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Abstract
Motivation. Bootstrapping is a very versatile model for estimating a distribution of possible outcomes for the
unpaid claims, is relatively easy to use and explain to others, and can be readily “generalized” to be more flexible
and combined with other related models that can be used to assess risk for a wide variety of enterprise risk
management issues. While the CAS literature includes several papers that describe the bootstrap model, all of
these papers are limited to the basic calculations of the model or focus on a particular aspect of the model. In
contrast, this paper outlines the modifications to the basic algorithm that are required in order to put the
bootstrap model into practical everyday use.
Method. This paper will start by pulling all of the issues from different papers into the complete basic bootstrap
modeling framework using a standard notation. Then it will describe some of the enhancements required for
practical usage and it will show how the output of the model can be easily “extended” to address other risk
management issues. It will then expand the basic model and generalize the approach, as well as address many
common modeling issues that arise during the diagnostic testing of the model parameters and assumptions.
Finally, it will summarize testing of the model using simulated data and suggest possible areas for further
research.
Results. The paper will illustrate the practical implementation of the bootstrap modeling framework as a
powerful tool for estimating a distribution of unpaid claims.
Conclusions. The paper outlines the full versatility of the bootstrap model for the practicing actuary.
Availability. A set of companion Excel files are available at http://www.casact.org/pubs/forum/10fforum/,
which contains the calculations illustrated in this paper as well as serving as a learning tool for the student or
practicing actuary.

Keywords. Bootstrap, Over-Dispersed Poisson, Reserve Variability. Reserve Range, Distribution of Possible
Outcomes.

1. INTRODUCTION

The term “bootstrap” has a colorful history that dates back to German folk tales of the 18th-
century. It is aptly conveyed in the familiar cliché admonishing laggards to “pull oneself up by their
own bootstraps.” A physical paradox and virtual impossibility, the idea has nonetheless caught the
imagination of scientists in a broad array of fields, including physics, biology and medical research,

computer science, and statistics.

Bradley Efron, Chairman of the Department of Statistics at Stanford University, is most often
associated as the source of expanding bootstrapping into the realm of statistics, with his notion of
taking one available sample and using it to arrive at many others through resampling. His essential
strategy involves duplicating the original sample and then treating the expanded sample that results
from the process as a virtual population. Samples are then drawn with replacement from this

population to verify the estimators.
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In actuarial science, bootstrapping has become increasingly common in the process of loss
reserving. The most commonly cited examples point to England and Verrall [9, 10], Pinheiro, et al.
[25], and Kirschner, et al. [15], who suggest using a basic chain ladder technique to square a triangle
of paid losses, repeating that randomly and stochastically over a large number of trials. The model
generates a distribution of possible outcomes, rather than the chain ladder’s typical point estimate,
thus providing more information about the potential results. For example, without an estimated
distribution it is impossible to directly estimate the amount of capital required' or how likely it is that

the ultimate value of the claims will exceed a certain amount.

Another advantage of a bootstrap model is that it can be specifically tailored to the statistical
features found in the data under analysis. This is particularly important as the results of any
simulation model are only as good as the model used in the simulation process. If the model does
not fit the data then the results of the simulation may not be a very good estimate of the distribution
of possible outcomes. Like all models and methods, the quality of a bootstrap model depends on the

quality of the assumptions. Thus, we will elaborate on the model diagnostics in Section 4.

A third advantage of a bootstrap model is that it can reflect the fact that insurance loss
distributions are generally “skewed to the right.” Rather than use the commonly recognized normal
distribution (which is sometimes used as a simplifying assumption in other models), the bootstrap
sampling process does not require a distributional assumption. Instead, the level of skewness in the

underlying data is automatically reflected back into the resampled or pseudo data.

Another aspect of bootstrap models that could be considered a disadvantage is that they are more
complex than other methods and thus more time consuming to create. However, once a flexible

model has been developed they can be used as efficiently as most standard methods.

There are several disadvantages of bootstrap models that we will discuss in due course as we

describe how this framework can be modified for a variety of practical uses.”

1.1 Objectives

The world of enterprise risk management is changing the horizon for actuaries. Understanding
the central estimate for insurance claims is no longer adequate when managing risk. Actuaries must
now measure and understand the distribution of the insurance claims in order to better understand

and explain risk to management. On the pricing and dynamic risk modeling fronts, the actuarial
p g p g Yy g )

I Without an estimated distribution, required capital could be “estimated” using industry benchmark ratios or other
rules of thumb, but these do not directly account for the specific risk profile under review.
2 'This section is based in large part on [22].
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models have already embraced this new reality.

Unfortunately, in the reserving area the vast majority of actuaries are focused on deterministic
point estimates for reserving. This is not surprising, as our primary standard of practice for
reserving, ASOP 30, seems to be focused exclusively on deterministic point estimates and the
regulators, via the actuarial opinion, are also focused on deterministic estimates. However, actuaries
are free to estimate distributions instead of point estimates.” But nothing seems to be forcing the

profession towards unpaid claim distributions.
This is changing due to a number of factors:

e the SEC is looking for more reserving risk information in the 10-K reports filed by publicly

traded companies;

e all of the major rating agencies have built or are building dynamic risk models to help with
their insurance rating process and welcome the input of company actuaries regarding unpaid

claim distributions; and

e companies that use dynamic risk models to help their internal risk management processes

need unpaid claim distributions.

One objective of this paper is to show how the bootstrap modeling framework can be used in

practice, to help the wider adoption of unpaid claim distributions.

Another potential roadblock seems to be the notion that actuaries are still searching for the
perfect model to describe “the” distribution of unpaid claims, as if imperfections in a model remove
it from all consideration since it can’t be “the one.” This notion can also manifest itself when an
actuary settles for a model that seems to work the best or is the easiest to use, or with the idea each
model must be used in its entirety or not at all. Interestingly, this notion was dispelled long ago with
respect to practice for deterministic point estimates as actuaries commonly use many different
methods, which range from easy to complex, and judgmentally weight the results by accident year
(i.e., use only parts of a method) to arrive at their best estimate. Thus, another objective of this paper
is to show how stochastic reserving needs to be similar to deterministic reserving when it comes to

analyzing and using the best parts of multiple models.

Finally, most of the papers describing stochastic models, including bootstrap models, tend to

focus primarily on the theoretical aspects of the model while ignoring the data issues that commonly

3 Indeed, ASOP 43 opened the door a bit further by defining “actuarial central estimate” in such a way that it could
include either deterministic point estimates or a first moment estimate from a distribution.
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arise in practice. As a result, most models described in papers can be quite elegantly implemented yet
can suffer from practical limitations such as only being useful for complete triangles or only for
positive incremental values. This could also act as a deterrent by limiting the usability of a model to
specific situations and by giving the impression that using the model is not worth the effort. Thus,
while keeping as close to the theoretical foundation as possible, another objective of the paper is to

illustrate how a variety of practical adjustments can be made to accommodate common data issues.

1.2 Outline
This paper will start by reviewing the notation from the CAS Working Party on Quantifying

Variability in Reserve Estimates Summary Report [6] which we will use in this paper. Then we will
illustrate and expand the foundation developed in other papers for the basic calculations of the
bootstrap model, including showing how the GLM framework of the model can be “generalized” to
include diagonal parameters. In order to be consistent with the theoretical foundation yet recognize
practical needs, we will describe data issues that require enhancements to the basic algorithm. With a
complete modeling framework established, we can then review the diagnostic tests to ensure that the
model assumptions are consistent with the statistical features in the data. Should the assumptions

appear inconsistent, we will suggest adjustments to the model that can be made.

Even though bootstrapping is a very versatile framework, it is still important to draw from the
strengths of different models and weight distributions, similar to weighting point estimates, in order
to get a best estimate of the distribution. Thus, we will briefly explore ways to combine the results of
different models, including non-bootstrap models with bootstrap models. Since the analysis of
enterprise risk involves all sources of risk, we will also explore correlation issues for the bootstrap
model and then describe extensions to the model output and how they can be used for assessing
risks in addition to reserve risk. In order to use the results with confidence, we will briefly discuss
some findings related to testing of the model compared to another commonly used model (Mack).

Finally, we will close with some possible areas for future research.

2. NOTATION

The papers that describe the basic bootstrap model use different notation, despite sharing
common steps. Rather than pick the notation in one of the papers, we will use the notation from the
CAS Working Party on Quantifying Variability in Reserve Estimates Summary Report [6] since it is

intended to serve as a basis for further research and the bootstrap model is also described in that

paper.
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Many models visualize loss statistics as a two-dimensional array. The row dimension is the annual
period by which the loss information is subtotaled, most commonly an accident year or policy year.
For each accident period, W, the (W,d) element of the array is the total of the loss information as
of development age d.* Here the development age is the accounting year” of the loss information
expressed as the number of time periods after the accident or policy year. For example, the loss
statistic for accident year 2 as of the end of calendar year 4 has development age 3 years.

For this discussion, we assume that the loss information available is an “upper triangular” subset
of the two-dimensional array for rows W=12,...,n. For each row, W, the information is available
for development ages 1 through N—Ww+1. If we think of year N as the most recent accounting year
for which loss information is available, the triangle represents the loss information as of accounting
dates 1 through Nn. The diagonal K =W+d represents the loss information for each accident period
W as of accounting year K .°

The paper uses the following notation for certain important loss statistics:

c(w,d): cumulative loss from accident’ year W as of age d . (Think W = “when” and
d = “delay”)

c(w,n) =U(w): total loss from accident year W when claims are at ultimate values.

R(w,d): future development after age d for accident year W, i.e., = U(w)—c(w,d).
q(w,d): incremental loss for accident year W from d -1to d.
f(d): factor applied to ¢(W,d) to estimate q(W,d +1) or can be used more generally

to indicate any factor relating to age d .

F(d): factor applied to €(W,d) to estimate C(W,N) or can be used more generally to

indicate any cumulative factor relating to age d .
G(w): factor relating to accident year W — capitalized to designate ultimate loss level.

h(w+d): factor relating to the diagonal Kk along which w+d is constant.

4 Depending on the context, the (W, d) cell can represent the cumulative loss statistic as of development age d or the

incremental amount occurring during the d ® development period.

The development ages are assumed to be in yeatly intervals for ease of discussion. However, they can be in different
time units such as half-years, quarters, or months.

¢ For a more complete explanation of this two-dimensional view of the loss information, see the Foundations of Casualty
Actuarial Science [12], Chapter 5, particularly pages 210-226.

The use of accident year is also used for ease of discussion. All of the discussion could also apply to underwriting year,
policy year, report year, etc.
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e(w,d): a mean zero random fluctuation which occurs at the W,d cell.
E(x): the expectation of the random variable X.
Var(x): the variance of the random variable X.

What are called factors here could also be summands, but if factors and summands are both used,
some other notation for the additive terms would be needed. The notation does not distinguish paid

vs. incurred, but if this is necessary, capitalized subscripts P and | could be used.

3. THE BOOTSTRAP MODEL

Even though many variations of the bootstrap model framework are possible, we will focus
primarily on the most common example that essentially reproduces the basic chain ladder method. It

will also be helpful to briefly review the assumptions that underpin the basic chain ladder method.
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The foundation for any model is the data being modeled. Like many commonly used models,

then, we will start with a triangle array of cumulative data:

d
1 2 3 n-1 n
W 1 |c(1,1) c(1,2) c(1,3) ... ¢(ln-1) c(1l,n)
2 | c2]) c(2,2) c(2,3) .. ¢c(2n-1)

3 (3 B2 <33

n-1 | c(n-1,1) c(n-1,2)
n |c@nl)

A typical deterministic analysis of this data will start with an array of age-to-age ratios or
development factors:

Fw,d) = c(w,d) . (3.1)

c(w,d -1)

Then two key assumptions are made in order to make a projection of the known elements to
their respective ultimate values. First, it is assumed that each accident year has the same
development factor. Equivalently, for each W=1, 2,...,N:

F(w,d)=F(d).
Under this first assumption, one of the more popular estimators for the development factor is

the weighted average:

Zn_d+1C(W, d) (32)

w=1
2o cwd-1

Certainly there are other popular estimators in use, but they are beyond our scope at this stage yet

F(d)=

most are still consistent with our first assumption that each accident year has the same factor.

Projections of the ultimate values, or C(W,n) for w = 1,2, 3, ..., s, are then computed using:

E(w,n)=cw,)[ T, F@). (3.3)

This part of the claim projection algorithm relies explicitly on the second assumption, namely
that each accident year has a parameter representing its relative level. These level parameters are the
current cumulative values for each accident year, or C(W,n—W+1). Of course variations on this
second assumption are also common, but the point is that every model has explicit assumptions that

are an integral part of understanding the quality of that model.

One variation on the second assumption is to assume that the accident years are completely

homogeneous. In this case we would estimate the level parameter of the accident years using:
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Lo cwd) Y
n-d+1
Complete homogeneity implies that the observations ¢(1,d), ¢(2,d), ..., c(n—d+1,d) are

generated by the same mechanism. Interestingly, the basic chain ladder algorithm explicitly assumes
that the mechanisms generating the observations are NOT homogeneous and effectively that
“pooling” of the data does not provide any increased efficiency.” In contrast, it could be argued that
the Bornhuetter-Ferguson and Cape Cod methods are a “blend” of these two extremes as the
homogeneity of the future expected result depends on the consistency of the a priori loss ratios and

decay rate, respectively.

3.1 Origins of Bootstrapping

Possibly the earliest development of a stochastic model for the actuarial array of cumulative
development data is attributed to Kremer [16]. The basic model described by Kremer can be defined

by the multiplicative representation:
P(w,d) = G'(W)x F'(d)xe'(w,d). (3.5)
Where: G '(W)is a parameter representing the effect of accident year ,

F'(d) is a parameter representing the effect of development period d, and

e'(w,d) is a random error term.

Taking logarithms of both sides of equation (3.5), the model can be formulated as a two-way
analysis of variance:
Y (w,d) = log[P(w, d)] = 22+ G (W) + F(d) +e(w,d). (3.6)
Where:  p is the overall mean effect on a log scale,
G(w) is the residual effect due to accident year »,
F(d) is the residual effect due to development period 4,

e(w,d) represent zero mean uncorrelated errors with Var[e(w, d)] = o’ and

> G(w) =) F(d)=0. 3.7)

This model is further described by England and Verrall [9] and Zehnwirth [39], so we will not elaborate
further here. It should be noted, however, that the model in (3.6) can be extended by considering alternatives.
This log-normal model, and generalizations thereof, has also been discussed in Zehnwirth [1, 40], Renshaw

[30], Christofides [7], and Verrall [37, 38], among others.

8 For a mote complete discussion of these assumptions of the basic chain ladder model see Zehnwirth [39].
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3.2 The Over-Dispersed Poisson Model

The genesis of this model into a bootstrap framework originated with Renshaw and Verrall [31]
when they proposed modeling the incremental claims ¢(w,d) directly as the response, with the
same linear predictor as Kremer [16], but using a generalized linear model (GLM) with a log-link
function and an over-dispersed Poisson (ODP) error distribution. Then, England and Verrall [9]
discuss how this model can be used to estimate parameters and use bootstrapping (sampling the

residuals with replacement) to estimate the complete distribution. More formally, using the

following:
E[q(w,d)]=m,, and Var[q(w,d)] = gE[q(w,d)] = gm3,, ()
In[m,, 4 1=7, 4 (3.9)
Mwa =Cta, +ﬂd ,where: W=1,2,...,n; d =1,2, ..., n; and a, = ﬂl =0. (3.10)

In this case the @ parameters function as adjustments to the constant, ¢, level parameter and the
f parameters adjust for the development trends after the first development period. The powet, z,
is used to specify the error distribution with Z=0 for normal, 7z =1 for Poisson, z =2 for Gamma
and z =3 for inverse Gaussian. Alternatively, we can remove the constant which will cause the &
parameters to function as individual level parameters while the f parameters continue to adjust for the

development trends after the first development period:
Mg = %y + Sy, where: W=1,2,...,n;and d =2, ..., n. (3.11)

Standard statistical software can be used to estimate parameters and goodness of fit measures.
The parameter ¢ is a scale parameter that is estimated as part of the fitting procedure while setting
the variance proportional to the mean (thus “over-dispersed” Poisson for z =1). For educational
purposes, we have included the calculations to solve these equations for a 10 x 10 triangle in the
“Bootstrap Models.xIs” file, but we will illustrate the calculations here for a 3 x 3 triangle for ease of

exposition and in the “Simple GLM.xls” file. Consider the following incremental data triangle:

1 2 3
1 410 9(1,2) 9(1,3)
2 14921 92.,2)
3 | 4G,

In order to set up the GLM model to fit parameters to the data we need to do a log-link or

transform which results in:

1 2 3
1 [InfgL,)] Infg(12)] Infg(L3)]
2 |Infg@,1)] In[g22)]
3 | In[g(3,1)]
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The model is then specified using a system of equations with vectors of &, and f; parameters as

follows:

In[q(L,1)] =1, +0a, +0c; + 03, + 03, (3.12)
In[q(2,1)]=0¢, +1c, + 0ct, + 05, + 05,
In[q(3,1)] =0c, +0c, +1a, + 04, + 04,
In[q(L, 2)] =1, + 0cx, + 0cx, +153, + 053,
In[a(2,2)] =0c, +1c, + 0cr; +153, + 043,
In[q(L,3)] =1, +0c, +0cry, +153, +15,.

Converting this to matrix notation we have:

Y=XxA (3.13)
Where:
[In[gLy] O 0 0 0 0 (3.14)
0 In[q(2,1)] 0 0 0 0
v 0 0 In[q(3,1)] 0 0 0
0 0 0 In[q(L 2)] 0 0 ’
0 0 0 0 In[q(2,2)] 0
|0 0 0 0 0 In[a(L,3)]
1 0 0 0 O] (3.15)
01000
00100
X = , and
10010
01010
1001 1
_al_ (3.106)
a,
A=]a,|.
B,
LA

In this form we can use the Newton-Raphson method’ to solve for the parameters in the A

vector that minimize the difference between the Y matrix and the W matrix:

 Other methods, such as orthogonal decomposition, can also be used to solve for the parameters.
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In[m,] 0 0 0 0 0 ] (3.17)
0 Inm,] O 0 0 0
0 0 In[m,] O 0 0
Yo 0 0 In[m,] 0 0
0 0 0 0 In[m,,] 0
0 0 0 0 0 In[m,,]

Typically, X is known as the design matrix and W is known as the weight matrix. After solving

the system of equations we will have:

In[m,]=7n,=a (3.18)
In[m,;1=1,, =,
In[my, ] =75, =

In[m,l=m,=a+5,

In[m,,]1=1,,=a,+p,

In[m1,3] == +5,+ 5.
This solution can then be shown as a triang]e:

1 2 3
1 ln[’”1,1] 1n[’”1,2] 1ﬂ[’”1,3]
2 In[mz, ] In[mz,,)
3 In[mz; ]

These results can then be exponentiated to the fitted, or expected, incremental results of the

GLM model:

1 2 3
1 74 4 74 5 7 3
2 74 Kz
3 vz

We will refer to this as the “GLM framework™ and have illustrated this model for a simple 3 x 3
triangle in the “Simple GLM.xls” file. While the GLM framework is used to solve these equations
for the fitted results, the usefulness of this framework is that the fitted results (with the Poisson
error distribution assumption) will exactly equal the results that can be derived from volume-
weighted average age-to-age ratios. That is, it can be reproduced by using the last cumulative
diagonal, dividing backwards successively by each age-to-age factor and subtracting to get the fitted
incremental results. We will refer to this method as the “simplified GLM”. This has three very useful

consequences.

First, GLM portion of the algorithm can be replaced with a simpler link ratio algorithm while still
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being based on the underlying GLM framework. Second, the use of the age-to-age ratios serves as a
“bridge” to the deterministic framework and allows the model to be more easily explainable to
others. And, third, for the GLM algorithm the log-link process means that negative incremental
values can often cause the algorithm to not have a solution, whereas using the link ratios will

generally allow for a solution."

With a model fitted to the data, the bootstrap process involves sampling with replacement from
the residuals. England and Verrall [9] note that the deviance, Pearson, and Anscombe residuals
could all be considered for this process, but the Pearson residuals are the most desirable since they
are calculated consistently with the scale parameter. The unscaled Pearson residuals and scale

parameter are calculated as follows:

_q(w,d)-m,,, (3.19)
w,d — mVZv'd :
5 St (3.20)
n-p

Where 7# = the number of data cells in the triangle and p = the number of parameters, which is
typically equal to 2%z — 1."" Sampling with replacement from the residuals can then be used to create
new sample triangles of incremental values using formula 3.16. Sampling with replacement assumes
that the residuals are independent and identically distributed, but it does not require the residuals to
be normally distributed. Indeed, this is often cited as an advantage of the ODP bootstrap model
since whatever distributional form the residuals have will flow through the simulation process. Some
authors have referred to this a “semi-parametric” bootstrap model since we are not parameterizing

the residuals.

q'(w,d)=r"xm}, +m,,. (3-21)

The sample triangle of incremental values can then be cumulated, new average age-to-age factors
and loss development factors can be calculated for the sample and applied to calculate a point

estimate for this data. This process could be described as getting a distribution of point estimates,

which includes incorporating process variance and parameter variance in the simulation of the

10 More specifically, individual negative cell values may not be a problem. If the total of all incremental cell values in a
development column is negative, then the GLM algorithm will fail. This situation will not cause a problem fitting the
model as a link ratio less than one will be perfectly useful. However, this may still cause other problems, which we will
address in section 4.

11 'The number of parameters could be less than 2*7 — 1. For example, if the incremental values are zeros for the last
three columns in a triangle then there will be three fewer [ parameters since none are needed to fit to these zero

values as the development process is completed already.
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historical data. In England and Verrall [9] this is the end of the process, but at the end of the
appendix they note that you should also multiply the resulting distribution by the degrees of
freedom adjustment factor (3.22), to effectively allow for over-dispersion of the residuals in the

sampling process.

0 (3.22)

Later, in England and Verrall [10], the authors note that the Pearson residuals (3.19) could be
multiplied by the degrees of freedom adjustment factor (3.22) in order to correct for a bias in the
residuals. They also expand the simulation process by adding process variance to the future
incremental values from the point estimates. To add this process variance, they assume that each

future incremental value M, , is the mean and the mean times the scale parameter, ¢m, 4, is the

w,d >
variance of a gamma distribution." This revised model could now be described as estimating a
distribution of possible outcomes, which incorporates process variance and parameter variance in

the simulation of the historical and future data.

However, Pinheiro et al. [25, 26] noted that the bias correction for the residuals using the degrees
of freedom adjustment factor (3.22) does not create standardized residuals, which is an important
step for making sure that the residuals all have the same variance. In order to have standardized

Pearson residuals, the GLM framework requires the use of a hat matrix adjustment factor.

H= X (X"WX) " X'W. (3:23)

(3.24)

H _
fw,d -

The hat matrix (3.23) is calculated using matrix multiplication of the design matrix (3.15) and the
weight matrix (3.17). The hat matrix adjustment factor (3.24) uses the diagonal of the hat matrix. In
Pinheiro, et al. [26] the authors note two important points about the bootstrap process as described
by England and Verrall [9, 10]. First, the sampling of the residuals should not include any zero-value
residuals, which are typically in the corners of the triangle.”” The exclusion of the zero-value
residuals is accounted for in the hat matrix adjustment factor (3.24), but another common
explanation is that the zero-value cells will have some variance but we just don’t know what it is yet

so we should sample from the remaining residuals but not the zeros. Second, the hat matrix

12" The Poisson distribution could be used, but it is considerably slower to simulate, so gamma is a close substitute that
performs much faster in simulation.

13 Technically, the two “corner” residuals are zero because they each have a parameter that is unique to that incremental
value which causes the fitted incremental value to exactly equal the actual incremental value.
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adjustment factor (3.24) is a replacement for the degrees of freedom factor (3.22), which improves

the calculation of the residuals."

Thus, the unscaled Pearson residuals (3.19) should be replaced by the standardized Pearson

residuals:

o q(w,d)-m,, (3.25)

H
w,d X fw,d .

m, 4
However, the scale parameter (3.20) is still calculated as before, although the standardized

Pearson residuals could be used to approximate the scale parameter as follows:
H
= z e (3.20)
n

At this point we have a complete basic “ODP bootstrap” model, as it is often referred to,
although various stages of this complete model have been in popular use and formally tested. It is
also important to note that the two key assumptions mentioned earlier, each accident year has the
same development factor and each accident year has a parameter representing its relative level, are

equally applicable to this model.

In order for the reader to test out the different “combinations” of this modeling process the
“Bootstrap Models.xls” file includes options to allow these historical algorithms to be simulated.
Our purpose in describing this evolution of the bootstrap model framework is threefold: first, to
allow the interested reader to better understand the details of the algorithm and how these papers
have contributed to the model framework; second, to illustrate the value of collaborative research
via different published papers and the contributions of different authors; and, third, to provide a

solid basis for us to continue the evolutionary process.

3.3 Variations on the ODP Model

When estimating insurance risk it is generally considered desirable to focus on the claim payment
stream in order to measure the variability of the actual cash flows that directly affect the bottom line.
Clearly, changes in case reserves and IBNR reserves will also impact the bottom line, but to a
considerable extent the changes in IBNR are intended to counter the impact of the changes in case
reserves. To some degree, then, the total reserve movements can act to mask the underlying changes

due to cash flows. On the other hand, the case reserves represent potential future payments so we

4 This second point was not addressed clearly in Pinheiro et al. [25], but as the authors updated and clarified the paper
in [20] this issue was more clearly addressed.
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should not just ignore them and focus exclusively on paid data.

3.3.1 Bootstrapping the incurred loss triangle

The ODP model, as described, can be used to model both paid and incurred data. However, the
resulting distribution from using incurred data will be possible outcomes of the IBNR so they will
not be directly comparable to the distribution of possible outcomes of the total unpaid (i.e., from
using paid data). A convenient way of converting the results of an incurred data model to a payment
stream is to use payment patterns applied to the ultimate value of the incurred claims. This is
consistent with how a deterministic incurred ultimate can be converted using a paid development
pattern. If a paid data model is run in parallel with the incurred data model the possible outcomes
from the paid data model can be used to convert incurred ultimate values to a payment pattern for

each iteration (and for each accident year individually).

The “Bootstrap Models.xls” file illustrates this concept. It is worth noting, however, that this
process allows the “added value” of using the case reserves to help predict the ultimate results to
work its way into the calculations, thus perhaps improving the estimates, while still focusing on the
payment stream for measuring risk. In effect, it allows a distribution of IBNR to become a
distribution of IBNR and case reserves. This process could be made more sophisticated by
correlating the residual sampling and/or process variance portions of the parallel models.
Correlations must be considered if, for example, you wanted the iterations showing long payment
streams to be compared with the iterations with high incurred results. It is also possible to use other
modeling algorithms such as the Munich chain ladder (see [27]), although that is beyond the scope
of this paper.

3.3.2 Bootstrapping the Bornhuetter-Ferguson and Cape Cod models

Another common issue with using the ODP bootstrap process is that iterations for the latest few
accident years can produce results with more variance than you would expect given what you
simulated for the earlier accident years. This is usually due to the fact that age-to-age factors are used
to extrapolate the sampled values prior to adding process variance, which is completely analogous to

one of the weaknesses of the deterministic paid chain ladder method.

As for the deterministic chain ladder method, the ODP bootstrap process can be modified by
changing the extrapolation of future incremental values by using the Bornhuetter-Ferguson or
generalized Cape Cod algorithms, among others. These deterministic methods can be converted into
stochastic models while still using the underlying ODP assumptions and process, and that the

deterministic assumptions of these methods can also be converted to stochastic assumptions. For
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example, instead of simply using a vector of deterministic a priori loss ratios for the Bornhuetter-
Ferguson model, we could add a vector of standard deviations to go with these means, assume a
distribution and simulate a different a priori loss ratio for every iteration of the model. Finally, it is
worth noting that these “new” models can be set up separately for paid and incurred data and that
the paid and incurred assumptions should be internally consistent with each other and with other

models, as they should be for deterministic methods.

The “Bootstrap Models.xIs” file also illustrates the Bornhuetter-Ferguson and Cape Cod models.

3.4 Generalizing the ODP Model

Using deterministic algorithms to enhance the flexibility of the basic ODP bootstrap process is a
straightforward way to create additional models and to overcome many of the limitations of using
bootstrapping. However, some limitations are more difficult to overcome just by using these
algorithms. For example, calendar-year effects can be adjusted using a Berquist-Sherman algorithm

but it is hard to make the assumptions more stochastic.

Rather than add essentially deterministic algorithms to a stochastic model, another approach is to
go back to the original GLM framework and generalize the basic model. Returning to formulas (3.8)
to (3.11), the GLM framework does not require a certain number of parameters so we are actually
free to specify only as many parameters as we need to get a robust model. Indeed, it is ONLY when
we specify a parameter for EVERY accident year and EVERY development year and specify a
Poisson error distribution that we end up exactly replicating the volume weighted average age-to-age

factors that allow us to substitute the deterministic algorithm instead of solving the GLM fit.

Thus, using the original GLM framework we can specify a model with only a few parameters, but
there are two drawbacks to doing so. First, the GLM must be solved for each iteration of the
bootstrap model (which may slow down the simulation process) and, second, the model is no longer
directly explainable to others using age-to-age factors."” While the impact of these drawbacks should

be considered, the potential benefits of using the GLM framework can be much greater.

First, having fewer parameters will help avoid the potential of over-parameterizing the model."
For example, if we use only one accident year parameter then the model specified using a system of

equations is as follows (which is analogous to formula 3.12):

15> However, age-to-age factors could be calculated for the fitted data to compare to the actual age-to-age factors and
used as an aid in explaining the model to others.

16 Over-parameterization is a common criticism of the ODP bootstrap model. This will be addressed more completely in
Section 5.
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IN[a(L D] =1, + 04, + 04, (3.27)
In[a(2,1)]=1a, +05, + 04,
In[q(3,1)] =1, + 05, + 04,
In[a( 2)]=1a, +15, + 05,
In[a(2,2)] =12, +153, + 07,
In[a( 3)] =1 +15, +15,
In this case we will only have one level parameter and #-7 development trend parameters, but it
will only be coincidence that we would end up with the equivalent of average age-to-age factors.
Interestingly, this model parameterization moves us away from one of the common basic

assumptions (i.e., each accident year has its own level) and substitutes the assumption that all

accident years are homogeneous.

Another example of using fewer parameters would be to only use one development year
parameter (while continuing to use an accident-year parameter for each year), which would equate to

the following system of equations:

In[q(L,1)] =1, + 0, + 0z, + 04, (3.28)
In[q(2,1)] =0¢, +1c, + 0, + 04,
In[q(3,1)] =0e, +0c, +1cr, + 0,
In[q(L 2)] =1, + 0z, + 0z, +155,
In[q(2,2)] =0c, +1c, + 0, +15,
In[q(L,3)] =1, +0cr, +0cr; + 23,

In this example the model parameterization would continue to follow the two common
assumptions (i.e., each accident year has its own level and uses the same development factor),
although again it would be pure coincidence to end up with the equivalent of average age-to-age
factors.” It is also interesting to note that for both of these two examples there will be one
additional non-zero residual that can be used in the simulations because in each case one of the
incremental values no longer has a unique parameter — i.e., for (3.27) q(3,1) is no longer uniquely

defined by a;, and for (3.28) q(1,3) is no longer uniquely defined by f;.

This flexibility allows the modeler to use enough parameters to capture the statistically relevant

level and trend changes in the data without forcing a specific number of parameters."

The second benefit, and depending on the data perhaps the most significant, is that this

17 If we were to generalize the development factor assumption to focus on the number of parameters instead, then we
would have only one parameter instead of a different parameter for each development period.
18 How to determine which parameters are statistically relevant will be discussed in Section 5.
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framework allows us the ability to add parameters for calendar-year trends. Adding diagonal
parameters to (3.11) we now have:
My =y +ﬂd + 7, , where: W=1,2, ..., n; d=2,....nand K=2, ..., n. (3.29)
A complete system of equations for the (3.29) framework would look like the following:
In[q(1,1)] =1, +0c, +0cx, + 03, + 05, + 0y, + 0y, (3.30)
In[q(2,1)] =0, +1cr, + 0, + 03, + 08, +1y, + Oy,
In[q(3,1)] = 0e, +0cr, +1a, + 05, + 04, +1y, +1y,
In[a(L, 2)] =1, +0cr, + 0ty +15, + 05, +1y, + 0y,
In[a(2,2)] =0, +1c, + 0c, +13, + 03, +1y, +1y,
In[a(L,3)] =1, +0cx, + 00, +15, +15, +1y, +1y,

However, there is no unique solution for a system with seven parameters and six equations, so
some of these parameters will need to be removed. A logical starting point would be to start with a
model with one accident year (level) parameter, one development trend parameter and one calendar
trend parameter and then add or remove parameters as needed. The system of equations for this

basic model is as follows:

In[q(L,1)] =1, + 04, + 0y, (3.31)
In[q(2,1)] =1, + 05, +1y,
In[a(3,1)] =1e, + 05, + 2y,
In[a(1,2)] =1 +15, +17,
In[a(2,2)] =1y, +15, + 27,
In[q(1,3)] =1e, + 23, + 2,

A fourth benefit of the GLM framework is that it can be used to model data shapes other than
triangles. For example, missing incremental data for the first few diagonals would mean that the
cumulative values could not be calculated and the remaining values in those first few rows would not
be useful for the simplified GLM. However, since the GLM framework uses the incremental values

the entire trapezoid can be used to fit the model parameters.lg

It should also be noted that the GLM framework allows the future expected values to be directly
estimated from the parameters of model for each sample triangle in the bootstrap simulation
process. However, we must solve the GLM within each iteration for the same parameters as we

originally set up for the model rather than using age-to-age factors to project future expected values.

The additional modeling power that the flexible GLM framework adds to the actuary’s toolkit

19 We will examine this issue in more detail in Section 4.
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cannot be overemphasized. Not only does it allow one to move away from the two basic
assumptions of a deterministic chain ladder method, it allows for the ability to match the model
parameters to the statistical features you find in the data and to extrapolate those features. For
example, modeling with fewer development trend parameters means that the last parameter can be
assumed to continue past the end of the triangle which will give the modeler a “tail” of the

incremental values beyond the end of the triangle without the need for a specific tail factor.

While we have continued to illustrate the GLM framework in the body of the paper with a 3 x 3
triangle, also included in the companion Excel files are a set of “Simple GLM 6___xIs” files that
illustrate the calculations for these different models using a 6 x 6 triangle. Also, the “Bootstrap
Models.xls” file contains a “flexible” model for a 10 x 10 triangle that can be used to specify any
combination of accident year, development year, and calendar year parameters, including setting
parameters to zero. The flexible GLM model is akin to the incremental log model described in
Barnett and Zehnwirth [1], so we will leave it to the reader to explore this flexibility by using the
Excel file.

4. PRACTICAL ISSUES

Now that we have expanded the basic ODP bootstrap model in a variety of ways, we also want

to address some of the key assumptions of the ODP model and some common data issues.

4.1 Negative Incremental Values

As noted in Section 3.2, because of the log-link used in the GLM framework the incremental
values must be greater than zero in order to parameterize a model. However, a slight modification to
the log-link function will help this common problem become a little less restrictive. If we use (4.1) as
the log-link function, then individual negative values are only an issue if the total of all incremental
values in a development column is negative, as the GLM algorithm will not be able to find a solution
in that case.

In[g(w, d)] for q(w,d) >0, (4.1)
0 for g(w,d) =0,
—In[abs{q(w, d)}] for q(w,d)<0.

Using (4.1) in the GLM framework will help in many situations, but it is quite common for entire
development columns of incremental values to be negative, especially for incurred data. To give the
GLM framework the ability to solve for a solution in this case we need to make another

modification to the basic model to include a constant.
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In[m,, o1+ =77, (*2)
Whenever a column or columns of incremental values sum to a negative value, we can find the
largest negative” in the triangle, add the absolute value of the largest negative to every incremental
value in the triangle, set ¥ equal to the largest negative, and solve the GLM using formulas (3.10),
(3.11), or (3.29). Then when we use (4.2) to calculate the fitted incremental values, the constant ¥ is

used to reduce each fitted incremental value by the largest negative.

The combination of formulas (4.1) and (4.2) allow the GLM framework to handle all negative
incremental values, which overcomes a common criticism of the ODP bootstrap. Incidentally, these
formulas can also be used to allow the incremental log model described by Barnett and Zehnwirth

[1] to handle negative incremental values.

When using the age-to-age factors to simplify the ODP bootstrap simulation process, the
solution to negative incremental values needs to focus on the residuals and sampled incremental
values since an age-to-age factor less than 1.00 will create negative incremental values in the fitted

values. More specifically, we need to modify formulas (3.19) and (3.21) as follows:
_qwd)-m,, 43
e Jabs{m, .}
q'(w,d)=r"x Jabs{m, ;}+m,,. (4.4)

While the fitted incremental values and residuals using the age-to-age simplification will generally
not match the GLM framework solution using (4.1) and (4.2) they should be reasonably close. While
the “purists” may object to these practical solutions, we must keep in mind that every model is an
approximation of reality so our goal is to find reasonably close models rather than only restrict
ourselves to “pure” models. After all, the assumptions of the “pure” models are themselves

approximations.

4.1.1 Negative values during simulation

Even though we have solved problems with negative values when parameterizing a model,
negative values can still affect the process variance in the simulation process. When each future

incremental value (using M, , as the mean and the mean times the scale parameter, M, ,, as the

w,d >

variance) is sampled from a gamma distribution to add process variance, the parameters of a gamma

distribution must be positive. In this case we have two options for using the gamma distribution to

20 The largest negative value can either be the largest negative among the sums of development columns (in which case
there may still be individual negative values in the adjusted triangle) or the largest negative incremental value in the
triangle.
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simulate from a negative incremental value, m, .
~Gamma| abs{m, ,}, gabs{m, ,}| (4.5)
Gamma/ abs{m,,}, gabs{m, ,} |+ 2m, , (4.6)

Using formula (4.5) is more intuitive as we are using absolute values to simulate from a gamma
distribution and then changing the sign of the result. However, since the gamma distribution is
skewed to the right, the resulting distribution using (4.5) will be skewed to the left. Using formula
(4.6) is a little less intuitive, but seems more logical since subtracting twice the mean, m,, ,, will
result in a distribution with a mean of m, , while keeping it skewed to the right (since m, , is

negative).

Negative incremental values can also cause extreme outcomes. This is most prevalent when
resampled triangles are created with negative incremental losses in the first few development
periods, causing one column of cumulative values to sum close to zero and then next column sum
to a much larger number and, consequentially, age-to-age factors that are extremely large. This can
result in one or two extreme iterations in a simulation (for example, outcomes that are multiples of
1,000s of the central estimate). These extreme outcomes cannot be ignored, even if the high
percentiles are not of interest, because they are likely to significantly affect the mean of the

distribution.

In these instances, you have several options. You can 1) remove these iterations from your
simulation and replace them with new iterations, 2) recalibrate your model, 3) limit incremental

values to zero, or 4) use more than one model.

The first option is to identify the extreme iterations and remove them from your results. Care
must be taken that only truly unreasonable extreme iterations are removed, so that the resulting

distribution does not understate the probability of extreme outcomes.

The second option is to recalibrate the model to fix this issue. First you must identify the source
of the negative incremental losses. For example, it may be from the first row in your triangle, which
was the first year the product was written, and therefore exhibit sparse data with negative
incremental amounts. One option is to remove this row from the triangle if it is causing extreme

results and does not improve the parameterization of the model.

The third option is to limit incremental losses to zero, where any negative incremental is replaced
with a zero incremental. This can be done in many ways. Negative incremental values can be
replaced with zeros in the original data triangles. Negative incremental values can be kept in the

original data triangles, but replaced with zeros if they appear in the sampled triangles. Negative

Casualty Actuarial Society E-Forum, Fall 2010 21



Bootstrap Modeling: Beyond the Basics

incremental losses can be kept in the historical sampled triangle but replaced with zeros in the
projected future incremental losses. Finally, negative incremental values can be replaced with zeros
based on which development column they are in (this option is used in the “Bootstrap Models.xls”

file). Judgment is required when deciding amongst these options.

The most theoretically sound method to deal with negative incremental values is to consider the
source of these losses. If they are caused by reinsurance or salvage and subrogation, then you can
model the losses gross of salvage and subrogation, model the salvage and subrogation separately,

and combine the iterations assuming 100% correlation.

4.2 Non-Zero Sum of Residuals

The residuals that are calculated in the bootstrap model are essentially error terms, and should be
identically distributed with a mean of zero. Generally, however the average of all the residuals is
non-zero. The residuals are random observations of the true residual distribution, so this
observation is not necessarily incompatible with the true residual distribution having a mean of zero.
The real issue is whether these residuals should be adjusted so that their average is zero. For
example, if the average of the residuals is positive, then re-sampling from the residual pool will not
only add variability to the resampled incremental losses, but may increase the resampled incremental

losses such that the average of the resampled loss will be greater than the fitted loss.

The reason why residuals may not sum to zero is due to differing magnitudes of losses in each
accident year. If the magnitude of losses is higher for a particular accident year that shows higher
development than the weighted average, then the average of all the residuals will be negative. If the
magnitude of losses is lower for a particular accident year that shows higher development than the

weighted average, then the average of all the residuals will be positive.

It can be argued that the non-zero average of residuals is a characteristic of the data set, and
therefore should not be removed. However, if a zero residual average is desired, then one option is

the addition of a single constant to all residuals, such that the sum of the shifted residuals is zero.

4.3 Using an N-Year Weighted Average

The basic ODP bootstrap model can be simplified by using volume-weighted average age-to-age
factors for all years in the triangle. It is quite common, however, for actuaries to use weighted
averages that are less than for all years. Thus, it is also important to be able to adjust the ODP

bootstrap model to use N-year average age-to-age factors.

For the GLM framework, we can use IN years of data by excluding the first few diagonals in the
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triangle so that we only use N+1 diagonals (since an N-year average uses N+1 diagonals) to
parameterize the model. The shape of the data to be modeled essentially becomes a trapezoid
instead of a triangle, the excluded diagonals are given zero weight in the model and we have fewer
calendar year trend parameters if we are using formula (3.29). When running the bootstrap
simulations we will only need to sample residuals for the trapezoid that we used to parameterize the

model as that is all that will be needed to estimate parameters for each iteration.

Using the simplified GLLM we can also calculate N-year average factors instead of all-year factors
and exclude the first few diagonals when calculating residuals. However, when running the bootstrap
simulations we would still need to sample residuals for the entire triangle so that we can calculate
cumulative values. To be consistent with the assumptions of the simplified GLM in this case, we

would still want to use N-year average factors for projecting the future expected values.

The calculations for the GLM framework are illustrated in the companion “Simple GLM 6 with
3yr avg.xls” file. Note that because the GLM framework estimates parameters for the incremental
data, the fitted values will no longer match the fitted values from the simplified GLM using volume-
weighted average age-to-age factors. However, the fitted values are generally close so the simplified

GLM will still be a reasonable approximation to the GLM framework.

4.4 Missing Values

Sometimes the loss triangle will have missing values. For example, values may be missing from
the middle of the triangle. Another example i