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ABSTRACT

We nvestigate the implhications of a dual approach to the graduation of the force of
mortality based on the modelling of the exposures as gamma random variables, as
opposed to the modelling of the numbers of deaths as Poisson random variables.
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I INTRODUCTION

In this paper, we describe as the ‘conventional’ approach to graduation the method
whereby the force of mortality 1s graduated by fitting a parameterised formula to the
crude mortality rates under the assumption that the actual numbers of deaths are Pois-
son random variables conditional on the matching central exposures to the risk of
death, e.g. Forfar, McCutcheon & Wilkie (1988) Under this approach, the Poisson
assumption gives rise to a characteristic likelihood which 1s optimised to provide esti-
mates for the parameters in the graduation formula. It has been noted, e.g. page 113 of
Gerber (1995), that the same formal expression for the likelthood arises under the
different assumption that the central exposures to the risk of death are gamma random
varnables conditional on the matching numbers of deaths The implications of adopting
this dual approach for the parametric graduation process are investigated 1n this paper.
Following Renshaw (1991), both approaches are formulated within the generalised
linear modelling (GLM) framework , while the conclusions extend to include non-
linear parameterised graduation formulae.

A brief description of the sahent features of GLMs 1s presented in Secnion 2 for
completeness The consequences of switching from the ‘conventional’ approach to the
dual modelling approach when the data are based on head counts, or equivalently, on
policy counts 1n the absence of duplicate police . are discussed 1n Section 3. The 1m-
plications for both approaches when duplicate policies are present in the data counts
are then discussed 1n Section 4 and Section S respectively Finally an illustration of the
implications of the switch from the ‘conventional’ approach to the dual approach,
which reside largely in the reporting of the graduation, is presented in Section 6.
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2 GENERALISED LINEAR MODELS

The purpose of this section 1s to provide a brief introduction to GLMs. A complete
treatment of the theory and application can be found in McCullagh & Nelder (1989)
and Francis, Green & Payne (1993).

The basis of a GLM is motivated, in the first instance, by the assumption that the

data are sampled from a one parameter exponential family of distributions with log-
likelihood

1= 7"”;(9) +c(3.6)

for a single observation y, where 8 1s the canonical parameter and ¢ 1s the dispersion
parameter, assumed known. It 1s then straightforward to demonstrate that
PL

d
m=E(Y)= Eb(@) and Var(Y) = ¢E0_2

b(B) = b (6).

We note that Var(Y) is the product of two quantines The quantity »”'(8) 1s called the
variance function and depends on the canonical parameter and hence on the mean We
can write this as V(m).

The log-likelihoods for some common distributions of 1nterest and which conform
to these properties are

I=ylogm-m-logy'
O=logm, b(B)=expl, V(im)=m, ¢ =1

for the Poisson distributton with mean #1, and

y 1

——+log—
[= ml M+ vlogy+vlogv—log(v)
v

6= —-l—,b(9) = —log(-6), V(m)=m?,p=v""!
m

for the gamma distribution mean m and variance m*/v.
More generally a GLM is characterised by independent response vanables { ¥, u =
1,2, ., nj forwhich

oV(m,)

u

E(Y,y=m, Var(Y,)= eR))

"

comprising a variance function V, a scale parameter (¢ > 0) and prior weights @,.
Covarnates enter via a linear predictor

r
M = Z«anﬂ;
s=1
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with specified structure (x,,) and unknown parameters f3, linked to the mean response
through a known differentiable monotonic link function g with

g(nlll) = T’“ -

The special link function g = 6, so that 8(m) =7, 1s called the canonical link function.
Examples are the log link in the case of the Poisson distribution and the reciprocal link
in the case of the gamma distribution

The suffices or umits « have structure, erther intrinsic or imposed. The data compri-
se realisations {y,} of the independent response variables, matched to the structure of
the units. Generally 1n any one study, the detail of the distribution and link are fixed,
while the predictor structure may be varied

Model fitting 1s by maximising the quasi log-likehhood

m,

n n yl -5
g=q(y.m)= Y q, =y 0, | 2—ds (2.2)
B u=\ u=1 v, ¢V(T)

leading to the system of linear equations

n

y,—m, dm
w u 1 It - 0 v
Z “ovim,) 9, /

u=|

in the unknown Bs These are solved numerically, e.g Francis, Green & Payne (1993),
McCullagh & Nelder (1989). Detail of the construction of standard errors for the pa-
rameter estimators, based on standard statistical theory, 1s also to be found in these
references Denote the resulting values of the parameter estimators, linear predictor

and fitted values, for the current model ¢, f,,1), and rm, respectively, where

P ~
i, =g (M) T —Z Xy B,

=1

For members of the exponential family of distributions, the quasi log-likelihood 1s
synonymous with log-likelihood The maximal structure possible has the property that
the fitted values are equal to the observed responses, that is 1, =y, for all u, and 1s
called the full or saturated model f.

The (unscaled) deviance of the current model ¢ 1s

D(c, f)—d(v,m)—zd,, Zzw,‘jy“_‘ s = =2 6 q(y; i),

u=1 w=| i,

in whach the fitted values under the current and saturated models 1impact on the for-
mula through the lower and upper himits of the integral respectively. The correspon-
ding scaled deviance is

d n
S(e, )= d* (i) = (’(pm)_z J';“T(—d\——zq(y,m) 2 3)

t=|
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For fixed distribution, fixed link and hierarchical model structures ¢, and ¢,, with ¢,
nested 1n ¢, the difference 1n scaled deviance

S(cs, H - Slci /)

may be referred, generally as an approximation, to the chi-square distnbution with v, —
v, degrees-of-freedom, where v, and v, denote the respective degrees-of-freedom.

Two types of residuals (which are identical only in the case of the Gaussian distri-
bution, for which V(s) = 1) are of interest, the Pearson residuals

Y =M (2.4)
V(im,)
wll

sign(y, — ﬁru)\/z

where d, 1s the uth. component of the (unscaled) deviance above

or the deviance residuals

3. HEAD OR POLICY COUNTS WITH NO DUPLICATES

3.1 Distribution Assumptions

In keeping with common practice, let

U, = the force of mortality at age x
« P, = the probability that a life aged x survives tot age x + w

and recall the basic identity
WPy = XD [ My ds 31
0

with the imphed assumption that u, 1s a function of age alone and 1s therefore assumed
to be constant with respect to variations 1n calendar time within a fixed observation
window.

Focus on a set of individual hives or policyholders. If the latter, and the data are ba-
sed on policy counts, then it 1s assumed throughout this Section that all policyholders
possess a single policy Individual members of the set are assumed to be observed
between ages x and x + 1 1n the fixed calendar period or observation window ¢ to f + 1,
with pre-specified policy duration where relevant, and their survival experience 1s
assumed throughout to be independent Typically r, = 4 years in many United King-
dom (UK) actuarial mortality studies. There 1s also interest 1n the case ¢, = 1 year
when modelling trends 1n mortality, e g. Renshaw, Haberman & Hatzopoulos (1996).
Within such a cell, identified 1n this instance by the suffix x, suppose an individual
enters observatiton at age v,, and leaves 1t either by death (I,, = 1) or by censorship
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(I,=0)atage v, +w, wherex<v,<v, +w,<x+ |. Then 1t1s well known see, e g

W=

Section 3.2 of Cox & Qakes (1984), that each such datum contributes an amount
I
Lu =w" pl'"/‘lv:-#w"

to the likelthood, or, on resorting to the use of expression (3 1), an amount

W,

l\l = log L\l =- J-:u\rn -+-_vds + Iu Iog :u\'"+w“
0

to the log-likelihood. Thus the total contribution to the log-likelihood from such a cell
18

", n Wy

[\ = Z,u = z - J.':u\r,,+\ds+ Iu log“v"+wu (3 2)

=1 1=1 0

where the summation extends to all n, individuals contributing to the experience in the
cell If in addition . is assumed to be piecewise constant with respect to age within
each cell and accorded the central value (4, , ,,, expression (3.2) can be wnitten as

L==rpta, 1081y,

where

Il‘ Il'
=Y wea,= 0,
=1 =1

denote the respective central exposure and actual number of deaths associated with
cell x. The expression for the full log-likelihood

l=zll =2{_r\:ul+l/2+ax lOg:u\+l/2} (3.3)
t v

then follows by summation over all such cells. It 1s of specific interest to note that this
expression may be interpreted in one of two ways

Firstly, and somewhat exclusively 1n the context of an actuarial giaduation, expres-
sion (2.3) 1s 1identifiable as the kernel of the log-likelihood under the assumption that
the actual numbers of deaths, a,, are modelled as independent realisations of Poisson
random vanables A conditronal on r, such that

Al - POi(r\lu\-o-I/Z)'
For this case, the detail of the distributional requirements to set up the appropriate
GLM (equation (2 1) with i = x) s etther

responses {A, },withm, =r it o102, V(m)=m, ,¢=lLw, =1, (3 4a)

X

or equivalently

responses {A /r},withm, = ;2. V(m)=m_ ¢=1l0 =r (3 4b)
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Secondly, e.g. Section 11 5 of Gerber (1995), cxpression (3 3) 1s also 1dentifiable as
the kernel of the log-likelihood under the assumption that the exposures to risk, r,, are
modelled as independent realisations of gamma random variables R, conditional on a,,
such that

R\ - gam(at’:“l\'+|/2)

Superficially this result 1s perhaps a httle unusual in-so-far as the gamma distribution
is generally associated with two unknown parameters, whereas here, as with the Pois-
son distribution above, there 1s only a single parameter to estimate For this case, the
detail of the distributional requirements to set up the appropriate GLM (equation (2 1)
with u = x) s either

responses {R, },withm, =a, Ven)=mlo=1l0 =a, (35a)
Hora
or equivalently
responses {R, /a },withm = WVim )= m?,¢= Lo, =a, (3.5b)
Hiarn

The data compnse the ordered pairs of numbers of deaths and central exposures (a,, r,)
over a range of ages x All of the s are non-zero by implication, but 1t is conceivable
that certain of the a,s are zero. This 1s most likely to occur at the extremities of the age
range were the data are sometimes sparse Note that while such data cells are retained
in any analysis of the data based on distributional assumptions (3.4a & b), they are
weighted out of any analysis based on distributional assumptions (3.5a & b)

3.2 Discussion

The optimisation of expression (3 3) under the former interpretation (based on the
Poisson distribution) 1s central to the current graduation practice of the Continuous
Mortality Investigation (CMI) Bureau in the UK, e g. Forfar er a/ (1988), while the
optimisation of expression (3.3) under the alternative terpretation (based on the
gamma distribution) would appear not to have been investigated previously in an
actuanal graduation setting.

It 1s possible to derive the first set of assumptions, 1n which the number of actual
deaths A, form the response variables, by taking expectations and variances under the
identity

A\ :HZ‘,IU
=1

where 1, 15 the zero-one indicator random variable, introduced previously, in Section
3.1. It has the property

"y

E(I)=E(U3)=P(,=1)=1-cxp- Jymds
0
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and 1s assumed to be independent for all individuals ;. The results then follow under
the assumption that L, 1s piecewise constant within cells, so that

E(1,)=(E(3) == exp(~H 120, (36)

and on neglecting second and higher order therms in the power series expansion of
exp(_:urH/ZWrr)’ so that
Var(l\,) = E(In) =M1Wy

Under the second set of assumptions, for which the responses satisfy
n,
RX = Z Wll ?
=1

the individual exposures W, are modelled as random variables. Under the additional
assumption that the individual exposures are independent and 1dentically distnbuted, 1t
follows trivially from the reproductive property of the gamma distribution that they
have the gamma distribution

a
W, ~gam(—*, 1 1 y/2)
n
X
Again based on the reproductive property of the gamma distnbution, note that 1t 1s also
posstble to construct the identical GLM by defining

H, a,
R\ = ZWU =2T\J
=1 =1

in which the T, s are assumed to be independent and 1dentically distributed gamma
random vanables such that

Trj ~ gam(lwuwll?.)’

and where at least one death is recorded n every cell Here 1t is possible to interpret T,
as the sum of randomly selected censored exposures W,, the last of which is associated
with a death

The target of the graduation process is the force of mortaliry y. under distribution
assumptions (3.4a & b) and the force of virality 1/u, under distribution assumptions
(3.4a & b). In using the latter description, we follow the terminology of Lambert
(1772) see, e g Daw (1980)

The value of the scaled deviance, (expression 2.3, with & = x) 1s 1dentical under
both sets of modelling assumptions (3 4a & b) and (3.5a & b) and 15 equal to

S, f)= 22{0 log Py ”2—(ar—r\ﬁ‘+”2)} (37)
a4

where i, denotes the graduated values of u, provided deaths are recorded for all ages
(1e. a, >0V x) so that none of the terms are wcighted out of the expression on the
right hand side (RHS) of equation (3 7) under the dual modelling assumptions (3.5a &
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b) This 1s perhaps a surpnsing result on the surface It reflects the fact that the same
objective function, expression (3 3), which 1s embedded in the construction of the
scaled deviance as the quasi log-likelihood function, (expression 2 2, with # =x) 1s
optimised when fitting the model structure (or graduation formula).

Subject to the weighting out of any data cells containing zero a s in the one case,
the two sets of distribution assumptions lead to 1dentical graduations for g, Thus,
assumption (3 4a) with responses {a,} 1n combination with log-link based graduation
formulae of the type

p
log:u\+l/2=2h\jﬂj (3 8)
=0

so that

p
logmr = ’7‘ =lng‘ +loglu\+l/2 = logr‘ +zh\jﬂj’

=0

gives 1dentical graduations to those obtained under assumption (3 5b) with responses
{r, } sothat

P
lOnglr = 77\ = logax _log.ux+l/2 = logax + Zh\jﬁj'
=0

Typically the parameterised structure of the RHS of the graduation equation (3.8) 1s a
polynomial 1n x with either the log r, or log a, terms declared as offsets, as the case
may be The estimated values of the parameters f, are 1dentical 1n magnitude but op-
posite 1n sign 1n the two cases Simularly assumption (3.4b) with responses {a,/r,}
combunation with the power link graduation formulae of the type

r
Y -
Hiii2 = Zh\jﬂj
1=0

gives identical graduations to those obtained under assumption (3 5b) with responses
{r/a.} sothat

P
-Y —
Hivi2 = Zhljﬁj
=0

This ime the estimated values of the parameters f8 are 1dentical in both magnitude and
sign 1n the two cases. Thus the general conclusions of this paper extend to non-linear
parameterised graduation formulae via the 1dentity link under the ‘conventional’ ap-
proach and the reciprocal link under the dual approach.

Let e, =1 pt,,,,, denote the expected number of deaths predicted at age x, under
the conventional graduation methodology encapsulated by equations (3.4a &b). and
define the statistics
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dev‘=a‘—er,x/{/‘_=\/2,z\"=ﬁ, IOO%. 3.9

JVe :

It is common practice for these to be tabulated (subject to possible cell grouping in the
tails of the age range) as part of the diagnostic checking procedure of a graduation.
Note in particular that the statistic z, 15 the Pearson residual of the corresponding
GLM, (expression 2.3, with u = x). Thus typicaily the value of the approximate chi-
square slatistic Zz? 1s quoted as one of the many test statistics of a graduation. The
X
equivalent statistics under the dual graduation methodology encapsulated by equations
(3.5a or b) involving definition &, =a,/fI,,,,, or expected exposure predicted at age

X, are

Y -
~ S e; . _dev r
dév, =r, —é.,V, =\/—‘,z‘=—~—‘, 100 . (3 10)
a, \/v‘ e,
Agan note that these statistics are defined in such a way that 7, denotes the Pearson
residual of the associated GLLM (3.5a or b). The relationship between the values of the
deviation under the dual and ‘convenuional’ graduation methodologies, namely
- —dev
dev, =— L
Hivir2

implies that the residuals under the two methodologies have opposite signs. Although
only stnctly exact provided all the a,s are positive, this relationship provides a very
close approximation when the a,s take zero values at the extremities of the age range
concerned. Detailed examination of the respective formulae defining the Pearson resi-
duals z, and Z, reveals that they differ in magnitude (and have opposite signs) On the
other hand, because of the equality of the deviance components under the two metho-
dologies established above, the deviance residuals defined by either

sign (dev, )\/Eit or sign (dévr)\/(z

as the case may be, where d, 15 the general term in the summation on the RHS of ex-
presston (3 7), are 1dentical in magnitude (and opposite 1n sign) under the dual metho-
dologies. Tt 1s also of interest to note that the final statistics quoted 1n expressions (3 9)
and (3 10), corresponding to the respective dual modelling scenarios, are the recipro-
cals of one another prior to scaling by 100 Again both of these features are exact
when all the a s are positive and represent a very close approximation when any of the
a.s are zero at the extremities of the age range
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4 POLICY COUNTS WITH DUPLICATES: CLAIM NUMBER RESPONSE MODELS

4.1 Preliminaries

The data used 1n the construction of actuanal life tables are generally based on policy
rather than head counts Consequently, the death of a policyholder with more than one
pohicy will appear as more than one death in the raw data The resulting graduation
needs to account for this overdispersion. for a review of the issues involved, readers
should consult Forfar ez al. (1988) and Renshaw (1992).

Let

D,, = the number of policies held by pohicyholder £, age x
C., = the number of policies held by policyholder s, age x, resulting 1n a claim.

Assume that the random vanables D,, are 1.1.d Vi and let D, denote the generic type.
Foreach i, the events (C,=k11,=1) and (D,, = k) are such that

(Cu=kll,=N)eO,=k,k=1,2,3, ..

and thus have identical probabilities. Define

(k) k=1
P(D, =ky=P(C, =kII, =1)={"" 2,3....
0 otherwise
where
7 20, Zﬂi“ =1
k=1

Denote

E(D)=EC,II,=1)= zkn.((l.) =7,

k=1

and

E(DH=E(ChII, =ly= Y k7" =7
k=1

T

It also follows by definition that
P(C,=011,=0)=1
so that
E(C, I, =0y=EC%1l,=0)=0

Hence the unconditional distnibution of C,, 1s given by
I—E(,), k=0

P(C, =k =
( Y] ) {E(I'“)TC(\“, k=l,2,3,
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for which
E(C )= 7 E(1,), E(C}) =7 E(1,)
These equations, in combination with expression (3 6) for E(I,), on neglecting second
and higher order terms in the power series expansion of exp(=t,,,; w,), imply that
E(C,)) =\ 1,3, and Var(C )= 7T U, 12, 4.1)
We also have an interest in the first two moments of the product random vanable

D, 1, Under the mild assumption that the number of policies, D,,, held by pohcyhol-
der 1. aged x, 1s staustically independent of the mode of censorship, I, 1t follows that

E(D,1,)=E(D)E(l,), Var(D, 1)) = E(D})EI%)~{E(D,)E(I )}

us v usu L1

These equations in combination with expressions (3 6), on neglecting second and
higher order terms in the power series expansion of exp(—{,.,» w,), then imply that

E(D 1,)= 7T U ryjaw,, and Var(D 1) = o7 Jls1/2We (4.2)

o utar

4.2 Distribution Assumptions
Let

A= the number of policies giving rise to a claim through deaths
r; = the cental exposure to the risk of death based on policies.

n‘
Note that I‘: = Zduw.\l
=1

where d,, (2 1) denotes the number of polictes held by policyholder 1, reducing to r, 1f
and only if 4, = 1 V¥ i. Throughout this Section the A;s are modelled as random van-
ables condrtional on /. It follows on taking expectations and variances under any one
of the following 1dentities

A, n, n,
AL=Y D, (withA, >0),A] =3 C, A,=3D,1, 43)
1=} 1=] 1=l

that the detail of the distributional requirements to set up the appropriate GLM
(equation (2.1), with u = x) s either

responses {A}, with m, = r/i 1,2, Vim)=m ,¢p=1w, =07, (4 4a)

or equivalently

responses (AL /r/}, withm, =t 1,0, V(m)=m 0=, 0, =r'¢;", (44b)

where ¢, =2
1 n.x
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4.3 Discussion

The result (4.4a) follows from the first of the identities (4.3) which, under the assump-
tion that A, 1s independent of the {D_} implies, in combination with equations (3.4a)

E(ALY=E(D)YE(A))= 7, r 1,112

and

2
Var(A!) = Var(D,)E(A,) +{E(D,)}*Var(A,) = EDY) EAl) =25 Ear)
E(D,) T

x

Under the independence of the terms in the respective summations, the same result
follows trivially from either the second of the identities (4.3) in combination with
equations (4 1), or the third of the 1dentities (4.3) 1n combination with equations (4.2).
In all three cases, the product term \7,r, 1n the expression for E(A!) involving the
unobserved central exposure based on lives has been replaced by r;, the observed
central exposure based on policies The result (4.4b) follows trivially from result
(4 4a)

The justification for (4.4a) based on the second of the 1dentities {4.3) and equations
(4.1) 15 a generahsation of the method described 1n Renshaw (1992) for initial exposu-
res and the binomial response model. This work establishes a link with much earlier
work on the modelling of duplicate policies using an empirical approach, e.g. Beard &
Perks (1949).

A knowledge of the reciprocals of the overdispersion parameters ¢, is needed to
form the weights, 1f the distributional assumptions (4 4) are to be fully implemented
Insight nto the potential variation of ¢, with x 1s provided by studies of the properties
of so-called vartance ratios, the empincal equivalent of ¢,, e.g Forfar et al. (1988).
These are defined as

20

vr, = ————

DY

1

where f"’ denotes the proportion, at age x, of policyholders who have 1 policies and

where

fOzovi=123 ., Y =1 21

!

There are a number of alternative practical possibihities When available, vanance
rattos can be used as estimates for the dispersion parameters ¢, and graduation can
proceed 1n accordance with assumptions (4 4) On the other hand, Forfar et al. (1988)
acting for the CMI Bureau in the UK, elect to transform the data by dividing both the
policy counts a; and exposures r; by the matching variance rati0s prior to graduation
with assumptions (3 4) displacing assumptions (4 4) When a detailed knowledge of
the relevant variance ratios 1s not available for analysts a possible method of genera-
ting estimates for the dispersion parameters 1s described in Renshaw (1992). Alterna-
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tively, under the assumption that the underlying modelling distribution of the number
of duplicate policies 1s 1dentical across all ages x 1n the absence of any further detailed
knowledge about this distribution, the dispersion parameters ¢, may be replaced by a
constant scale (or dispersion) parameter ¢ in assumptions (4 4), e.g. Renshaw (1992)
It 1s estimated as

unscaled deviance

b= degrees - of - freedom

and 1s root q; used to scale the Pearson residuals z, of expressions (3 9) or z, of
expressions (3 10), by muluplying etther V, or \7‘ by ¢A) as the case may be. Here the
unscaled deviance 1s calculated using the expression on the RHS of equation (3.7).
(Recall that ¢ was set to one when deriving this expression, so that the scaled deviance
S(c, f) 15 also the unscaled deviance 1n this instance.) This latter approach 1s closest 1n
spint to that adopted by Forfar ef al. (1988) involving the transformation of the data
prior to graduation in-so-far as 1t produces identical graduations, while allowing the
presence of duplicate pohcies to impact solely on the second moment properties of the
graduation process

5. POLICY COUNTS WITH DUPLICATES: EXPOSURE RESPONSE MODELS

5.1 Preliminaries

As before, let

D,, = the number of policies held by policyholder i, age x
W, = the contribution to the exposure by policyholder 1, age x

Recall that D,, D, are assumed to be 1.1 d. V 1 with
E(D)=n,, E(D})=,7,.

Recall also the duality property of Section 3 2, namely that the central exposure to risk
of death based on head counts, at age x

”,
R, =D W, ~gam(a,.t,.\;2).

1=1
so that

a a(l+a
A ,E(R?)zg

M2 iy

E(R)=
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Consider the 1dentity
Il‘
R, =3 D,W, (5.1)
1=1

which defines the central exposure to risk of death based on policy counts, at age x
Assuming that the number of policies held by an individual policyholder 1s indepen-
dent of the corresponding contribution to the exposure to nsk from that individual and
that the individual exposures are independent, 1t follows fiom the idenuty (5 1) that

E(R) = E(D,)Y E(W,) = E(D)E(R, ) = 2% (5:2)
1=1 Hitir
and
E(R?) = E(DOECY. W,)? = E(DYE(RY) = 241 a0 (53)

=y Hisir2

after simplification.

5.2 Distribution Assumptions
Let

R} = the central exposure to the nsk of death based on policies
a;, = the number of policies giving rise 10 a claim through deaths

Throughout this section the R] s are modelled as random vaniables conditional on aj, .

It follows from equations (5.1). (5.2) and (5.3) that the detail of the distributional
requirements to set up the appropriate GLM (equation (2 1), with 1 = x)1s either

responses {R!}, with m, = ' Vi) =ml ¢=1o, =y, (54a)

v+1/2

or equivalently

i 2 -
responses {R, /a}, with m = V) =mi ¢=1lo =y, (54b)
[1\+|/2

where this time

w‘=[2—”2‘-1]+£ﬁ L (55)
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5.3 Discussion

In parallel with the previous case, this time the product term |7, a, 1n the expression for
E(R;)mvolving the unobserved number of deaths a, based on head counts has been
replaced by a?, the observed number of deaths base on policy counts. Again result
(5 4b) follows trivially from result (5§ 4a)

A knowledge of the reciprocals of the dispersion parameters y, 18 required to form
the weights 1f the distribution assumptions (5.4a or b) are to be fully implemented In
the event that the results of a study into the vanance ratios for the policies 1n question
are available, this will furnish estimates for the first two moments 7, and ,7, of the
number of duplicate policies so that modelling can proceed. Alternatively 1f 1t is assu-
med that the square of the coefficient of variation of the number of duplicate policies
held by an individual 1s sufficiently small so as to make the first term on the RHS of
expression (5.5) for y, is negligible in comparison with the second term,

V.= -

a,

and the sttuation is analogous to that discussed in Section 4.3.

6. ILLUSTRATION

The dual methodologies are illustrated using the Pensioners’ widows 1979-1982 expe-
rience reported in Table 15.5 of Forfar et al (1988). The data (a,, r,), comprising the
numbers of deaths a, and matching central exposures r,, are reported in the age range
17 to 108 years inclusive. There are 2 + 5 = 7 completely empty cells in the extremi-
ties of the age range and 28 + 12 = 40 cells contain no reported deaths The detail of
the graduation contained in the above Table 1s bascd on Gompertz’s formula fitted by
the ‘conventional’ approach, in which the numbers of deaths are modelled as Poisson
random variables The data have been regraduated using both the ‘conventonal’ ap-
proach based on assumptions (3.4a) with predictor-link formulation

logm, =logr, +log i, .y, =logr, + +ﬂ|(x;070),
and the dual approach based on assumptions (3 5a) with equivalent predictor-link
formulation

logm\ = loga\ _Iog:u\+l/2 = loga\ +ﬁ0 +ﬂl(—x_507_0-)’
where m, denotes the respective mean responses The associated graduation formula,
implied by these formulae, 1s taken from Forfar er al (1988). Some details of the res-
pective fits including the parameter estimates are recorded 1n Table 6.1 The corres-
ponding parameter estimates have opposite signs as expected, but differ shightly 1n
absolute value because the data entries involving zero deaths feature only 1n the
‘conventional’ analysis Similarly the corresponding values of both the deviances and
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the degrees-of-freedom differ for the same reason. These differences are found to
disappear when the ‘conventional’ analysis is applied to the reduced data set and 1den-
tical graduations result as a consequence (subject to very minor differences induced by
the numerical fitting algorithm operating under the two different approaches ) An
extract of both graduations based on the detail of Table 6 1 1s reproduced 1n Table
6 2(a&b), along with detail of the associated statistics of expressions (3 9) and (3.10),
as the case may be The detail of Table 6.2a 15 in complete agreement with that to be
found 1n Table 15.5 of Forfar et al (1988), while the relatively minor effects of the
excluded data under the dual modelling approach are demonstrated. The basic diffe-
rences 1n the accompanying statistics used to monitor the effectiveness of a graduation
under the two different approaches, as described n Section 3.2, can be vertfied

7 CONCLUSIONS

The ‘conventional’ actuanal approach to the construction of u,-graduations based on
the fitting of a wide class of parameterised mathematical formulae by optimising the
likelhhood, 1n which the death counts are modelled as Poisson random vanables con-
ditional on the central exposures, 1s effectively equivalent to a dual approach in which
the central exposuies are modelled as gamma random varnables conditional on the
death counts The dual approaches lead to 1dentical graduations provided deaths are
recorded 1n all data cells, otherwise small differences occur in practice as a conse-
quence of the loss of information from any data cells in which no deaths are recorded
under the one approach Key differences occur 1n the diagnostic statistics of a gradua-
tion, with residuals being accorded opposite signs under the two different approaches
In practice, a detailed knowledge of the specific nature of the empirical distributions
on duplicate policies has only a mintmal effect on the first moment of a graduation
under the two formulations described here In the absence of this knowledge, these
first moment properties may be neglected and a free standing constant scale (or disper-
sion) parameter introduced, under erther formulation, to represent the second moment
properties of a graduation in the presence of duplicate policies.

The dual approach to p,-graduation would appear to have distinct advantages over
the ‘conventional’ approach to graduation, when 1t 1s adapted and applied to the con-
struction of select mortahity tables. This 1s discussed further in Renshaw & Haberman
(1996), who successfully use the dual approach to model the log crude mortality ratios
for individual select durations relative to the ultimate experience
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TABLE6 1
PARAMETERS I-'STIMATES WITH (STANDARD ERRORS)

‘conventional’ approach dual approach
deviance 1s 60 98 with 83 d deviance 15 45 99 with 50d
scale parameter =1 scale parameter ¢=1
[30= -3 553 (0 03923) [30=3 543 (0 03925)

ﬁ0=4317(0 1966) /30=-4332 (01979)

TABLE 6 2(a)
GRADUATION EXTRACT, 'CONVFNTIONAL' METHOD

100a /e,

X r, Hevin a, e, dev, \/_ Ve z,
17 05 000029 0 000 000 - -
30 360 000091 0 003 -0 03 - -
40 1155 000215 0 025 -025 - -
50 3785 000509 3 193 107 - -
60 1029 0 001208 14 1243 157 353 045
65 10290 001860 21 19 14 1 86 437 043
70 9410 002864 21 2695 -595 519 -1 14
75 6070 004410 33 2677 623 517 120
80 3235 006790 25 2197 303 469 065
85 1325 0 10455 11 1385 11 60 372 -077
95 40 024790 2 099 101 - -

108 20 076154 0 152 -152 - -
TABLE 6.2(b)
GRADUATION EXTRACT, DUAL METHOD

X a, Hyvirz £ é_r dév,\- \/V; i;

17 0 000029 05 !

30 0 0 00090 360 .

40 0 000215 1150 *

50 3 000511 3785 5867 -208 2 3387 -0 6!
60 14 00I1216 1029 0 11511 -1221 3076 -040
65 21 001876 10290 11196 90 6 244 3 -037
70 21 002893 941 0 7259 2151 158 4 136
75 33 004461 6070 7397 -1327 128 8 -103
80 25 006880 3235 3634 -399 727 -055
85 11 010611 1325 1037 28 8 313 092
95 2 025237 40 79 -39 56 -070

108 0 077841 20



