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EASIER ALGORITHMS FOR AGGREGATE EXCESS 
BY GAKY VENTER 

Probabilities for nggrcgatc clni~~~s can he calculnted from frcqucncy alld severity probabilities 

using the charnctcristic frrnction algorithm of lleckmnrt-Rlcycrs [ 1963], bul the formulas are sorncwhat 

diKxult to k~llow and program. ‘lko cnsicr ;ilgorithms are prescnlcd below. l‘hcsc arc particularly 

cfficicnt when there arc only a small nunlhcr or clainls cspcct.cd and when 1.11~ severity dist.ribution is 

fairly flat, <x in many reinsurance siLIIations. 

The first algorithm is 1.11~ WCIIFS~OII ~nct.hod inlroduccd int.o nct.uarial literal.ure in Panjcr [ 1981) 

and into the PCAS in \‘entcr [l%3]. ‘I’1 IL ,L\crity dcnsit.y r(x) is approsimntcd by R discrete run&xl. . :’ 

That. is, some interval size II is established, alId claims come ill lumps of h , 211, At ih this discrete 

scvcrity function will be dcnotcd by g,. ‘l’hc claim frcqucncy distribution is assumed to have the 

rollowing recursive property: there are c011str1nl.s a RMI b such that pi+,=[a+&]p,. For the Poisson, 

a=0 and I,=,L For the negative binolnial with mealy n(l-P)/fl and variance 0(1-0)/p’, the 

cor~stnr~~s arc a=1 -p ad b=( I -,0)(0 - I). The aggrcgatc dcrrsity r can bc calculated recursively: 

r, = 1)o, r, = ~(iu+hf~s,r,-i, k>O. 
,=I 

To implement this for a general scvcrity, R rule for doing rlw discrete npproximatioll is needed. 

A fairly arbitrary rule which appears rcaso~~~bl~ is to 111atc11 interval probabilities and means Lx each 

consecutive pair of points <g,?g?>, <g3.g4>, elk. Th the cumulalive distribution and limited 

severity will match the original at cvcry second point. For instance, the ‘probability assigned to the 

points 311 zmtl 111 would be determined by solving the two cq~~r~tions: 

4.5h 4.5h 

P3+&4 = 
I 

r(z)da 3hg3+Ihg4= 
I 

zr(z)dz 

Z.Gh ?.Sh 

The solulion can he expressed will] the aid of 1.~ auxiliary functions d aud m: 

ih ih 

d;= r(z)dz 
I 

,,I;=~ zr(z)dz 
J 

0 0 

Note that d, is just the distribution lilnctioll. It can be vcrificd that: 

Also, the impact of the extra illt.erval Iron1 0 to II/? should bc incorlxxatcd into g, and 6,. 

As an example, for the Pareto severity in 11,~ (mm~ A), lh l’tlnctions are di=l -( I+2)-c 

and r~li=-[l--( I +‘h)-‘( I +‘““)I. 
h(c-I) b b 

Note tllat the h can be eliminated by csprcssing b ill \lllit.s of 11. 

For c=l, m,=(b/h)ln(l+ih/b)-i/(1 +ih/b). 
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?(h/h) 
For itlsI.ancc, for tlle I’arcto, v =- 

’ (c-I)(c-“) 
, -(l+~)-c(l +~+c(c-l)i~(tl/h)‘). except ror c=l, 

vi=2(l)/h) 
i( .5i +11/h) 

(I,,h~(i+h,l,~-I~~(l +ill/b) 
3 

atld c=Z, v,=2(h/tr)? 
i(?i +b/h) 

ln( I +ih/h)-Y 1 (I+h/h)’ 
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In application or these approximations, two functions are orten calculated: the cumulative 

distribution F and the excess ratio (portion or loss dollars excess or x) R. With p the aggregate mean, 

00 0 

this is given by R(x)= b 
J 

(z-x)r(z)dz, and so l~R(x)=/l- 
J 

zr(z)dz-x[l- F(x)]. For the continuous 

r 0 

ca5e, care must be taken to include the point mass at zero, r,,=p,,, in the intcgml. Thws, using 
t-1 i-1 

trapezium, F(kh)=r,+.5h(r(o)+r(kh))+h~r(ih)~ and ,iR(kh)=ir-.5hkhr(kh)-hxihr(ih)- 
i=l 

kh(l-F(kh)). In the discrete approximation formula, rR,=~-~ifi-k(l-F,). 

i=l 

where F, is just 
1 

As an example, a Pareto severity with b=1,000,000 and c=3 was used, which has a mean or 

500,000, along with A Poisson rrequcncy. The Pareto was chosen with reinsurancc in mind, rls excess 

losses from a Pareto are themselves Pareto distributed. The exhibits con~pare the discrete and 

continuous approximations ror intervals II of 100,000, X7,3334, 10,000, and 33335 and X’s or .2, I, and 

5. For the continuous approximation, the errors in the distribution runction seem generally smaller 

than those in the excess ratio. In both cues, the numerical integration is contributing to the error, and 

a better integration method may help. For the smallest h, the distribution runction appears to be 

accllrate to rive pkcs, and the errors appear to be increasing by a ractor of 10 ror each larger h, which 

agrees with the order of h2 theory. Ttw errors in the excess ratio also appear to increase proportionally 

to h2, but they are considerably larger, especially ror the higher probabilities, than those ror the 

distribution run&ion. 

The discrete approximation was actually better in some ways. Because it is an exact 

calculation given the discrete severity, the F and R runctions are reasonable for h up to 100,000. For 

even higher h’s, the severity approximation can be negative for g2, however. The main disadvantage of 

the discrete method is that the discretizing process used seems to make the estimated Fi a closer 

approximation to the true Fi+;5 than it is to the true Fi. To illustrate this lor X=5, an cxhihit is 

included which compares the discrete approximation with h=lOO,OOO at 500,000, 1,000,000, etc. to the 

continuous approximation with h=3333; at 550,000, 1.050.000, etc. The coarser interval with the 

discrete approximation seems close enough for most purposes, ir the half-shift in the interval is 

acceptable. For some reason, the half shift problem does not seem to arise with the excess ratios. 

A significant advantage of the discrctc form is that it works easily with limited severity, i.e., a 

point mass at the top or the severity distribution. Since a continuous severity density is required for 

positive values ror the continuous approximation, it is not clear how it could be adapted ror limited 

severity. 
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width h, add (h/?4)1u(2h)-u(O)+u(ih-h)-u(ib+h)) to tbc trapezoid approximation. The continuous 

approximat.ion exhibits were redone using t,his quadratic integrat.iorl rule. The errors at each h level 

were reduced substantially by this adjwst.lnent. 

The solution of the inbegral cquat.ion is not necessarily optimal, and the continuous 

approximation may perform better with other approsimat.ions. 
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Intrvl- 
(UUU) 

0 
500 

luuu 
1500 
2uuu 
1500 
Buuu 
3500 
3000 
4500 
5000 

Poisson: 

COMI'AKA'I'IVE AI'PKOXIMA~IUNS 
Uistrlbution Function 

continuous Uiscrete 
Severity Severity 

Model Model 

100 33 l/3 10 3 l/3 100 33 l/3 10 3 l/3 

Lamda = 0.2 
Pareto : b = 1,ouu.o~ g. c=3 



CUMI'AKATIVE API'KUXIMA'I'IUNS 
Uistribution Function 

Intrvl- 
(UUO) 

u 
500 

1000 
1500 
2uuu 
~500 
3uuu 
3500 
4UUU 
4500 
5000 
5500 
tjouu 
ti5uu 
7000 I 7500 
tluuu 
85UU 
YUUU 
9500 

1UUUU 

Poisson: 

Continuous Uiscrete 
Severity Severity 

Model Model 

100 33 l/3 '10 3 l/3 1uu 33 l/3 10 3 l/3 

U.Yti78Y U.3ti788 0.3678&l 0.36788 
0.70744 0.70544 0.70521 U.7051Y 
0.84686 U.Y4411 U.8437Y 0.84376 
U.913Y3 U.YlU111 U.YlU45 U.YlU42 
U.Y4914 U.Y4583 U.Y4545 U.Y4542 
U.YtiWti U.Yti545 U.Y65Uci U.Y65UE 
U.98U51 U.Y7704 U.Y7664 U.97661 
0.9877 U.Yl3421 U.9838 U.Y8377 
U.YY233 U.YW81 U.Y8841 U.Y8837 
U.YY541 U.YYl&iLI U.YY147 U.YY143 
U.YY752 U.YY3YB U.YY357 U.Y9354 
U.YYYUl U.YY546 U.YY505 U.YYSUi! 
l.UUUUY U.YY653 u.YYtila U.YY6UY 
l.UUUM&l 0.99732 U.YYtiYl U.YYW7 
1.00148 U.YY791 U.YY75 U.YY747 
l.UUlY3 U.YY&lL('I U.YY7Yci U.YY7Y2 
l.UU2ZY U.YYY72 U.YYYJsl U.YYt127 
1.00257 U.YYY U.YY859 U.YY855 
l.UU27Y U.YYY22 U.YYYtll U.99877 
l.UU2Y7 U.Y9Y4 U.YYBYY U.YYB95 
l.UU312 U.YYY55 U.YYYl4 U.YYYl 

Lamda = 1 

U.3678tl U.36788 U.Yti'ltlt( U.367tltl 
0.7awJ2 U.711Y5 u.7072 U.7U586 
0.85315 U.846t(Y 0.8446&l 0.84407 
U.Yl523 U.YllYY U.YlUtlY U.YlU5tI 
U.Y48U;! U.Y4627 U.Y4567 U.Y455 
U.Y6653 U.Yti551 U.Y6517 U.Y6507 
U.Y7751 U.Y789 U.Y76tiY U.Y7BW 
U.Y8434 U.Y83Y5 U.YM382 U.Ytl378 
U.Y8&i74 U.YLli34Y 0.9884 0.9883&l 
U.YY168 U.YY151 U.YY145 U.YY144 
U.YY371 U.YYL(SY U.YY355 U.YY354 
U.YY514 U.YY505 U.YYSUZ U.YYJUZ 
U.YY617 U.YY611 U.YYBUY U.YY6lJM 
U.YYtiY4 U.YYw39 U.YYti88 Cl.99687 
U.YY75Z U.YY748 U.YY747 U.YY747 
U.YY7Y6 U.YY7Y3 U.YY7Y2 U.YY7YI 
U.YYMS U.YYLIZB U.YY827 U.YY827 
U.YYB57 U.YY856 U.YY855 U.YY855 
U.YYB7Y U.YY878 0.99877 U.YY877 
U.YYBYB U.YY8Y5 U.YYBY5 U.YYnY5 
U.YYYll U.YYYl U.YYYl 0.9991 

Pareto : b = l.UUU.UUU & c-3 
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CUMl’AKA’I’lVE AWKUXIMA’I’IUNS 

Distribution Function 

Continuous 
Severity 
Model 

lntrvl- 100 33 l/3 10 3 l/i 
(UUU) 

0 

500 

1000 
15uu 
2000 
2500 

3uuu 

3500 

4000 

4500 
5UUU 

5500 

6UUU 

65UU 

7uuu 

7500 

8uuu 

8500 

YUUU 

Y5UU 

luuuu 
lU5UU 
11000 
11500 
12.000 
12500 
13uuu 
13500 
14uuu 
145uu 

15uuu 

155uu 

1txJ00 
lti5UU 
17uuu 
175uu 
18000 
185UU 
1YUUU 
195uu 
20000 

U.UU674 U.UU674 0.00674 U.UU674 

u.09445 U.UY478 U.UY481 U.UY4HZ 

0.22777 0.22873 0.22884 lJ.2ii885 

0.37055 u.372;! U.3728Y 0.3714 

0.50177 U.5U4U6 0.504x 0.50434 

0.61275 0.61556 0.61588 U.ti15Yl 

u.7uaJ4 0.70528 u.705ti4 U.70567 

0.77173 0.77528 0.77588 0.77571 

0.82507 U.M2MW U.M2YZY U.M2YY3 

0.86546 U.86Y43 U.86YB7 U.BGYYl 
0.89586 U.89996 U.YUU42 0.Y0046 

U.YltltiY U.Y22&lY U.Y2336 U.Yz34 
U.YL(586 0.94012 0.9406 U.Y4065 

U.Y488 U.Y531E U.Y53tjl U.Y5365 

U.Y586 U.96i297 U.Y634ti U.9635 

0.Y6607 U.Y7U47 U.Y7UYti U.Y71Ul 

0.9718 U.Y’ltiZi! U.9767i: U.Y7676 

U.Y7629 U.YMUW U.Y8116 U.Y812 
U.Y7Y67 U.Y841;! U.9846;! U.Y8466 

U.Yt(Z37 U.YBtitlB 0.98733 U.987xl 

0.98451 U.YtltlYB 0.98948 U.Y8952 

U.Y8SZl U.YYWY U.YYllY U.YY123 
0.98758 U.9YZUti U.YY256 0.99261 

U.98868 U.YY317 U.YY367 U.YY372 

U.98YSY U.YY408 U.YY458 U.YY463 

U.YYU33 0.99482 U.YY533 U.YYSY7 

U.YYUY4 0.99544 U.YY5Y4 U.995YY 

U.YY145 U.YY595 U.YY64ti U.YYti5 

0.9Yltltl U.Y963&i U.YYti&lY U.YYBY4 

U.YY225 U.YYti75 U.YY728 U.YY73 

0.99255 U.997U8 U.YY756 U.YY761 

U.YYPB;! U.YY73;! U.YY783 U.YY7Y7 

u.993u4 0.99755 U.YYYUB U.YYBl 

0.99324 U.YY774 U.YY825 U.YYMY 

U.YY341 U.Y9791 U.YY841 0.99847 
0.99355 U.YY8lJti U.YY857 U.YYtltil 

0.99368 0.99819 U.YY87 U.YY874 

U.YYSB U.YYtl31 U.YY881 U.YYMMB 

U.SY389 U.YY841 o.9se91 U.YYB96 

U.YY9YM U.YY&iQY U.BYY U.YY905 

U.994UB 0.99857 U.YYYUtl U.9YYlB 

Poisson: Lamda = 5 
Pareto : b = ~.UUU.UUU (i c = 3 

Discrete 
Severity 
Model 

100 33 l/3 10 3 l/3 

u.uuti74 u.uuti74 u.uuti74 U.UU674 

U.lU537 U.UYMtiY U.UYJYY U.UY5Zl 

U.141M U.2336 0.23028 0.22932 

0.38654 0.37707 U.37381 0.37187 

U.51tiY7 0.50844 0.50557 0.50475 

0.62643 0.61Yk!Y U.tjltiY2 U.til625 
0.71407 U.7U835 u.7ut;47 0.70594 
U.782ZY 0.77778 0.77633 U.775Y2 

0.8343 U.JxYJY 0.8298 U.&i2Y4Y 

0.873tiB U.8711 U.87U327 U.87UU4 

U.YU3PY 0.90135 U.YUU73 0.90055 

0.92553 U.Y)2407 0.9036 U.YZ347 

U.Y4225 U.Y4118 U.Y408 0.9407 

U.Y5487 U.Y5404 U.Y5377 U.9536Y 

U.Y644Z 0.9638 U.Yti359 0.96354 

U.Y7171 U.Y7123 U.Y71ULI U.Y7lUY 

0.9773 U.Y7694 U.97682 U.Y767&i 

U.Y8163 U.Y8134 U.Y8125 0.9812P 
0.98499 U.Y&l477 0.9847 U.Y8468 

U.987ti4 0.98746 U.Y8741 U.Y87YY 

0.98973 U.98Y59 U.Y8955 U.YIJ953 

U.YY14 U.YYliJY U.YY125 U.YYlP4 

U.YY274 U.YY265 U.YY262 U.CJY2Bi! 

U.YYL(MS U.YYY76 U.YY373 U.YY373 

U.Y9472 U.YY466 0.99464 U.YY4tiY 

0.99545 U.YY54 0.99538 U.YY538 

U.YYtw5 0.9Y601 0.996 U.YY6 

U.YYti56 0.99653 U.YY651 U.99651 

U.YL)tiY&l u.yusY5 U.YYBY4 U.YYtiY4 

U.YY734 U.YY732 U.YY731 U.YY731 

U.YY764 U.YY76Z U.YY7Bi! U.YY7BZ 

U.YY7Y U.YY7tlY U.YY788 0.99788 

U.99813 U.YYBll U.99811 U.YY811 
U.YYM32 U.YYBSl U.9YK.l U.YYW 
U.YYB49 U.99848 U.YY847 U.YYkl47 
0.99869 U.YY862 U.YYLllii! U.YYBBZ 

U.YY87ti U.YY875 U.YY875 U.99B75 

U.YY887 U.YYBB7 U.Y9&wti U.YYMM6 

U.YYB97 0.99897 U.YY896 U.YYMYG 

U.YYYUti U.YYYU5 U.YYYU5 U.YYYU5 

U.YYY14 U.YYY13 U.YYYlL( u.99913 
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CUWAKAI’IVE At’l’KUXlMA’~lUNS 
Excess Katie 

continuous 
Severity 
Model 

Intrvl- 1uu 33 l/3 10 3 l/Y 
(UUU) 

0 1 1 1 1 
5uu U.478U7 U.4716Y 0.47112 u.471utl 

1000 0.87'394 U.27Util 0.26997 U.26YM2 
15uu U.l&lti39 0.1741 0.17317 0.17311 
2uuu U.13837 U.12UYY 0.11988 0.11981 
25uu u.10747 U.UBB94 U.U8763 0.08755 
3uuu U.UtlYYti u.uw25 U.Uti674 0.08664 
35uu u.u7911 0.0542 u.05247 0.05237 
4ouu u.u7239 u.u44'L5 u.u4232 0.04221 
4500 U.UB835 U.UYBYY U.U3486 U.UY473 
5uuu U.06614 u.03155 u.u2921 U.U2YU7 

Poisson: Lamda = 0.1 
Pareto : b = l,uuu,uuu & c=3 

Uiscrete 
Severity 
node1 

1uu 33 l/3 10 3 l/3 

1 1 1 1 
0.469Z7 U.47UY U.47106 0.47107 
0.26924 0.26975 U.ZtiYt(l U.Z69tll 
Cl.17284 U.l73U&l u.1731 0.17311 
U.llYlitl 0.11979 U.llYtl U.llY)B 
u.un747 U.U875Y 0.08754 U.08754 
u.utiti59 u.untiti3 u.unnn3 u.unnn3 
0.05233 0.05235 U.U5236 0.05236 
U.04218 U.U421Y 0.0422 0.0422 
0.0347 u.u3471 0.03472 0.03472 
U.UZYU5 U.UZYU5~ U.UZYU5 0.02905 
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CVMl'AKAl'lVE APl'KVXlMA'l'lVNS 
Excess Katio 

Continuous 
Severity 
Model 

lntrvl- 1uv 33 l/3 IV 3 l/3 
(VVV) 

0 
500 

1vvv 
15ov 
2vvv 
2500 
3vvv 
35vv 
4000 
4500 
5vvv 
55vv 
tivvv 
ti5vv 
7000 
7500 
YVVV 
8500 
YVUU 
Y5VV 

0.05328 u.03154 U.U2Y48 V.U2Y32 
v.v51i! 0.02734 v.02507 V.UZ48Y 
u.v5vv5 u.v24vti V.UZ15Y V.V213Y 
V.V4Y5tl 0.02146: V.Vl87Y V.Vlt(57 
V.V4Y64 V.VlY38 0.0165 V.lJ1628 
u.0501 v:v1771 0.01462 V.Vl438 
V.V5U87 V.Vl635 V.Vl3Vb: V.Vl27Y 
V.V53Y V.Vl5ii3 0.01174 V.Vl146 
0.05312 u.u143;! U.UlVti:2 V.UlVB2 
0.05451 0.01357 V.VVY66 V.VVY35 

Discrete 
Severity 
Model 

100 33 l/3 10 3 l/3 

IVVUV 

Poisson: Lamda = 1 
Pareto : b = l.VVV.VVV & c=3 
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CUKI'AKA'I'IVE At'l'KUXIMA'~lVNS 

Excess Katio 

Continuous 

Severity 

,Plodel 

I Intrvl- 100 33 l/Y 10 3 l/3 
(UUV) 

0 

5uv 
1uvv 
1500 
2vvu 
25vv 

3vuv 

3500 

4000 

4500 

5vvu 

5500 

tiuuu 
ii500 

7uuu 

7500 

8UUV 

t15vv 

YOU0 

Y5UV 

1 vvvv 

lV5UV 
1lVVV 

115vv 

1zvuv 
12500 

13uvv 
13500 
14vvv 

14500 

15vvv 

15500 

16UVU 
165VV 

17vvu 
175vv 

l&wUU 
18500 
IYVVU 
lY5UU 
zuuvv 

1 1 1 
V.BVYVl V.LIVYV;! V.8VYV2 

U.ti4VY5 V.ti4UY7 V.64VY7 

U.5VllZ V.5Vllti V.Wl16 
0.38905 V.L(YY13 U.98Y19 
V.3V19Y V.YV151 u.9v152 

U.ZYY84 0.23402 0.23409 

0.18221 0.18245 0.18248 
0.14287 0.1432 0.14922 

V.112Y u.1133 0.11334 
V.VMYYY V.VYU4LI U.VYV52 

V.V723Y 0.07287 v.07902 

0.05878 V.U5Y44 U.U5Y5 

0.04817 V.V48Y9 V.V4HYY 
V.U3Y&3 V.U4068 0.04075 

v.v3322 v.v941ti 0.03424 

V.V27Y)2 U.V28Y5 U.V2YU4 

V.VZY63 V.lJ2476 v.v24L(b; 

U.VZVlL( v.v2135 u.vz14ti 
0.01724 V.01856: 0.01867 
V.Ul483 V.Vl625 U.Vl637 
0.01281 0.01432 V.Ul445 
V.Vlll 0.0127 0.01284 
V.VVYSY V.Vl133 U.Ul148 
U.VU897 U.UlVlti U.VlU31 
0.00727 V.VVY15 V.VUY32 

v.vuw V.VVM%B V.VUB46 

u.vv545 v.vv752 v.vv771 

v:vv46Y V.VVtiMb: v.vv7v5 

V.UV4Ul V.VVS2Y V.VV64tl 

0.0034 0.00576 U.VV5Y7 

V.VV284 0.0059 0.00552 

u.00234 V.VV4LIY u.vv511 

U.VV187 v.vv452 v.vv475 

v.vv144 V.VV41Y v.v044L( 
V.VVlV5 V.VV38Y u.vv414 

v.uvv68-v.vv3ti% V.VV38Y 

V.UVVY4 u.v031(7 U.UVY64 

U.VVVUl v.vv314 v.vv34i: 
-v.vvv%Y V.VU2Y4 V.VU3%% 

-u.vvv58 0.00274 v.vv3v4 

Poisson: Lamda c 5 
Pareto : b = ~.VVV.IJVV & c-3 

30 

Uiscrete 
Severity 

Model 

1W 33 l/3 10 3 l/Y 

1 1 1 1 
V.80845 U.MVBYY V.MUYV% 0.8VYU2 

0.64019 U.64UYZ U.64VY7 U.64V97 

u.5vv94 V.5Vlll 0.5Vllti V.5Vllb: 

V.388YY V.3&lYVM 0.3tIY13 Cl.38919 

V.3VVY v.xJ14c( U.YU152 V.YV152 

0.29353 0.234 0.23409 0.29404 

V.ltlaJtc 0.18245 0.18248 U.18248 
U.142YE v.14321 0.14323 0.14323 
0.11911 V.119Y3 V.119Y4 0.11394 

V.VYV95 V.VYV51 V.VYV5L( V.VYV53 

V.V728Y V.V7YVl V.U7YV2 v.v79v;! 

u.05941 0.0595. V.V5Y51 0.05951 

V.V4tlY2 0.049 V.V4Y V.V4Y 

v.u407 V.V4V76 v.v4v7ti 0.04076 

u.lJ342 V.VY424 u.03425 U.VY425 

U.U%YU% U.UZYU5 U.UEYVS U.UZYU5 

V.U2484 0.02487 0.02487 0.02487 

u.u'L145 u.v2147 0.02147 Cl.02147 

V.Vl867 V.VltlGtl O.lJ186Y V.Vlt16Y 
V.Vlti37 0.01638 0.01638 V.Vl639 
V.Vl446 0.01447 V.Vl447 II.01447 
O.Vl285 V.UlZt)ti 0.01286 V.UlZtlti 
U.Vl14Y 0.0115 0.0115 0.0115 
V.VlV3Y V.VlV33 V.OlV33 O.UlU33 
V.VUY33 lJ.UlJY94 U.VUY94 U.VVY94 

V.VV847 V.VV848 V.00848 V.VU84B 

U.VV77Y v.uu773 u.uv773.u.vu779 

v.vv7v7 v.vv7v7 v.vv7v7 u.vv7v7 

V.VV65 V.VV65 v.vvLi5 0.0065 

V.VVSYY u.vv599 v.vv599 U.VV5Y9 

0.00554 0.00554 v.vv554 0.00554 

v.vv514 v.vv514 v.vv514 v.vv514 

0.00478 0.00478 V.UV478 V.VV478 

v.vv44ti v.vv44ti V.VV446 V.VV446 

v.vv417 v.uv417 v.vv417 v.vv417 

U.VU3Yl V.VV3Yl V.OV3Yl v.vv391 
V.VU967 V.VVL167 V.VVY67 v.uvL(s7 

V.VVY45 v.vu345 v.vv345 0.00345 

u.vv915 V‘VV925 v.vvL(25 v.vv325 

v.vu3v7 v.vv9u7 v.uu3u7 V.VVYV7 



Uontinuous 
Model 

(VVV) h=3.333 l/3 

0 V.VV674 
550 V.lV686 

1.v5v 0.24324 
1,550 V.38ti34 
2.050 V.5164S 
2.550 V.ti25S5 
3,lJ5u II.71352 
8.550 0.78176: 
4.050 V.83YYZ 
4,550 0.87337 
5.v5v V.YVSVti 
5.550 V.Y2535 
6.050 ‘V.YJZlY 
6.550 V.9547S 
7.v5v V.Yti435 
7,550 U.Y71ti5 
ti.050 V.Y7726 
8.550 V.YSlJY 
Y.V5V V.Y84Y7 
Y.550 V.Y8762 

lV.V5V V.YBY71 
lV.55V V.YY138 
11.u5v V.YY273 
11,55u U.YYSM% 
12.05v V.YY471 
11.550 V.YY544 
13.v5v V.YYW4 
13.550 U.YYS55 
14.050 V.YYSY7 
14,550 V.YY733 
15.050 V.YY764 
15,550 U.YY7YV 
lS.050 V.YYS12 
16,550 V.YPWl 
17.050 V.YY848 
17,550 U.YYW3 
lS,U5V V.YY876 
18.550 V.YY887 
lY,V5V V.YY897 
lY.550 V.YYYV5 
2u.v5u 

Lamda=5 

CUMPAKA'I'IVE Al'l'KUX1MA'I'IUNS 

Uistribution Function 

I Uiscrete 
Model 

h=luu.vUv 

0 U.VU674 
500 V.lV537 

l.VVU V.242BU 
1.500 V.38ti54 
2,vvv U.51SY7 
2.500 V.62643 
Y,UVU 0.71407 
Y.5UV 0.78223 
4,vvv V.8343V 
4.500 V.S73tiS 
5.uuu V.YVS%Y 
5.500 V.Y2553 
6.VVU V.Y4225 
8.500 V.Y5497 
7,vuv V.YS442 
7.500 V.Y7171 
tl,vvu V.Y77YV 
tI.5vv V.Y811iS 
Y.VVV U.YB4YY 
Y.500 V.YS764 

lV.VVV V.YSY73 
lV.5UV U.YY14V 
ll.VVV V.9Y274 
11.5uu U.YY9M3 
12,vvv V.YY472 
12.500 U.YY545 
19,vvv V.YYW5 
13,5uv V.YY65ti 
14,vuv V.YYtiY&l 
14.5vv V.YY734 
15,vvv V.YY784 
15,5uu U.YY7YV 
16,UVV V.YYtll3 
16.5VU V.YYBS% 
17,vvv U.YYBQY 
17,500 U.YY863 
18.000 V.YYY76 
18.5UV V.YYB87 
lY,VUV U.YYBY7 
19.5vv V.YYYVti 
%V.VVV U.YYYl4 
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Continuous 
Model 

h=3.333 l/3 

0 V.VV674 
500 U.VY482 

l.VVV 0.22885 
1.500 V.Y724V 
a.vvv v.50434 
2.500 V.tilJYl 
3,uuu v.705ti7 
3.500 0.77571 
4.vvv 0.82833 
4.500 U.SLiYYl 
5.vvv V.YVU46 
5.5vv V.YZY4V 
ti.vvv V.Y4065 
6.500 V.Y5365 
7,vuu U.Yti35V 
7.500 V.Y71Vl 
L1,vvv V.Y7S7ti 
8.5VV V.Y&il2V 
9,vvv U.YSltiti 
Y.500 V.Y8738 

lV.VVU V.YtlY52 
lV.5UV V.YY123 
11,uvv V.YY2Sl 
11.5uu V.YY372 
lZ.VVU V.YY463 
12.500 V.YY537 
1Y;VVV U.YYJYY 
lY,5VV U.YY65V 
14,uuv V.YYB94 
14.500 V.YY7YV 
15,vvu V.YY761 
15,500 U.YY787 
16,UUV V.YY&ilV 
16.5VV V.YYBL(V 
17,uuv 0.99847 
17.500 V.YYYBl 
18,VVV V.YY874 
l&l,5VV U.YYf386 
lY.VVV V.YYYYS 
lY,5VV U.YYYU5 
%U.VVV V.YYYli! 



CUMl’AKA’I’lVE APl’KVXIMA’l’lVNS 

uistribution Function 

lntrvl- 
(UUU) 

0 

500 
1uvv 

15vv 

zvvv 

2500 
3vuv 
35vu 
4000 
45vv 
5vuv 

continuous 
Severity 
lrodel 

1uv 39 l/3 10 3 l/3 

0.81873 U.81873 0.81873 0.81873 
V.Y408 V.Y4V23 V.Y4021 V.Y4021 

V.Y74Vtl V.Y734B U.Y7345 U.Y7944 
V.Y8677 V.Y8614 U.YL(til V.YtlBl 
V.YY257 U.YYlY4 U.YYlY V.YYlY 
V.YY558 V.YY4Y4 V.YY4Y V.YY4Y 
V.YY728 V.YYW4 V.YYBSY V.YY65Y 
U.YYSYl V.YY7ti6 V.YY7ci2 V.YY7S;! 
V.YYtlYB V,.9YKx V.YY827 V.YY827 
V.YYY4 V.YY875 V.YYB71 V.YY871 
V.YYY7 V.YYYV5 V.YYYVl V.YYYVl 

Poisson: Lamda = 0.2 

Poreto : b = l,VVv.vvv L c = 3 

Quadratic Integration 

Uiscrete 
Severity 
Model 

100 93 l/3 10 3 l/3 

U.81873'0.81873 Cl.81873 U.81873 
V.Y4585 V.Y42Vti V.Y4076 V.YQVYY 
V.Y751Y V.Y74V7 V.Y736:3 V.Y7351 
V.YYBYY V.YSti37 V.Ytltilll V.YBtilS 

V.YY%%Y V.YY2U3 V.YYlY4 U.YYlYl 

V.YYSlZ V.YY4Y7 V.YY4YZ V.YYIY 

V.YY672 V.YY663 V.YYtib: 0. YYSS 
V.YY77 V.YY764 U.YY7W V.YY7Lii: 
V.YYB32 V.YYtl2Y V.YYY%t( V.YY827 
V.YY874 U.YYtl'lii U.YYt(71 V.YY871 
V.YYYVS V.YYYV% V.YYYVl V.YYYVl 
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lntrvl- 
(VVV) 

0 
500 

1vvv 
15vv 
%VVU 
2500 
3vvv 
3500 
4000 
4500 
5000 
5500 
xvvv 
65VV 
7vvv 
75uv 
xuvv 
tlsvu 
YUUV 
YJVV 

IVVVV 

Poisson: 

LUWAKA’I’IVE APPKVXl.XA'1'1Uh'S 
Vistribution Function 

Continuous 
Severity 

Model 

100 33 li3 1v 3 l/3 

V.367J38'0.36788 0.38788 0.3ti7Lltl 
V.'IVtiYti 0.70527 V.7051Y 0.70518 
0.84543 V.843Yl 0.84377 0.84376 
V.Yl237 V.YlVtj U.YlV43 V.YlV42 
0.94753 V.Y4561 V.Y4543 V.Y454i! 
V.Y6722 V.Y65%3 V.Yti504 U.Y65U2 
V.Y'l&ltlb: U.Y7ci8Z U.Y76ti2 V.Y7titi 
V.YXtiVci U.YXSYX V.YtlL('ltl V.Y8376 
V.YYVtil( V.Y&i(85tl V.YMX3M V.YSti37 
V.YY376 V.YYlti5 V.YY145 V.YY143 
U.YY587 V.YY875 V.YY1355 V.YY353 
V.YY738 V.YYSZ3 V.YYSVY V.YYJVl 
V.YY843 V.YY63 V.YY(il V.YYbVM 
V.YYY%', V.YY7UY V.YYLiXY U.YYSB7 
V.YYYLIZ V.YY76Y 0.99748 U.YY747 
l.VUU%X V.YY814 V.YY7Y4 V.Y!J-/Y% 
l.UUUtiS V.YY84Y U.YYX%Y U.YY827 
l.VVVYI U.YYX77 V.YYt(57 U.YY855 
?.VU113 U.YYXYY V.YY87Y V.YY877 
l.VUlL(l V.YYY17 V.Y'JYY7 V.YYtlY5 
l.UV14ti V.YYY92 V.YYYll V.YYYl 

Lamda = 1 

Uiscrete 
Severity 

Model 

1vv 33 l/3 10 3 l/3 

0.36788 V.36788 U.36788 0.38788 
0.72602 V.711Y5 v.7v72 v.7v5&ib: 
0.85915 0.84683 U.84468 0.84407 
u.91529 V.YllYY V.YlVBY U.YlV58 
V.Y48V2 V.Y4ti27 V.Y4567 V.Y455 
U.Y6653 V.YS551 V.Y6517 V.Y65V7 
V.Y7751 V.Y7SY V.Y7tjSY V.Y7tiW 
U.YS434 V.YY3Y5 V.YX3XZ V.Y837&l 
V.YY87.I V.9884Y V.Yt(84 V.YXXLIX 
U.YYltiB V.YY151 V.YY145 V.YY144 
V.YY371 V.YY35Y V.YY355 V.YY354 
V.YY51.3 U.YY505 V.YY502 V.'JY5lJ2 
V.YY617 V.YYSll V.YYSVY V.YYSVS 
V.YYtiY4 V.YYSXY V.YYX&iM V.YYti87 
V.9Y752 V.YY748 V.YY747 V.YY747 
V.YY7Yti V.YYiYS V.YYiY% V.YY7Y% 
V.YYYB U.YYX%X V.YY8%7 V.YYX27 
V.YY857 V.YY85c, V.YY855 V.YYS55 
V.'JYL17Y V.YY87itl U.YYX77 V.YY877 
U.YYMYLi V.YY&i(YJ V.YYSY5 V.YYSY5 
V.YYYll V.YYYl V.YYYl V.YYYl 

Pareto : b = ~.VVV.UVV bi c=L( 

Quadratic lntegratlon 



CLJMI’AKAI’IVE Al’PKvXlflAl’lUNS 
Uistribution Function 

I Continuous 
Severity 

Model 

lntrvl- 1uv 33 l/3 10 3 l/3 I 
I 

(VVU) 

0 

500 
1uuu 

1500 

2vvv 

25vv 

3000 

L15vv 

4vvv 
4500 
5vvv 

5500 

xuvv 

65UV 

7vov 

75uu 

MVVV 

8500 
YVVV 

Y5VV 

1vuvv 
lU5UV 
1lVVU 
115vu 
12vvv 
125vv 
13uvu 
135uv 
14uvv 
145vv 
15vvv 
155uv 
1tivvu 
lf35VU 
17vvv 
17500 
18VVU 
18500 
1YUVV 
lY5UV 
%VUVV 

V.VV674 V.VV674 V.VU674 V.VV674 

V.VY9457 V.VY47Y V.VY4tll V.VY482 
V.%%XV% 0.22876 0.22884 0.22tI85 

0.9708tj 0.97224 V.3729Y 0.9724 

u.50211 0.5041 0.50492 0.50434 

V.tilSVY U.LilSb: V.tilS&l&i V.tilSYl 
u.702L(&! 0.70592 0.70565 0.70568 

0.77205 0.77552 0.77568 0.77571 

V.8253Y U.XPXY V.X%Y%Y V.XZY33 

V.&i657ti V.LltjY4ti V.XtiYXX V.WYYl 
U.&lYtil5 V.8YYYY V.YUV42 V.YVU46 

U.YltlYt( U.YZiiY2 V.YZ936 U.Y234 
V.Y3ti14 V.Y4Vlti U.04061 0.94065 
U.Y4YVX U.Y5316 U.Y53til V.Y5365 
V.Y588t! U.YX3 V.YtiY46 V.YtjY5 

V.Y66L(5 V.Y705 V.Y7VY7 V.Y71Ul 

V.Y72UX V.Y7tiZ5 V.Y787i! V.Y767ti 

V.Y765 V.YXVliY V.Y&lllli V.YtllZl 
V.Y7YY4 U.Y8415 V.Y8462 V.YX386 

U.Y8Zb;4 V.YX6Xb: U.Y87L(4 U.Y87L(tl 

V.Y847&l U.YtlYVl V.Y8Y4&l U.YtlY52 
U.YUtiQtl U.YYU7Z U.YYllY U.YYlZ3 
V.Yt1784 V.YY%VY U.YYE57 V.YYZtil 
V.Ytl&lYS V.YY32 V.YYL(XX V.YY372 

V.YBY85 V.YY411 V.Y9458 V.YY4ti9 

V.YYVti V.YY485 V.YY53B V.YY537 

V.YYlZl V.YY547 V.YY595 V.YYJYY 
V.YY172 V.YYSYY V.YYtjlti V.YY85 
V.YY215 V.YY642 V.YYtit(Y U.YY6Y4 
V.YY251 V.YYti78 V.YY7Zki V.YY73 
V.YY%X% V.YY7UY V.YY757 V.YY761 

V.YY3VX U.YY7115 V.YY789 V.YY787 

V.YY331 V.YY758 V.YY)806 V.YY81 
V.YY351 U.YY778 V.YY825 V.YYBS 
V.YYYti7 U.YY795 0.99842 V.YYt147 

V.YYL(M% V.YYXVY V.YYB57 U.YYtllil 
V.YY3Y5 V.YYX%% V.YYB7 V.YY874 

V.YYQVti V.YYBLI4 V.Y9882 V.YYXXti 

V.YY416 V.YY844 V.YYXY% U.YYXYti 

V.YY425 V.YYB5L( V.YYY V.YYYU5 

V.YY43L( V.YYtltil V.YYYVB V.YYY13 

Poisson Lamda = 5 

Uiscrete 
Severity 
model 

100 33 l/3 10 3 1is 

v.vvti74 v.vvti74 V.VV674 V.VV674 

0.10537 V.VYXtiY U.VYJYY U.VY521 
0.2428 0.2336 0.%30%x V.22YY% 

V.YtILi54 v.L(7707 0.97381 0.37287 

V.516Y7 0.50844 0.50557 u.50475 

U.6264Y V.tilYEY U.tiltiY2 U.ti1625 
0.71407 0.70835 0.70647 V.7V5Y4 
V.78ZZ9 0.77778 U.77WY V.775Y2 

0.8343 V.X9VY V.M%YX V.82Y4Y 

0.87368 0.8711 0.87027 V.87UV4 

V.YV32Y V.YV195 V.YVV73 V.YVV55 

V.Y2559 U.Y24V7 V.Y296 V.Y2347 

V.Y4225 V.Ylllti U.Y408 V.Y407 

U.Y5487 U.Y5404 V.Y5377 U.Y5YtiY 

U.Yti442 V.YX38 V.Yti35Y V.Yti354 

V.Y7171 V.Y7123 V.Y71Vtl U.Y7108 

V.Y773 V.Y78Y4 V.Y7WZ V.Y7678 

V.Yti163 U.Ytll34 V.YY125 V.Y8122 
V.Y84YY V.Yt1477 V.Yt(47 0 .YU46t( 

U.Y8764 0.Y874C-i V.Yt1741 U.Y87L(Y 

V.Y8Y73 V.Y8Y5Y U.Y8Y55 V.YXY53 

U.YY14 V.YYI%Y V.YY1’5 V.YYIZ4 

V.YY274 V.YYZ65 V.YY%tiZ V.YY%ti% 

V.YY3B3 V.YY376 V.YY373 V.YY378 

V.YY47ii V.YY466: V.YY4(i4 V.YY46i3 

V.YY545 V.YY54 U.YY598 U.YY5c(t( 

V.YY605 V.YY6Vl V.YY6: V.YY8 

V.YY65ti V.YY65c( V.YY651 V.YY651 

V.YYti98 V.YYtiY5 V.YYBY4 V.YYtiY3 

U.YY?YQ V.YY7L(2 V.YY731 V.YY’IL(l 

V.9Y764 V.YY762 V.YY762 V.YY762 

V.YY7Y V.YY78Y V.YY7BM V.YY788 

V.YY81L( V.YY811 U.YY&lll U.YY811 
V.YYX32 U.YY831 V.YYtlS U.YY83 
U.YY84Y V.YY)848 V.YY847 V.YY847 

V.YYXtiS V.YYXtiZ V.YYXb% V.YYX62 
V.YY87ti V.YY875 V.YY875 V.YY675 

V.YY887 V.YY&l87 V.YYXMti V.YYXXX 

U.YY8Y7 U.YYtlY7 U.YYXYti V.YYXYX 

U.YYYVb: V.YYYU5 V.YYYV5 U.YYYU5 

U.YYY14 V.YYY13 V.YYY13 U.YYYlLI 

Pareto : b = I.VVV.VVV & c = 3 

yuadratlc lntegratlon 34 



CVMPAKA'I'IVE Al't'KUXlMA'I'IUNS 
txcess Katio 

Continuous Uiscrete 
Severity Severity 

Model Model 

100 33 l/Y. 1v 3 l/9 1vv 33 li3 10 3 l/9 

0 

500 
1vvv 
15uv 
zuvv 
2500 
3000 
35vv 
4000 
45vv 
5uvv 

Poisson: Lamda = '0.2 
Pareto : b = l.VVU.UUU & c 

Quadratic Integration 



UUMPAKA’I’I Vt Al’i-‘KUX IMA’I’I UNS 
EXCeSS Katio 

! IJ 
i 500 

1000 

15uu 
2uuu 

! 2500 
3000 
3500 
4uuu 
4500 
5UUU 
55uu 
bUUU 
ti5UU 
7UUU 
75uu 
8000 
Y5UU 
YUUU 
Y5UU 

1UUUU 

Continuous 
severity 

Model 

1UU 33 l/3 10 3 l/3 

Poisson: Lamda = 1 
Pareto : b = l.UUU.UUU ti c=3 

Quadratic integration 

Uiscrete 
severity 

Model 
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0 

500 
1000 
15uu 
2000 
z5uu 
3000 
35uu 
4uuu 
45uu 
5uuu 
5500 
6000 
ti5uu 
7uuu 
7500 
8uuu 
85UU 
Yuuu 
Y5UV 

10000 

10500 

1lUUU 
115uu 
lzuuu 
125uu 
13uuu 
13500 
14uuu 
14500 
15uuu 
155uu 
16000 
lti5UU 
17uuu 
175uu 
1tJ0u0 
1B5uu 
1Y000 
lY5UU 
L!uuuu 

Poisson: 

Pareto : 

CUMt’AKA’I’lVE AH’KlJXIMA’I’1UNS 
Excess Katio 

Continuous 
Severity 

Model 

100 33 l/3 10 3 l/3 

1 1 1 1 
U.Wt188 u.8uYu1 U.tlUYU2 U.IUYU2 
U.64U72 U.64UY4 U.64UY7 U.ti4UY7 
u.5uu75 u.50112 0.50118 U.5Ullti 
0.38843 U.38YUb U.3&iY13 U.L(BY13 

U.YUU38 U.YU14 0.3u151 u.30152 

0.23231 0.23385 u.234u2 0.23403 
0.1800B U.lt('LZ2 0.18245 U.lt1248 
u.14uu7 0.14288 0.1432 u.14322 
U.lUY37 U.112Yl 0.1133 0.11334 
0.0857 U.UY U.UYU48 0.0Y052 

~U.U6731 0.0724 U.U72Y7 u.u73ui! 
U.U528Y U.U5879 U.U5Y45 U.U5Y5 
u.u4147 0.0481t( U.U48Y3 U.U48YY 
u.u923 U.U3Y84 0.04068 0.04075 
U.U2485 U.U33ZE 0.03416 u.u3424 
U.UlB7iJ U.U27Yi! 0.028Y5 0.02Y04 
u.u135Y u.u23tj3 U.U2476 U.UZ48ti 
0.00Y24 u.u2u13 0.02135 0.02146 
u.uu551 O.UliZ4 0.01856 U.U186? 
u.uu226 0.01484 U.Ulti25 U.Ulti37 

-0.uu061 U.U128i! 0.01432 U.Ul445 
-0.00318 0.0111 U.Ul27 U.Ul2J34 
-0.0055 u.uuY64 u.u1133 u.u1148 
-u.uu761 u.uu837 0.01016 0.01031 
-u.uuY57 u.uu727 U.UUY15 u.uuY32 
-0.01138 u.uuti3 U.UU828 U.UU846 
-u.u13uY u.uu545 u.uu752 u.00771 
-u.u147 U.UU4tiY 0.00686 u.00705 
-0.016z4 u.uu4u1 u.uu6z8 U.UU64tl 
-u.u177 0.0034 0.00576 U.UU5Y7 
-u.u1Y11 U.UU2B5 lJ.uu53 u.uu55z 
-u.u2u47 0.00234 0.0048Y u.uu511 
-u.u217Y u.uu11(&i 0.00452 u.uu475 
-0.u~307 u.uu145 U.UU41Y u.uu443 
-u.uz432 u.uu1u5 u.uu38Y u.uu414 
-u.uL!554 0.0006Y u.uuia;! u.uu3tllI 
-u.u21i74 0.00034 u.uu337 0.00364 
-u.u27y2 0.00002 0.00314 u.uu34iI 
-u.u2Yu8 -u.uuu211 0.002Y4 0.00322 
-0.03022 -u.uuu57 u.uu274 u.uu9u4 

Land? = 5 
b = 1.000.00~ & c,= 3 

lliscrete 
Severity 

Model 

IUU xl l/U 10 3 l/S 

1 1 1 1 
U.80845 U.tlUBYY U.8UYUE U.8UYU2 
U.64UlY U.64UY2 U.64UY7 U.64UY7 
0.50034 0.50111 U.5U116 0.50116 
U.388YY U.38YU8 U.YtlYlS U.YBYlS 
U.L(UUY U.YU148 u.L(u152 U.YU152 
u.23353 0.234 u.234u3 u.ii34u4 
U.182U8 U.18245 U.lt1248 0.18248 
U.142Y2 u.14321 u.14323 0.14323 
U.llYll 0.11333 Cl.11334 0.11334 
u.uYu35 O.UYU51 u.uYu5Y u.uYu53 
U.U728Y u.u73u1 u.u73u2 u.u73u2 
U.U5Y41 U.USY5 U.U5Y51 U.U5Y51 
U.U48Y32 U.U4Y U.U4Y U.U4Y 
u.u4u7 u.04076 0.04076 0.04076 
u.u342 u.u3424 U.UY425 u.u3425 
u.uzYu2 u.u2Yu5 U.U2YU5 0.02Y05 
U.U2484 U.U2487 U.lJ2487 U.02487 
u.02145 u.u2147 u.02147 u.uz147 
U.Ult(Li7 U.Ultlci8 u.u18~Y U.UlBtiY 
0.u1ti37 0.01638 U.Ultj38 0.01639 
U.Ul44ti 0.01447 U.Ul447 u.01447 
0.01285 U.Ul286 0.01286 0.01286 
U.Ul14Y u.u115 u.u115 0.0115 
u.u1u33 u.u1u33 u.u1033 u.u1u33 
u.uuYY3 U.UUY34 0.00Y34 0.00Y34 
U.UU847 u.uuB4&l U.UU848 U.UU848 
u.uu773 0.013773 0.00773 u.uu773 
0.00707 0.00707 u.uu7u7 u.uu7u7 
u.uu65 u.uu85 u.uuLi5 0.0065 
U.UU5YY U.UU5YY U.UU5YY U.UU5YY 
u.uu554 u.uu554 u.uu554 u.uu554 
u.00514 u.00514 u.uu514 u.00514 
u.uu478 u.uu47tl 0.0047&l U.UU478 
u.uu44ti u.uu44ti u.uu44ti 0.00446 
u.uu417 u.00417 u.00417 u.uu417 
U.UUYYl u.uu3Yl u.uu3Yl 0.00L(Y1 
U.UUB67 0.00367 U.UU367 u.00367 
u.00345 u.uu345 u.uu345 u.00345 
0.00325 u.uu325 u.uu325 0.00325 
0.00307 0.00307 u.uu9u7 u.uuYu7 
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