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Abstract

In the wake of the recent catastrophes, a new way of transferring insurance risk was born,
In 1993, the Chicago Board of Trade began trading contracts on an index sensitive to
insurer catastrophe experience. Such indices provide an insurer a means to transfer a
portion of its catastrophe risk to the capital markets by buying future and option
contracts.
The cost of using these contracts to transfer catastrophe risk is compared to the cost of
raising sufficient capital to retain the risk, and the cost of conventional reinsurance. We
derive equations that give the optimal participation in the future and option contracts, and
in reinsurance. A significant factor in these equations is the coefficient of correlation
between the insurer’s experience and the index experience.
The cost of using these contracts is then compared to the cost of the capital they replace.
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1. Introduction

In the wake of the recent catastrophes, a new way of transferring insurance risk was born.
In 1993, the Chicago Board of Trade began trading contracts on an index sensitive to
insurer catastrophe experience.
These contracts gave insurers an additional financial strategy for handling catastrophe
risk. Two other common strategies are:
1. buying reinsurance; and
2. raising sufficient capital to maintain solvency while retaining the risk.
Another innovation that has gained popularity in the wake of the recent catastrophes is
the use of catastrophe models in insurance ratemaking and underwriting. These models
combine meteorological and geological science with engineering damageability studies
and insurance exposure information to estimate potential losses for an insurance portfolio.
The purpose of this paper is to show how to use catastrophe models to estimate costs and
benefits of contracts on a catastrophe index relative to the other means of managing the
catastrophe risk.
2. Contracts

on a Catastrophe

Index

A catastrophe index should have three features to be useful to property insurers.
1. It should be based on the combined property losses of several insurers.
2. The covered perils should have a catastrophe potential such as property damage due
to wind or earthquake.
3. The index should be used as a basis for transferring risk between insurers and the
capital markets.
The scale of the index is arbitrary. In this paper we set the scale so that the expected
value of the index at expiration is %1.OO.
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We will discuss three kinds of contracts on a catastrophe index
1. A futures contract

obligates the seller to pay the value of the index at an agreed upon

date.
As an example, suppose Dick sells a one-year futures contract to Jane for $1.40 on
January I. If there were no catastrophes during the year and the value of the index is
zero on December 3 I, Dick would make $ I .40. If there were some catastrophes
during the year and the index was at $3.00. Dick would be obligated to pay Jane the
$3.00 and lose $1.60.
2. A (call) option contract gives the buyer the right to buy the value of the index at an
agreed upon price at a specified date. The agreed upon price is called the strike price.
As an example, suppose Dick sells a one year option contract, with a strike price of
$1.OO,to Jane for a premium of $0.20. If there are no catastrophes during the year
and the value of the index is zero on December 3 I, Jane would not want to buy the
index for $1.OO,so she would not exercise her option and Dick would keep his $0.20.
However, if the index is valued at $3.00 on December 3 I, Jane would buy the index
for $1.OOand sell it to Dick for $3.00. Then Dick would lose $1.80, i.e. $0.20 - $3.00
+$1.00
3. A call option spread is a package of two option contracts where one buys an option

at one strike price and simultaneously sells another option at a higher strike price.
The two strike prices are called the covered layer of the spread.
To continue our example, suppose Dick sells a call option spread to Jane for the $I .OO
to $2.00 layer for a net premium of $0. IO. What this means is that Dick is selling
insurance on the index for the $ I .OOto $2.00 layer for $0. IO.
In

terms of the transaction details, this means that Dick sells Jane an option with a

strike price of $1.OOfor a premium of $0.20 and Jane sells Dick an option with a
strike price of $2.00 for a premium of $0. IO. If the final value of the index is zero,
neither party exercises its option and Dick keeps his $0.10. If the final value of the
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index is $3.00, Jane exercises her option to buy the index from Dick for $2.00 and
Dick exercises his option to buy the index from Jane for f I .OO.The net effect of this
is for Dick to give Jane %I.OO,with the result that Dick loses $0.90. This is the most
Dick can lose in this contract.
If the final value of the index is $1SO, Jane exercises her option and Dick does not.
Dick pays Jane $0.50 and ends up losing $0.40.
The purpose of the call option spread is to limit the liability of the seller, in much the
same way that reinsurers limit their liability on catastrophe reinsurance contracts. If an
insurer wants the full coverage provided by the futures contract, it can buy a series of call
option spreads from different sellers, with the cost of the futures contract being the sum
of the premiums for the call option spreads.
3. Motivations

for Trading

The motivation for an insurer to buy these contracts is to hedge its insurance risk. That
is, the insurer seeks to offset losses it incurred in the insurance business. The insurer
expects its losses to be positively correlated with the index values. The insurer would, of
course, like its losses be highly correlated with the index, as is the case for reinsurance’.
The term “basis risk” is often used to describe the situation when the insurer’s loss is not
highly correlated with the index loss.
When an insurer buys these contracts, it reduces the overall variability of its financial
results and, at least in principle, it will need less capital to support its business.
The seller of these contracts is typically an investor seeking to make a profit while adding
minimum risk to its total investment portfolio. Usually the returns on available
investments tend to be positively correlated over time. For example, the returns on stocks
tend to go up and down together as a result of the general economy. If the value of the

’ Policylimitsarea commonfeature

of reinsumce

contracts where there is less than perfect correlation.
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index is uncorrelated with the seller’s other investments, the investor will take on less risk
by selling contracts on the index than he would if he took on an otherwise equivalent
investment on the stock market.
We illustrate these points with a statistical argument. Let:
l

X be a random variable for the trader’s (insurer or investor) current portfolio;

l

Y be a random variable for the final contract value;

l

p be the coefftcient of correlation between X and Y; and

l

crz be the standard deviation of any random variable, Z.

If an insurer buys n contracts on the index, the random variable for its net loss is X - nY,
and a quantification of its risk is given by:

cl x-“Y =

u: -2npcrxa,

Note that the insurer will reduce its risk if2pa,

+ n20t

(3.1)

> nuy . There may be motivation to buy

a futures contract if p is positive an n is not too large. Exactly how many contracts will
be bought depends upon the price. More on this below.
If an investor sells n contracts on the index, the random variable for its net return is
X + nY, and a quantification of its risk is given by:

UX+nY =

cri +2npcr,u,

+ n2u:

(3.2)

Note,that the investor’s risk is always increased when p 2 0. However, if p = 0 and the
variance of n contracts is the same as a specified amount of stock that has positive
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correlation with X, then the investor might prefer to sell the catastrophe index contracts2.
Again, it depends upon the price.
4. The Cost of Capital

The ultimate reason an insurer would want to purchase contracts on a catastrophe index is
to reduce its cost of doing business. One of the key costs of the insurance business is the
cost of capital. In this paper, we assumethat the amount of capital needed for an insurer
to adequately support the risks it writes is given by:
C=Tu,

(4.1)

Our choice of Equation 4.1 deserves some discussion since there is no universal
agreement on a capitalization formula. For example, the NAIC risk based capital formula
might be one possible alternative, but it does not recognize the catastrophe risk. Another
alternative is the “expected policyholder deficit,” which is the expected payment by the
policyholders (or guaranty fund) in case the insurer goes insolvent3. This formula is
sensitive only to the tail of the loss distribution.
We offer the following two arguments in favor of Equation 4. I. First, we feel that most
insurers are worried about losing even a small portion of their capital. Equation 4.1 is
one formula that is sensitive to the entire range of losses. Second, the mathematics
needed to implement this formula are relatively simple. However, that many of the ideas
in this paper can be implemented with other capitalization formulas.

’ This is often called the “zero-beta” argument in reference to the Capital Asset Pricing Model, which
predicts that a security should sell at a lower price if its “beta” is zero. We have heard this argument at a
number of conferences.
’ American Academy of Actuaries Property/Casualty Risk Based Capital Task Force, Report on Reserve
and Underwriting Risk Factors, Ca.~ual~AcfuoriolSocie~
Forum, Summer 1993 Edition.
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Having discussed the choice of a capitalization formula, we continue. If the insurer buys
n contracts on the catastrophe index, the needed capital becomes:

C(n) s Tax-ay

= T ui - 2npoxov

+ n’o$

(4.2)

To obtain the reduction of capital indicated by the difference between Equations 4. I and
4.2 the insurer must buy n contracts at a price determined by the market forces of supply
and demand. Let P be equal to the price of a single contract less the expected return on
the contract, i.e. the net cost of the contract. Then nP is the net cost of the contracts being
substituted for capital.
Let K denote the rate of return the insurer pays to secure the needed capital. When it
buys n contracts, its cost of capital plus its capital substitute is:

R(n) s KT,/o$ -2npuxuy

+ n’u$ + IS’

(4.3)

To minimize its cost of providing insurance, the insurer will choose the value of n that
minimizes R(n). To detemrine this n, we find:

R’(n) =

K,T.(nut

-poxa,)

+p

u: - 2npu,u, + n2uc

(4.4)

We then find the value of n that makes Equation 4.4 equal to zero, i.e.:

(4.5)
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Here we see that the number of contracts needed to minimize the cost of providing
insurance depends on:
I. the price of the contracts, as quantified by P;
2. the basis risk, as quantified by p;
3. the cost of capital, as quantified by K, T and ox; and
4. the scale of the index, as quantified by ov.
The quantities P and K depend upon market conditions, and T depends upon the risk
aversion of the insurer. To obtain the quantities ux , uv and p you need a catastrophe
model. It is to this we now turn.
5. An Illustrative

Catastrophe

Model

The following information can be provided by a catastrophe model
I. h -- the natural event causing the catastrophe, numbered from I to s.
2. ph -- the probability of event h.
3. i -- the location, e.g. county or ZIP code, numbered from 1 to m
4. Ei -- the number of exposure units at location i for all the insurers in the index,
appropriately scaled so that the expected value of the index at expiration is $1.OO.
5. ei -- the number of exposure units for the insurer at location i.
6. Lik -- the damage caused to a unit of exposure at location i by event h
For the examples in this paper, we will assumeonly one class of property. In practice
one should add another subscript to allow for different classes each with different
Li,‘S.
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The assembling of this information is a formidable task, and those who have done so
regard the results of their efforts as proprietary. In this paper we use an illustrative
catastrophe model published by Glenn Meyers4. Meyers’ model has the following
properties.
I. The covered area consists of a state with 50 counties. The east coast is exposed to the
ocean and therefore to hurricanes.
2. Hurricanes travel only from east to west. They come in various strengths and affect
either five or ten counties.
3. For the inland counties, the damage per exposure unit is 70% of the damage per unit
in the county immediately to the east.
Table 5. I provides a schematic map of the state along with the index exposures, Ei.
Table 5.1
Index Exposures

by County

’ Glenn Meyers, Man&ing the Catastrophe Risk, Incorporafing
Risk Facrors
Anofysis, 1995 Discussion Paper Program, Casualty Actuarial Society.
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Tables 5.2a and 5.2b provide the probability of each event and the loss per unit of
exposure by county for each event’.
Table 5.2a
Small Hurricanes

h
I
2
3
4
5
6’
7
8

21
22
23
24
25
26
27
28
29
30

’ The lossperunit

i, at
Landfall
Lib
5
41.46
5
82.91
5
124.37
IO
41.46
IO
82.91
IO
124.37
I
1 41.46
1 I5
1 82.91
1 I5

1
1

35
40
40
40
45
45
45
50
50
50

1 124.37
1 41.46
82.91
124.37
41.46
82.91
124.37
41.46
82.91
124.37

Index
Loss for h
0.016181 0.4601
0.012945 0.9201
0.004854 1.3802
0.016181 0.4601
0.012945 0.9201
0.004854 1.3802
I
~0.016181 1 0.2874
lo.012945 1 0.5748
0.8622
0.2874
0.5748
0.8622
I .6969
3.3938
5.0907
0.2874
0.5748
0.8622
0.2874
0.5748
lo.004854 1 0.8622
10.016181 1 0.8803
0.012945 I .7605
0.004854 2.6408
0.016181 0.8803
0.012945 I .7605
0.004854 2.6408
0.016181 0.3585
0.012945 , 0.7170
0.004854 1 I .0755
Ph

exposure decreases by 70% as the storm moves inland by the one territory.

284

Table 5.2b
Large Hurricanes
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In this example we assume that only one hurricane can happen in a given year. To allow
for multiple hurricanes in a year, one could create synthetic “events” by randomly
selecting hurricanes that can happen in a single year, and simulate a very large version of
Table 5.2.
The probability of a hurricane happening is 0.5000.
We also give the probability distribution of the final index values in Table 5.2. We
consider this information to be valuable to potential investors who want to estimate the
risk they are taking. This probability distribution is also shown graphically in Figure 5. I.
Figure 5.1
Index Loss Exceeding

Probability
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,
.i ,m

:

0.1000 .
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Index Value
6. Calculating

crx , cry and p.

Given the information from the previous section, we calculate:

(6.1)
Theoretically, a large multiline insurer could be carrying the same catastrophe exposure
as a small monoline property insurer. Calculating rsx and p in a manner that fails to
account for volume and mix of business would be a mistake. To correct for this, let:
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x=x,

+x2

(6.2)

where:
.

X, represents the catastrophe losses that are estimated with a catastrophe model; and

.

X2 represents the other insurer losses,which are assumed to be uncorrelated with X,.

Then:

(6.3)

ox2 must be obtained from other sources.
Let pi be the coeffkient of correlation of Xi. We assume p2 = 0.

and:

PI~X,~Y

PlfJX,

+p2=x2=y

P=
ox,

+x*

=Jqq
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(6.5)

7. Examples

Using the Illustrative

Model

The examples given in this section will be based on the futures contract described in
Section 2. We chose the futures contract because it offers the insurer the maximum
amount of protection and can be replicated by a series of the more popular call option
spreads.
Using Table 5.1 as a reference, we create six sample insurers. Each insurer’s book of
business has a different geographical distribution.
I. All County Insurance Company has exposure in all counties in proportion to the
industry as charted in Table 5. I.
2. Uni-County Insurance Company has the same exposure in all counties.
3. Northern Counties Insurance Company has exposure in counties l-25 in proportion to
the industry as charted in Table 5. I It has no exposures in counties 26-50.
4. Big County Insurance Company has all its exposure in county 25.
5. Southern Counties Insurance Company has exposure in counties 26-50 in proportion
to the industry as charted in Table 5. I. It has no exposures in counties l-25.
6. Small County Insurance Company has all its exposure in county I.
To facilitate comparisons among the six insurers, we have scaled the exposure of each so
that ux,

is the same for each insurer. Table 7.1 lists the parameters, both selected and

calculated from the model, common to each insurer.
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Table 7.1
Insurer

Parameters

The parameters in Table 7. I are sufficient to describe ~hccost of providing coverage
I\-ithour buying any contracts on the catastrophe index. The needed insurer capital is:
C(0) = To s = IO 30.000.000’ + 40.000.000” = 500.000.000.
The cost of providing this capital is:
R(0) = KC(O) = I00.000.000

We now introduce futures contracts on the catastrophe index. Table 7.2 gives the
espected loss for each insurer resulting from scaling the exposure, along with p, and p
calculated from the illustrative model using Equations 6.4 and 6.5.
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Table 7.2
Insurer

Parameters

As discussed in Section 4, the insurer wants to choose n so as to minimize its cost of
capital, KC(n), plus the net cost of the n contracts, nP. Figure 7. I shows the cost for
selected insurers as a function of n for P = 0..

Figure 7.1
Cost of Capital + Net Cost of Contracts

Q 0 (D 02 cy 2 z z 3 k g
Number

of C&tracts

(Millions)

290

As Figure 7. I illustrates, there is an optimal number, n, of contracts that will minim&
the cost of writing insurance subject to catastrophes. The number II can be calculated
using Equation 4.5. Tables 7.3 and 7.4 show the n’s calculated from Equation 4.5 for each
of the insurers in our example. The cost of insuring is then given by Equation 4.3 for
these n’s.
Table 7.3 is sorted in order of P to illustrate the effect of the contract price. As the price
increases, the optimal number of contracts decreasesand the cost of insuring increases.
Table 7.4 is sorted in order of Insurer # to illustrate the effect of the insurer’s correlation
with the catastrophe index. As the correlation increases, the optimal number of contracts
increases, and the cost of insuring decreases.
Without the catastrophe contracts, All County must raise an additional %20,000,000in
capital. This provides a yardstick for measuring the efficiency of the contracts. For
example, if P = 0.6, the cost of insuring catastrophes for All County is only an additional
S&801,889 if it buys the optimal number bf contracts. All County reduces its cost of
insuring its catastrophe exposure by 56%. At the same time, Big County Insurance’s
additional cost of insuring its catastrophe exposure is reduced by only 11%.
It is possible for n to be negative. This simply indicates that if the price of the contract is
sufficiently high, it is better to be a seller than a buyer of the catastrophe contracts.
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Table 7.3
The Effect of the Contract

Numberof
Insurer #
Contracts
I
16.496.571

Price

Costof
Insuring
80.000.000

P
0.0

;
3
3
3

5
5
5
5
5

I 10.909.035
1 L,L”-t,L
1L
9,541,44:2
8,148,442
6.715.825

91,817,535
07,J”“,
1” I
0.2
“.”
93.862.895
0.4
1 951632,421 1 0.6
1 97.119.635 1 0.8

1 10,048,063
1 8.638.639
7;216;3;3
5,767,543
4.277.580

) 93,082,705 )
1 94.951.482
1
,~--,
96,537,301
97,836,244
98.841,576

,
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0.0
0.2
0.4
0.6
0.8

Table 7.4
The Effect of Insurer

Correlation

293 ‘,

with the Index

8. Contracts

on a Catastrophe

Index vs. Reinsurance

The examples given show that contracts on a catastrophe index can reduce the cost of
providing insurance, even if the correlation between the insurer’s catastrophe losses are
not highly correlated with the index. However, it is possible that conventional
reinsurance may be an even lower cost of providing insurance. In this section we show
how to investigate this possibility.
Reinsurance can be viewed as either a futures or an option contract on a catastrophe
index, with the index being the insurer’s own experience. We take this view here.
Properly interpreted, Equations 4.3 and 4.5 provide the means of finding out how much
reinsurance to buy, and the expected benefit of buying it.
We will use the examples in the preceding section to show that reinsurance can give a
lower cost of providing insurance.
A full reinsurance contract corresponds to the futures contract with p, = 1. We find a net
cost of reinsurance, denoted by P,, that provides the same cost of insurance as the
corresponding contract on the catastrophe index. If reinsurance can be obtained for a
lower net cost, we conclude that insurance can be provided at a lower cost.
The P,‘s were calculated by trial and error as follows.
1. Select a P,.
2. Find nR using Equation 4.5
3. Find the cost of insurance using Equation 4.3 with P = P, and n = nR.
4. If the cost of insurance is not equal to the target cost, try another Pk
We use the futures example from Table 7.4 with P = 0.6. The P,‘s that provide the same
, ‘3y ;cost of providing insurance are given in Table 8. I.
‘.
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Table 8.1
Futures vs. Reinsuraace

5
6

1 97;836,244 1 0.6000 1 2.0165
1 99.700.825 1 0.6000 1 8.1631

For Insurer # 1, All County Insurance Company, there is no difference because its losses
correlate perfectly with the index losses. If the net cost for reinswance to Insurer #2,
Uni-County Insurance Company, is between 0.60?0 and 0.7820, reinsurance is a less
expensive. There is more leeway for reinsurance for the regional insurers, Insurers #3
and #5, and considerably more leeway for reinsurance with the single-territory insurers,
Insurers #4 and #6.
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9. Summary

This paper shows how a catastrophe model can be used to evaluate the costs and benefits
of alternative catastrophe risk management tools for insurers. The alternatives include:
I. raising sufficient capital to contain the catastrophe risk;
2. buying futures or options on a catastrophe index; and
3.. buying reinsurance.
These options are quantified by the cost of providing insurance, which depends upon:
I. the price of the contracts and/or reinsurance, as quantified by P and PR;
2. the basis risk, as quantified by p;
3. the cost of capital, as quantified by K, T and ox; and
4. the scale of the index, as quantified by cry.
The quantities P and K depend upon market conditions, and T depends upon the risk
aversion of the insurer. The quantities ux , cry and p are obtained from the catastrophe
model.
With these quantities one can calculate the optimal number of contracts (or the optimal
amount of reinsurance) to buy with Equation 4.5 and then quantify the cost of providing
insurance with Equation 4.3. The cost of the various alternatives can be compared to
provide the best insurance value.
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