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Abstract: Reserve ranges and risk capital requirements can be related to statistical interval estimates. While
not all sources of uncertainty are readily incorporated into an interval estimate, such intervals give a lower
bound on the size of the required interval. We discuss the calculation of interval estimates, for both the
estimate of the mean and for the liability process itself, show how to tell if the model is a reasonable
description of the data and show that when it is not, the interval estimates may sometimes be disastrously
wrong.

Many practitioners are now using probabilistic versions of standard actuarial techniques, sometimes
employing quite sophisticated tools in their estimation. However, none of these developments avoid the
need for stringent checking of the suitability of model assumptions, a necessity that is often overlooked.

We discuss some of the statistical models underlying a variety of standard methods, construct a number of
diagnostics for model assessment for several models and discuss how the underlying ideas carry over to
many other methods for the estimation of liabilities. These tools are easy to implement and use. They allow
practitioners to use the corresponding models with greater confidence, and gain additional information
about the triangle. This information can have important consequences for the insurer.

We illustrate that some popular approaches—the Mack chain ladder, the quasi-Poisson GLM—and
consequently predictions based on them (both bootstrapped and otherwise) have structure not present in
real triangles, and don’t describe some features of the data. Consequently their associated intervals fail to have
the desired properties.

We point out that many aspects of the reserving problem and the structure of real data lead us to model on
the log scale. We briefly describe the Probabilistic Trend Family (PTF) models and its extension to the
multivariate case (MPTF) and show that these model families can capture the patterns in real data and
produce more reasonable prediction intervals.

INTRODUCTION

It is important to distinguish between variability and uncertainty.

Variability is the effect of chance and a function of the system. Additional data points don’t

reduce the process variability.

Uncertainty is a lack of knowledge about the parameters that characterize the physical system that

is being modeled. This may be reducible with additional information.

While separate concepts, variability and uncertainty are not completely unrelated—in general, the

uncertainty of a parameter estimate will be related to the variability.

An interval for the mean is a form of confidence interval, based on the associated parameter

uncertainty (and possibly including other sources of uncertainty).
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An interval for a future payment (a prediction interval) must incorporate both the variability of

the process and the uncertainty in the mean.

A sum or even a linear combination of future payments will similarly incorporate process
variability for each term, parameter uncertainty for each term, and parameter covariances between
each pair of terms. If the model includes correlations between observations, process covariance will

also come into the prediction intervals.

The basic properties of confidence intervals and prediction intervals in regression models are
presented in many standard statistical textbooks. See, for example, Wackerly, Mendenhall, and
Schaeffer (2002). Many of the same principles encountered in the regression context apply more
generally and form a useful basis for extending the discussion to intervals in the context of loss

reserving and also calculation of risk capital requirements.

SECTION 1: CONFIDENCE INTERVALS AND PREDICTION
INTERVALS

Consider the following simple motivating example.

Suppose a fair coin is tossed 100 times and we count the number of heads (X). To draw a parallel

with insurance, imagine you pay a dollar for each head.

The mean number of heads (the mean of X) is 50. The standard deviation of X is 5. The
binomial probability of each possible outcome of X (0, 1, 2,...100) is known. There is no
uncertainty about the coin’s mean, its variability, nor any of the probabilities associated with each

outcome.

A 100% confidence interval for the mean is [50, 50]. However, the probability that X is equal to
the mean of its distribution, 50, is approximately 0.08. A 95% prediction interval for the outcome X
is [40, 60]. This prediction interval cannot be shortened without reducing the coverage probability.

The inherent variability in the outcomes is termed process variability.

Suppose now that we do not know the true probability of a head, p, perhaps because the coin, or
the method by which it is tossed is in some way not fair. Before the coin is tossed 100 times, a

preliminary observation is made: it is tossed 20 times to get an estimate of the probability p.

Let’s say that 10 heads are observed. Now the estimate of the probability of a head in one toss

(10/20 = 0.5) is just that—an estimate. It is uncertain.
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We can create a confidence interval (CI) for p and also for the mean number of heads in 100
tosses (100p). The CI is an interval around the estimated mean, 50. This confidence interval is not

the same as a prediction interval for the outcome from 100 tosses.

The risk you’re exposed to is the risk of the process, not the mean of the process (you don’t pay
the mean). Hence, even when the model is known, adequate risk capital is derived from the process
variability. However, estimated process variability is insufficient—because the parameters are
unknown. Our estimates are not equal to the true values, so we must a/so account for parameter

uncertainty.

A prediction interval includes process variability and is therefore wider than a confidence interval.
A confidence interval is an interval for a parameter, which is a constant (though unknown), while a
prediction interval is for a random variable. The liability on a line of business is a random variable,

nota parameter.

Predictive variance (the average variation between the predicted value and the actual outcome) is

the sum of process variance and the variance of the parameter estimate (parameter uncertainty).

A 95% prediction interval for the number of heads in 100 tosses will be wider than [40, 60]
(which accounts for process variability alone). For example, it might be, say [35, 65]. This interval
could only be reduced to at best [40, 60] through additional sampling to reduce the parameter
uncertainty. But you cannot make a 95% prediction interval narrower than [40, 60] in this

circumstance—only the parameter uncertainty can be reduced.

Consider another situation with the same mean. A fair roulette wheel, numbered 0, 1, 2, 3......
100 is spun only once, and let R be the random variable that represents the outcome. The mean of R
is 50, and its standard deviation is about 29. There is no uncertainty about the variability in the
outcome. The probability that R=50 is 1/101.

A 100% confidence interval for the mean is [50, 50], as it was for the fair coin (no parameter
uncertainty). A 95% prediction interval for the outcome R is [3, 98] (there are several such intervals of

equal width).

Each process (fair coin and balanced roulette wheel) has the same mean, or if you like the same

“best estimate.” But the wheel requires more risk capital.

Reserve Ranges

In some countries, a “range” for reserving relates to uncertainty in the mean. As we have seen, a
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confidence interval can be produced by considering the uncertainty in the mean arising from
parameter uncertainty. In some other countries, reserve calculations will incorporate process
uncertainty and consider predictive distributions. In some cases a one-sided interval may be
required. More sophisticated approaches can formally incorporate several additional sources of
uncertainty into either kind of interval, but consideration of these is beyond the scope of this paper.
When some important components of uncertainty are not formally introduced into the calculations,
the upper ends of ranges implied by the statistical intervals (whether confidence intervals or
prediction intervals) would be lower bounds on the required endpoints (and conversely where lower

ends of ranges are required).
Risk Capital

It is important to recognize that the insurer is exposed to the loss process itself, not its mean.
That risk includes process risk, and in order to hold risk capital adequate to cover the risk faced,
process risk must be included in calculations. This implies that prediction intervals, rather than

confidence intervals, are the appropriate starting point.

Reliance on Assumptions

When the assumptions of the model are reasonable, the derived interval estimates will be suitable
inputs to reserving and risk-capital calculations. Conversely, when model assumptions are not met,
derived intervals may have nothing like the desired properties. It is important to see that the model
for the past is a reasonable description, and that the model for the future contains any relevant

information about how that may change.

It is unfortunately the case that many models that have been used in loss reserving frequently fail
to describe the data. We illustrate this problem by predicting the final calendar year (without using it
in the estimation) and showing that the prediction intervals don’t behave as they should if the model
was adequate. It would seem that being able to predict the past is at least a minimum requirement
for a model. If we cannot predict the past, on what basis can we assert we are able to predict the

future?

SECTION 2: A BASIC PREDICTION PROBLEM

The simplest prediction problem illustrates many of the issues. Consider the following example.
We have 7 observations Y ... Y, ~ F(u,0°).
Equivalently, Y,=u+¢ ¢ ~ F(0, o).

7
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While for sufficiently large samples, the distribution may not be critical for a confidence interval,
it becomes important in the case of prediction intervals, since the observation being predicted will
come from that distribution. In order to deal with prediction, we either need to make a distributional
assumption (and check it), or use some methodology—such as the bootstrap—that allows us to deal

(at least approximately) with the distribution.

Now we want to forecast another observation, Y,,, (= p + €,,)).

So we have:

~

Y, =ut+ g, (&, 1sthe forecast of the error term)
=u+0.
That is, our best estimate of the next observation is exactly equal to our current estimate of the

mean.

Case (i): The mean, p, is known:

~

Y =pt0.

This is equivalent to the case where we knew the coin was fair. Even though we know everything

about the process, in predicting Y,,,, we are predicting a random quantity.

The next
observation
might lie
down here, or
up here.

The variance of the prediction of Y, is:

Var(uw) + Var(g,,,) = 0 + o~
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It is important to remember that the risk 7o the business is not simply from the uncertainty in the

mean—for example, the value at risk is related to the amount you will actually pay, not its mean.

Even when the mean is known exactly, there is still underlying process uncertainty (with 100

tosses of a fair coin, might get 46 heads or 57 heads).

It doesn’t really make sense to talk about a mean (or any other aspect of the distribution) in the
absence of a probabilistic model-—otherwise what distribution is it the mean ¢f? Without some kind

of model we cannot even be clear what we’re talking about.

With loss modeling, you design a model to describe what’s going on with the data. Assumptions

need to be explicit so that you can check that the distribution is consonant with the data.

In our motivating example, you would not want to use the coin model if your data was actually

coming from the roulette wheel.

Given a suitable model, in practice we simply won’t know the mean or other relevant
parameters—we only have a sample to tell us about them. (For simplicity we confine our attention

to the mean in this discussion.)

Case (ii): The mean, p, is unknown.

The best estimate for the next observation is still the mean, but we now have to estimate it. This
estimate is based on past values and is not exactly equal to the actual underlying population mean —
even with a perfect model due to the effects of random variation, the estimate will differ from the

underlying value.

While the estimate is uncertain, we can obtain an estimate of the uncertainty, if the model is a
good description. So we will have an estimate of the mean and we’ll also be able to get a confidence

interval for the mean.

This interval is designed so that if we were able to re-run history (re-toss our coin, respin our
roulette wheel), many times, the intervals we generate will include the unknown mean a given

fraction of the time.

If the model doesn’t describe the data, however, the confidence interval may not have anything

close to required probability coverage.
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Confidence interval for the mean of the coin model

Again, we count how many heads in 100 tosses, but we have a small sample (20 tosses) with
which to assess the probability of a head. As mentioned before, let’s assume that we observe 10

heads (to keep the mean prediction unchanged).
Obtaining 10 heads in 20 tosses yields p= Va. le = 700.}) = 50.
Var(;:t) = 100* Var(p) = 100? Va. Ya. /20 = 11.18%
An approximate 95% CI for the mean, p is
nE1.96 s.e.() = (29, 71).

Note that the interval here can be based on a normal approximation, due to the central limit
theorem. (If the distribution is sufficiently skewed or heavy tailed, the sample may need to be larger
for the normal approximation to be reasonable, but in the case of the binomial with p not too far

from 0.5, a sample of 20 should be plenty).
Now we again want to look at a prediction interval, but here with an estimated mean.

We want to predict a random outcome where we don’t know the mean. (In this example we
assume the variance is known. In many practical cases uncertainty in the variance does not greatly

alter the limits of intervals.)

To understand your business you need to understand the actual risk of the process, not just the

risk in the estimate of the mean.
Let’s revisit the simple model Y,,, = ut+ &,

Yo =HT £y

Now p is unknown. So v,,;, =u + 0.

Variance of forecast

= Var (;:L) + Var(e,,))

(In practice, 6” is replaced by its estimate, of course. We are ignoring the parameter uncertainty in
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the variance for the present discussion.)

Now imagine that the distribution, F, is normal. The next observation might lie

Distribution of p used for Cl - relates to “range” for mean

/ tted distribution
rediction interval for i unknown - relates to “range” for
/;\\h future observed

7

down here, or up here. (While we’ve assumed normality here, the issues in the diagram apply

more widely.)
In the coin experiment, the predictive distribution is approximately normal.
Y, ., 1s the number of heads on our next run of 100 tosses. Its predictive variance is
Var(Y,., | p = w)+Var() = 100 Ya. Vo + 100? Va. Va. /20 = 12,257
So an approximate 95% CI for the forecast Y, is
Y., £1.96 s.e.(y,,,) = (26,74).
An alternative way to look at the predictive variance
Here we derive the predictive variance as the variance of the prediction error.

~

Prediction error = Y, ,—VY ;.

Predictive variance = Var(prediction etror)
= Var(Y,,—Y,.)
= Var(Y,,, ) + Va( )A; )—2 Cov (Y,,H,%,H)
= Var(Y,,, ) + Var( ¥,)—0

= Var(Y,,,) + Var( v,,,)
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= process variability + parameter uncertainty.

Note that this result only relies on the fact that Cov (Y,.,,Y,,,) = 0, which, for example, occurs
when observations are independent (since then the forecast Y,,, is a function of only past
observations, while Y,,, is a future observation, which will be independent of it) and the result

follows.

With more complex models the calculation of the variance of the estimate of the mean is more

complicated, but the principle remains the same.

Confidence intervals vs. Prediction intervals—a basic loss example

Let’s look at some real long-tail data that has been inflation-adjusted and then normalized for a

measure of exposure. This is the CTP data that was analyzed in Barnett and Zehnwith (2000).

| Normalised vs Dev. Year |
3,000 <

2,500
2,000
1,500
1,000

500

We see a clear runoff pattern against development year. In this instance the trends in the
accident-year and calendar-year directions sufficiently small that we can ignore them for illustrative

purposes.

Note that in the figure above, the points have a tendency to “clump” just below the mean and be

more spread out above the mean—the normalized data is skewed to the right.

On the log-scale this skewness disappears, and the variance is pretty stable across years. The
skewness is removed so the values appear much more symmetric about center and the spread looks

fairly constant.
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Log-Normalised vs Dev. Year

= s = u
5 6 7 8

m = = = = =&
o 1 2 3 4

Consider a single development—say DY 3:

AY | Normalized | Log

1 1,489 7.306
2 1,606 7.381
3 1,087 6.991
4 1,628 7.395
5 1,178 7.072
6 1,118 7.019
7 1,761 7.474
8 972 6.879

The maximum likelihood estimates of p and & are 7.190 and 0.210, respectively.

(NB: the MLE of ois s, the standard deviation with the # denominator, not the more common

‘ffz- 1) .

Assuming a random sample from a process with constant mean, we would predict the mean for

next value as 7.190. However, without some indication of its accuracy, this is not very helpful.

A 95% confidence interval for p is: (7.034, 7.345).
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Prediction:
Recall that the predictive variance is Var(;l) + Var(e,,,)

( = parameter uncertainty + process var).

A 95% prediction interval for Y, is (6.75,7.63). See the figure below.

The intervals here are fairly wide. More data reduces parameter uncertainty (e.g., more than 20
tosses of the coin in the earlier trial would make the intervals smaller). In some cases you can go
back and get more loss data and eventually youll have another year of data. However, process
variability doesn’t reduce with more data—it’s an aspect of the process. We can measure it more

accurately, but the thing we’re measuring is not changing.
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As we can see in the figure below, nearby developments are related: if DY 3 was all missing, you

could take a fair guess at where it was.

Log-Normalised vs Dev. Year

So in this case we do have more datal

To take full advantage of this, we need a model to relate the development years. Even just fitting
line through DY2-4 has a reasonably large effect on the width of the confidence interval (the grey bars
shift inward, to the black bars).

Log-Normalised vs Dev. Year

However, it only changes the prediction interval by ~2%—so calculated VaR hardly changes.

Note that so far this prediction interval is on the /yg scale. To take a prediction interval back to the

normalized-dollar scale, we just back-transform the endpoints of the prediction interval. To produce
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a confidence interval for the mean on the normalized-dollar scale is harder. We can’t just backtransform the
limits on the confidence interval—that’s going to give an interval for the median, not the mean.

However, we can scale the interval for the median to produce an interval for the mean.

Further, to convert the interval for these scaled dollars to original dollars, we need to re-scale the

interval for the inflation and exposures.

There are some companies around for whom (for some lines of business) the process variance is
very large—some have a coefficient of variation near 0.6 (so the standard deviation is > 60% of the
mean). That’s just a feature of the data. You may not be able to control it, but you sure need to &now
it.

Why take logs?

Taking logs tends to stabilize variance. Multiplicative effects (percentage changes, including
economic effects such as inflation) become additive. Exponential growth or decay becomes linear.
Skewness is usually eliminated. Distributions tend to look near normal, making least squares
reasonable. Using logs is a familiar way of dealing with many of these issues—indeed, it’s standard in

many parts of finance.

Note that for these benefits to work, we have to take logs of zucremental figures (such as
incremental paid), rather than cumulative paid or incurred losses. For example, inflation in the past
period affects payments now, but not past payments—so cumulatives (which are also present in

incurred figures) will contain a mix of payments across past rates.

SECTION 3: DIAGNOSTIC DISPLAYS FOR CHAIN LADDER MODELS

In this section we consider two models that reproduce chain ladder forecasts, the regression
model (Mack model, Mack, 1993) and the quasi-Poisson GLM (Hachemeister and Stanard, 1975,
and apparently independently by Renshaw and Verrall, 1994).

Many common regression diagnostics for model adequacy relate to analysis of residuals,
particularly residual plots. In many cases these work very well for examining many aspects of model
adequacy. When it comes to assessing predictive ability, the focus should, where possible, shift to
examining the ability to predict data not used in the estimation. In a regression context, a subset of
the data is held aside and predicted from the remainder. Generally the subset is selected at random
from the original data. However, in our case, we cannot completely ignore the time-series structure

and the fact that we’re predicting outside the range of the data. Our prediction is always of future
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calendar time. Consequently the subsets that can be held aside and assessed for predictive ability are

those at the most recent time periods.

This is common in analysis of time series. For example, models are sometimes selected so as to

minimize one-step-ahead prediction errors. See, for example, Chatfield (2000).

Out of sample predictive testing

The critical question for a model being used for prediction is whether the estimated model can
predict outside the sample used in the estimation. Since the triangle is a time series, where a new
diagonal is observed at each calendar period, prediction (unlike predictions for a model without a
time dimension) is of calendar periods after the observed data. To do out-of-sample tests of
predictions, it is therefore important to retain a subset of the most recent calendar periods of
observations for post-sample predictive testing. We refer to this post-sample-predictive testing as
model validation (note that some other authors use the term to mean various other things, often

related to checking the usefulness or appropriateness of a model).

Imagine we have data up to time # We use only data up to time /£ to estimate the model and
predict the next £ periods (in our case, calendar periods), so that we can compare the ability of the
model to predict actual observations not used in the estimation. We can, for example, compute the
prediction errors (or validation residuals), the difference between observed and predicted in the
validation period. If these prediction errors are divided by the predictive standard error, the resulting
standardized validation residuals can be plotted against time (calendar period most importantly, and
also accident and development period), and against predicted values, (as well as against any other
likely predictor), in similar fashion to ordinary residual plots. Indeed, the within-sample residuals and

“post-sample” predictive errors (validation residuals) can be combined into a single display.

One step ahead prediction errors are related to validation residuals, but at each calendar time step
only the next calendar period is predicted; then the next period of data is brought in and another

period is predicted.

In the case of ratio models such as the chain-ladder, prediction is only possible within the range
of accident and development years used in estimation, so out of sample prediction cannot be done
for all observations left out of the estimation. The use of one step ahead prediction errors
maximizes the number of out-of-sample cases that have predictions. Further, when reserving, the
liability for the next calendar period is generally a large portion of the total liability, and the liability
estimated will typically be updated once it is observed; this makes one-step-ahead prediction errors a

particularly useful criterion for model evaluation when dealing with ratio models like the chain
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ladder.

For a discussion of the use of out of sample prediction errors and in particular one-step-ahead

prediction errors in time series, see Chatfield (2000), chapter 6.

For many models, the patterns in residual plots when compared with the patterns in validation
residuals or one step ahead prediction errors appear quite similar. In this circumstance, ordinary

residual plots will generally be sufficient for identifying model inadequacy.

Critically, in the case of the Poisson and quasi-Poisson GLM that reproduce the chain ladder, the

prediction errors and the residuals do show different patterns.

Illustration:

This data was used in Mack (1994). The data are incurred losses for automatic facultative business
in general liability, taken from the Reinsurance Association of America’s Historical Loss

Development Study.

If we fit a quasi- (or overdispersed) Poisson GLM and plot standardized residuals against fitted

values, the plot appears to show little pattern:

‘Sthes vs Increm Fit‘
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However, if we plot one step ahead prediction errors (scaled by dividing the prediction errors by n*)
against predicted values, we do see a distinct pattern of mostly positive prediction errors for small

predictions with a downward trend toward more negative prediction errors for large predictions:
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Scaled Prediction Errors vs Predicted‘
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Prediction errors above have not been standardized to have unit variance. The underlying quasi-
Poisson scale parameter would have a different estimate for each calendar-year prediction; it was felt
that the additional noise from separate scaling would not improve the ability of this diagnostic to
show model deficiencies. On the other hand, using a common estimate across all the calendar
periods would simply alter the scale on the right-hand side without changing the plot at all, and has
the disadvantage that for many predictions you’d have to scale them using “future” information. On
the whole it seems prudent to avoid the scaling issue for this display, but as a diagnostic tool, such

scaling is not a major issue.

This problem of quite different patterns for prediction errors and residuals does not generally

occur with the Mack formulation of the chain ladder, where ordinary residuals are sufficient to

identify this problem:
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As noted in Barnett and Zehnwirth (2000), this downward trend is caused by a simple failure of
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the ratio assumption—it is not true that E(Y|X) = BX, as would be true of any model where the
next cumulative is assumed to be (on average) a multiple of the previous one. (For this data, the

relationship between a cumulative and the previous cumulative does not go through the origin.)

The above plot is against cumulatives because in the Mack formulation, that’s what is being
predicted. (Note that the quasi-Poisson GLM residuals vs. cumulative fitted rather than incremental
fitted still looks flat.)

Why is the problem obvious in the residuals for the Mack version of the chain ladder model, but

not in the plots of GLM residuals vs. fitted (either incremental or cumulative)?

Even though the two models share the same prediction function, the fitted values of the two

models are quite different.

On the cumulative scale, if X is the most recent cumulative (on the last diagonal) and Y is the

next (future) one, both models have the prediction-function E(Y|X) = BX.

However, within the data, while the Mack model uses the same form for the fit—E(Y|X) = BX,
the GLM does not—you can write it as E(Y) = BE(X), which seems similar enough that it might be
imagined it would not make much difference, but the right-hand side involves “future” values not
available to predictions. This allows the fit to “shift” itself to compensate, so you can’t see the
problem in the fits. However, the out-of-sample prediction function is the same as for the Mack
formulation, and so the predictions from the GLM suffers from exactly the same problem—once
you forecast future values, you’re assuming E(Y|X) = BX for the future—and this assumption
needs to be checked! It cannot be assessed using a within-data (residual) analysis of the GLM; it needs
to be assessed by checking the actual assumption, whether via use of prediction residuals, or by

checking Mack residuals.

Adequate model assessment of quasi-Poisson GLMs therefore reguires the use of some form of
out-of-sample prediction, and because of the structure of the chain ladder, this assessment seems to
be best done with one-step-ahead prediction errors. For many other models, such as the Mack
model, this would be useful but not as critical, since we can identify the problem even in the

residuals.

SECTION 4: THE BOOTSTRAP

The bootstrap is, at heart, a way to obtain an approximate sampling distribution for a statistic

(and hence, if required, produce a confidence interval). Where that statistic is a suitable estimator for
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a population parameter of interest, the bootstrap enables inferences about that parameter. In the
case of simple situations the bootstrap is very simple in form, but more complex situations can also
be dealt with. The bootstrap can be modified in order to produce a predictive distribution (and

hence, if required, prediction intervals).

It is predictive distributions that are generally of prime interest to insurers (because they pay the
outcome of the process, not its mean). The bootstrap has become quite popular in reserving in

recent years.

The bootstrap does not require the user to assume a distribution for the data. Instead, sampling

distributions are obtained by resampling the data.

However, the bootstrap certainly does not avoid the need for assumptions, nor for checking
those assumptions. The bootstrap is far from a cure-all. It suffers from essentially the same
problems as finding predictive distributions and sampling distributions of statistics by any other
means. These problems are exacerbated by the time-series nature of the forecasting problem—
because reserving requires prediction into never-before-observed calendar periods, model
inadequacy in the calendar-year direction becomes a critical problem. In particular, the most popular
actuarial techniques—those most often used with the bootstrap—don’t have any parameters in that
direction, and are frequently mis-specified with respect to the behavior against calendar time. The

bootstrap does not solve this problem.

Further, commonly used versions of the bootstrap can be sensitive to overparameterization—and

overparameterization is a common problem with standard techniques.

A basic bootstrap introduction

The bootstrap was devised by Efron (1979), growing out of earlier work on the jackknife. He
further developed it in a book (Efron, 1982), and various other papers. These days there are
numerous books relating to the bootstrap, such as Efron and Tibshirani (1994). A good introduction

to the basic bootstrap may be found in Moore et al. (2003); it can be obtained online.

e original form o e bootstrap is where the data itself is resampled, in order to get an
Th ginal f f the bootstrap here the data itself pled, der to get
approximation to the sampling distribution of some statistic of interest, so an inference can be made

about a corresponding population statistic.

For example, in the context of a simple model E(X) =, 7= 1, 2, ... , #, where the Xs assumed

to be independent, the population statistic of interest is the mean, p, and the sampling statistic of
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interest would typically be the sample mean, x.

Consequently, we estimate the population mean by the sample mean (L= x) —but how good is
that estimate? If we were to collect many samples, how far would the sample means typically be

from the population mean?

While that question could be answered if we could directly take many samples from the
population, typically we cannot resample the original population again. If we assume a distribution,
we could infer the behavior of the sample mean from the assumed distribution, and then check that

the sample could reasonably have come from the assumed distribution.

(Note that rather than needing to assume an entire distribution, if the population variance were
assumed known, we could compute the variance of the sample mean, and given a large enough
sample, we might consider applying the central limit theorem (CLT) in order to produce an
approximate interval for the population parameter, without further assumptions about the
distributional form. There are many issues that arise. One such issue is whether or not the sample is
large enough—the number of observations per parameter in reserving is often quite small. Indeed,
many common techniques have some parameters whose estimates are based on only a single
observation! Another issue is that to be able to apply the CLT we assumed a variance—if instead we
estimate the variance, then the inference about the mean depends on the distribution again. As the
sample sizes become large enough that we may apply Slutsky’s theorem, then for example a #~
statistic is asymptotically normal, even though in small samples the #statistic only has a t-distribution if
the data were normal. Lastly, and perhaps most importantly when we want a predictive distribution, the

CLT generally cannot help.)

In the case of bootstrapping, the sample is itself resampled, and then from that, inferences about
the behavior of samples from the population are made on the basis of those resamples. The
empirical distribution of the original sample is taken as the best estimate of the population

distribution.

In the simple example above, we repeatedly draw samples of size # (with replacement) from the
original sample, and compute the distribution of the statistic (the sample mean) of each resample.
Not all of the original sample will be present in the resample—on average a little under 2/3 of the
original observations will appear, and the rest will be repetitions of values already in the sample. A

few observations may appear more than twice.

The standard error, the bias and even the distribution of an estimator about the population value

can be approximated using these resamples, by replacing the population distribution, I by the
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empirical distribution F,

For more complex models, this direct resampling approach may not be suitable. For example, in
a regression model, there is a difficulty with resampling the responses directly, since they will

typically have different means.

For regression models, one approach is to keep all the predictors with each observation and
sample them together. That is, if X is a matrix of predictors (sometimes called a design matrix) and y is
a data-vector, for the multiple regression model Y = X f + ¢, then the rows of the augmented
design matrix [X|y] are resampled. (This is particularly useful when the Xs are thought of as

random.)
A similar approach can be used when computing multivariate statistics, such as correlations.

Another approach is to resample the residuals from the model. The residuals are estimates of the
error term, and in many models the errors (or in some cases, scaled errors) at least share a common
mean and variance. The bootstrap in this case assumes more than that—they should have a

common distribution (in some applications this assumption is violated).

In this case (with the assumption of equal variance), after fitting the model and estimating the
parameters, the residuals from the model are computed: ¢, = y—y , and then the residuals are

resampled as if they were the data.

Then a new sample is generated from the resampled residuals by adding them to the fitted values,

and the model is fitted to the new bootstrap sample. The procedure is repeated many times.

Forms of this residual resampling bootstrap have been used almost exclusively in reserving, even

when the other form of the bootstrap could be used.

If the model is correct, appropriately implemented residual resampling works. If it is incorrect,
the resampling scheme will be affected by it, some more than others, though in general the size of
the difference in predicted variance is small. More sophisticated versions of this kind of resampling
scheme, such as the second bootstrap procedure in Pinheiro et al. (2003) can reduce the impact of
model misspecification when the prediction is, as is common for regression models, within the range
of the data. However, the underlying problem of amplification of unfitted calendar-year effects

remains, as we shall see.

For the examples in this paper we use a slightly augmented version of Sampler 2 given in Pinheiro

et al—the prediction errors are added to the predictions to yield bootstrap-simulated predictive
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values, so that we can directly find the proportion of the bootstrap predictive distribution below the

actual values in one-step-ahead predictions.

In the case of reserving, the special structure of the problem means that while often we predict
inside the range of observed accident years, and usually also within the range of observed
development years, we are always projecting outside the range of observed calendar years—precisely

the direction in which the models corresponding to most standard techniques are inadequate.

As a number of authors have noted, the chain ladder models the data using a two-way cross-
classification scheme (that is, like a two-way main-effects ANOVA model in a log-link). As
discussed in Barnett et al. (2005), this is an unsuitable approach in the accident and development
direction, but the issues in the calendar direction are even more problematic. Even the more
sophisticated approaches to residual resampling can fail on the reserving problem if the model is

unsuitable.

Assessing bootstrap prediction intervals

When calculating predictive distributions with the bootstrap, we can in similar fashion make plots
of standardized prediction errors against predicted values and against calendar years. Of course,
since the prediction ervors are the same, the only change would be a difference in the amount by
which each prediction error is scaled (since we have bootstrap standard errors in place of asymptotic
standard errors from an assumed model); the broad pattern will not change, however, so the plot

based on asymptotic results are useful prior to performing the bootstrap.

Since we can produce the entire predictive distribution via the bootstrap, we can evaluate the
percentiles of the omitted observations from their bootstrapped predictive distributions—if the
model is suitable, the data should be reasonably close to “random” percentiles from the predictive
distribution. This further information will be of particular interest for the most recent calendar
periods (since the ability of the model to predict recent periods gives our best available indication if
there is any hope for it in the immediate future—if your model cannot predict last year you cannot

have a great deal of confidence in its ability to predict zext year).

We could look at a visual diagnostic, such as the set of predictive distributions with the position
of each value marked on it, though it may be desirable to look at all of them together on a single
plot, if the scale can be rendered so that enough detail can be gleaned from each individual
component. It may be necessary to “summarize” the distribution somewhat in order to see where
the values lie (for example, indicating 10%, 25, 50", 75", and 90" percentiles, rather than showing

the entire bootstrap density). In order to more readily compare values it may help to standardize by
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subtracting the mean and dividing by the standard deviation, though in many cases, if the means
don’t vary over too many standard deviations, simply looking at the original predicted values on
(whether on the original scale or on a log scale) may be sufficient—sometimes a little judgment is

required as to which plot will be most informative.

SECTION 5: EXAMPLES

Example 1

ABC data is workers compensation data for a large company. This data was analyzed in some
detail in Barnett and Zehnwirth (2000).

In this example we actually use the bootstrap predictions discussed in the basic bootstrap
introduction above, based on the second algorithm from Pinheiro et al. (2003). Below are the
predictive distributions for the first two values (after DYO) for the last diagonal, for a quasi-Poisson
GLM fitted to the data prior to the final calendar year, which was omitted. The brown arrows mark

the actnal observation that the predictive distribution is attempting to predict.

ABC Predictive distribution for last diagonal - histograms

70 T T T T T T T T T 70

60 60

50 50
40 40
30 30
20 20

10 10

44 46 4.8 5 52 5.4 5.6 5.8 6 6.2 6.4 2.6 2.8 3 3.2 3.4 3.6 . 4

Delay 1 Delay 2

For the two distributions shown, the observed values sit fairly high. For a single observation, this

might happens by chance, even with an appropriate model, of course.

The runoff decreases sharply for this triangle, so most of this information in the histograms
would be lost if we looked at them on a single plot. Consequently, for a more detailed examination,
the bootstrap results are reduced to a five-number summary (in the form of a boxplot) of the

percentiles:
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ABC Predictive distribution for last diagonal—box and whisker plots

Bootstrap Pred. Dist & Obs vs DY

The actual payments for the first seven development periods are all very high, but it’s a little hard

to see the details in the last few periods. Let’s look at them on the log-scale:
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Bootstrap Pred. Dist & Obs vs DY
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Now we can see that in all cases the observations sit above the median of the predictive

distribution, and all but the last two are above the upper quartile.

Below is a summary table of the bootstrap distribution for the final calendar year:

ABC: Bootstrap Predictive distributions for last calendar year

DY Actual 10% 25% 50% 75% 90% % Zobs

0| 496200
1| 590400 | 509620 525430 542150 562070 583270 93.9
2 | 375400 | 306580 315890 326600 337060 351080 99.6
3| 190400 | 148750 155240 161520 169110 176290 98.9
4 | 105600 77760 81850 86220 91330 97340 99.2
5 82400 51050 54270 57740 61590 65730 100
6 51000 37440 40300 43360 46950 51380 89.3
7 38000 25490 27940 30770 33680 37110 92
8 27400 19430 21920 24540 27840 30970 72.9
9 18000 11930 14210 16460 19630 23450 63.9

10 12200

So what’s going on? Why is this predicting so badly?

We would see via one-step-ahead prediction errors that there’s a problem with the assumption of

no calendar-period trend; alternatively, as we noted earlier, we simply can look at residuals from a
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Mack-style model and get a similar impression:

Wtd Std Res vs Cal. Yr
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There is a strong trend-change in the calendar-year direction. Consequently, predictions of the
last calendar year will be too low. One major difficulty with the common use of the chain ladder in
the absence of careful consideration of the remaining calendar-period trend is that there is no
opportunity to apply proper judgment of the future trends in this direction. The practitioner lacks a

context for seeking all the information relevant to scenarios for future behavior.

Example 2—LR high

As we have seen, we can look at diagnostics, which would have allowed us to assess before we try to
produce bootstrap prediction intervals whether we should proceed.

Here are the standardized residuals vs. calendar years from a Mack-style chain ladder fit. As you

can see, there’s a lot of structure.
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There’s also structure in the quasi-Poisson GLM formulation of the chain ladder— residuals

show there are strong trend changes in the calendar-year direction:

St.Res vs CY.

However, as we described before, this residual plot gives the incorrect impression that the GLM
is underpredicting. This impression is incorrect, as we see by looking at the validation (one step

ahead predictions) for the last year:
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Predicted and Actual (CY:90) vs DY.

© Predicted
© Observed

¢ Predicted
© Obsened

The Mack-model residual plot gave a good indication of the predictive performance of the chain
ladder (bootstrapped or not) for both the Mack model and the quasi- (overdispersed) Poisson GLM.
It’s always a good idea to validate the last calendar year (look at one-step-ahead prediction errors),

but a quick approximation of the performance is usually given by examining residuals from a Mack-
chain ladder model.
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A further problem with the GLM is revealed by the plot of residuals vs. development year. The
assumed variance function does not reflect what’s in the data—and hence the prediction intervals

cannot be cotrect:

St.Res vs DY.
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Example 3

The next example has been widely used in the literature relating to the chain ladder. Indeed,
Pinheiro et al. (2003) referred to it as a “benchmark for claims reserving models.” The data come
from Taylor and Ashe (1983).

Here are the bootstrap predictive means and s.d.s for the last diagonal (i.e., with that data not

used in the estimation) for a quasi-Poisson GLM, and the actual payments for comparison:

DY: 1 2 3 4 5 6 7 8

CL pred 931994 1000686 1115232 482991 325851 4430060 231680 309629
mean: 958887 1021227 1114169 490137 328453 452636 242346 327365
stdev: 452285 331706 318026 195225 156289 200080 152170 227644
actual: 986608 1443370 1063269 705960 470639 206286 280405 425046

Firstly, there is an apparent bias in the bootstrap means. The chain ladder predictions sit below
the bootstrap means, indicating a bias. Since, the ML for a Poisson is unbiased, if the model is
correct, these predictions should be unbiased. This doesn’t necessarily indicate a bad predictive model,

but is there anything going on?

In fact there is, and we can see problems in residual plots.
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Here is a plot of the residuals vs. calendar year from a Mack-type fit:

Wtd Std Res vs Cal. Yr
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Strong calendar-period effects are evident in the last few years. The existence of a calendar-period
effect was already noted by Taylor and Ashe in 1983 (who included the late calendar-year effect in
some of their models), but it has been ignored by almost every author to consider this data since. If
the trend were to continue for next year, the forecasts may be quite wrong. If we didn’t examine the

residuals, we may not even be aware that this problem is present.

Exactly the same effect appears when fitting a quasi-Poisson two-way cross classification with

log-link:
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ScDevRes vs CalYr.
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There’s a benefit in examining Mack residuals before fitting a quasi-Poisson GLM—the residuals
are a little easier to produce, and the plot of residuals vs. fitted has more information about the

predictive ability of the model.

Some other considerations

All chain ladder-reproducing models (including both the quasi-Poisson GLM and the Mack
model) must assume that the variance of the losses is proportional to the mean (or they will
necessarily fail to reproduce the chain ladder). This assumption is found to be rarely tenable in
practice—as we saw in example 2—and for an obvious reason. While it can make sense with claim
counts—for example, when the counts are higher on average they also tend to be more spread but
with lower coefficient of variation. If the counts happen to be Poisson-distributed, the variance will
be proportional to the mean (in fact equal to it). Heterogeneity or various forms of dependence in
claim probabilities can make the Poisson untenable even for claim numbers. But with claim
payments, the amount paid on each claim is itself a random variable, not a constant, and variable
claim payments will make the variation increase faster than the mean. Simple variation in claim size
(such as a constant percentage change, whether due to inflation effects or change in mix of business
or any number of other effects) will make the variance increase as the square of the mean, while
claim size effects that vary from policy to policy can make it increase still faster. Dependence in
claim size effects across policies can make it increase faster again. Consequently the chain ladder
assumption of variance proportional to mean must be viewed with a great deal of caution and

carefully checked.
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The chain ladder model is overparameterized. It assumes, for example, that there is o
information in nearby development periods about the level of payments in a given development, yet
the development generally follows a fairly smooth trend—indicating that there is information there,
and that the trend could be described with few parameters. This overparameterization leads to

unstable forecasts.

Finally, in respect of the bootstrap, the sample statistic may in some circumstances be very
inefficient as an estimator of the corresponding population quantities. It would be prudent to check
that it makes sense to use the estimator you have in mind for distributions that would plausibly

describe the data.

SECTION 6: DEALING WITH OBSERVED MODEL INADEQUACY

As we have seen, the chain ladder models considered so far don’t predict well with the data

triangles we looked at—even though two of them are “standards” for illustrating ratio models.

Calendar-period trend changes

Pattern in the plot of residuals or prediction residuals vs. calendar period indicates calendar-

period trend changes.

As we have seen, calendar-period trend changes do show up in real data. Further, because
substantive changes don’t generally occur frequently (such as every year or two), but more
occasionally, changed rates may sometimes be expected to continue for some period (though it
depends on the cause of the change—for example, with the triangle ABC, the cause of the calendar-
period trend change was a known change in legislation, for which the higher identified rate was not
expected to continue; in that case the projections of a ratio method will be too high after the rate
drops back. It has sometimes been stated that ratio methods project at an average of past calendar-
period rates, but in fact it is not the case that there is a single rate at which future observations are
being inflated. Even if it were true, whether the new rate is to continue or discontinue, an average

rate would be unsuitable.

Changing inflation can be modeled properly with calendar-year parameters. However, we must
beware—the loglinear quasi-Poisson GLM cannot be readily modified in this way. That is, while it is
possible to add calendar-year parameters to the GLM (it’s no longer chain ladder, of course), the
new model is demonstrably unsuitable for inflated payment data. Imagine a triangle with no inflation
that otherwise meets the assumptions of the loglinear quasi-Poisson GLM. Now construct a new

triangle from the old that has constant nonzero inflation in the last four calendar periods—say
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running at 10% per period. Note that Var(X) = £~.Var(X). The variance of the inflated
observations increases as the square of the factor by which they are inflated. But the quasi-Poisson
model requires that the variance increase proportional to the mean, so the model requires Var(£.X)
= k.Var(X). Since there will be a different factor (“£”) for each calendar period in the inflating

region, this model cannot be consistent with the data.

Trend in the one-step-ahead prediction residuals vs. predicted plot

When there are no changing calendar-period trends, trend in the plot of one-step-ahead
prediction residuals vs. predicted values often occurs, and indicates a model inadequacy. In the case
of the loglinear quasi-Poisson GLM, this pattern does not appear in the equivalent “within-data”

plot—the plot of residuals vs. fitted values.

In the case of the Mack model, if it is present in the plot of prediction residuals, it will generally
also be seen in the corresponding residuals vs. fitted plot. In the case of the Mack model, it implies
the need for an intercept term (see Barnett and Zehnwirth, 2000, or Murphy, 1994). There does not
appear to be a simple modification of the quasi-Poisson GLM that is able to deal with this form of

model inadequacy. And ordinary residual plots don’t reveal its presence.

Because of the frequent presence of superimposed inflation (claims inflation at different rates to
economic inflation), it is necessary to model incremental values. We believe that a log-transform is
frequently beneficial both from the point of view of linearizing inflation effects, linearizing trend in
the late developments (reducing the number of parameters required), and for stabilizing the variance

in terms of the mean.

The Probabilistic Trend Family of models

When models better describe the characteristics of the data, the prediction intervals tend to have

the required properties (such as including near to the anticipated proportion of future observations).

The Probabilistic Trend Family (PTF) models consist of a model for the mean trends in the three
directions of the triangle, and a model for the random variability about the trends. It is applied to
log-incrementals, adjusted for exposures and economic inflation (where these are available). Many
triangles are well described by a few parameters in the early developments (to capture the “run-off”),
and where there are trend changes against the accident periods or calendar periods (indeed, in many
cases the timing of these may be known in advance), parameters in those directions as well. Often
the variability is constant on the log scale, though sometimes it exhibits a variance change against the

development periods, requiring some modeling of the variance. The distribution of the inflation-
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adjusted and exposure normalized data is assumed to be independent lognormal—which implies
normality on the log-scale. This assumption should be checked, but is in practice almost always a

good description of the data. The observations are assumed to be independent.

Accident-period parameters represent “levels,” while development and calendar-period
parameters describe linear trends (in the logs). The Probabilistic Trend Family is described in more

detail in Barnett and Zehnwirth (2000).

Because of the simple form of these models, they may be represented pictorially by a
decomposition of the model for the mean into trend changes in each direction and the model for

the variability about it.

For example, the figure below shows a display of a reasonable model for the ABC data of
Example 1. (This model includes treating the observation at 1982 delay five as an outlier and giving

it zero weight in the estimation.)
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Examination of diagnostic plots indicate that the model is a reasonable description of the data.
For example, the next figure shows residuals, with prediction residuals for the final diagonal, against
calendar year. The final calendar period is reasonably well predicted by the model, even though

those observations are not included in the estimation.
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All Wtd Std Residuals vs Cal. Yr
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Standardized residuals and one step ahead prediction errors with approximate 90% confidence

interval for the predictions.

The final plot clearly shows that the lognormal assumption seems reasonable.

Wtd Res Normality Plot
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Residuals against expected normal scores for all years

Multivariate PTF

Where related triangles are being analyzed, such as different subsets of a line of business (excess

of loss layers, different territories, or different claim types), different lines within a single company,
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or related lines across several business units, it is essential to be able to model the related triangles
together. It may be that there are related trend changes across triangles and the errors about the
models may be correlated. The PTF models may be extended by incorporating correlated error
terms and the possibility of related parameters or changes in parameters. When the models are the
same (in terms of where trend changes are located), these form generalized least squares (GLS)

models. Where parameters are unrelated, these are seemingly unrelated regression (SUR) models.

These models are especially useful for calculation of diversification effects, for example, in risk

capital calculations or for reserving,

By providing an adequate description of the ABC data, the identified model from the
Probabilistic Trend Family is able to predict the final year (in the sense that the observations are
reasonably consistent with the predictive distribution, as indicated by the validation residuals). As
long as the model used to predict the future (which will be informed by the model for the past) is
valid, confidence intervals and predictive intervals should have close to the right coverage

probabilities, making them suitable inputs to the determination of the relevant ranges.

SECTION 7: CONCLUSIONS

Prediction intervals are important components of risk capital calculations, but such intervals rely
on the model’s predictive assumptions. We frequently find that for commonly used models, those
predictive assumptions are violated, and we find that the models often don’t predict the most recent

data well.

Consequently, when fitting a quasi-Poisson GLM, it’s important to check the one-step-ahead
prediction errors in order to see how it performs as a predictive model—the residuals against fitted
values don’t show you the problems. Alternatively, the Mack residuals can be useful approximate

diagnostic tools for the predictive assumptions of the quasi-Poisson GLM.

Predictive diagnostics should also be looked at before bootstrapping a model and once a
bootstrap has been done, you should also validate at least the last year—that is, examine whether the
actual values from the last calendar year could plausibly have come from the bootstrap predictive

distribution standing a year eatrlier.

The use of the bootstrap does not remove the need to check assumptions relating to the
appropriateness of the model. Indeed, it is clear that there’s a critical need to check the assumptions.
Use of the bootstrap does not avoid the fact that chain-ladder type models have no simple

descriptors of features in the data. We show in several examples that there is much remaining
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structure in the residuals.

If it is the predictive behavior that is of interest, prediction errors are appropriate tools to use in
standard diagnostics, and they can be analyzed in the same way as residuals are for models where

prediction is within the range of the data.

Checking the model when utilizing the bootstrap technique is achieved in much the same way as
it is for any other model—via diagnostics—but they should be predictive diagnostics selected with a

clear understanding of the problem, the model and the way in which the bootstrap works.
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