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I. In lroduct ion 

In motorcar insurance--at least in Europe--is widely used a 
merit rating system called bonus (or malus) system, characterized 
among others by the fact that  only the number of claims occurred 
does modify the premium. A great variety of different bonus 
systems is in use. Each country--if  not each company--seems to 
prefer a different bonus system and there is a lack of agreement 
whether one of them is better than the other. Efforts to construct a 
theoretically optimal bonus system have not been able to change 
the situation. General methods to evaluate arid compare different 
existing or proposed bonus systems are therefore wanted. 

In the present paper the theory of Markow chains is used to 
develope formulas for some asymptotic properties of bonus systems. 
Quantities: efficiency of a bonus system, discrimination power of 
bonus rules and minimum variance bonus scale are introduced. The 
last of them gives an asymptotical solution for the problem to find 
locally "best" bonus scales for given bonus rules. Finally the Danish 
bonus system is used as an illustration. 

2. Bonus  sys tem as Markov  chain 

We call a merit rating system bonus system if the following as- 
sumptions are valid: 

i. All policies of a given risk group can be devided ir~to a finite 
~lumber of classes so that  the premimn of a policy for a given 
period depends solely on the class for that  period. 

ii. The actual class is uniquely defined by the class for the previous 
period arid the number of claims occurred (regulated) during the 
period. 

iii. There exists a last class where all policies will be placed after a 
number of claimfree periods great enough. 

I6 
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To specify a bonus system it is thus necessary to know two 
factors : 

i. Bonus rules, i.e., the rules which give the new class when the old 
class and the number  of claims for the period are known. The 
rules define also the number  of classes. These rules can be given 
in the form of t ransformations Tic defined so tha t  Tk(i) = j,  if 
the policy will be moved from class i to class j after k claims. 

ii. Bonus scale, which means the premiums b, for all bonus classes i. 
We assume tha t  these premiums are given as a vector B with 
components bt. 

We presume tha t  premiums considered in this paper are pre- 
miums net of charges if not contrary asserted. Passage on premiums 
gross of charges is most ly  trivial. 

The t ransformation T~ can be wri t ten as a matr ix  

T~ = (t~k)), (x) 

where t ~ J =  I, if Tk(i ) = j  

otherwise t~ k) = o. We have obviously 

>/o 
X t~ k) = I (2) 
t 

We assume now tha t  the claim frequency, i.e., the expected 
number  of claims per period for a given policy, is X and tha t  the 
probabil i ty distribution of the number  of claims during one period, 
p~(X) is uniquely defined by the parameter  Z. We assume further  
tha t  the value of X is independent  of time. 

The probabil i ty tha t  a policy placed in class i will be moved to 
class j for the next  period is thus 

p0(x) = x  k(x)t  k). (3) 
k 

From eq. (2) it follows immediate ly  

' ) X pt~(k) = I (4) 
( • i f  
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The  mat r ix  
M(X) = (p~(X)) = Z p~(x) Tk (5) 

k 

is then  the t ransi t ion mat r ix  of a Markov chain. 

F rom the assumption iii. on page I we have,  if s is the last class, 

T~(i) = s (6) 

for n >/n~. Because the number  of classes is finite, eq. (6) is valid for 
n ~ no, where no = Max(hi). If  now the probabi l i ty  for zero claims 
is positive, po(~) > o, the probabi l i ty  to move  from class i to class 
s during ~o periods is 

This is, according to the theory  of Markov chains, sufficient con- 
dit ion for the "regular  case". We have thus the following result" 

If the probabi l i ty  dis tr ibut ion for the number  of claims for 
a given policy during one period is independent  of thc period, 
the successive bonus classes for t ha t  policy form a Markov 
chain with t ransi t ion ma t r ix  M(~) given by  eq. (5). 

If the probabi l i ty  for a claimfree period is positive po (X) > o 
we have the regular case. 

In the cont inuat ion  the probabi l i ty  distr ibution Pk(X) is assumed 
to satisfy these requirements  so tha t  we have  a regular  case of a 
Markov chain to consider. 

3. Mean ibremium and excess premiums 

We star t  with some well-known results from the theory  of Markov 
chains. 

In the regular  case the value one is a simple eigenvalue of the 
mat r ix  M. The corresponding left  hand  eigenvector,  row vector  
A = (a,), is uniquely defined by  equat ions 

l A = A M  

The quanti t ies  a, are the asympto t ic  probabili t ies for the dif- 
ferent  classes, i.e., a, is the limit value for the probabi l i ty  for the 
policy to be in class i, when the rmmber  of periods n -+ ~ .  
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Let  x~ ~) be the premium a policy holder has to p ay  during n 
periods when he starts  f rom class i. As depending on the fu ture  
claims it is a stochastic variable. The theory  of Markov chains 
gives the mean value and the mean square deviation for it. 

I E(x~ '°) = + g~ + ~l,,~ b.n 
(s) 

where z,,n and s,.n converge exponent ia l ly  to zero with n. The dis- 
t r ibut ion funct ion of x~, 0 is asymptot ica l ly  normal  if a 2 -~ o. 

We can see from eq. (8) tha t  the limit value for the p remium per 
period is b, called mean premium. I t  is independent  on the initial 
class i and can be calculated from equat ion 

b = Z a,b, = AB. (9) 
f 

The remaining par t  of the first eq. (8), g, + ~,.,, is the expected 
value of the ex t ra  premium the policy holder has to p ay  because he 
s tar ts  from class i. I ts  limit value g, is called excess premium in tha t  
class. 

For  the excess premiums we have the recurrence equat ions 

gi = b ~ - - b  + Z p~gj  
t 

or if G is a vector  with components  g, we have 

I G = 1 3 - - b f  + MG 

where f is a vector  with all components  = I. The  last equat ion is 
needed because the other  equat ions are l inearly dependent .  

F rom the theory  of Markov chains we know fur ther  the expres- 
sion for the limit value of the mean square deviation 

a 2 = n o  2 + 2 Z  a~b~(g i - b  l + b )  (II)  

where 

. o  2 = X a , ( b ,  - -  b)  ~ 
f 

is the mean  square deviat ion for one period premium.  
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The mean premium,  excess premiums and mean square devia- 
tions are na tura l ly  dependent  on the claim f requency X. 

4. Efficiency of a bonus syslem 

According to common conception the main purpose of a bonus 
system is to decrease the premiums for good risks and increase them 
for bad  risks. I t  is thus  a p r imary  interest  to know how well a bonus 
system works in this respect.  

A measure for the risk is the risk p remium R = XV, where V is 
the mean claim amount .  V is by  experience pract ical ly  constant  
inside one risk group and the risk p remium depends thus  solely on 
the claim f requency X. In  a reasonable bonus  system the mean  
p remium b(X) is an increasing funct ion of X. In  an ideal case it  
equals the risk p remium and b(X) is thus  propor t ional  to X. A 
fractionM change in claim f requency  dX/X causes in the mean  
premium a fract ional  change db/b. In  the ideal case these two 
changes equal. In general this is not  true, the change db/b is smaller 
and the bonus system is thus less eflicient. Consequently we can 
define the efficiency of a bonus system as the quot ien t  of these two 
fractional  changes, or 

X db d log b 
- 

q --  b dx d logX 

Thus  for a reasonable bonus system is -q ~> o and for an ideal 
system -q = I. In  general -q is be tween the values zero and one. 
Theoret ical ly  -~ can of course be > i,  but  in pract ice  such over- 
efficient systems seem to be rare. 

To calculate -~ we need the value of 

db 2 da, 
dX -- - ~  b,. 

f 

The equat ions defining the der ivat ives  da,/dk are a t ta ined  by  
der ivat ing eq. (7) 

I dA dA dM 
dX -- dx M + A  d--X- 

da, (14) 

I ~  dX - - o  
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The  mat r ix  dM/dX is easily calculated for general ly used pro- 
babi l i ty  distributions. E.g. in the case of Poisson distr ibution we 
have  

d M  (X) e -x (Tg +i - -  Tk) .  (I5) 
dx 

Solution of the linear equat ion system (14) is then not difficult. 
For great values of X the q u a n t i t y  log b(X) approaches - - i f  it is 

m o n o t o n e - - t o  a definite limit because b(X) is bounded  by  Max(bl). 
The  quan t i t y  -~, the der ivat ive  of log b(X), goes thus to zero when 
X-+ oo. If  b(o) > o, we see tha t  ~ approaches to zero also when 
X--+ o. 

We have thus the following result :  

The  efficiency ~ of a bonus  sys tem is in general posit ive for 
all values of X in the in terval  (o, oo). I t  goes nevertheless to zero 
when k - ~  oo and also for X = o, unless b(o) = o. We can thus  
in general obtain a good efficiency only for an interval  Xl 
X ~ X2 where Xt > o and X~ < oo. 

Comment :  The case b(o) = o is perhaps not  quite unrealistic be- 
cause b is the premium net  of charges. The gross p remium also for 
b = o will be positive. 

The  behaviour  of the p remium b(X) for modera te  values of X is of 
course more impor tan t  than  the limits of the efficiency for X = o 
and  oo. 

We consider now the equat ion 

b(X) = XV. (I6) 

I t  s ta tes  t ha t  the net  p remium equals the risk premium.  When  X 
increases f rom zero to infinity,  the  left  hand  side grows up from 
some posit ive value b(o) toward  a finite limit b(oo), as we have  
assumed. The  eq. (I6) has thus at  least one solution X0, for which 
b(Xo) = XoV. 
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Using this value ko as the initial value we can integrate eq. (13) 
and get the premium b(X) as a function of X 

t }.o b(X) XV e xl 
(x-~(),))d log X 

= ; X~Xo 
x (I7) 

t b(X) XVe 
If ~q(X)< z, the integrales in exponents are positive. Then 

b(k) > XV for ), < X0 and b(X) < XV for X > ko. The solution Xo of 
the eq. (x6) is thus unique. We can call it the centraI value of X for 
that  risk group. We sum up the results: 

If the efficiency -q(X) of a bonus system is less than one for all 
values of X, there exists one and only one value of X, called 
central value, Xo, for which nct premimn aud risk premium 
equal. For values X < Xo (X > X0) the net premium is greater 
(less) than the risk premium. 

5. Discrimination power and m i n i m u m  variance bonus scale 

Calculation of the efficiency of different bonus systems in use 
exhibits that  it is for common values of X remarkably low. Never- 
theless it is not at all difficult to construct bonus systems with 
efficiency one, simply by keeping the bonus rules unchanged and 
making the bonus scale steep enough. The primary disadvantage of 
such system seems to be that  the random variation of the premium 
from period to period will be very high and the whole idea of in- 
surance, to give economical security, is to great extent lost. It  is thus 
natural by the choice of a bonus scale to search the lowest value for 
the mean square deviation of one period premium when mean 
premium and efficiency are given. Because known values for claim 
frequency, mean premium and efficiency according to eq. (13) imply 
also a known value of the derivative db/dX, we have the following 
problem : 

Find the minimum for 
'2 ao = Z at(b ~ b)'2 
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w h e n  
X aib, = b 

I 

• dat db 

f 

- - c o n s t .  

Us ing  the  L a g r a n g e  m e t h o d  the  de r iva t ives  of the  func t ion  

m u s t  be  zero 

( t~, dat db) 

I ~F dat 
2 ~b~ = a~(bt--b)  - -  cla, - -  c2 ~ = o. 

T h e  va lue  of the  c o n s t a n t  c~ is easi ly de t e rmined  

Z I ? F  

2 3b, - -  ~ cl = o. 
f 

The  so lu t ion  is t hus  1) 

b, = b + c~ - -  - -  

We  i n t r o d u c e  n o t a t i o n s  

I daf 

al dk " 

Z dat 

a n d  carl see t h a t  each l inear  t r a n s f o r m a t i o n  of the  quan t i t i e s  ~, 

b~ = b + c~, (I9) 

is a so lu t ion  of the  min imiz ing  p rob l em for  some  va lues  of the  
cond i t i on ing  quan t i t i e s  b a nd  db/dk. A bonus  scale co r r e spond ing  to  
p r e m i u m s  (19) will be cal led m i n i m u m  va r i ance  b o n u s  scale. 

The  m e a n  p r e m i u m  for the  solut ion (19) is of course  b and  the  
de r iva t ive  will be  

dS -y~ b, = cx - , a,  dZ/" 

x) If some al = o the value of the corresponding premium bt is irrelevant. 
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Also the mean square deviat ion is easily calculated 

2 
% = a ' ( b t - - b ) 2  = c2X2 a,  \ d X J "  

Using the nota t ion 

d ~ = ~ , ~ ;  = x~ - / ~ 
\ dx / (20) 

we have thus for the premiums (19) 

db c 
_ d 2 

dX X 

a~ = c°'d °" (21) 

d 2 a0 

We see tha t  the efficiency of these bonus systems is a p roduc t  of 
two factors, the relat ive variance ao/b and a factor  d which does 
not depend on the actual  bonus scale. The  quan t i ty  d 2 will be called 

the discrimination power of the bonus rules. 

Let  us now consider an a rb i t ra ry  bonus scale. We split up the 
corresponding b-vector into two components  

b~ = b + c~, + ht (22) 

so tha t  the first component  b + c~, is of the form discussed before 
The  second component  h, with mean  value zero has to be or thogonal  
to the p-vector. This is achieved 1) 3, giving for c the value  

I ~-~ X db -~b 

c - -  d2 ~.~ a , ~ b ,  - -  dO - dX - -  d ~" 
f 

The mean square deviat ion can now be spli t ted up in correspond- 

ing way  

~g = ~'~_~ ~ ( c ~  + hi)  ~ = + adz ~. 
t f 

This gives the value of 

. 2  -_ ~ % 2 _ _  alhZ 
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We have hence the following result: 

The efficiency of a bonus system satisfies the inequality 

~0 
~ d -~-, (23) 

where the discrimination power of the bonus rules, d given by 
eq. (20) is independent of the bonus scale. The sign of equality 
holds if and only if the premiums for different bonus classes 
form a minimum variance bonus scale, i.e., if they are a linear 
transformation of the scale (~,) defined by eq. (I8). 

Comment. We have so far discussed only the premiums net of 
charges. The charges are generally divided to a constant part y~ 
and to a proportional part y2 so that the gross premiums are 

Because there is a linear relation between the net and gross pre- 
miums, both of them give coincidentally a minimum variance bonus 
scale. The proposition above is thus valid also for gross premiums if 
we replace the inequality (23) by 

,~ d b' - -  "~'  (23') 

where ,~ is the mean square deviation of gross premiums. 

6. A numerical example 

Let us consider a concrete example, e.g. the Danish bonus 
system. 

It  has four bonus classes labeled o to 3. The premiums for them 
decrease in a geometrical serie with the ratio 3/4. 

For every claimfree year the policy advances one class up to the 
last bonus class, number 3. After one claim the policy will be moved 
from classes 2 and 3 to class I. After two (or more) claims during one 
year or one claim during each of two successive years the new class 
is o. New policies will be placed in the class one. 

We see that  the new bonus class might depend directly on two 
years old claims and the assumption ii. in our definition of a bonus 
system is violated. To put the things in order we add to the class 
label a second digit, which is o or I depending on whether there was 
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a c l a i m  in the  y e a r  before  or not .  T h e  poss ib le  b o n u s  c lasses  are then  
oo,  IO, I I ,  21 and 31. Al l  r e q u i r e m e n t s  to be  a bonus  s y s t e m  as w e  
h a v e  d e f in ed  it are n o w  per formed .  

T h e  t r a n s f o r m a t i o n s  Tk for b o n u s  rules  and  the  v e c t o r  B def in ing  

the  r e l a t i v e  p r e m i u m s  are 

c lass  T0 7"1 T/c; k > / 2  B 

oo I I  oo oo 4/3 

I O  2 1  O 0  O O  I 

I t  2 t  I 0  oo I 

21 31 Io oo 3/4 
31 31 I o  oo 9 / I 6  

We assume tha t  the number  of claims follows Poisson distr ibution 
Xk 

p~(x )  = c -~ k~ 

T h e  m a t r i x  M(X), eq. (5) is then  

t I - -  e -x o e -x o o 
I - -  e -x  0 0 e - x  0 

M ( X ) =  < I - - ( ~ + X )  e - x x e  -~ o e - x  o , 

z - -  (z + X) e -x Xe -~ o o e -x 

I - - ( z + X )  e -x xe -z o o e -z 

T h e  equat ion  systems for limit probabili t ies eq. (7) and for excess 
premiums eq. (Io) can in this case be solved in closed form, bu t  also 
a direct numerical  solution for a given value of X is easily calculated. 

E.g. X = o.2 gives us 

c l a s s  a t  gt 

oo 0 .04721 1.15587 
i o  0 .13406  o . 4 9 2 t  7 
i i  o 03865 0 .38349 
2 I  o .1414o  - - o . o 2 o o 2  

31 o 63868 - - 0 . 2 o 7 5 2  

b = 0 .70096  
~02 = 0 .046907  

The excess p remium for new policies (class IX) is thus 54.7% of the  
mean  premium,  a relat ively low value. 
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To calculate  the eff ic iency from eq. (13) and eq. (14) we  need the  
matr ix  d M / d X .  It can be found either by der ivat ion from the matr ix  
M(X) a b o v e  or  f rom eq. (15). 

I e -x 0 _ _ g - x  0 0 

dM(X) e-X o o - - e  -x o 
_ Xe -x ( I - - X )  e -x o - - e  -x o 

dX ) Xe -x ( I - - X )  e -x o o - - e  -x 

i Xe -k  ( I  - -  ~.) g -X 0 0 - - e  - x  

W h e n  the  der ivat ives  da~/dX are k n o w n  the ca lculat ion  of the  
m i n i m u m  variance bonus  scale is an easy  task. 

For  the former value  X = o.2, we  get 

class  daddX ~, 

oo o.41654 1.76476 
Io  o.4o219 o .6oooo 
I I  o.3o238 ~.56476 
21 0.43545 o .6 t 589  
31 - - 1 . 5 5 6 5 6  - - 0 . 4 8 7 4 4  

db/dX = o.71 o98 

".~ = o.2o286 

The eff iciency 20% for  X = 0.2 is v e r y  low, but  not  much  worse  
than usual ly .  

Also the va lue  of d iscr iminat ion power,  eq. (20) might  be of 
interest  

d2 _~ O. 49529 .  

The actual  bonus  scale (b d can n o w  be c o m p a r e d  with  the  mini-  

m u m  variance bonus  scale (b + col), where c = .qb/d2 = o.287Io.  

class  bt b + o i l  

oo 1.33333 i 20763 
io i.ooooo o 87322 
,i I.OOOOO 1.15o2r 
21 0.75000 0.87779 
3* 0.56250 0.56102 
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Both  of these bonus scales have the same mean premium b = 
0.70096 and the same efficiency -~ = 0.20286, but the variancies are 
0.046907 resp. 0.040825. The minimum variance bonus scale has 
thus 13% lower variance than the used bonus scale. The discrepance 
between the premiums for classes Io and II  irt the minimum 
variance bonus scale is remarkable. 
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