-G2,200) + (24,200-22,700)(59.500-G3,lOO)) = 11,448,OOO 

Another method of estimating the covariances of loss reserve return and 
underwriting return \vith surplus is to analyze the -ovariance structure and 
estimate the componenr pqs. 

Let br,bu and oa denote the standard deviations of the following random 
variables: 

R: return from loss reserves 
U: return from undenvriting 
A: return on assets other than those offsetting loss reserves 

Let the correlations between the above returns be denoted by Pr,u, Pr,a, 
and pu,a. Let cov(R,S) and cov(U,S) denote the covariances of the 
indicated returns with snrplus. Then, 

cov(R,S) = cov(R,R+U+A) 
= cov(R,R)+cov(R,U)+cov (R,A) 
= (ar)2 + or 011 Pr,u + (Jr Oa Pr,a 

cov (U,S) = cov (U,R+U+A) 
= cov(U,R)+cov(U,U)+cov(U,A) 
= % or Pr,u + (ou)2 + ELI aa Pu,a 

B. Risk Loads for Propertv and Casualty 

Since 1980, the variation in industry casualty loss ratios has been much 
greater than the variation in property loss ratios. Also, casualty loss ratio 
variation has been significantly correlated with variation in loss reserve 
estimates. Both loss ratios and reserve estimates were affected by trends 
in loss severity. 

Suppose that. for some insurer: 
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I. All premiums are either casualty or property. 
2. The overall underwriting risk load (discussed in the previcus example) 

is 8% of premium. 
3. The covariances with casualty return and with property return of the 

return on assets other than those offsetting loss reserves are zero. 
4. Expected property and casualty earned premiums are $100,000,000 

and $150,000,000, respectively, and total risk-based discounted loss 
reserves are $400,000,000. 

5. The expected pre-tax returns from property and casualty premiums are 
in the same proportion as the corresponding after-tax returns. 

6. The estimated covariances of property return, casualty return, and loss 
reserves rehem with each other are based on Table 2 below. 

1983 -.%2.500 
1984 -$6.100 
1985 -$400 
1986 $8,700 
1987 $4.100 
1988 ~$600 
1989 -$500 
1990 -%6,000 
1991 -$3,600 
1992 $2,100 
1993 $4.800 
1994 -$l,SOO 

Change from l/l/ 
to 12/31/k 
Estimated 

Propeny Return 
m 

Table 2 

Change from l/l 
to 12131 in 
Estimated 

Casualty Return 
(ooo’s) 

-S20,800 
429,700 
96,100 
$16,500 
$28,800 
$6.200 
Sl,SOO 

-$I,700 
-%1,400 
-%2,500 
S3.800 
%900 

Change from 111 to 
1213 1 in Estimated 

Loss Reserves 
Return @Q&) 

$14,600 
-$l(i,400 
$1,300 
$4.600 
$8,900 
%1:400 
$4,800 
$2,100 
$5,700 
$5,900 
$1,200 

-%l,lOO 

The covariance between any two of the returns in Table 2 is estimated by 
taking the average of the products of the numbers in each row of the two 
columns of returns. Let P, C, R and A denote random variables which 
equal the returns from property, casualty, reserves, and dther assets, and 
let S denote a random variable which equals the change in surplus. Then, 

cov(P,S)= cov(F’,P)+cov(P,C)+cov(P,R)+cov(P,A) 
= var(P)+cov(P,C)+cov(P,R)=74.14 million 

cov(C,S)= cov(C,P)+cov(C,C)+cov(C,R)+cov(C,A) 
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= ~o~(C,P)+var(C)+cov(C,R)=342.83 million 

The ratio of the risk load, in dollars, for property to that of casualty is 
74.14:342.83,i.e. .216:1, It was assumed above that overall underwriting 
risk load is 8% of premium, so if x represents the casualty risk load in 
dollars, 

x+.216 x = .08($250 million) 
x = $16.447 million 

Therefore, the risk loads for casualty and property, as percentages of 
premium, are 16.447/150, i.e. ll.G%, and(.216(16.447))/100, i.e. 3.6%. 

Suppose that expenses are 30% of premium for both casualty and 
property, and that the respective risk-based present value factors for the 
losses are ,800 and ,970. It then follows that the target combined ratio for 
casualty is given by 

30+(100-30-I 1)/.800=103.8 

and the target for property is given by 

30+(100-30-3.6)/.970=98.5 

C. Catastronhe Cover Risk Load 

In this example, in order to estimate the value of a catastrophe cover to a 
ceding company, we will suppose that the ceding company re-assumes the 
cover, and we will estimate the required risk load. 

Assume that: 
1. The probability of zero losses to the catastrophe cover is .96, and the 

probability that the losses will be $25 million is .04. Therefore, the 
variance (oc)2 of the losses is 24 trillion, and the expected losses are 
$1 million. 

2. Property premium earned for the year is $100 million, and there is no 
casualty premium. 

3. The standard deviation of pre-tax underwriting return is 15 million. 
4. The expected pre-tax return from underwriting is $8 million. 
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Taxes have the same proportional effect on the expected pre-tax 
returns on total premium and on the catastrophe cover, and on the 
standard deviations of the returns. 
The covariance between the catastrophe cover’s losses and losses net 
of the cover is equal to ..50 times the variance of the cover’s losses. 
The discount rate for losses is zero. 
Total underwriting return, and the return on the catastrophe cover, are 
statistically independent of non-underwriting sources of surplus 
variability. 

It follows from 1 and 5 above that the covariance with surplus of the pre- 
tax return on the catastrophe cover is 24 trillion + .50 (24 trillion), i.e. 36 
trillion. It follows frotn 3 that the corresponding covariance for total 
undetwriting is (I 5 million) 2, i.e. .225 trillion Therefore, it follow from 4 
that the risk load for the catastrophe cover should be such that the pre-tax 
return from the catastrophe cover is given by (36/225)(SS miT.ion)= $1.28 
million. This is greater than the cover’s expected losses. 

The insurer may be able to cede the catastrophe cover for a price which is 
mutually beneficial to it and a reinsurer. For example, if a reinsurer is 
much larger and more diversified than the ceding company, and it pools its 
assumed catastrophe covers with other reinsurers, it may not require as 
great a risk load for the cover as the ceding cotnpany. 

D. Risk Load bv Laver 

Suppose that for some insurer: 
I. All premium is property premium. 
2. The accident year expected property losses for the $500,000 excess 

of $500,000 layer, and the O-$500,000 layer, respectively, are $10 
million and $90 million. Expected losses excess of $1 million are 
zero. 

3. The accident year property losses for each of the above layers are 
independent of all non-underwriting sources of surplus variation. 

4. The discount rate is zero. 
5. The coefficients of variation (ratios of standard deviations to means) 

of the higher and lower layers are .30 and .I5, respectively. 
6. The correlation between the two layers is .5. 
7. Taxes have the same proportional effect on the returns of both layers. 
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Let oI and a2 denote the standard deviations of the losses to the higher 
and lower layers, respectively. Let p denote the correlatioil. With the 
above assumptions, the pre-tax covariances with surplus for the higher and 
lower layers, respectively, are given by: 

crl2 + p 0102 = ((IO million)(.30))2 i 
(.5)(10 million)(.30)(90 million)(.l5) = 29.25 trillion, and 
022 + paIo2 = ((90 million)(. l5))2 + 
(.5)(10 million)(.30)(90 million)(.l5) = 202.5 triljion 

The allocated surplus for the O-$500,000 layer is (202.5/29.25) times as 
great as the allocated st~rplus for the $500,000 excess of $500,000 layer. 
The expected losses are nine times as great for the lower layer. Therefore, 
the required risk load, as a percentage of expected losses, is I.3 (i.e. 
((9)(29.25))/202.5) times as great for the higher layer as it is for the lower 
layer. This is expected due to the higher layer’s larger coefficient of 
variation. 

Note the contrast of the use of covariances to the use of variances or 
standard deviations. The covariances for the lower and higher layers are 
202.5 trillion and 29.25 trillion, respectively. The corresponding variances 
are 182.25 trillion and 9 trillion, and the corresponding standard deviations 
are 13.5 million and 3 million. Thus the ratio of total risk loads, in dollars, 
for the lower and higher layers is about 7 for the covariance method, about 
20 for the variance method, and exactly 4.5 for the standard deviation 
method. 

5. SOME RELATED METHODS 

It will be shown that the Capital Asset Pricing Model (CAPM) can be 
useful in selecting the overall premium and combined ratio t‘argets which 
are used in this paper to set targets for individual categories. Also, the 
significance of the method of this paper from a CAPM perspective will be 
discussed. 

According to CAPM, the price of a capital asset depends on its expected 
rate of return and the covatiance of this rate with the overall rate of return 
on the market of all capital assets. (See Brealey and Myers [l], Lintner 
[9], and Sharpe [I 11). There is some similarity between CAPM and the 
method presented here since CAPM estimates prices based on the 
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covariance of an asset with the market, and the method presented here 
estimates prices based on the covariance of a contract with surplus. 
The similarity is limited, however. The derivation of the CAPM formula 
for a capital asset uses the fact that holders of capital assets arc able to use 
Markowitz diversification. The method presented here requires that the 
mix of business of an insurer is approximated in advance. C/GM applies 
to the problem of optimizing the relation between variability ;md retum in 
diversifying a portfolio of assets. The Inethod presented here applies to a 
risk-return optimization problem, but for an insurer with a stable, or 
ahnost stable, book of business. 

According to CAPM, each asset j in the market of all capital assets will 
have a market price such that 

where 

Ej = the expected rate of return on asset j. 
E,,, = the expected rate of rehmi on the market portfolio. 
0,” = the standard deviation of the rate of retum on the market portfolio. 
R, = the risk-free rate of return. 
R,, = the liarket rate of rehml. 
Rj = the rate of return on asset j. 

The market value of an insurer’s assets, not including franchise value, 
minus its liabilities will be called the market value of its surph~s. Suppose 
for the sake of illustration that for some insurer, called asset j, the market 
value of surplus equals the market value of the insurer. In other words, 
the franchise value is zero. Suppose also that the expected market value 
of surplus one year in the fuhlre equals the expected market value of the 
insurer one year in the fuhire. It then follows that the expected change in 
this value of surplus in the coming year, divided by the present surplus, is 
equal to Ej in the above formula if Rj represents the rate of return on the 
market value of the insurer. 

This expected rate of rehem, which makes the market value of the insurer 
equal the runoff value (market value) of the assets and liabilities, could be 
considered to be the minimum acceptable expected rehem or, surplus for 
the insurer. 

235 



Suppose that due to a change in management, the expected change in 
surplus in the coming year increases, and there is no change in the 
expression Rr or 

Since Ej does not change, the market value of the insurer (asset j) 
theoretically increases and becomes greater than the market value of 
surplus. This creates what is known as franchise value. 

The amount of premium which is required for a category in order to 
neither improve nor worsen the insurer’s risk-return relttion is not 
necessarily the same as the amount which neither increases nor decreases 
the market value of the insurer according to CAPM. 

Suppose that surplus is allocated according to the method 0:’ this paper, 
and the estimated rate of return on the surplus allocated to a category A is 
less than the rate of retum of the insurer. Suppose also that, according to 
the application of CAPM to category A and its allocated surplus, this rate 
of return is above the acceptable minimu”m for the insurer discussed above. 
Also, suppose that according to CAPM the rate of return of the insurer is 
only equal to the acceptable minimum. 

In the above example, category A would be estimated by CAPM to 
increase the market value of the insurer if certain intangible effects of 
worsening the risk-return relation are ignored. 

Advantages that the insurer gains by improving the risk-rel.um relation 
were described in the second paragraph of the introduction to this paper. 
(The risk-return relation has an influence on policyholders, employees, and 
rating organizations.) In the long run, these advantages can translate into 
lower expected combined ratios. In the case of the above example, the 
long-term effects of worsening the risk-return relation should be weighed 
against a CAPM estimate which ignores them. 

An insurer can also use CAPM to evaluate the effects on its market value 
of changes in its amount of written premium or the composition of its asset 
portfolio. Here again, the effects on the risk-return relation are important, 
as well as the effects on the CAPM estimate of market value. Also, the 
intangible effects of variability on rating organizations, customers and 
employees should be considered. 
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Kreps [8] presented a method of detennining risk load by marginal surplus 
requirements. A problem with Kreps’ method was discussed in the 
introduction. The sum of the effects of all categories on lhe standard 
deviation of surplus, as measured by Kreps, does not equal the total 
standard deviation. Kreps does not address the variability of loss reserves 
or the discounting of losses. 

Feldblum [4] suggested a modified version of CAPM for determining risk 
loads for insurers: 

The market rehu-n R,,, in the CAPM model 
should be replaced by ‘the return on a fully 
diversified insurance portfolio. 

Feldblun’s method could be used to estimate required return on allocated 
surplus for an insurance contract. The subscript m for market is replaced 
in three places in the CAPM fonnula by i for insurance industry. 
Feldblum’s method does not address the problem of discounting, but it 
could be expanded to do so. 

Feldblum’s method is somewhat similar to the method in this paper in that 
it addresses the problem, for an insurer, of optimizing the risk-return 
relation. The key difference between Feldblum’s method and the method 
in this paper is the following. Feldblum’s method evaluates insurance 
contracts for an insurer which is free to use an insurance analogue of 
Markowitz diversification to produce a portfolio of insuranc:e contracts. 
(In actual practice, there are constraints on an insurer.) The method in this 
paper estimates the effect of a contract on surplus variance given an 
approximated mix of earned premium for the coming year. 

Brubaker [2] and Ferrari [6] discuss methods of maximizing an insurer’s 
profit, given a constraint on variance, by selecting an insurance portfolio. 
They don’t address the problems of variability of loss reserves or 
discounting of losses. Underwriting profit margins by category are 
estimated prior to selecting the portfolio. 
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6. CONCLUSION 

The method in this paper is an attempt to address the problem of risk- 
based pricing for an insurer in a way which is usefill and also meaningful 
in the coiltext of financial theory. Although there is considerable judgment 
and effort involved in applying the methodl it provides a new theoretical 
framework for dealing with the challenge of improving an insurer’s risk- 
return relation. 
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APPENDIX 

Proof of Theorem I 

Let the random variable X equal the effect of a category x on surplus in a one 
year period. Let the random variabie Y equal the combined effect of all other 
sources of surplus variation in the one year period. 

Suppose a I/n pro-rata share of each category, including x, which contributes 
to surplus variation is added in any order. Suppose the process is repeated 
until category x is about to be added for the (k+l)lh time, where k+l I n. Let 
VI denote the variance of the effect on surplus of the set of pro-rata shares 
before x is added, and let Vz denote the variance afterwards. 

In the following argument, the expression z will be used to indicate that the 
ratio of the expression on the left to the one on the right approaches I as k and 
n approach infinity. It can be seen that 

VI 2 2 (k/n)2 ps ,YoYoY + (k/n)’ ox2 + (Wn)‘o,’ 

V2 52((k+l)ln)(Wn) px ,,G~(T~ f ((k+l)/n)2a,” +(Wn)zoy’ 

The change in standard deviation, L? std. dev., is (V2).’ - VI.‘. 

It can be seen by algebra that 

A std dev. s .5((V2 - V,)lV, ‘) 

Z5 .5((2k/n2)p,,,.a,oy+((2k + I)ln2)o,2)l(2(Wn)2p,,,o,o,+(kln)2o,2+(kln)Zo,2)~5 

Therefore, it can be seen that 

I :m 2 A std dev. = (pmycrxcry + oK2)/(2 pm.r oxcry + ox2 + uyy 
njao 1 

= cov(X +Y, X)/std.dev. (X + Y) 

= cov (surplus, X)/std. dev. (surplus) 

(;:a+ std. dev.)lstd. dev. (surplus) = cov(surplus, X)/var(surplu:;) 
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Proof of Theorem 2 

Let the random v&able X equal the effect of the category x on surplus in a one 
year period. Let the random variable S equal the change in surplus in the one 
year period. 

It was assumed that the insurer gets more than the required risk-based premium 
for category x. Therefore, 

E(X)>E(S)(cov(X,S)/var(S)) 

It follows that, 

E(S-X)=(E(S)-E(X))<E(S)( 1-(cov(X,S)/var(S))) 

=E(S)(cov(S-X,S)/var(S)) 

Therefore, E(S-X)iE(S)(cov(S-X.S)/var(S)) 

(1) 

(2) 

Suppose the premium for category x is multiplied by some number l+a, where 
a>o, and that the total premium for the rest of the book is multiplied by some 
number l-b, where b>o. Suppose also that the insurer’s total surplus variance 
is unchanged. Therefore, 

KU(S) =uK2( l+a)* + (o,.,J*-y( l-b)* + 2( 1 +a)( l-b)pU,s.noxa..x 
=ux2 + (a,.,)2 + 2p %Sh * I\ .u.u _,. 

Let A var(S) represent the first of the above two expressions minus the second. 
There is an expression f(a,b) such that 

= A W(S) 

= a,*(2a) + (as.,J2(-2b) + (2a-2b)p,,,., CVS~.~ + f(a,b) 

= 2a ox(ux + pls r.rur.x)-2bul.s(ar.x +pKsmx ux)+ f(a,b) 

= 2a(cov(X,S) + 2b(cov(S-X,S) + f(a,b) 

and the limit as a and b approach zero of f(a,b)/a, and of f(a,b)/b, is zero. 

It follows from the above that 

a E(S)(cov(X,S)/var(S))= bE(S)(cov(S-X.S)/var(S))+g(a,b) (3) 
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vvhere g(a.b)/a and g(n.b)/b qq~ronch zero as a and b approach zero 

Now. 

E(( I+a)X+( 1-b)(S-X))=E(S+X)+aX-b(s-X))=E(S) +~E(X)-~E(S-X) (4) 

It follows from equations I 2nd 2 that the formula above equals 

E(S)+a(E(S)(cov(X.S)/~,ar(S!)-b(E(S)(co\.(S-S,S)ivar(S))+nd+be 
where d>o and e>o. 

(3 

It was mentioned above that a>o and b>o. .-Is a and b approach zero, d and e 
above remain constant and, by equations 3, 4 and 5, 

E(( I+a)X+( I-b)(S-X))=E(S)-g(a.b)+ad+be>E(S) 

This completes the proof of Theorem 2 for the case in which category x is 
written at more than the requtred risk-based premtum. The proof of the 
converse 1s similar. 
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