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Abstract: This three part paper addresses the task of modelling the right
hand tail of a severity distribution. In Part I the excess ratio function is
used to define a discrete sequence of loss distributions with related moments and
similar tail behavior. Part II extends this to continuous one-parameter families
and provides some examples. Part III provides the main result: that under
some reasonable conditions, each such family has a limiting distribution which
is exponential. The paper then exploits this to 1) group loss distributions based
on tail behavior and 2) promote the choice of (mized) exponentials to model tail
behavior.

1 Background

Even a large claim database may not suffice to give an accurate picture of the
(far) right hand tail of the severity distribution of the expected losses. Con-
sider the approach in which a distribution is built from empirical data for the
more common loss amounts but is then truncated and a theoretical distribution
spliced on to model the tail, where there are few actual observations. This
approach has considerable appeal because most of the “bumps” of the expected
loss severity are (or are believed to be) at lower loss amounts where the behavior
is revealed in the observed losses. Conceptually, the expected tail should not
be subject to such bumps, but rather reflect a stable pattern (i.e., if there are
still bumps, you have not gone far enough to enter the “tail”). A direct mea-
sure of “bumpiness” is the presence of local modal values, or points where the
derivative of the density function changes sign. “Higher order bumps” are where
higher order derivatives change sign. The mathematical concept of monotonal-
ity captures this. Ideally, the tail behavior should be less bumpy, i.e., more
monotone, than the overall severity distribution. The task arises, then, given
a severity distribution to find a related distribution with similar behavior but
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one that is more monotone. Here we describe such a related distribution,
what we call the “coderived” distribution. The process of constructing the
coderived distribution can be repeated, and this paper is especially interested
in describing the resulting sequence of distributions. These sequences emerge
as canonically related families of loss distributions. This suggests an organiza-
tional scheme for continuous loss distributions and provides an alternative to the
more conventional organization of loss distributions into “families” according to
the arithmetic form of the density function.

The ratio of losses in excess of a given loss limit x to total losses defines a
function R(x) that formally resembles a survival function. The loss distribution
defined by that survival function is the “coderived” distribution. Conceptually,
the coderived distribution provides a “preview” into the tail. The coderived
distribution is shown to exhibit (right hand) tail behavior and moments that
are very closely related to those of the original loss distribution. However,
the coderived distribution has a simpler, more “monotone”, shape than the
original, in a sense defined in the paper. There is no information lost, as
the coderived distribution completely determines the original. Repeating this
process of “coderiving” loss distributions yields (Part I) a discrete sequence
of loss distributions that are observed (Part II) to fall within a continuous
one-parameter collection of loss distributions. Such collections all have tails
of the same ultimate settlement rate, again as defined later. We then (Part
IIT) consider a simple approach to ordering loss distributions according to the
“thickness” of their tails. Finally, we use these concepts to relate thickness with
monotonality and ultimate settlement rate. A key finding is that the asymptotic
behavior of the hazard rate function provides a natural bridge between these
two perspectives. Another finding reveals a unique “fixed point” role played
by the exponential class of loss distributions. Assuming a tail behavior that
is sufficiently “simple”, we show that the (mixed) exponential distribution has
properties that favor it as a choice to fit the tail of the distribution.

2 Notation and Terminology

In this paper we consider “smooth loss distribution functions” or SLDFns, by
which we mean:

Definition 1 A function F': [0,00) — [0,1] is a loss distribution function,
or LDFn, provided that

e F(0)=0
e limF(zx)=1

e [ is nondecreasing.

Casualty Actuarial Society E-Forum, Fall 2008 449



Grouping Loss Distributions by Tail Bebavior Part I: Discrete Families

We often use the standard symbol “=" as an abbreviation for “implies” and
more generally:
= implies
& if and only if
=< contradiction.

Definition 2 The minimum loss of F denoted arp € R is uniquely deter-
mined by
r<ap=Fx)=0andz>ap = F(z)>0.

Definition 3 The mazimum loss of F denoted wp € RU {oo} is uniquely
determined by

r<wp=F)<landz>wp= F(x)=1.

Definition 4 F' is a smooth loss distribution function, or SLDFn, pro-
vided F is infinitely differentiable on (ap,wr), continuous on [0,00) and the
limit I(n(l_ F

lim _dn{ = F) € RU{oo}.

T—wE dx

Notation 5 For any SLDFn F, we denote the corresponding density [PDF]

as f and have f(z) = df;f) for x € (ap,wr) and f(xr) = 0 otherwise. We
occasionally denote the corresponding expectation of a real valued function g
defined on (ap,wr) as

Bl - | @) (o) = / " o) ).

afp

The survival function of F is denoted S =1 — F and the mean as

uz/ooode(y)=/myf(y)dy=E[X]~

0

We say F' has finite mean provided p < co. For any ¢ € R, we set
pl? :/ yf(y)dy = E[X°].
0

So p® =1 and pM = p and we call p(9 the c-th moment of F. Provided
0 < p < o0, the excess ratio function of F' is given by

Jo (= 2)f(y)dy

R(x) =
(z) .
and we denote by S the function
o0
A d
§(w) = Je yi(y) y
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for x > 0. We denote the hazard rate function by

forz € (0,wp). We let
L(t) = /OOO e f(y)dy = /wF e f(y)dy = E [e 7]

denote the Laplace transform of F and M(t) = L(—t) the moment generating
function. When F' has finite mean we denote the standard deviation as

o= \//Ooo(y — w2 f(y)dy = V@ — p?

and the coefficient of variation as CV = % We use subscripts on fr, Er, Sr,
L, u;f), Rp, §F, or, CVp, Ap, Lp, and Mp when necessary to indicate
dependence on F.

Note that for any SLDFn F, the requirement that lim F(z) = 1 forces

r—00

f(a) > 0 for some a > 0 and so p(®) > 0 for every ¢ € R.
Definition 6 For any SLDFn F, the ultimate settlement rate is

T = lim )\F(x)
rT—wp
Note that for any SLDFn F' we have for all € (0,wp) that S(z) > 0 and
by the chain rule
dln(1-F))  d(nS(z)) _ 1 dS(x) 1 dF(z) f(=z)

dx - dx T S(z) da - S(z) dz - S(z) =)

and so, by our definition of SLDFn, 7 is well defined.

Example 7 The function

z(x—2)
ey
F(x)_{ 1—€1< R 0?251 }

is an SLDFn that is infinitely differentiable on (0,00) withwp =1 and Tp = 0.

We begin by noting that SLDFns are determined by their hazard rate func-
tions:

Proposition 8 For any SLDFn F':

Sp(z) = e Jo A0 for ecvery z € [0,wp).
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Proof. We have noted that for any z € (0,wp)
d(lnS(z))
dz = —A@)

holds for all z € (0,z). We see that A(x) is integrable on [0, z]. But then S(x)
and T'(z) = e~ Jo A®dt are two continuous functions with the same logarithmic
derivative on (0, z). It follows that

d(InT(z) —In S(z)) d(n ggi; )

0 = =
dx dx
T
= In S’Eg = ¢ is constant on (0, z)
T :
= Sg; = ¢° is constant on (0, 2)
= T(z) = eS(x) for every x € (0, 2).
But then

S(0) = 1=¢"=e J A0 — () = ¢ =1

= S(z)=T(z) = e I XD for every z € [0, 2).

Since z € [0,wp) was arbitrary,

Se(e) = el
for every z € U [0,2) = [0,wF)
z€[0,wr)

as required. m
We will have occasion to consider the case when the hazard rate function is
increasing or decreasing. This can often be readily determined, as in:

Proposition 9 For any SLDFn F with Ap differentiable on (ap,wr) = (0,00) :

dDAp U dln fr
AR N2 4 e oy () .
dx F+SF F\AFt dx
Proof. From the definition of A = Ap
d S
A d (N _SE-IE
dx dr \ S S2
_ SE-SCEh_SEL P
a S2 e S2
N E_ e &
- (Z do _ 2 | do
(S) T TNt
= A4 9EZ =\ N2
s f
_ )\2+)\dlnf
dzr
5
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as required. m
The following proposition expresses the excess ratio function in terms of S
and S.

Proposition 10 For any SLDFn F with pp < oo,
xSp(x)

Rp(z) = Sp(x) o

, for every x > 0.

Proof. From the definition of R(x) we have

Ra) = o f "y — o) f)dy

- = [ | vty [ f(y)dy]

1 o0
= [/ yf (y)dy — wS(Jﬁ)]
= xS(x)
(z) m
as required. m
Proposition 11 For any SLDFn F and a,b,c € R with a > b > 0 and ,ug,f) <

00, and further provided either ¢ > 0 or a > b, we have (with the convention
that 0° = 1):

o[ -0 Setdy = [ (= fe@)dy -~ (a8 Sr(a)
Proof. The case ¢ = 0 reduces to the identity
0= [ Fwdy - (1)S(a) = (0) - S(a).

So assume ¢ # 0. The result follows from integration by parts

u=S(y) v=(y—b)°

o[ w-vrtsway = s (-0 ay

/ udv = uv]° —/ vdu

(oo}

= (b S - / (v — ) (— () dy

a

Yy—o

= ( lim (y — b)° S(y)) —(a—b)°S(a) + /:O (y—0)° fy)dy
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Now clearly
c<0= lim (y—0)°S(y) < lim S(y) =0
y—00

Yy—o0

and fory >b+1and ¢ >0

IA

(—b°5@w) < 5=y / " f()de

= /yooycf(x)dx < /:O z¢f(x)dz

it follows that

0 < lim (y—5b)S(y)

Yy—00
o0

< lim 2°f(z)dr = 0 since / 2°f(z)dr = E[X°] < o0
0

y—oo Jy
= 0= lim (y—0)"S(y)

y—00

and we conclude that
¢ / (v — )" S(y)dy = — (a - b)° S(a) + / (v — b)° F(y)dy

and the result follows. m

Corollary 12 If either a > b or ¢ > 0, then:

[ w0 sewiy<oc e [ -0 ety < .
Proof. Clear since under the conditions we must have (a — b)“ S(a) < co. ®

Corollary 13 For any SLDFn F and c € R with ug,c) <00 :

lim (a®Sp(a) +c [y Sp(y)dy) c¢<0

a—0,a>0

u%c): 1 c=0

[y a " Sp(x)d c>0
Proof. Suppose first that ¢ < 0. Letting a > b = 0 in Proposition 11
pl? = / y [ (y)dy
0

o0

= hm ’ v f(y)dy

= lim (aCS’(a) +c/:o yc_ls(y)dy)

a—0,a>0
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as asserted. The result is apparent for ¢ = 0. For ¢ > 0 the result follows by
letting b = 0 and a > 0 go to 0 in Proposition 11

u0 = /0 yef(y)dy = 313%)/01 y°f(y)dy = lim (aCS(a) +c/ yolS(y)dy>

0 a
= lima“S(a) + lim <c / y“S(y)dy>

o0
= lima® + clim Y 1S (y)dy
a—0 a—0 /.,

(iii%a)c + c/oOO vyt S(y)dy

C/ ¥ S(y)dy
0

as asserted. m

The existence of u;f) for large positive c is typically discussed in terms of
the existence of ,ugf) for large n € N={1,2,...} and with ,ugf) termed a higher
moment. And it is often noted that the existence of higher moments is suggestive
of a thin right hand tail. We will see how to make that mathematically precise
below. The above corollary suggests that the existence p;f) for negative ¢ is more
subtle and we will see later that this relates with the analytic character of the
distribution function, more specifically its degree of monotonality (alternating
sign of higher order derivatives).

To any SLDFn F' we will associate other SLDFns whose moments are closely

related to those of F. The simplest case comes from the observation that the

function S(z) = W resembles a survival function.

Definition 14 For any SLDFn F we set F=1- 51\:

Proposition 15 For any SLDFn F with finite mean, F is an SLDFn with

zf(x
1
T = Tp— — for finite wp
WF
Tﬁ = TFfOTWF:OO
(c+1)
and u(f) _ Hr for every c € R.
F I
Proof. We have
Fo) = 150 =1- Oy n
7 K
e d(1-5F)  aSp  —1d[Tyfdy  wf)
and — = = = - =0
8

Casualty Actuarial Society E-Forum, Fall 2008 455



Grouping Loss Distributions by Tail Bebavior Part I: Discrete Families

which clearly implies that Fis infinitely differentiable on (ap,wr) and contin-

uous and nondecreasing on [0, c0). Also

00 > :/0 yf(y)dy = zlgngo/o yf(y)dy+/ yf(y)dy

= lim [ yfy)dy + lim / yf(y)dy = p+ lim / yf(y)dy
0 T T

= lim / yf(y)dy =
whence
_ . 1 o0
lim F(z) = 1—limS(z)=1-= lim yf (y)dy
~ -9
"

and we see that F is an SLDFn. Tt is clear that F has PDF

dF  dS (f yf(y )me(m)
dx

fple)=—=—" =~ I 0

We will make frequent use of the observation that F being an SLDFn implies
that the PDF f = fr is continuous on (0,wr)U(wp,00). In particular, we have

r<wp=F(r)<1

= /OO fy)dy = S(z) >0

= there exists some z > x,¢ > 0 such that {|w — z| < e = f(w) > 0}
Jo yfy)dy
o

= F(z) <1

= S(z) = >0

moreover
z>wp=F(z)=1

:»/f (z)=0

= f(w) =0 for every w >z

Ax:ng yf(y)d y:0
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which establishes wz = wp. Similarly
z<oap= flz)=0

s JowfWdy _ Jg y(0)dy

= F(x =0
(z) o m

moreover

x>aF:>/ f(y)dy = F(z) >0
0
= there exist z,e € Rsuch that 0 < z < z,¢ > 0such that {Jw — z| < e= f(w) > 0}

« Fy - B

which establishes oz = ap. Alternatively, since fa(x) > 0 < f(z) > 0 it is
clear that ap = ap and wp = wp. Fist assume that wp is finite, then by
I’Hopital:

>0

zf ()

df
r== + f(x
Tz = lim Az(z) = lim —=—— = lim dzif()
F T—wWE F m—m}plus’(x) T—WE ,U/ﬁ
dzx

P AC))

eosr pfp@ | ever of(@)

as required. The same argument shows that 7 = 7 for wr = co. Finally

c > > (yfy) L R pi
M%)=/O yfﬁ(y)dyz/o y <) dy:*/0 y T (y)dy = =—

1 I fp
completing the proof. m
Remark 16 The distribution ofﬁ s sometimes referred to as the time-biased

distribution. It has application to sampling theory when the probability of selec-
tion increases with time of exposure or attained age.

It is easy to generalize the time-biased distribution:
Definition 17 For any SLDFn F and ¢ € R with /J%f) < 00, we denote by Fld
the SLDFn with PDF
_z°f(x)

[t () = -
F[]( ) U(C)

10
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Proposition 18 For any SLDFn F and c,d € R with u;f) < 00:

Wpg =wWr and ,u(d)

Proof. As before we see that

r<wp = F(z) <

S(x) >0

= /:o fy)dy =

(c+d)

_MF

(e) -~

1293

1

= there exist z > x,e > 0 such that {|w — z| <e= f(w) > 0}

[y fly

= SF[C]( ) (C)

>0
= Fld@)<1

and we have

x>wp = F(x) =

1

= / f(y)dy = S(z) = 0

= )—Oforeveryw>x
[y fy

= Spu(r) = T—O

= Fl(z)=1

whence wgp = wr and also

ne, = / v faa () dy—/
0

()

c oo, ¢ c+d
_plerd / T ) P
WO J, plerd PC

as asserted. m

Analogous to this construction (actually “dual” in a sense to be made precise
below), we observe that the mean of any SLDFn F' with finite mean can be

expressed in terms of its survival function as p = fooo S(x)dz.

function f(z) =

F.

Therefore the

% is the PDF of another related SLDFn, which we denote as

Definition 19 For any SLDFn_F' with finite mean, the coderived distribu-
tion of F, which we denote by F, is the distribution function with PDF

fl@) = falx) =

I

11
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Remark 20 Observe that
df(z) _ 1dS(z) _ —f(x)

dx u o dx I
= f@) = -p 20

and the PDF of the SLDFn I is obtained by differentiation, or “derived”, from
that of F'. Back in the days of category theory, mathematicians liked to assign
the “co-” prefix when reversing arrows. So F is “coderived” from F, which
prompts the name assigned to F.

Klugman [5] relates the right hand tail behavior of the original distribution
with that of the coderived distribution, which he terms the “equilibrium distri-
bution”. In particular, he considers the asymptotic behavior of the hazard rate
functions of the two distributions. We will pursue that somewhat further in
this paper. We begin with the observation that the excess ratio is the survival
function of the coderived distribution:

Proposition 21 If F' is an SLDFn with finite mean, survival function S and
excess ratio function R, then:

ap =0, wg =wp ‘de(?E):WZwa(y)dy:Sﬁ(m)’ for z > 0.

Y

Proof. Let F have PDF f = fr, since f(O) =1 > 0is continuous at 0, clearly

ag = 0. We also have :
r<wp=F(r)<l1

> wiw) = | " w)dy = 5() > 0

> 3w = [ fuay>o
= F(z)<1

and moreover
x>wp=F(z)=1

12
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which establishes wz = wr. Now from Proposition 11 we have

/:o S(y)dy

/ "yt )y — 25(2)
_x/:o f(y)dy+/:oyf(y)dy
ém@—xﬁ@M%

[Ty fdy [T Swdy [ Sy) 7
Rlz) = [ Ly Sw)dy _/x Tdy _/z fw)dy.

as required. m

Corollary 22 Under the assumptions of the Proposition:

AR, —S()

%(x) = —f(x), for every x > 0.

Proof. By the Fundamental Theorem of Calculus

dr  dx i on “.

as required. m B
Let F' be an SLDFn with finite mean. Observe that F' is again an SLDFn

and so provided pz < oo we can repeat the process to get F. More precisely,
we can recursively construct the sequence of LDFns

FOO = F
AU~ R
FlM = Fl=1 for n = 2,3, 4, ...provided Pftn—1 < 00.

and refer to FI"! as the n-th forward coderived LDFn of F. It is clear that
Wi = wr for n =2,3,4,...provided p g, < 0o.

We will soon see (Proposition 27) that quite generally the existence of an
n-th forward coderived LDFn is equivalent to having a finite n-th moment

FlMlexists < p™ < .

The PDF of the coderived loss distribution is continuous and nonincreasing and
so a mode of any such coderived distribution is at z = 0 where its PDF takes
its maximum value of % Conversely, if F'is an SLDFn with nonincreasing PDF

f, then it is easy to verify that G (z) = W is an SLDFn with coderived

13

Casualty Actuarial Society E-Forum, Fall 2008 460



Grouping Loss Distributions by Tail Bebavior Part I: Discrete Families

distribution G = F. It is also worth noting that because the survival curve
completely determines the distribution, the coderived distribution completely
determines the original distribution. And indeed for any n, the n-th forward
coderived LDFn, should there be one, completely determines the original LDFn.
We conclude this section with a rather general observation on the existence of
moments.

Proposition 23 If F' is an SLDFn with finite mean, then there exist unique
a,c € RU{oco} such that:

(0,1) C (a,c) = {beR—{a,c}mg) <oo}.

Proof. Set A = {b € R\,u%)) < oo}. We claim that A is a connected subset of
R. To see this, note that

a,c € A= / y"’f(y)dy,/ yef(y)dy < oo
0 0
1 o0 1 o0
= [ vty [ty [ vrwds [ sy <.
0 1 0 1
So suppose a < b < ¢ with a,c € A, then we have
1 1
0 < y<1=>y“>yb>yc=>00>/ y“f(y)dy>/ y*f(y)dy
0 0
1 < y=y <y’ <y é/ ' f(y)dy < / Y f(y)dy < oo
1 1

S 1 oo
= 1 = [ = [t [ < o

= be A

And it follows that A is connected, as claimed. Now since F' has finite mean,
we clearly have

1 1
p® = /yof(y)dy:/ If(y)dy=1<oco=0€ A
0 0
1 1
pM = /ylf(y)dy:/ yflyddy=p<oco=>1€A
0 0

and since the connected subsets of R are exactly the intervals, the result follows.
]

Example 24 For the usual families of loss distributions (beta, Pareto, burr,
Weibull, gamma,...) the set {c e R|pld) < oo} is an open interval. The fol-
lowing example, provided by Derek Schaff, shows that is not always the case for

14
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loss distributions. Define

0 Tz <2

1@ = { (g an )
= /0 h yeg(y)dy = /2 N ye9(y)dy

00 e(c—l)u <00 e<1
= / 5—du _
In2 U o0 c>1
where we used the change of variable u = Iny, noting that for ¢ < 1 the integral
du

is dominated by the convergent integral fooo &5 while for ¢ > 1 I’Hopital shows
that the integrand does not even go to 0 as u — co. We see that

o) = -2 (e RIE[X?) < 00} = (—00,1].

1" 9(y)dy

3 Moments and the Coderived Distribution

The discussion leading to the definition of a coderived loss distribution together
with Proposition 10 gives the first two Items of:

Proposition 25 For any SLDFn F with finite mean p and all x >0 :

Sk (x
1. fﬁ(l‘) = 71:#( )

2. S};(x) = Rp(z) = §F(~T) - mfﬁ(m)

o -1
3. Sp(z) > 0= Ag (x) = (pgiég —x) >0

_ f(;’c flz+z)dz
IS 2f(w+2)dz"

4. Sp(z) > 0= Az (x)
Proof. Items 1 and 2 have been established. For Item 3, we have seen that
SF(LL') >0

Sp(x)
"

= Sp(z) >0 and fz(z) = >0

and so by Items 1 and 2

—1 -~ -1
0 - Aﬁ(gﬁ)_fﬁ(m_<sﬁ<sc>> _<SF<x>xfﬁ<x>>

Sz(x) f7(2) fr(2)
Sr(@) . - [ Sr(x) . - [ Srl) . -
(@) =S ~\"Sr)
15
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as required. And then Item 4 follows from definitions and the change of variable

z=y—z
AN 2 B R /TR
) Sr (@) [ F(y)dy
vty — e [T fwdy) J2” Fw)dy
17 fy)dy I yfy)dy — [ xf(y)dy
f;o f(y)dy _ fooo flz+ 2)dz

T —a) fdy  fy 2 f @+ )z

completing the proof. m
As was noted, the coderived distribution determines the original:

Proposition 26 For any two SLDFns with finite means F and G
F=G & F=0G.

Proof. Trivially, F = G = F=0G. Conversely

~ ~  Sp(z Sc(z
FoG= 5 o) = e = 2o
Er Mg
and letting x = 0 we have
1 Sp(0)  Sg(0) 1
KR HE el Ha
= MR = Pg
= 1-F=Sp=5;=1-G
= F=G

as asserted. m
The moments of coderived distributions are readily obtained from those of

the original distribution:

Proposition 27 If F is an SLDFn and n € N, then:

(k+1)

(n) (k) _ _HrF —
/j/F <OO$/j/ﬁ —m <OOfO’f'k’—0,1,2,...,’I’L—1.
(1)
Proof. For k = 0 we have ,u%?) =1= % = (T)ZF. More generally, from

Proposition 23 we know that

,ugf) <oo:,u§f) <oofork=0,1,2,....n

16
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and from Corollary 13

00 0o %) (k+1)
(k) _ ke _ pS) 1 / B+ gy — PF
H'F _/0 fo(x)dm_/o T dw_(kﬂ)u o f=) TR D

as required. ®
We see that

F' has n finite moments u&f% k=1,2,3,...,n

& F has n — 1 finite moments /J%f), k=1,2,3,...,n—1.

Taking the coderived distribution can remove the existence of a higher moment.

The ultimate settlement rate 7p is a useful measure of the tail behavior
of a loss distribution. Our first significant result is that the tail behavior of
the coderived loss variables has 7p in common with the original, i.e., 7p is a
~invariant:

Proposition 28 If F' is an SLDFn with ugb) < 0o , then:
TF =Tz, 0 <k < n.
Proof. Note that by Proposition 25 and Corollary 22

T = IEIBF)\I;(J:)
= lim fr(@)
1 . S(x)

pa—or R(x)

and since lim S(x) =0 = lim R(x) we may invoke "'Hopital

T—wE T—wp

Tz = — lim ¥

1. —f(x)
pr—wr —S(z)

"
R C))

pa—ior ()

= lim )\F(LE):TF

T—wWE

and since ugl) < o0 = ug) < 00, 1 < k < n, the result for n > 2 follows by

repeated application

TF=TF=Tpn = TFe1 = " = TFmn
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Coderived Hazard Functions

0.75

0.7 1

0.65 -

0.6

0.55 -

05 I I I I I
0 1 2 3 4 5 6 7 8 9 10

completing the proof. m
Perhaps the easiest way to understand coderived distributions is to look at
their hazard rate functions. In the chart below

1
h=Ar with 7p = 3 and hz = Az, 1 <o < 10.

The chart illustrates how the higher coderived distributions “anticipate the tail”,
converging faster to the constant 7p.

Another way to see that the coderived variable shares tail behavior is to
compare the survival curve of the coderived variable with that of conditional
survival excess of a particular loss amount c¢. More precisely, we make the:
Definition 29 Let F' be an SLDFn and c be a positive constant such that
F(c) < 1. The over c residual loss variable, denoted F~¢ is the SLDFn

18
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determined from

F>%z) = 1- w for every x >0
< Spsec = M for every x > 0.
Sk(c)

The following shows that the tail behavior of a residual variable is also akin to
that of the original loss variable and that there is a simple relationship between
this residual and the coderived variables:

Proposition 30 If F is an SLDFn and c is a positive constant such that
Sp(c) >0 ,then:

1. Wp>e =WEp — C

2. fpse(x) = f’;;“;(t)c) for every z > 0

3. d > 0 such that Sp(c+d) > 0= (F>¢)7% = p>ctd
4. Ap>c(x) = Ap(z+c¢) for every z >0

5. Tp>ec =TF

6. F>°=F>c

Sp(e) _ Sp(e)
T Hp <00 ppse = UESH = a0 = 3@

~ >c —[n
8. (F[”]) = F>C[ ] for every n € N.

Proof. Note that Sp(c) > 0= F(c) <1 =c¢<wp = wp —c>0. Item 1 is

obvious
r<wp—c=>z+c<wrp=Flz+c)<1
= S(z+c¢)>0
Sp(z+c)
= Fr)=1- ———+-<1
and

r>wp—c=>x+c>wp=Flx+c)=1

= Sx+¢)=0
= F>(z) =1— SF;j(gc) —1.
19
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Item 2 follows from the chain rule

froe(@) = L (Fre@) =L <SF(I+C))

dz dz \_ Sr(0)
- S;(lc)jx (Sp(z+¢)) = S;(lc) df?ﬁif))d(ii C)
For Item 3
Sl = Sl “(Ef)’ CSEerd)

= (F>0)77 = pretd

Item 4 is immediate from Item 2
fr(z+c)

fr>c(z) Sk(0) fr(z+c)
Ap>e = = = =\
r>e(z) Sp>e(x) Sg(#("')c) Sr(z+c¢) r(zte)

and Item 5 is immediate from Item 4

Tp>e = lim Ap>c(z) = lim Ap(z + ¢) = lim Ap(z) = 7F.

r—00 r— 00

Observe next that letting G = F~¢ we have the PDF

Sr(z+c)
foa) = Sa(x) _ Sp>c(@) _ “si@ _ Se(@+0)
¢ 2%e} Ha 2%e} reSr(c)
while by Item 2 we also have the PDF
Sp(z+c)
o= @) T Sela+o)
e Sg(c) Sp(e)  npSE(c)
which implies that the two PDFs are proportional, whence equal
Sp(z +c) Sp(z+c¢)
SEETO @) = fp(a) = 22T Y
1aSF(c) 6@ = - (@) )

= [>c=G=F>
which proves Item 6. For Item 7 just note that from the above equation with
=0
Sr(0+c¢) Sr(0+c¢)
pGSr(c) pSE(c)

Sile) _ Sp(c)
= Pp>e = Mg = Hp Si(c) = sl;(c)

3
B Sz(c) 11
o ~(c)  frlo) ~
fr(0) ~ 3 7 3e(0)
20
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Finally, Item 8 is a straightforward induction on n using Item 6; indeed, case
n =1 is Item 6, and then

(ﬁ[n+1])>c _ (ﬁf’\[;]) >c _ <I;[_\n]_)/>c _ ;;\cﬁ] _ F/;;c[nJrl]

which completes the induction and the proof. m

This provides a perspective on the coderived survival curve of an SLDFn,
inasmuch as the coderived survival is to the original survival probability in the
same proportion as the mean residual life is to the overall mean lifetime

Sg(e) _ Hr>e
Sr(c) Hr

And the hazard rate function for the coderived distribution is the reciprocal of
the mean residual life )
A=(c) = .
7o) .

This perspective leads to a relationship between Ay and A :

Proposition 31 If F is an SLDFn with finite mean, then whenever Ap is in-
creasing (nondecreasing, decreasing, nonincreasing) on (0,wp) = (O,wﬁ), then
50 £00 i85 Af.

Proof. Suppose A is increasing and fix any z > 0, then for y + z < wpg

d (S(y+2)> _SW @ S+2) - S+2) 5 (S0)

ay \ s S
_ S fly+2)+S+2) fy)
S (y)*
_ Sy+2)fw) =S (fy+2)
S (y)°
Sy+z2),, v Sy+z) fly+=)
s T TSw) S
S(y+=z) _S(y+2) B
S(y) ) S(y) My+z)
Sy +=2)
ECOR (My) = Ay +2)) <0.
And so Sgy(;r)z ) is a a decreasing function of y. It follows that

S(z+ z) - S(y+=z)

TSV TS ST

21
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T T S(x+z T S(y+z y
0 0 0 0
1 1
= Az(z) = < = Az(y
F( ) Hp>az HEp>y F( )

and Ag is also increasing, as required. The case of A nondecreasing follows
similarly, simply by changing strict inequalities to inequalities. The cases of A
decreasing and nonincreasing follow by reversing inequalities. ®

Proposition 32 If F is an SLDFn with finite mean and c ia a positive constant
such that Ap(c) > 0 ,then:

Ar nondecreasing = Ag(c) > Ap(c)
Ap increasing = Ag(c) > Ap (c)
Ar nonincreasing = Ag(c) < Ap(c)
Ar decreasing = Mg (c) < Ap(c).
Proof. Suppose A is nondecreasing. For any z > 0
otz
. / A()dt
S(e+z) = e o
. otz otz
Sets) ‘[)\(t)dt [)\(t)dt N [A(t)dt
S (c) '

And since ) is nondecreasing

te(c,e+2)= () > XA(c)

c+z c+z
= /)\(t)dt > / Ae)dt = X(c) z
c+z
= — [ AMt)dt< =X(c)z
ctz
f\/)\(t)dt
S(C+Z) —e ‘e < efA(c)z.
S (c) -
And we have
1 S(c+ %) T a e~ Me)=1™ 1
dz < @2y = |————| =
s Ag () 5(c) Z—/e TLI@ ], T
0
= Az(c) > A(c)

22
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as required. The case of A increasing follows by making the inequalities strict.
The case of A nonincreasing/decreasing follows similarly, reversing inequalities.
]

Proposition 33 If F is an SLDFn with finite mean and T > 0, then ugf) < 00
for every n € N.

Proof. We first show that 7 > 0 = pz < co. Observe that fz(z) = %z) >0
for every * < wp = wg. By Proposition 28
=(z
fF() = lim)\ﬁ(x):Tﬁ:Tp>0

T—WE Sﬁ({b) T—WpE
Sp(x) 1

= 0< lim =
T—WE fﬁ(l‘) TF

This entails that there exist constants M and b > 0 such that

Sg(@)
< bforevery x € (M,w
fﬁ(-T) > y ( F)
= Sp(x) < bfp(z) for every x € (M,wr) .

Whence
o0
Up = /0 Sg(x)dx
M WFR

Sp(x)dr + Sg(x)dx
0 M

/OM ldx—l—/Moo bfa(x)da

< M+4+b< oo

IN

as claimed. But then, again by Proposition 28, we must have that gz, < oo
for every n € N. The proof is completed by induction on n, the case n = 1 being
clear. So assume the result holds for £ < n. Note that 77 = 75 > 0.Then we

have, by induction applied to F and Proposition 27
(n)

+1
pe Y =+ 1) pl g < 0o
completing the induction and the proof. m
Remark 34 The lognormal density shows that the converse does not hold.

Proposition 35 If F' is an SLDFn with 0 < 7p < 00 , then lim pps. = %

c—wp F
Proof. We have from I’'Hopital
lim ppse = lim Sp>e(z)dr = lim de
C—WER C—WE 0 C—WE 0 SF (C)
23
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_ gy Jo Sel@tde - [7 Sp()de
cC—WFR SF(C) C—WF F(c)
—  lim w O
e—wr L Gp(c) c=wr —fr(c)
i 1 1 1
= m = = _
cC—=WER )\F(C) lim )\F(C) TF
C—WpE

as claimed. m

Proposition 36 If F is an SLDFn with finite mean and 0 < 7p < 0o , then:
Sg(@) 1

v—wr Sp(z)  ppTr

Proof. From the above propositions

lim HEp>a

1
Sp(@) _ o HEee _ amwr 1
z—wr Sp(x)  s—wr pp s Up  WpTFE

as claimed. m
Proposition 37 If F' is an SLDFn with finite mean and 0 < T7p < 0o , then:

S
m Sy
T,coWE SF>c(3?)

Proof. From the above

s S
m S <lim F>°($>)

C,T—WF SF>C xX CoWFR \T—WF SF>c(£L')

. 1 . 1
= lm — = lim
COWF hp>cTF>e COWF Up>cTF
1 . 1 1 1
= — lim =
TFCWF hp>c TF lim HE>ec
cC—WE
11 1
= —gx=7=1
TF — 1

as claimed. m
Proposition 38 For any SLDFn F such that ,u;?) < 0o for everyn € N:

_1-Lp(t)

Lx(t) i fort>0

and if F' has a moment generating function, then so does F with
_ Mp(@) -1

M(t) o

fort>0.

24
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Proof. We have, from Proposition 27, for every t > 0
B F
Lg(t) = Z k!

. (k+1)
=, (0 ()
=2 k!

k=0
[e'S) k
_ Ly (~Dkuf ek
0 (k+1)!

(—1)k,u§f+1)tk+1

=0
1 o0
B Ego (k+1)!

o0 (_1)k-+1,u%€+1)tk+1

= D=2 )
o v, () g
_ Z( ”j‘th — Lp(t) -1
~-L
= Lﬁ(t)zil MtF(t)

And so if Mp(t) exists, it follows that

M(t) = Lp(—o) = 2D L= e

as required. m
A straightforward integration by parts, however, provides the stronger result:

Proposition 39 For any SLDFn F':

_1-Lp()

fort > 0.
ut

Lz(t)

25
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Proof. Fix t > 0, we have

Li(t) = /ooefmfﬁ(x)dx

0

- [ty
0 1%

1 oo
= ;/ udv where u = S(z) and v = —
0

RIS N A
- () () rena)
_ :t(l— /0 we-twfu)dw)

1
i (1= Lp(t))

e—tm

as required. m
Another relationship between the moments of the original and the coderived
distributions is:

Proposition 40 For any SLDFn F

M(Hl)
ugl) <00 = fipm = Fik) fork=0,1,2,...n— 1.

(k+1) pip

Proof. Note that by Proposition 23
,ugf) < 00 :,ugf) <oofork=0,1,2,....n

so our assumption is inductive. For k£ = 0 the assertion is

1
/i%) _ MHF

0~ 1.
I

Hp = HEo =
which is vacuous. For k£ = 1 the assertion is just

2
Hy

1
2}

Hp = Hpm =

which holds by Proposition 27. We proceed by induction, invoking the case n—1

for G=F , which is indeed an SLDFn with M(nfl)

B < 00. Invoking Proposition

26
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27 twice more

completing the induction and the proof. m

Corollary 41 For any SLDFn F and positive constant ¢ with Sg(c) > 0:

k
Spu(e) _ piel.
Sr(c) Mgf)

u;?)<oo:>

fork=0,1,2,....,n.

Proof. The proof is by induction. Case k = 1 follows from Item 7 of Proposition
30. Combining Items 7 and 8 of that same Proposition, together with Proposition
40 and the induction hypothesis

_ ek
Spwen(€) _ SEn(e) Spmle) _ FEw)T i
Sk(c) Siu(c) Sk(c) HEk) p%k)
(k) Peae (k+1)

Hrselhl g, _ ]§+1 _ Mp>ec

= ~ K T GAD T (R

PEw ) B uir

completing the induction and the proof. m
The following result will come in handy later when we relate the concept of
coderived distribution with ultimate settlement rates and tail “thickness”.

Proposition 42 If F' is an SLDFn and n € N with ugl) < 00 , then:
S /(O N v 10
rT—wWE fﬁ[m] (x) m'

form=0,1,2,....n.

Proof. Note that

Sﬁ[m—u (z)
HEim—1]

T <WF = Wglm-1] = fﬁ[m] (x) = >0

27
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assures that we are not dividing by 0. For m = 0,1 we have

. fr(z) . fr(z) . 0) 0
1 = 1 =1 1=1=
,E—I}’LEJIF fﬁ[o] (gg) x—l)Iurle fF(l‘) 1—1>IBF /J’F (TF)
. fr(x) o fr(x) . fr(z) . fr(z) . o
R fam(@) Ly falz) S S — e Sp(z) Jm Ar(@) = pp e
KR

and the formula holds for m = 0,1. Proceed by induction on m noting that
Proposition 23 assures that our hypothesis is inductive. Invoking the case m =1
and the induction hypothesis

lim fFi(x) —  lim fr(@) fpm (@)
ToWE fﬁ[m+1] (l’) ToWE fi[m] (I’) f}?'[\:'l] (gj)
—  lim fr(z) I [ (2)
T—WE fﬁ[m] (LL') T—WE f}?[;;] (CL')
m . (m)
-
- me e ftm) T Fotm)
And then by Propositions 40 and 28
: fr(z) TN SN G et (mt1)
lim = ' —Tr = '
mor fponen (@) mb (m o 1) (m +1)!

completing the induction and the proof. m

Corollary 43 If F' is a non-vanishing SLDFn with 0 < 7p < oo , then:

. )
for every mym € N, lim 422D _ TE "l

2= fim) (2) mlp (Y

Proof. By Proposition 33 u%’c) < oo for every k € N and so the proposition

gives
lim fﬁm (z) —  Iim fﬁ[n] (z) lim fr(x)
mﬂx’fﬁ[m](x) z—oo fp(z) mﬁoofﬁ[m] (z)
B n! T}?u%m) B T’;?*"n!u%m)
g mlug)

as asserted. m o
Proposition 42 suggests that the series of higher coderived SLDFns F, ', F12 Bl

share a similar right hand tail behavior and that it may sometimes be viable to

approximate the right hand tail of an SLDFn F with that of a higher coderived

~ m  (m)
loss distribution F[™ adjusted by the scalar % Generalizing Proposition
40 yet one step further, we see that all the moments of all coderived distributions
are readily obtained from those of F:

28
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Proposition 44 If F' is a non-vanishing SLDFn such that for every n € N we

have ugl) < oo, then:

: (3+k)

Jtk Iz :

( i >,u;~f:[)j] = F(j) for every 5,k € NU {0}.
Hp

)
Proof. The case j = 0 is just (’Z)ugf) = ugf) = ‘;(—PF;) which is certainly true for
all integers k£ > 0. For the case 7 = 1, Proposition 27 gives

k+1) (k+1)
E+1\ &) (k) ,LLEU [ada

b = (k 1 = (k 1 =
( k ):U*Fu] (k+ )MF (k+1) (k+1) pp ‘ug)

and so the result again holds for all integers k > 0. The proof is by induction
on j. Let G = Fi—1. By Proposition 27

(k) (k)
Pem = Mg

Mgﬂﬂ)

(k+1) pg

(k+1)
HEG-1)

(k+1) ppy-
Invoking induction on the numerator and Proposition 40 on the denominator,
we have

#g71+k+1)

)

(k) _ Mg
P 1kt 1D
- E
O ) ()

#%J'Jrk)

TG-1)
PR

, D)
(1) e+ 1) ()

F

(k+ DG +k— (k+1)jpd ™™
G+ k) (k+ 1) pd

(k+ 1) (j — D@

G+ k)(E+ 1))

R e\ T gt

(G + Kl _< k ) M

completing the induction and the proof. m
We next present a series of straightforward results on coderived loss distri-
butions.

29
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Proposition 45 If F is an SLDFn such that for every n € N we have ugf) <
oo, then

n!

Mgl) k=0 (n+k)!

0O (_q)k  (nHE) 4k
for everyn € N, andt >0, Lz, (t) = (=1)"up

And if F has a moment generating function, then so does FInl with

[e%S) n+k:)
M (t) = n)z )

Proof. We need only verify the assertion for the Laplace transform, since that
clearly implies the formula for the moment generating function. For n = 1 the
assertion becomes

tk

1 > -1 k (kJFl)tk -1 e -1 k+1 (k+1)tk+1
N P
M=o ’ M=o ’
RN T A i(—l)ju?tﬂ‘ .
= — = -
ut e 7! ut s 7!
-1 1—Lp(t
= e -1y = T
ut ut

which is known to hold by Proposition 38. The proof is by induction on n. For
n > 1 we again have by Proposition 38, induction, and Proposition 40

1 — L (t)
Hgin-nt

1 (1 (n—1)! & (-1)’6@?*’“‘”%)

Lgwm(t) =

Kpin-ut Hgb_l) k=0 (n+ k-1
_ < (1= D! = (Dbpg ek
= L1 T (n—-1) (n +k— ]_)'
= 1+1) =T Hp k=1
= (n) . (n 1 n —|— k: — 1)
ﬂ k=1

n,ugl 1) ((n—l)! o0 (l)klpgw(k_l))tkl)

R e N CE R )

) 1)ju(n+j)tj

n! (—
D) 2 (n+Fj)!

F 3=0

completing the induction and the proof. m
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Proposition 46 For any SLDFn F and for every n € N:

n n [ (y—z)" L d
L. M%) <00 = fpm(z) = Lo u)(p") fovirls

2. 1 < 00 = S (2) = ff(yfzzpz)fp(y)dy

(n) _n f;c(y—m)nilfF(y)dy
3. <0 = )\F[n ( ) - f;o(y—x)"fF(y)dy

for every z < wp

(=)™l ™™ S pn—m)

(n—m)!u%")

d™S ~(n
4. m,neN,u$)<oo,0§m§n:> de[] =

m

5. (ch)sz(fg) 1
6. CVp=1% up = pg
7. CVp <1 up > g
8. CVe>16 pup < g

Proof. The proof of Item 1 is by induction on n. For n = 1 the assertion
reduces to

falz) = fzoo (y — l‘)o fr(y)dy _ f;o fr(y)dy _ Sr(z)
" 93 U [

and for n = 2 the assertion is

b () = 2y -a)frydy _ ule W—2)frW)dy  Rp@) _ Sp()
F2] ﬂg) #;@ uﬁf) P

T T
and both hold by Proposition 25. Then we have, for n > 1, from Propositions
25 and 40, and induction

Sﬁ[n—u (z)
KEin-1)
f;o fﬁ[n—l} (2)dz
)

Hp
np,gl B

fﬁ[n] (r) =

dz

oY / (n—1) [7(y—2)"" fr(y)dy

M o

= W/m / (y—2)""2 fr(y)dydz

31
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- ”‘1// )" frly)dzdy
= n(;)l/ fry / z)"_zdzdy

n(n—1) 2)" ! -
— 7(@ / fr(y [_n—l 1_ dy

(n—1) z)"!
T/ fF n—> dy
n [ (y—2)""" fr(y)dy

)
F

completing the proof of Item 1. Item 2 follows from Item 1. Indeed, for n =1
the assertion reduces to

[y —2) fr(y)dy
I3
which holds by Proposition 25. Then we have from Item 1

x) = /:O frm (2)dz

Sﬁ(l‘) = = RF(J})

_ /°° (nffo (y—Z?:)lfF(y)dy> "

_ 7; / / Iry)dydz
F

= P(n / / )" e (y)dady
F

_ M?)/ fF(y>/ (v — 2" dady
G ;

= i [ s [T e

= — f —z)"d
uﬁ?)/z F(y) (y—x)" dy

completing the proof of Item 2. Item 3 follows from Items 1 and 2 and the

fact that wg,) = wp. Item 4 follows from Item 2 by differentiating under the
integral
m <f°°<y>f<y>dy>
Spn )
dx™ dz™
32
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- <1n> (/zoo CZTmm ((y—=)" fF(y))dy)

Hp
1 > (_1)7” n! n—m
= —— (y—x f d
,ugl) (/z (n—m)! (y ) r(y) y)
N ([ e
- (n_n”wg)(é )
D ™ ([ =) fe(y)dy
a (n — m)!,ugl) g’_m)
D"l TS p (@)
(n— m)!u;?)

which establishes Item 4. Note that

(2) 2 (2)
(Cvp)? = B _Hr _Br
HE Hr

(2)
2 [ w 2
=@F)4:mﬁ4
15 HE HE

which establishes Item 5. Since Items 6, 7 and 8 follow immediately from Item
5, this completes the proof. m

A simple but useful observation is that taking the coderived distribution
commutes with a change of scale:

Definition 47 Let F be a SLDFn and a > 0 be any positive constant; the
SLDFn F, is defined as
F,(z) = F(ax).

Proposition 48 For every a,c > 0 and for every n € NU {0} :

l. wp, =awp

2. Sp,(z) = Sp(ax)

33

Casualty Actuarial Society E-Forum, Fall 2008 480



Grouping Loss Distributions by Tail Bebavior Part I: Discrete Families

8. S(ac) > 0= (F,)”° = (F>),
Proof. Items 1 and 2 are obvious, Item 3 follows from the chain rule

_dFa’_

fr.(@) dx

(jj%m)ji—ﬁﬂ@p%na—@#w@-

and Item 4 is then an immediate consequence

_ fr.(z)  afr(ax)

A, (%) = Sp () Sp(az)

= aip(ax).
For Item 5, use Item 3 and the change of variable z = ay
( ) o o
Pg = / Y fr, (y)dy = / yeafr(ay)dy
0 0
o) c * _c d
6 o
0 a

aC

ac

Item 6 now follows from

2fr, (z) zafp(ax)

fayml@) = 9 T
- a(W) = afp (az)
K
f(ﬁ[d)a(w)~

For item 7, note first that this holds vacuously for n =0

and forn =1

fr@) = == 2D = afp(ar) = £, ()

— 1] o~ o~ ~
= (Fa)[ | =F,=F= (F[1]>
a
and now Item 7 follows by induction

—_~—
P S

E ( ﬁ[n])a _ (ﬁm)a

- ()
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Finally, from Item 2 we have

_ Sp,(x+c)  Srla(z+c))
S(Fa)>c (.’E) - FSF,,, (C) - r SF (CLC)
Sr(azx + ac)

= W = SF>ac((1£L’) = S(F>”'C)a($)

completing the proof. m
Since the coderived distribution relates with the excess ratio, the following
result for mixed distributions is no surprise:

Proposition 49 Given m € N, SLDFns Fy, ..., F,, all with finite means, and
any real weights w; > 0 with 1 = Z:;l wy, for the weighted mirture SLDFn
F =" wF; with PDF fp =" w;fr,, we have:

m _ m _
[ Z“lf’ﬁ andF:ZuiFi,
i=1 i=1

m
where u; —— and 1= E Us-
1233 =1

Proof. This is again a straightforward verification, from Proposition 25
HE HE
m S Z(I)
i1 Wilkp, (ZT) -
- = =3 utzlo)
i=1

HE

frlx) =

= Sp(@) =) wiSx ()
i=1

and since clearly

bp = Zwi/iFi
i=1
% Wiy, Yy Wik, fip
- Su-y e Ehen _tr_,
=1 =1 MF HF HE
the result follows from
F(z) = 1-85(z)
= 1- ZUZSF (x) = Zul ZulS;: (x)
i=1 i=1 i=1
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]

So while taking the coderived distribution does not “commute” with con-
structing a mixture, the coderived distribution of a mixture is nevertheless a
mixture of the coderived distributions, but one in which the frequency weights
of the original mix are replaced with loss weights for the coderived mix. We will
find that this simple observation can prove surprisingly instructive. We will
also require the:

Corollary 50 With the notation and assumptions of Proposition 49
bp, Spp 1<i<sm=pp < pp .

Proof. Proceed by induction on m. Withou tloss of generality we may order
so that:
Py S Hp, S Ppy S S g,

The case m = 1 is clear. Let G be the mixture of Iy, ..., F}, in which:

w;
F; has weight —7——.
D imo Wi
Then G has PDF m m
_ D ieo WifF, _ D ieo WifF,
fG = Zm -

im0 Wi 1—w

and we have:

PR, S PR, S pg SR,
= fg Z HEy-

Then by induction gz > pg and so

pp = wipp + (1 —wi)pg
wipp by + (1 —wi) popg
by =
KUr
- wipd + (1 —wr) pg
B 53

wlNF1> ((1 — wy) HG)
= (= )+ (—)u
( K F HE “
= (w1 =€) pp +(1—wi+e€)pug

in which
W1l gy

HE

= w1 — €

36

Casualty Actuarial Society E-Forum, Fall 2008 483



Grouping Loss Distributions by Tail Bebavior Part I: Discrete Families

and we find that

Wilp, ( ,LLFl)
wy — =w |1—
Ur HUr

B <NF_:“F1>_ <w1ﬂFl+(1_w1)/‘G_:u‘F1
= w|——| =w

HE KU
1— _
- ( wy) (MG .U’Fl) >0
K
=¢e>0.
We see that
pp = (wr—€pp +(1—wi+6)pug

= wipp, + 1 —w1)pg+€(pe — pr)
= MF+€(MG_MF1)
> UF

completing the proof m

)

Corollary 51 With the notation and assumptions of Proposition 49

Proof. Clear from Corollary 50 and Proposition 46. =

We next show how the coderived distributions of an SLDFn F' “make up a

part of the tail” of F. We begin with

Lemma 52 For any two SLDFns F' and G with w € [0,1] and ¢ > 0 with

Sr(c)Sa(c) > 0:
(wF + (1 —w)G)~°¢

vF7+ (1 —-v)G™°
wSp(c)

where v =

wSF(c) + (1 —w)Sa(c)’

Proof. We have

SwFJr(lfw)G(x + C)

l—(wF+(1—-w)G) " (z) = Swrt-wa(c)

wSp(x +¢) + (1 —w) Sa(z + ¢)
wSp(c) + (1 —w) Sa(c)

wSp(c) Srlete) 4 (1-w) SG(C)M

_ Sr(c) Sa(c)
wSF(c) + (1 —w) Sa(c)

B USF(;E—‘rC) . Sa(z+c¢)

A S R o

= vSpsc(z) + (1 —v)Sg>e(x)

37

Casualty Actuarial Society E-Forum, Fall 2008

484



Grouping Loss Distributions by Tail Bebavior Part I: Discrete Families

and it follows that
(WEF+(1-w)G)" =1—(1— (wF + (1 -w)G)™°)

1-— (USF>c + (1 — U)Sg>c)
= v—vSp>c+ (1 — U) - (1 — U)Sg>c
= v (1 - SF>c) + (1 - ’U) (1 - S(;>c)
vF7°4+ (1 —-0v)G™°
as asserted. m

Lemma 53 For any SLDFn F with finite mean and 0 < Tp, there exists ¢ > 0
and w € (0,1) and SLDFn G with wg = wp>c and

>c
e = w(F) +(1-w)G
= wF>+(1-w)G.
Proof. We have
0<7p= lim Ap(z)
ToWE
which implies that
there exist ¢, e with ¢ > 0,0 < ¢ < wp
and {Ap>e(z) = Ap(z+c)lz € (0,wp — )} C (€,00).

Let w = Min (%,euF>c). Then we have pp>. > 0 and

w
<e€
Hp>e
= < Ap>c(z) for every x € (0,wp — ¢)
Hp>e
w fr>e(x)
= < for every z € (0,wp — ¢
frme  Spoe(e) VY @€ Owr o)
Sp>e
= wfps.(v) = wSip=e () < fr>e(x) for every z € (0,wr — ¢)
Hp>e

Make the definition

g(z) = fF>C($)1__1;}Ufﬁ\>/C (z) >0 forz e (0,wr —c),

then

free(®) = wfz.(v) + (1 —w) g(z) for every x € (0,wr — ¢
whence g is a C* PDF on (0,wp — ¢) and the result follows by setting G(x) =

/g(z)dz. |

0
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Proposition 54 If n € N and F is an SLDFn with ugl) <ooand0 < TR,
then there exist ¢ > 0, w € (0,1), and an SLDFn G with

wg = Wp>e and
[n]

~ >c —
F>C=w(F["]> +(1-w)G=wF>  +(1-w)G.

Proof. The proof is by induction on n, the case n = 1 being covered by the
second lemma. By induction there exists ¢; > 0 and w; € (0,1) and SLDFn G,
so that

~ >c
F>Cl = w1 (F[n]> 1+(1—U)1)G1.

Again by the second lemma there exists co > 0 and ws € (0,1) and SLDFn G,
so that

~ >c — >ca - >c
(F["]> f o wa <F["]> + (1 —w2) Ga = wo (F[n+1]) ’ + (1 —w2) Go.

It now follows from the first lemma that there exist u,v € (0,1)

>co

D (w1 (F) ™ +a- w1)G1> -

= ( (ﬁw)”l)m +(1-u)Gye

_ . (ﬁ[”]) >ci1+tce2

= ((ﬁ[nl)”"‘)m +(1-u)Gye

+(1—u) Gy

~ >c2 >e1
- <w2 (F““””) (1 —w) Gg) F(1-u)GTe
~ >c1+c2
= u(v (F["'H]) +(1—v)02>cl> + (1 —u) GT*

= uv (ﬁ[”Jrl] + (1 —uv)Gs

) >c1+tc2
and setting w = wv € (0,1) and ¢ = ¢; + co completes the induction and the
proof. m

We have seen, Proposition 26, that the coderived distribution determines
the original. So it makes sense to ask, given an SLDFn F', is there an SLDFn
G (necessarily uniquely determined with finite mean) such that G = F. This
prompts:

Definition 55 Let G be an SLDFn with finite mean and F=G. The SLDFn G
is called the backward coderived loss distribution function of F. We set,
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recursively
FE = @
N - -1 =
Fl=nl = Flent1l o plonl = plontllfor n = 2.3 4, ...

If the LDFn FInl egists for some integer n > 0, then FI=") s called the n-th
backward coderived loss distribution of I

Quite generally, for any loss distribution F' with differentiable PDF f(x)
such that % < 0, we could define the backward coderived loss distribution

to be the distribution with survival function equal to T'(y) = ;Eg; Suppose F

and G are loss variables with G = F[=Uthe backward coderived distribution of
F. Of course, the mean of G is

ha = /0 b Sc(y)dy = /0 b T(y)dy = Jo fﬁg)dy - fFl(o)

and for the PDF of G we have, as one would expect

fr(y)
SG Yy (0

o) = W IO _ g
Ha Fr(0)
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