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This paper  deals with bonus systems used in Denmark ,  Finland,  
Norway,  Sweden, Switzerland and West  Germany.  These systems 
are studied by  methods  given by  Mr. Lo imaran ta  1). The  bonus 
rules of Denmark  and Sweden have been modif ied because they  
contradic t  to one of the assumptions of the theory.  

I t  is assumed tha t  the number  of claims in a year  follows the 
Poisson distr ibution with a mean  X. Fu r the r  it is assumed tha t  the 
value of X is independent  of time. 

111 each case bonus rules are given in form of t ransformat ions  
Tk defined in ref. I., i.e. Tic(i) = j when a policy moves from class i 
to class j af ter  k claims. The class where a new policy s tar ts  from is 
called the initial class. Bonus  scales, the vectors B, are normed 
so tha t  the premium of the initial class is I00. 

For  each bonus system the efficiency -~ of the system and the 
discriminat ion power d of the bonus rules as a funct ion of the 
mean  claim f requency X have been calculated. The graphs of these 
functions are presented in the figures 2 to 4 respectively.  In  the 
following pages, different bonus rules are described in detail and 
some simple analysis based on the curves on pp. 2 I I -2 I  4 has been 
made. The calculations were performed quite recently and any  deeper 
analysis of the results has not  been possible because of lack of time. 

I. Denmark  

In order to be able to apply the theory  of Markov chains to a 
bonus system we must  require among others tha t  the t ransi t ion to 
a certain class depends only on the number  of claims occurred 
during last period ignoring possible former  claims. The Danish 
system has originally four bonus classes labeled from o to 3. 

1) I(. Loimaranta: SOillC Asymptotm Propertms of Bonus Systems Astm 
Colloquium 197 o, Randers. 
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The bonus rules do not complete ly  satisfy the above requ i rement  : 
after two claims during one year or one claim duriug both of two 

years the new class will be o. In order to avoid this difficulty we add 

to the labels auother digit, which is o or z depellding on whether 

there was a claim year before or not. The transformations ]'k 

defining the bonus rules, and the premium vec to r /3  will their be as 
follows: (the new policies are placed in class i i )  

c l a s s  To Ti T~(k ~ 2) B 

o o  t l  o o  o o  1 3 3 . 3 3 . .  
1o  21  o o  o o  i o o  

I f  2 I  IO  OO I O O  

21 31  I o  o o  75  

3 r  3 I  I O  o o  5 6 . 2 5  

From theef f ic iencycurves  on page 212 we can see tha t  theeff ic iency 
-~(X) of the system for common values of X is ra ther  small but  this is 
not  so unusual.  Only the efficiencies of ~Filmish and Swedish 

systems a t t a in  larger values when X < o.o5. The  funct ion -~(X) at- 
tains its mmximum ~ = o.32 when X = o.55. The discrimination 
power d(X) of the bonus rules (pl). 213-214) also seems to be relat ively 
small for all values of X, obviously the small number  of classes is a 
restr ict ive factor. 

2. F i n l a n d  

The Finnish bonus system satisfies all the requi rements  s ta ted  in 
ref. i .  There  are I3 bonus classes labeled from 0 to 12; new policies 
are placed in the class 2. The bonus rules and the premium vector  
are given in the table below: 

c l a s s  T o  .7"1 .7"0 7"3 T4 Tk.(k >1 5) B 

0 2 0 0 0 o 0 [ 4  ° 

i 2 o 0 o 0 0 i 2 o  

2 3 I O O O O IOO 

3 4 2 [ o o o i o o  

4 5 2 i o o o 8 0  

5 6 3 2 1 o o 7 ° 

6 7 4 2 x o o 6 0  

7 8 5 3 2 1 o 5 ° 

8 9 5 3 2 t o 5 ° 

9 i o  5 3 2 l o 5 0  

I O  i t  5 3 2 I o 5 ° 

i i  12 5 3 2 I o 5 ° 

12  12 6 4 2 i o 4 ° 

I5 
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When • < o.I,  the efficiency ~ for this system has a value higher 
than  for most  other  systems under  s tudy.  One of the reasons for 
this is tha t  the rat io between the premiums of the first and last 
classes has the great  value 3.5 (while for example in Danish system 
the rat io is 2.4). The  max imum value of -O(X) is a t ta ined  when 
), = 0.35. The discrimination power d of the Finnish bonus rules for 
small values of X, has higher vahie  than  for other  systems. One 
reason for this is tha t  the occurrence of a single claim in higher 
bonus classes (i > 6) causes the re tu rn  to the class 5 or 6. 

3. Norway 

Also the bonus system of Norway  can be t rea ted  wi thout  any  
modificat ions by  means of the theory  under  consideration. There are 
17 bonus classes (labeled from o to 16) and the initial class is the 
class IO. The  p remimn vector  B and the bonus rules are given in the 
table below: 

c l a s s  T 0  T l  T ~  T 3  T 4  T s  .2"8 Tv T~(k >1 8)  B 

o 8 o o o o o o o o 3 0 0  

I 8 0 0 0 0 0 0 0 0 2 8 0  

2 8 o o o o o o o o 2 6 0  

3 8 I o o o o o o o 2 4 0  

4 8 2 o o o o o o o 2 2 0  

5 8 3 r o o o o o o 2 0 0  

6 8 4 2 o o o o o o 1 8 o  

7 8 5 3 1 o o o o o 1 6 o  

8 9 6 4 2 o o o o o J 4  o 

9 l o  7 5 3 I o o o o 1 2 o  

I o  I 1  8 6 4 2 o o o o I O O  

1 I  12 9 7 5 3 I o o o 9 ° 
i 2  13  l o  8 6 4 2 o o o 8 0  

13  14  I1  9 7 5 3 I o o 7 ° 

14  15  I 2  I O  8 6 4 2 o o 6 o  

15  i 6  13 1 t  9 7 5 3 1 o 5 ° 
16  16  14  i 2  i o  8 6 4 2 o 4 ° 

F rom the graph corresponding to the Norwegian system (page 2 I2) 
we cart see tha t  for the modera te  and great  values of (X 2> 0.2) the 
efficiency -q(X) a t ta in  ve ry  high values. Only in the over-efficient 
system of Switzerland the funct ion -0(X) gets still higher values. The  
m a x i m u m  value -q = 1.o 9 is a t ta ined  at  the point  k = 0.37. Some 
reasons for this are easily founded. The bonus scale is ve ry  steep, 



A T H E O R Y  O F  B O N U S  S Y S T E M S  2 1 9  

t h e  r a t i o  b e t w e e n  the  p r e m i u m s  in  classes o a n d  16 is 7-5- A n o t h e r  

r ea son  for h igh  v a l u e s  of -,q(;~) w i t h  g r ea t  v a l u e s  of X is t h e  q u i c k  

r e t u r n  f rom m a l u s  classes:  A f t e r  one  c l a i m f r e e  p e r i o d  a p o l i c y  in 

classes 0- 7 m o v e s  s t r a i g h t  to  t he  class 8. Th i s  is a lso  r e a s o n  for  t he  

h igh  v a l u e s  of the  d i s c r i m i n a t i o n  p o w e r  (see fig. 3). F o r  sma l l  

v a l u e s  of t he  c la im f r e q u e n c y  the  s y s t e m  seems  no t  to be  v e r y  

e f f ic ien t  a n d  also d(Z) a t t a i n s  v a l u e s  sma l l e r  t h a n  the  c o r r e s p o n d i n g  

v a l u e s  of F inn i sh ,  Swed i sh  or  Swiss  sys t ems .  

4. Sweden 

As in t he  Dan i sh  s y s t e m  the  a s s u m p t i o n  (ii) in ref.  I .  fai ls  to  be  

t rue .  T h e  t r a n s i t i o n  to  a c e r t a i n  class m a y  d e p e n d  on e v e n  s ix  y e a r s  

o ld  c la ims.  H o w e v e r  we  can  m o d i f y  the  Swed i sh  b o n u s  s y s t e m  b y  

the  s a m e  w a y  as t he  D a f i s h  one.  Or ig ina l l y  t he r e  are  s e v e n  b o n u s  

classes l abe l ed  f r o m  0 to  6. I n  a d d i t i o n  to  th i s  labe l  we  t a k e  a 

second  d ig i t  a n d  def ine  th is  to  be  n if t he r e  h a v e  b e e n  no c l a ims  

d u r i n g  las t  n years .  So the  n u m b e r  of poss ib le  classes wi l l  be  21, a n d  

t h e  d i f f e ren t  classes a n d  t h e  t r a n s i t i o n  ru les  are  fo l lowing :  ( the  

in i t i a l  class is t he  class 00) 

class To T1 T~ Tk(k i> 3) ./3 

O0 II O0 O0 O0 IO0 

t o  2[ O0 O0 O0 8O 

~t 22 oo oo oo 80 

20 3 t OO OO OO 7 ° 

21 32 oo oo oo 7 ° 
22 33 oo oo oo 7 ° 
3 ° 41 IO oo oo 60 
3 ] 42 1o oo oo 60 

32 43 1o oo oo 60 
33 44 lo oo oo 6o 
4 ° 51 20 oo oo 5 ° 
41 52 20  OO OO 50  

42 53 20 oo oo 50 
43 54 20 oo oo 5 ° 
44 55 20 oo oo 5 ° 
5 t 52 3 ° io  oo 4 ° 
52 53 3 ° io oo 4 ° 
53 54 30 ~o oo 4 ° 
54 55 3 ° to oo 4 ° 
55 66 3 ° IO oo 4 ° 
66 66 4 ° 20 oo 25 
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The graphs of "q(X) and d(X) are ve ry  similar to the graphs of tile 
Finnish system. However ,  for X > o.5 the efficiency of tile Swedish 
system is ra ther  low because there are no malus classes, and the 
t ransi t ion to the highest bonus class is re la t ively slow. For  smaller 
values of the claim f requency (X < o,I) the efficiency has the 
highest  value of all systems under  s tudy,  mainly  because the maxi-  
mum bonus is great,  75% of the p remium of the first class. The 
discriminat ion power is also relat ively high for common values X. 

5. Switzerland 

In this sys tem there are 22 bonus classes. The  new policies are 
placed in the class 13. The bonus rules and the premium vector  
B are: 

c l a s s  To Tt T2 T3 T~ T5 T6 TA.(h ~ 7) B 

o i o o o o o o o 2 7 0  

i 2 o o o o o o o 2 7 0  

2 3 o o o o o o o 2 3 0  

3 4 o o o o o o o 2 3 0  

4 5 1 o o o o o o 2 0 0  

5 6 2 o o o o o o 2 0 0  

6 7 3 o o o o o o i 7 o  

7 8 4 l o o o o o 1 7 o  

8 9 5 2 o o o o o 1 4 o  

9 i o  6 3 o o o o o 1 4 o  

i o  i 1  7 4 I o o o o 1 2 o  

i i  12 8 5 2 o o o o 1 2 o  

~2 13 9 6 3 o o o o i o o  

13  14  I o  7 4 i o o o i o o  

t 4 15 t i  8 5 2 o o o 8 0  

15 16  12 9 6 3 o o o 8 0  

1 6  17 ~3 i o  7 4 t o o 7 ° 

17  18  14 i i  8 5 2 o o 7 ° 

18  1 9  15 12 9 6 3 o o 6 0  

19  2 0  16  13 i o  7 4 i o 6 0  

2 0  21 17  14 i i  8 5 2 o 5 o  

21  21 18  15 12 9 6 3 o 5 0  

The efficiency ~(X) at ta ins  the very  high max imum -~ = 1.87 at 
X = 0.24. Also the discrimination power has its max imum (3.5) 
about  at the same point.  One reason for high values of "n is the 
steepness of the bonus scale. In addit ion,  according to the bonus 
rules a pol icy moves three classes down if one claim occurs and one 
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class up after a claimfree year. If  a claim occurs about  every th i r th  
or fourth year (X ~ o.25-o.3), the efficiency must  a t ta in  a high 

value. The low values of "q and d for X > o.5 are obviously due to 
the slow transit ion to the highest bonus class. 

6. West Germany 

A bonus system used in West  Germany  is presented here: I n  the 
system there are 8 bonus classes and the initial class is the class 3. 

The components  of B-vector  are the premiums of the " tar i f f  
group M" .  The bonus rules and the premium vector  are: 

class To Tl T2 T3 T~(k >1 4) B 

o 3 o o o o 1 5 o  

I 3 o o o o 1 3 o  

2 3 t o o o I I O  

3 5 2 I o o i o o  

4 5 2 I o o 9 5  

5 6 4 2 o o 9o 
6 7 5 4 I o 7 ° 
7 7 6 5 2 o 5 ° 

The efficiency and the discrimination power of this system are 
relatively great for X > o.5. Similar features were found in the 
Norwegian system and a reason could be of the same kind:  the 

quick return from malus classes o-2 to the class 3. For  small values 
of the claim frequency X the values of -t/ and d are lower than  the 
respective values of any  other system under consideration. 


