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As its name suggests, the proflt/contingency loading in the insurance 

rate serves two purposes: (i) to aid solvency by absorbin 8 some degree of 

fluctuation in loss experience and (2) t o  provide a suitable average return 

to the underwriter. 

If solvency were considered alone, the loading amount could he reduced 

as lon 8 as surplus were increased con~ensurately. However, the desire to 

receive an adequate return on surplus will tend to keep the ratio of loading 

to surplus from becom/ng too low. It seems therefore that there should 

exist an equilibrium point where (a) surplus and the loadlns together give 

sufficient protection against insolvency, (h) the loading is high enough to 

yield the desired average return rate and (c) for any lower loading amount 

any surplus selected will violate either (a) or (h). The most competitive 

premium consistent with the ruin and return goals will result from this min- 

I 
inure loading. 

By for~latlng ruin and return objectives it will be found that such 

a point does exist and that it can be expressed in terms of statistics of 

the portfolio loss distribution. The solvency objective will be specified 

by giving a maximal acceptable probability of ruin for a set time period, 

while profitability goals will be assumed to be in terms of the desired rate 

of return on the surplus invested. 

To highlight the interplay of surplus and the proflt/contlnge~cy 

loading, these considerations will exclude investment income and expenses. 

That is, the return rate will be premiums minus losses over surplus, or 

R = w - L (1) 

S 

where W is premiums, L is losses, R is the rate of return and S is surplus. 
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The total amount of loading dollars and the necessary surplus will 

first be determined for a company's entire portfolio of insured risks. 

A method of allocating the loading amount to contract will then be dis- 

cussed. 

TOTAL PORTFOLIO 

Taking the expected values of both sides of (i) 71elds: 

E(R) - w- ZCL) 
(2) 

S 

or 

w - E(L) + S. E(R) (3) 

This expresses the premium as the expected losses plus the proflt/oontin- 

gency lead of S. E(R). 

A~ceptlng a probability of ruin of ¢ me~s the insurer wants 

P{W + S • L} < ¢, where P is the probability operator. 

By (3) this becomes P{E(L) + S ° E(R) + S IL} <_ ¢ or: 

~p 

where  a L r e p r e s e n t s  t h e  s t a n d a r d  d e v i a c l o u  o f  L. Lec T¢ be d e f i n e d  a s  t h e  

smallest x such chat P{x < L - E~L~ } < ¢, i.e., T is the number of standard 
-- o L ¢ 

deviations above expected losses one ~s~ go to have a probability of only 

¢ of experiencing hlgher actual losses. Since T¢ is the smallest such x, 

the p r o b a b i l i t y  of ruin criterion (4) becomes: 

s + s • z ( s )  T 
s (5) 

° L 
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If we were to graph the relationship between surplus (x - axis) 

and the load SE(R) (y - axls), any combination of surplus and loadin 8 

that is equivalent to a point on or above the llne SE(R) - T e u L - S 

would therefore meet the ruin criterion. 

This acceptable region is further restricted by allowin8 only those 

combinations of surplus and loadin 8 which meet managomant's return 8eels. 

For instance, consider the case where the insurer has a flxed return 

percentase alto E(R) - a. Then (5) will be satisfied as long as 

s ~. ~ % ~ + ~, aed  ~he i o ~ d l n g  aS wiN.  b e  m i ~ . ~ i , e d  a t  ~ha ~ v e l u e  

of S in this region, namely at S = T¢OL~ + a]. The value taken 

is then SE(R) - aS - ate aL~ + a> 

Instead of requiring a fixed rats of return, a more general approach 

w o u l d  be  f o r  m a n a s e m e n t  t o  s e e k  t c  h a v e  t h e  e x p e c t e d  r e t u r n  r a t e  i n c r e a s e  

o r  d e c r e a s e  w i t h  t h e  u n c e r t a i n t y  o£ r e t u r n  t h a t  i s  i n h e r e n t  i n  i t s  

c u r r e n t  m i x  o f  b u s i n e s s .  F o r  e x a m p l e ,  i t  may a t t e m p t  t o  m a i n t a i n  t h e  r e -  

l a t i o n s h i p :  

E(R) > a + b al~ (6) 

w h e r e  a R i s  ~he s t a n d a r d  d e v i a t i o n  o f  t h e  r a t e  o f  r e t u r n ,  and  a and  b a r e  

f i x e d  c o n s t a n t s .  T h i s  c a n  b e  i n t e r p r e t e d  a s  r e q u i r i n g  t h e  e x p e c t e d  r e t u r n  t o  

be at least as sreat as some risk free rate a plus b times the standard de- 

viation of the return rate. As (i) implies that a R - eL/S, a + b c~ R will 

increase as S decreases. Thus, (6) will allow the undervriter a choice of 

return rates depending in part on the surplus invested. Substituting OL/S 

for a E in (6) gives SE(R)>_ aS + b a L which constrains the risk load to be 

eoual to or Rreater than the linear function of surplus aS + b °L" This 
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r e l a t i o n s h i p  i s  g raphed  a long  w i t h  t h e  r u i n  r e q u i r e m e n t  (5) on E x h i b i t  1. 

The p o i n t s  in  t he  c r o s s - h a t c h e d  a r e a  above  bo th  l i n e s  r e p r e s e n t  s u r p l u s /  

loadlug combinations which satisfy both the ruin and the return require- 

ments. As is apparent from the graph, the m/~,~ acceptable risk load 

$E(R), which generates the minimum acceptable premium E(L) + SE(R), occurs 

where the two lines intersect. This point can he determined by simultane- 

ously solving the two equations: 

$E(R) - T a - S and 
¢ L 

SE(R) - a S + b ~L 

for S and E(R). Doing this yields S - T¢ - b o end SE R - a T¢ + b 
a+l L a+l 

which e x p r e s s e s  s u r p l u s  end t h e  l o a d i n g  i n  t e r m s  of  t h e  c o n s t a n t s  a and b and 

t h e  s t a t i s t i c s  T¢ ~ o L of  t h e  p o r t f o l i o  a g g r e g a t e  l o s s  d i s t r i b u t i o n s .  

For~latlu 8 the return goal as a linear function of the standard devia- 

tion of the return rate is consistent with several investment studies as 

further referenced in Appendix i. If some other profitability goal is 

followed it will still be possible in most cases to find a minimum loadlng 

point in the region of loadlng/surplus pairs satisfying the ruin end return 

r e q u i r e m e n t s .  I t  should  be n o t e d ,  however ,  t h a t  i f  t h e  r e t u r n  o b j e c t i v e  

a l l o w s  f o r  t h e  r e t u r n  amount to  d e c r e a s e  as  s u r p l u s  i n c r e a s e s  i n  some i n t e r v a l  

t hen  t h e  minimum p o i n t  may o c c u r  s t r i c t l y  above  t h e  r u i n  boundary  

SE(R) - T¢ o L - $. As an example  of  t h i s ,  i f  T ¢ - 3 . 1  and a r e t u r n  c r i t e r i o n  

2 
E(R) >_ .04 + .36 o R i s  f o l l o w e d ,  t h e  r e t u r n  boundary  w i l l  be g i v e n  by 

SE(R) - .04 S + .36  a ~ / S .  T h i s  boundary  t a k e s  i t s  minimum of .24 a L a t  

a t  S - 3 a L. S ince  t h i s  p o i n t  a l s o  s a t i s f i e s  t h e  r u i n  r e q u i r e m e n t  

SE(R) --• T¢ a L - S i t  i s  t h e  minimum l o a d i n g  p o s s i b l e  under  b o t h  o b j e c t i v e s .  
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Exhibit 2 graphs this situation. 

ALLOCATION TO CONTRACTS 

Each insurance contract can be treated as if it were an insurer's 

e~tlre portfolio in itself, in order to  determine t h e  surplus and profit/ 

c o n t i n g e n c y  l o a d i n g  r e q u i r e d  to  s u p p o r t  t h e  c o n t r a c t  on a s t an d  a l o n e  

b a s i s .  The sum of  t h e  s t a nd  a l o n e  l o a d i n g s  and s u r p l u s e s  o v e r  a l l  t h e  

i n s u r e r ' s  c o n t r a c t s  w i l l  u s u a l l y  exceed t h e  load  and s u r p l u s  needed f o r  

t he  p o r t f o l i o  in  i t s  e n t i r i t y ,  b e c a u s e  of  t he  b e n e f i t  of  p o o l i n g .  Thus ,  

the purchasers of insurance will in general be charged less than their 

stand alone loading requlrenent. The stand alone load is what it would 

cost to transfer the risk if pooling were not possible. Thus, a reason- 

able principle for the allocation of the portfolio loading to contract 

would be to give each risk a uniform percentage reduction from his stand 

alone loading amount. This credits each insured propor~ionally for the 

salutary effect of pooling. 

Non-pooled risk transfers are not co~on co~erclal transactions 

when pooling is available, so the price assigned to such contracts should 

be based on sound theory. The profit criterion E(R) >_ a + h o R has a fair 

amount of support and thus seams appropriate for this application. As men- 

tioned above, the stand alone loading under this criterion is a T£ + h , 
a+l L' 

where nov T E and o L refer to the individual contract's loss distribution. 

The actual loading for each risk will be proportional to this amount, with 

the constant of proportionality determined as the ratio of the loading re- 

quired for the entire porrfollc to the sum of the stand alone ioadings for 

the contracts in the portfolio. For most insurers a model of the distrl- 

butlon of risks in the portfolio will be needed to estimate this constant. An 

~ample for a simple portfolio is given in Appendix 2. 
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Each contract's loading can also be expressed as being proportional 

to (i + __~ T )o (by dividing the stand alone loading by b ). Numerically 
b c L a+l 

this would be (i + .15 T c) o L using the estimates a - .047 and b - .316 

mentioned in Appendix I. I t  is important to realize that this is not a 

standard deviation loading, because for a given ¢, T~ will usually depend 

on the higher moments of the loss distribution, and thus may vary significantly 

among contracts. 

I t  should be noted as well that the proflt/contingency l oad iug  developed 

by t h i s  approach  i s  not a d d i t i v e .  That i s ,  t h e  su~ of  Lhe l o a d s  f o r  

s e p a r a t e  c o n = r a n t s  w i l l  not  i n  g e n e r a l  equa l  t h e  load  f o r  a s i n g l e  c o n t r a c t  

~hat encmxpasses both risks. Addlclvlty is sometimes considered advantageous 

for a loedln8 system on the grounds of ease of calculation, but it is not 

clear t ha t  it is b e t u e r  in  princlpla. Z ~uld like to argue that a loadlnK 

system should not be additive in the sense above, esaen~4-11y because oom- 

b~-~-~ contracts is itself a form of pooling that reduces risk. Thus, a 

large Insure~d vlth many homosenanus exposures should have a smaller propor- 

clonal load than an insured ~rlch a slnsle s4~41-r exposure unln. 

In favor of adzliclvit7, it could be argued that a collection of smaller 

risks equal in slze to a slnsle large risk should have the same total loading, 

because Eha contribution to the portfolio loss dlsurlbutlon would be the 

same. Th is  a rS  " ~ - - e  does no t  considex t h e  demand s i d e  of  t h e  p r i c i n g  mechan.-s=, 

hmmveur. Even :if the supp l i e r  o f  insurance views vr : l . t in8 a l a rge  con t rac t  

and severa l  ~ . 1 1  accounts as equtve lent  p ropos i t t ous ,  t h e  sma l l  insureds would 

p r o b a b l y  be  w"Ll.ling to  pay more p r o p o r t i o n a l l y  above t h e i r  expec ted  l o s s e s  to  

transfer thai: risk. This is because fluc:uatlons is losses would be pro- 

p o r ~ t o u a t a l y  grea te r  f o r  t h e  ,rm~ller i n s u r e d ,  And b e c a u s e  t h e  a s s e t s  a v a i l a b l e  

to  abso rb  t h e s e  f l u c t u a t i o n s  would p r o b a b l y  be s m a l l e r .  

-358- 



S u p p l y  and  demand w i l l  t h u s  i n t e r a c t  co y i e l d  a h i g h e r  p r o f l c /  

c o n t i n g e n c y  l o a d i n g  p e r c e n t a g e  f o r  t h e  s m a l l e r  i n s u r e d  i n  p a r t i c u l a r  

and  more g e n e r a ~ y  f o r  t h e  p r o p o r t i o n a t e l y  more  h a z a r d o u s  c o n t r a c t s .  

The a b o v e  would s u g g e s t  t h a t  t h i s  i s  n o t  a c a p r i c e  o f  t h e  m a r k e t p l a c e  

b u t  r a t h e r  r e ~ l e c = s  t h e  h i g h e r  c o s t s  o f  c a p i t a l  and  t h e  p r o p o r t i o n a t e l y  

s r e a t e r  s u r p l u s  f u n d s  needed  t o  a b s o r b  t h e  p r o p o r t i o n a l l y  g r e a t e r  f l u c -  

t u a t i o n s  i n  a c t u a l  e x p e r i e n c e .  



APPENDIX I 

The n o t i o n  t h a t  t h e  e x p e c t e d  r a t e  of  r e t u r n  should  i n c r e a s e  l i n e a r l y  

w i t h  t h e  s t a n d a r d  d e v i a t i o n  a s  one moves to  r i s k i e r  i n v e s t m e n t  p o r t f o l i o s  

has  some s u p p o r t  in  t h e  t h e o r y  of  c a p i t a l  m a r k e t s .  Sharpe  in  ~ 6~ d e . o n -  

s t r a t e s  t h e o r e t i c a l l y  t h a t  unde r  c e r t a i n  g e n e r a l  a s s u m p t i o n s  on i n v e s t o r  b e -  

h a v i o r ,  s t o c k  p r i c e s  w i l l  a d j u s t  t h e m s e l v e s  to  m a i n t a i n  a r e l a t i o n s h i p  of  t h e  

form E(R) - a + b o R f o r  a l l  e f f i c i e n t  i n v e s t m e n t  p o r f o l i o s ,  An e f f i c i e n t  

p o r t f o l i o  i s  one which  c - - - n t  be  Jmproved upon i n  one of  t h e  v a l u e s  o£ r i s k  

o r  r e t u r n  w i t h o u t  d e t e r i o r a t i n g  i n  t h e  o t h e r .  

~n ~ 7~, Sharpe tested this theory usln8 l0 years of return results for 

34 mutual funds. While a degree of scattering about the linear relatlonshlp 

E(R) - a + b ~R was observed, the linearity vas generally confirmed. Expanding 

the for~latlon to E(E) - a + b o E + c ~ produced only a slight improvement in 

the correlation coefficient (from .836 t o  .852). 

Cooper i n  [2  ] ,  Chap te r  4 ,  s ~ r i z e s  S h a r p e ' s  ~ r k  and s e v e r a l  r e l a t e d  

s t u d i e s ,  and d e v e l o p s  e s t i m a t e s  f o r  t h e  c o e f f i c i e n t s  a and b by i n v e s t i g a t i n g  

t h e  r i n k / r e t u r n  r e l a t i o n s h i p s  f o r  25 ~unua l  funds  d u r i n g  t h e  f i f t e e n  y e a r  p e r i o d  

1957 t o  1971. His  r e s u l t  i s  E(E) - .047 + .316 a R. 
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~P~-h 2 

EXAMPLE OF LOADING CALCULATION 

An auto BZ liability portfolio is assumed to consist of i00 single 

unit exposures plus a fleet of i00 vehicles. The expected frequency of 

each unit is 2g with a variance of 2Z and the expected severity is $5000 

with a standard deviation of $10,000. Then the expected losses are $100 

with a variance of 2,500,000 square dollars by the formula: varlance(loss)- 

2 
variance(frequency) (expected severity) + (expected frequency) varlance(severity 

See C3~ page 14. To estimate T~ the g-~ approximation to the loss distri- 

bution w i l l  b e  u s e d  a s  r m : o ~ e n d e d  by S e a l  E5~. The g .~m.  p a r a m e t e r s  k and  

r are determined by A- E(L)/~2L - d.~ and r - ), E(L) = ~l~-O . Sums of in- 

d e p e n d e n t  g - ~ -  d ~ t r i b u c i o u s  a r e  t h e m s a l v e s  8 " ~  w i t h  t h e  r :  p a r a m e t e r s  b e i n g  

a d d i t i v e  ( s e e  E4]  p a g e  70~, T h u s ,  f o r  t h e  f l e e t  r - a ~ O  " .4  and f o r  t h e  e n -  

t i r e  porcfollo r - ~o" .8. A ecMmstanc k is malnCalned throughout as re- 

The left hn.nd side can be estimated by taking enough terms of the sum ; 

Cpl ~ :o 
K--O 

(see C1~ page 262, formula 6.5~29), where x - I Tf or: For ¢ - .01 and co " 100, 

x was de~ermlned IteraEively, ylaldin8 the table halo=: 

One Erposure Fleet Portfolio 

r .004 .4 .8 

= ~'~ ~- .o4786 3.000 4.13o 

~ ( y " :  ~ . 06324  .6324  .8944  

.7568 4,744 4.617 

1581 15,810 23,360 
O-- 

• I 1197 75,000 103,200 
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U s i n g  a - . 0 8  and  b - .& y i e l d s  s t a n d  a l o n e  l o a d i n g  d o l l a r s  o f  

$664.30, $10,210, and $14,280 for the slnsle risk, fleet and portfolio 

respectively. The total of the stand alone loading amounts is $74,640 

so a factor of 14280 ~ 74640 - .1913 can be applied to each case yielding 

$127 for each risk and $1953 for the fleet. The fleet then is charged 15 

ti~ea as much ioedlzl 8 as each individual risk. This compares to i0 times 

as much for a standard deviation loadln8 and i00 times as much for a variance 

load. 

The absolute magnitudes of the charses are probably .~-rkanable, Which 

would indicate that a portfolio of 200 such risks would be too small to meet 

these particular r u i n / r e t u r n  8oals. 
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I. 

NOTES 

The author is indebted to several conversations with Charles 
Hachemelster for this formulation of the problem and for e 
number o~ specific suggestions in developing the resultin 8 study. 
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