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i. INTRODUCTION 

1.1. In the different versions of tbe "Theory  of Risk" it is 
almost universally assumed that  ruin or bankruptcy marks the 
end of the game. The earlier versions of the theory tried to estinaate 
the probability of this event, and studied the steps which an 
insurance company could take to bring probability of ruin down to 
an acceptable level. The more modern versions of the theory of 
risk tend to formulate the problem in economic terms, and study 
the cost of postponing or avoiding ruin. 

In a recent discussion of a paper [4] surveying the development 
of the theory of risk, Professor Bather suggested that ruin may not 
necessarily be the end. If an otherwise sound insurance company" 
gets into difficulties, so that ruin looms large, it is very likely that  
steps will be taken to rescue the company, for instance by refinan- 
cing, or in more extreme cases, by a merger. 

1.2. To practical insurance men the simple suggestion of Professor 
Bather  may seem next to trivial. Insurance companies get into 
difficulties fairly regularly, and rescue operations are considered 
in the insurance world, if not daily, at least annualy. The suggestion 
has, however, far-reaching implications for the theory of risk, and 
these do not seem to have been fully realised. If ruin does not mean 
the end of the game, but only the necessity of raising additional 
money, the current theories of risk may have to be radically revised. 
In this paper we shall discuss some of these implications. 

2. THE BASIC MODEL 

2.1. As our starting point we shall take a model due to de Finetti 
[5]. The model, which can be taken as the foundation of the modern 
theory of risk, can be defined as follows: 
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(i) The company has an initial capital S. 
(ii) In each operating period the company underwrites identical 

portfolios of insurance contracts. The profit of these portfolios 
is a stochastic variable with positive expectation, and with 
the distribution F(x). 

(iii) If at the end of an operating period the capital is negative, 
the company is ruined, and has to go out of business. 

(iv) If at the end of an operating period the company's capital 
exceeds Z, the excess is paid ou t - -as  dividend or taxes, as the 
case may be. 

In this model the company's capital performs a random walk. 
There is an absorbing barrier at S = o, and a reflecting barrier at 
S ---- Z. The amount Z can be interpreted as the required reserve, 
i.e. as the reserve capital which the company considers necessary 
before any dividend can be paid. 

2.2. The choice of a value Z will determine a sequence of dividend 
payments:  So, s~ . . . . .  st . . . . .  where st >_ o is the dividend paid at 
the end of the underwriting period t. For the expected discounted 
sum of these payments, we shall write: 

V(S, Z) ---- E vtE (st). 

If they company is quite free in choosing Z, it is natural  to 
assume that it will select the value of Z, which maximizes V(S,  Z). 
The assumption may, however, be unrealistic. I t  implies that  neither 
government regulations nor pressure from the public will force the 
company to maintain larger reserves in order to provide more 
security to its customers. If we ignore these objections, we are led 
to a wcl_l defined mathematical problem, which as we shall see, 
has a considerable interest. 

Before we attack this problem, a word of caution may, however, 
be useful. If the real objective of the company is to maximize 
the expected discounted value of its dividend payments, the real 
problem is to find the dividend policy, which will achieve this 
objective. A general dividend policy must specify the amount to 
be paid at the end of period t in all conceivable circumstances. 
This means that the amount may depend on previous dividend 
payments So, s t . . .  s t - l ,  and on the company's past history, which 

~9 
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in our model can be described by the sequence So, S t  . . .  St,  the 
company's capital at the end of each previous underwriting period. 
The dividend policy is then defined by a function 

st = S(So . . . .  s t_l ,  S o . . .  St, ~) 

The general problem consists in finding the best, or optimal 
dividend policy, when the objectives of the company are known. 
These objectives may be complex, they may for instance include a 
desire for a stable series of dividend payments, and for a steady 
growth of the company's capital. 

2.3, If the company has the simple objective of maximizing the 
expected discounted value of the dividend payments, the optimal 
policy will be of a much simpler form. The payment at the end of 
period t will then depend only on the actual state of the company 
at that time, i.e. the policy is defined by a function of the form 

st = s(St). 

This result appears reasonable on intuitive reasons, and it has 
been proved rigorously by several authors, i.a. by Blackwell [I]. 

The dividend policy determined by a fixed reserve requirement Z 
will be defined by a function 

s(S) = o for S < Z  

s(S) = S - - Z  for Z < S 

This policy may, however, not be optimal. Morrill [6] has proved 
that when the distribution F(x)  is discrete and finite, the function 
defining the optimal policy is of the form 

s ( s )  = o 

s(S) = S - - Z o  

s ( S )  = o 

s(S) = S - - Z 2 , ,  

for S < Zo 

for Z o < S  < Z 1  

for Zo, n_l  < S < Z2n 

for Z2n < S 

This means that  the function which defines the optimal policy 
is determined by a finite set of numbers Zo, Z ~ . . .  Z2n. Only ifn = o, 
will this policy correspond to a fixed reserve requirement. 
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2.4. Le t  l_lS now put  aside the difficulties indicated above, and 
de termine  the funct ion V(S, Z) defined at  the beginning of pa ra  2.2. 
I t  follows from the definition tha t  we have 

V(S,Z)  = o for S < o  
V(S, Z) = S - - Z +  V(Z, Z) for Z < S  

For  o < S < Z we see tha t  V(S, Z) must  satisfy the integral  

equat ion 

v(s ,  z) = v I ' v ( s  + x)dF(x) 
- S  

or  
Z - 8  

v(s ,  z) = v ~(x  + s - -  z + v ( z ,  z) } de(x) + I V(S + x)aF(~) 
Z - 8  - S  

If the dis tr ibut ion F(x) is discrete, this equat ion reduces to a 
difference equation.  This case, which has been discussed b y  de 
Finet t i  [5] and Morrill I6], leads to some complications.  I t  has been 
shown in another  paper  [3] tha t  V(S, Z) as funct ion of Z is dis- 
continuous,  and tha t  as function of S it does not  have  a cont inuous 
derivat ive.  

If F(x) is continuous,  and a dens i ty  funct ion f(x) = F'(x) exists, 
the basic equat ion can be wri t ten 

V(S, Z) = v i {x + V(Z, Z) }f(x - -  S + Z)dx + i V(x) f (x - -  S)dx 
0 0 

] 'his is an integral  equat ion of Fredholm's  type.  I t  has a unique 
cont inuous solution given by  the Neumann  expansion 

V(S, Z) = Z vn i { x  + V(Z, Z)}f(")(x  + Z - - S ) d x  

Here  
f ( 1 ) ( x _ _ S )  -~ f ( x - -  S) 

Z 

f (n ) (x - -  S) = f f(n-,)  (x - -  t) f(t - -  Sil t  n > I 
o 

This result can be verified by  a direct probabil ist ic a rgument  
f(n) (x + Z - -  S)dx is the probabi l i ty  tha t  the co m p an y  shall have a 
capital  x + Z at  the end of period n, provided tha t  the co m p an y  
was nci ther  ruined nor paid any dividend at the end of the n -  I 
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preceding periods. If  the event  x > o occurs, the company  will pay  
a dividend x, and the value of future  dividend paymen t s  will be 
equal  to V(Z, Z). Since the event  occurs at the end of period n, 
the expected discounted value of the p ay m en t  is obtained by 
mul t ip lying with v n and integrat ing over all non-negat ive x. 

3. RUIN AND RESCUE 

3.1. In the model we have outlined, we shall assume tha t  the 
opt imal  dividend policy is de termined by  a single number  Z, 
which we can in terpre t  as the opt imal  reserve requirement .  If 
the company ' s  capital  at the end of an underwri t ing period is 
S < Z, the expected discounted value of the future  dividend 
paymen t s  is V(S, Z). I t  is clear tha t  V(o, Z) is positive. Even  if the 
company  has no capital  (free reserves), there is a positive prob- 
abil i ty tha t  a dividend will be paid before ruin. If S < o, we 
have,  however,  by  definition V(S, Z) = o, because the company  
is not  allowed to do any  underwri t ing if its capital  is negative. 
This means tha t  if the company ' s  capital  falls from ¢ to --¢,  there 
will be a fall in dividend expecta t ion from V(¢, Z) to o; a fall which 
may  seem out of proport ion to the actual  loss of capital. 

3.2. Let  us now assume tha t  the company  at  the end of an under-  
writ ing period is unable to pay  the claims made against it, and 
let us assume tha t  the deficit is T. The value of the company  to the 
shareholders is then 

V(- -  T, Z) = o 

since the company  is not  allowed to operate.  

If the shareholders put  up the money  necessary to settle the 
claim, the company  can cont inue its operations,  and its value to the 
shareholders will be V(o, Z). I t  will then be a good inves tment  to 
rescue the company  if 

V(o, Z ) - -  T > o 

If the shareholders put  up an amount  of money  S, in addit ion 
to the amount  T which is s t r ict ly necessary, their  gain will 
be 

V(S, Z) - -  (S + T) 
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They  may  then t ry  to de termine  the value of S, which maximizes  
this difference, i.e. to find the opt imal  scheme for re-financing the 
company.  If V(S, Z) is differentiable with respect to S, this value 
is given by  the condit ion 

~V(S, Z) 
- -  I 

~S 

I t  is fairly obvious tha t  S = Z wiJ1 be a solution of this equation.  
Heuris t ical ly this result  is obta ined  by  the following a rgument :  

If 
~V(S, Z) 

~S 

an addit ional  amoun t  of capi tal  will increase the dividend expecta-  
tions more  if it  is added to the reserves, than if it is paid out  as 
dividend immediately.  As Z is the opt imal  reserve, it follows tha t  
the inequal i ty  must  hold for all S < Z. 

3.3. F rom the considerat ions in the preceding paragraph  it follows 
that  it is a good inves tment  to rescue an insolvent  insurance 
company,  provided tha t  its deficit is not  too great.  I t  is easy to 
see tha t  the upper  limit of the deficit is given by  

2"< V ( Z , Z ) - - Z  

If the deficit exceeds this limit, the shareholders should accept 
ruin, and let the company  go into liquidation. 

This result  is not generally valid. There  are a number  of compli- 
cations, par t icular ly  if the dis tr ibut ion F(x) is discrete. These 
complications are, however,  of a fairly trivial nature,  and can best 
be i l lustrated by  numerical  examples,  as we shall do in the following 
Section. The complicat ions are due to the discontinuities of V(S, Z) 
and its derivatives,  and it  is a tedious, bu t  not  ve ry  difficult task 
to sort them out.  

3.4. We have so far taken an ad hoc approach to the rescue problem. 
We assumed tha t  the company  had already become insolvent,  
and we asked if it would be profi table for the shareholders to rescue 
the company.  We based our analysis on the funct ion V(S, Z), 
and this is appropr ia te  only if the company  will have  to go into 
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l iquidation the next  t ime it becomes insolvent.  If it is possible to 
rescue the company,  also at  the next  crisis, V(S, Z) will no longer 
represent  the value of future  dividend payments .  

If the shareholders ahvays are prepared to rescue the company,  
it is not necessary to keep any  capital  in the company.  At the end 
of each operat ing period the owners will ei ther divide the profits 
among themselves,  or make a paym en t  to cover the deficit. The  
expected profit  in an a rb i t ra ry  operat ing period is E(x), and the 
discounted sum of these expected paymen t s  is 

w -  J" xdF(x) 
I - - V  - m  

I t  is obvious tha t  W > V(o, Z), since the obligation to cease 
operat ions after  ruin cannot  possibly increase the expected dividend 
payments .  I t  is equally obvious tha t  it does not  pay  to rescue the 
company  if the deficit T > W. These considerations m ay  lead the 
shareholders to seek some rule as to when they should cut  their  
losses, and let the company  go into liquidation. They  m ay  for 
instance decide tha t  they  will l iquidate the company  when the 
deficit becomes greater  than Y. Let  W(Y) be the expected dis- 
counted value of the dividend paymen t s  (positive or negative), 
which will be made under  this policy. 

I t  is easy to see tha t  W(Y) must  satisfy the equat ion:  

W(Y) = v : { x  + W(Y)} dF(x) 
- y 

From this we find 

w(Y)  = xdF(x) 
- - v  + _ 

We can then determine the value of Y which maximizes W(Y). 
If a densi ty  funct ion f(x) = F'(x) exists, this value is de termined 
by  the equat ion 

W' (Y) = o 

y _ 

o r  

v ( 
I - - V  + vF(- -  Y) _ xdF(x) 



THE RESCUE OF AN INSURANCE COMPANY AFTER RUIN 287 

This expresses the obvious. The company  should be rescued only 
if the deficit is smaller than the expected profits from the rescue 
operation.  

4. SOME NUMERICAL EXAMPLES 

4.1. As our first example we shall take the simple case where x 
can take only the values - - I  and + I. We shall assume 

Pr  ( x =  I) = p = o . 5 6 5  
Pr  ( x = - - I )  = q =  0.435 

The basic equat ion of para  2.4 is then reduced to the difference 
equat ion 

V(S, Z) = vp V(S + i ,  Z) + vq V ( S - -  i ,  Z) 

This equat ion has been discussed in a number  of o ther  papers,  
i.a. [2] and [3~. I t  has the solution: 

,f+l__,f+l 
- -  Z + g  V(S, Z) r f  +2 __ r2Z +, __ r f+ ,  + r,  

where rl and r2 are the roots of the character is t ic  equat ion 

r = vp r 2 + vq. 

I t  is easy to verify tha t  both  roots are positive, and tha t  rt > I, 
re < I. I t  then follows tha t  V(S, Z) wiU increase with S as we 
would expect.  I t  also follows tha t  V(S, Z) will go to zero as Z goes 
to inf in i ty-- i .e ,  if dividend paymen t s  are postponed indefinitely.  
If there is a value of Z > o, which maximizes  V(S, Z), this value 
will be independent  of S, and can be taken as the " o p t i m a l "  
reserve. 

TABLE I 

V(S, Z) = Expected discounted value of dividend payments 

2 = Ini t ia l  Z = Capital  required before d iv idends  can be paid  

Capital  o I 2 3 4 5 6 

O 1.25 1.49 1.7 ° 1.83 1.89 1.88 1.82 
I 2.25 2.69 3.05 3-3 ° 3.41 3.39 3 .28 
2 3'25 3 69 4.19 4.52 4.67 4.66 4.5 ° 
3 4.25 4.69 5.19 5.56 5-79 5.76 5"57 
4 5.25 5.69 6.19 6.56 6.82 6 79 6"56 
5 6.25 6.69 7.19 7.56 7.82 7-78 7.51 
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If  we t ake  v = 0.983 , we f ind rl -~ i . i  and  r2 = 0. 7 , and  we can 
c o n s t r u c t  Tab le  I ,  which  gives the  value  of V(S, Z) for some  

selected values  of S and  Z. 
W e  see t h a t  in this e xa m p l e  the  op t ima l  reserve is g iven  b y  Z = 4, 

at  least as long as we on ly  a d m i t  in tegra l  values  of Z. To comple t e  
the  analysis ,  we should  of course  inves t iga te  the  m e a n i n g  of non-  
in tegra l  va lues  of Z, b u t  this is no t  necessa ry  for  our  purpose .  

I n  this s imple  discrete  example ,  the  on ly  possible deficit  is 
T = i.  I f  the  cap i t a l  of the  c o m p a n y  shou ld  be - - I  a t  the  end of 
an  unde rwr i t i ng  period,  the  value  of the c o m p a n y  to the  share-  
ho lders  is zero. If,  however ,  t he  shareho lders  pu t  in new cap i ta l  
T + Z = i + 4 = 5, t h e y  get  a re f inanced  c o m p a n y  with the  
va lue  V(4, 4) = 6.82, i.e. t h e y  m a k e  gain of 1.82. This  m e a n s  t h a t  
the  ad hoc decision will be to raise m o n e y  to ref inance the c o m p a n y .  

I n  this e x a m p l e  the  expec ted  prof i t  in an a r b i t r a r y  o p e r a t i n g  
per iod  is p - - q  = o.13. I f  the  shareholders  a lways  are r e a d y  to 
rescue the  c o m p a n y  f rom insolvency ,  the  expec ted  d i scoun ted  va lue  
of the  prof i t  is 

v 
W - -  ( p - - q )  = 6.15. 

i - - ' 0  

4 .2 ,  As our  second  example ,  we shall  t ake  a n o t h e r  discrete  case, 
which  has  been discussed in deta i l  by  Morrill E6]. We  shall  a s sume  
t h a t :  

P r  ( x =  i) = I2 / I3 ,  P r ( x = - - 2 )  = 1/13 , v = 5 / 6  

Tab le  I I  gives some values  of V(S, Z) for this e x a m p l e :  

TABLE I I  

V(S, Z) = Expected discounted value of dividend payments 

Z ~ Capital required before 
S = Initial dividends can be paid 

Capital 
o I 2 3 

o 5 4.17 4.89 4.23 
I 6 5 5.87 5.24 
2 7 6 7.04 6.30 
3 8 7 8.04 7 .21 
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Here  the op t ima l  reserve seems to be Z = 2. I f  the c o m p a n y  
holds a capi ta l  S > 2, the expected  discounted value of the dividend 
p a y m e n t s  is max imized  if the reserve requ i rement  is set a t  Z = 2, 
and  the excess S - - Z  is pa id  out.  If,  however ,  the c o m p a n y ' s  
capi ta l  should fall below this level, the c o m p a n y  m a y  set its reserve 
requi rements  lower. I f  the capi ta l  falls to S = I ,  expected  dividend 
p a y m e n t s  will be V(i ,  2) = 5.87, if the c o m p a n y  main ta ins  the 
reserve requ i rement  Z = 2. The c o m p a n y  can, however ,  p a y  out  
a d iv idend of I,  and cont inue its opera t ions  wi thout  any  reserve 
capital .  The  expec ted  dividend p a y m e n t s  will then be V ( I ,  o) = 6. 
Hence  it will be prof i table  for the shareholders  to lower the reserve 
requ i rement  af ter  an unfavourab le  opera t ing  period. I t  will, 
however,  be even more  prof i table  to refinance the c o m p a n y  and 
bring its capi ta l  up to S = 2. 

In  this example  the grea tes t  possible deficit is T = 2. Should 
this occur, it will be a good inves tmen t  for the shareholders  to 
cover  the deficit, and  in addi t ion bring the c o m p a n y ' s  reserves 
up to the op t ima l  level. The tota l  ou t lay  to the shareholders  will be 
4, and in re turn  they  will get d ividends with an expected  discounted 
value V(2, 2) = 7.04. 

4.3. As an example  of a cont inuous  dis t r ibut ion,  let us assume tha t  
the densi ty  funct ion has the following form:  

f (x)  = ko~e -~x for x > o 
f (x)  = (z - - k ) o ~ :  z for x < o 

In this case there is no upper  l imit  to the c o m p a n y ' s  gain, so the 
example  m a y  be a lit t le un rea l i s t i c - - a t  least in non-life insurance.  

Suppress ing the a rgum en t  Z, we can write the integral  equa t ion  
of pa ra  2. 4 as follows: 

8 

v(s)  = v(~ - - k )  ~e-~s f V(x) e~dx 
o 

+ vkad  's S V(x)  e-~'Xdx 
s 

vk 
+ vk V(Z) e ~(~-z) + - -  e =(s-z) 

Different ia t ing twice, we find t ha t  the in tegral  equa t ion  can be 
reduced to the differential  equat ion  
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(~ - -  v) ~ v ( s )  + v (~  - -  2k) ~ v ' ( s )  - -  v " ( s )  - -  v " ( s )  = o 

which  has the  genera l  so lu t ion :  

V(S) = C t e r's + C 2 e r~s 

Here  rl and  r2 are the  roots  of the  cha rac te r i s t i c  equa t ion  

r 2 - -  v(I  - -  2k) ~. r - -  (I - -  V) 0c 2 = O 

and  the  c o n s t a n t s  C1 and  C2 m u s t  be d e t e r m i n e d  so t h a t  the  genera l  

so lu t ion  of the  different ia l  equa t ion  also is a so lu t ion  of the  in tegra l  

equa t ion .  

T a k i n g  0~ = I ,  v = o.97, and  k = o.6o3, we f ind:  

143 e o.ls __ 91 e -o.3s 

V(S,  Z) = 16e  °.lz + 2 1 e  -°.3z 

Table  I I I  gives the  va lue  of V(S,  Z) for  some selected values  of 

S and  Z. 

TABLE I I I  

V(S,  Z) = Expected discounted value of dividend payments  

S z o I 2 3 4 5 6 

o 1.41 1.57 1.68 1.74 1.73 1.68 I 6o 
I 2.41 2.74 2.93 3.o2 3.o2 2.94 2.7o 
2 3.41 3.74 4.03 4 .16 4 -16 4.o4 3.84 
3 4.41 4 74 4.°3 5 .21 5 20 5.14 4.88 
4 5 41 5 74 6.03 6.2I 6.19 6.02 5.7 ° 
5 6.41 6 74 7.03 7 .21 7 19 6.98 6.60 
6 7.41 7.74 8.03 8.21 8.19 7.98 7.53 

I t  is easy  to ver i fy  t h a t  V(S,  Z) has  a m a x i m u m  for  Z = 3.45, 
and  t h a t  V(3.45, 3.45) = 5-67 • I n  this examp le  there  is no l imi t  
to  the  defici t  T, which  can  occur  a t  the  end of an  ope ra t i ng  period.  

F r o m  the  resul t  in p a r a  3.3 it follows t h a t  it will be a good  
i n v e s t m e n t  to  rescue the  c o m p a n y  if 

T < V(Z, Z) - -  Z ---- 5 . 6 7 -  3-45 = 2.22. 

The  a r g u m e n t  in p a r a  3.4 implies,  however ,  t h a t  it will be 
p rof i t ab le  to  rescue the  c o m p a n y  as long as the  defici t  Y < 6.65. 

4 .4 .  I t  m a y  be in te res t ing  to  cons ider  the  p robab i l i t y  of ruin 
in connec t i on  wi th  the  last  example .  I f  the  c o m p a n y ' s  cap i t a l  
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is equal to the optimal reserve, i.e. S = Z = 3.45, the probability 
that the company shall be ruined at the end of the next under- 
writing period, is 

F ( - -  Z )  = ( I  - -  k)  e - Z  = o . o I  

For the sake of argument we shall assume that  this is accepted 
as adequate security for the policy holders. If the company's 
capital should fall to S : I, the probability of ruin at the end of 
next period is 

F ( - -  S) = (I - -  k )  e - s  = o.I, 

which is far less acceptable. According to the orthodox theory 
of risk, the company should now seek a reinsurance arrangement, 
which will bring the probability of ruin down to an acceptable 
level. This probability is, however, irrelevant. The security of 
the policy holders does not depend on the probability that  the 
company shall become insolvent, but on the probability that  the 
company shall become so insolvent that  it is not worth rescuing. 
With the argument of para 3.3 this probability is 

F ( - - S - - T )  = ( i  --k) e - s - T  = o . o i ,  

which may be quite acceptable. 

With the argument of para 3.4 this probability is 

F ( - -  Y) = ( i  - -  k) e - ~  = 0 .0005 ,  

which is even more acceptable. 

5 '  C O N C L U D I N G  R E M A R K S  

5.1. The more orthodox theories of risk have been criticized for 
many reasons. The criticism has not always been very articulate, 
and neither have the replies. The subject has been discussed by 
actuaries for decades, but practical insurance people seem to 
have taken little part in this discussion. They seem in general to 
have considered both the theory of risk and the discussion around 
it as irrelevant to the problems which have to be solved by an 
insurance company in the real world. 

The point we have tried to make in this paper, is that most 
studies in the actuarial theory of risk ignore the economic 
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facts of life. The real weakness of the theory seems to be Assumption 
(i) in para 2.1. This assumption implies that the company will 
attract business of the same quality, regardless of its financial 
situation. This is a most unrealistic assumption, but it does not 
seem easy to modify it without constructing a general theory for 
the insurance market. Practical insurance men seem well aware 
that  the assumption is unrealistic. Insurance companies usually 
advertise that they hold large reserves, presumably to attract 
business. If an insurance company goes into liquidation, it is usually 
because it has lost the power to attract good business, and not that 
random fluctuations has brought it to insolvency. 
5.2. It may be appropriate to conchlde with a quotation from 
Adam Smith: " . . .  every individual is . . .  led by an invisible 
hand to promote an end which was no part of this intention. By 
pursuing his own interest, he frequently promotes that  of the 
society more effectually than when he really intends to promote it". 
([7], Book IV, Chapter 2). 

When an actuary tries to apply the theory of risk, he usually 
intends to see that the customers of the insurance company obtain 
adequate security. Our examples indicate that the "invisible hand" 
may lead the actuary to do a better job of this, if he looked after 
the profits of his employers--the owners of the company. 
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