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ABSTRACT 

Two methods for approxmlatmg the hnmlng dlstribunon of the present value of the 
benefits of a portfoho of ~denncal endowment insurance contracts are suggested. 
The model used assumes that both future hfemnes and interest rates me random 
The first method is snmlar to the one presented m PARKER (1994b). The second 
method ]s based on the relauonsh~p between temporary and endowment insurance 
contracts. 
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] .  I N T R O D U C T I O N  

In PARKER (1994b) we present a method for approximating the distribution of the 
present value of the average cost per pohcy of a portfoho of temporary insurance 
contracts In this paper, based on chapter 7 of PARKER (1992), we first show how 
this method can be apphed to portfolios of endowment contracts. The relationship 
between temporary and endowment pohc~es is also used to suggest an alternative 
way of approxmlatmg this distribution Some justifications for the suggested 
approximation are gwen. Finally, we inchcate how to extend these results to the case 
of contracts payable by annual premlums The references section hsts some recent 
papers on the subject of actuarial functions with random interest and mortality 

2. A PORTFOLIO 

Consider a portfoho of c ldenhcal n-year endowment insurance contracts, all with 
sum insured I, being sold to hves insured at age r at time of issue Let ~ ( c )  be the 
random variable lepresentmg the present value of the benefits of the portfoho. This 
is relevant for contracts payable by single prenaiunls 

Here, summing over the n policy-years of the contract and using the notation of 
PARKER (1994b), one can express ~ ( c )  as 

n -  I 

(2.1) ~(c) = 2 c, e-"('+l)+c, e -'~' ') 
t = 0  
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When studying ~ (c ) ,  we will again assume that (c,)','= ~ is multmomml. We also 
assume that the future hfeumes and the torces of  interest, {6,},~ 0, are indepen- 
dent. 

For the portfolio under conslderaUon the average cost per polmy, 7Z(c)/c, tends 
ahnost surely, hence also m d~stnbutlon to (see, for example, FREES (1990)). 

n -  I 

(22)  (~,~ = ~ ,Iq, e - ' ( ' + l l + , P ,  ' e - ' ( ' ' l  
t = 0  

3. A RECURSIVE APPROXIMATION 

Let z, and yj be posmble reahzauons of ~.~, and y ( j )  respectively. And let the 
function h,, (z,,, y,,) be defined as 

(3.1) 

or eqmvalently, 

(32)  

h,,(z,,, v,,) = P ( : < , - < : , , ) . f , ( , , ) ( v , ,  I:~,, -< zo) 

h,,(z,,, y,,) = L l , ,~ (y , , ) '  P(: ' ,,, <- z,, I v ( ,O  = y,,)  

where f,l,,> is the probability density function (pdf) of y(n) 
It ~ an munedmte consequence of this definmon that the pdf ot 3, is 

(3 3) F.i (z,,) : h,,(z,,, y,,) dr,, 

Thin function h,, (z,,. y,,) ~ snnfla! to the function g,(z,, v,,) defined m secuon 4 
of PARKER (1994b). It can also be calculated recurswely with a high degree of 
accuracy by using 

(3.4) h,, (c,,. y , )  =- ],l,,~(v, [ y(n  - I) = y,_ i) 

h,,-I ( ; . , , - , , - t P , "  ( e - ' " - e  . . . .  ), Y,,-I)dY,, - t. 

with the s tamng value 

(35)  h~ (zl, .','l ) = 
if ZiZ>e-~l 

< v[.~,(1)l °' ) 

0 otherwise, 

where ~)( ) denotes the pdf of a standardized normal random vanable. 
Th,s approx~mauon was obtained by assuming that 

(36)  f . ; ._ , ( z - , , _~p~  (e . . . . .  e . . . . .  ) I v ( n ) =  r , , , Y ( n - I )  = v,,_,) 

~.f,~o , ( z - , , _ , p ,  ( e - ' " - e - ' "  ' ) [ y ( n - I ) = y , , _ , )  
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Recal l  that  {y(t)}~'=l is mu l t iva r i a t e  normal ,  therefore ,  y ( n )  g iven  y ( n - 1 )  is 
no rma l ly  d i s t r ibu ted  with mean  and  va r i ance  g iven  by (4 7) I and  (4.8) of  PARKER 

(I 994b)  

Note  that  (3 4) ts exact  t r y ( t )  IS a M a r k o v  process .  Howeve r ,  w h e n  m o d e l h n g  the  

force  of  in teres t  by a W i e n e r  p rocess  or an O r n s t e m - U h l e n b e c k  process ,  the  

resu l t ing  y ( t )  is not M a l k o v  and  (3.4) ts an a p p r o x i m a t i o n  

4 JUSTIFICATIONS 

Our  jus t i f i ca t ions  o f  the a p p r o x u n a t l o n  are based  on  two cor re la t ion  coef f i c ien t s  

w h m h  we would  like to be h igh  Froln  T a b l e  1 of  PARKER (1994b) ,  we know that  

y ( n )  and  y ( n -  1) are h igh ly  cor re la ted  and  this  sugges t s  that  the a p p r o x u n a t i o n  ~s 

accep tab le .  F r o m  MARDIA, KtzNT and  BIBBY (1979,  sec t ion  6.5) tim a p p r o x n n a t l o n  

would  also be  accep tab le  ~f the  correlatKon coef f i c ien t  b e t w e e n  e - ' ° ' )  and ~],, is 

h igh  Th i s  c o r r e l a u o n  is g w e n  by 

( 4 1 )  p ( e  -'Ira, ~,,) = 

t l -  I 

=o 

{ 1} 
V l e - ' ~ " ~ l  V , i q , . e - V ( ' + t l + , , p , . e  - ' t ' ' l  

t = 0  

Using the male ultunate rates of  the CA 1980-82 mortality table (COWARD, 1988, 
pp 227-231), Table I shows that the correlation coefficients are high especially for 
n slnall 

Note that p (e-,,tl~, ~]l) is exactly 1, this imphes that the first recurslon m (3 4) is 
always exact 

TABLE I 
CORRI-I .AIION COLrI'ICIENI" BEIWEEN ~" ~ln) AND ,~t 

FORCI OF IN I ERES [ AS WHITE NOISL AND OR NS I I IN-UIILLNBECK PROCESSES 

Wh~te Noise * 
,d = 0 06. o-. = 00I 

.t = 30 

Om,,tem-Uhlenbeck 0=006 ,  ?)o=0 I, o~=(I I 

o=O01 ~=30 ~r=OO2.t=30 o=001  a=50  

I 1000000  1 0 0 ( ~ 0 0  1000000  1000000  
5 0 999998 1000000  1000000  0 999998 

10 0 999983 0 999996 0 999996 0 999848 
20 0 999742 0 999915 0 999924 0 996258 
40 0 982191 0 990842 0 992647 0 887285 
60 0 859629 0 884964 0 871195 - -  

* In the case ol the White Noise process, we know that (3 4) ~s exact Neverthele,,s, th~ss ca.se ~s ol mteresst 
¢,mce ~t prov~de~ a lower bound for the correlatmn coefhcmnt~ re,,uhmg flora the ucse of other Gaussmn 
prea.e~ses for the force of mtere,d 

Note that the denominator V[v(n)] should be Vi i (n- I ) ]  
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5 RELATIONSHIP BETWEEN g,~ AND h n 

The function 9. introduced in PARKER (1994b) and the function h,, are of very 
similar natule, but are based on different random variables (~,, for the forlner and ~,, 
for the latter) These random variables are the hlnltlng average cost per policy of  a 
portfoho of  telnporary and endowment insurance conuacts respectively 

As the difference between endowment insurance and temporary insurance is the 
pure endowment benefit, it is possible to link the random variables. ~,, and 3 .  We 
have, 

(5 ~) ;t,, = ~,, + . p ,  • e - ' un .  

Tins leads to the following relationship between g,, and h..  

T h e o r e m :  The tunctlons 9. and h,, are linked by the following equation 

(5 2) h,,(z,,, v,,) = 9 , , (z , , -  ,,P, e - ' " .  y,,) 

P roo f :  From definition (3 2). conditioning on y ( n ) =  y,, and using (5.1), we 
have 

(5.3) h,(z, , ,  y,,) = f,(,, (3,,) P ( ¢ I . - , , p ,  e -'c''l ~ z . - , , P , ' e - ' I " I ] Y ( n )  = v,,) 

= f , l , , l ( Y , , )  ' P ( ~ , ,  -< z , , -  , , p , '  e - "  ] y ( n )  = y , , )  

Finally, from (4 3) of  PARKER (1994b), the right-hand side of (5 3) is smlply 
g, , (z , , -  ,,p, e-"J. y,,) []  

An immediate u~e of  this result is to offer an alternative way oI approximating 
the distribution of  '.4. From (3.3) and (5 2). we have 

(54)  F,;,(z,,) = g , , ( z , , - , , p ,  e - ' " ,  y,,) dy.  

So the dlstrlbunon function of ;1,, can be obtained by the numerical integration of 
(3.3) or (5.4). It should be noted that using (5 4) revolves one additional source of 
inaccuracy in that the value of  g , , ( z . -  ,,p, e - ' " .  y,,) has to be approximated (say 
by hnear interpolation) because it is generally not evalualed at the specific values 
that z , , -  ,,p, e - ' "  may take in (5.4) 

6. ILLUSTRATIONS 

An arbitrary dlSCrltlZatlon method (details are provided in PARKER (1992)) using the 
relationship between g,, and h,, has been used to obtain the distribution of  ;1,, for 
different values of  n 3"he results are Illustrated in Figure I 
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The range of  possLble values for ;]5 is shorter than the one for ;/25 This is due to 
the fact that with a hmutlng portfoho, there ns no fluctuatnon due to mortalnty, and 
therefore, all the possible vanauons  m the random varmble i],, ale caused by the 
force of  interest When there are only five years of  fluctuating force of  interest 
revolved, it is clear that the results wull be less spread than when there are 25 yetns 
of  fluctuating force of interest Due to the later hme of payment of  the survival 
benefit, ;]25 takes smaller values than ;.15 

Useful unlormatlon for pricing or solvency purposes Js contanned m the rught tad 
of the d lsmbtmon of  ~,, Some illustrative right-tad probabnhtnes of  the d~smbutions 
of  ;]5 and ;]25 are contained nn Table 2. 

From Table 2, we know, for example,  that a company charging a single premmm 
of 0 734243 to each hfe insured ,n a very large porttblno of  5-year endowment 
cont,'acts wull meet ~ts future habnlnt,es w,th a probablhty of  about 0.9968. Of 
course, the company may choose to charge a lower premium In this case, the 
difference should be put asnde ff the furore habnht,es are to be met w,lh the same 
probabd,ty 
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TABLE 2 

R I G H F  TAIL OF THE APPROXIMATE D IS1RIBUI ION OF ,{n 
5 AND 25 -, EARq LNDOWMENT INSURANCE ISSUED AT AGE 30 
ORNS'IEIN-UHLENBECK d = 0 0 6 ,  6o=0  I. a = 0  I, ,7=001 

5 years endownlent 25 years endowmenl 

.7.5 F & (as) z'2s F l,~ (z,.5 ) 

0 691584 0 931803 0 270676 0 933177 
0 705804 0 983629 0 294392 0 966609 
0 720023 0 992748 0 365540 0 993782 
0 734243 0 996828 0 412971 0 997693 
0 776901 0 999589 0 460403 0 999229 

7. VALIDATIONS 

T h e  m e t h o d  h a s  b e e n  v a h d a t e d  by  COlnpa r lng  t he  e x a c t  f i rs t  t h r e e  m o m e n t ~  o f  ],,, 

w f lh  t he  f i rs t  t h r e e  i n o l n e n t s  e s t i m a t e d  f r o m  the  d i s t r i b u t i o n  i l l u s t r a t e d  in s e c t i o n  6 

( s e e  T a b l e  3). T h e  e x p r e s s i o n s  fo r  t he  e s t u n a t e d  m o m e n t s  c a n  be  f o u n d  in s e c t i o n  7 

o f  PARKER (1994b). 

TABLE 3 

CO MPA RISO N  OF EXACT AND APPROMMATE MOMENTS O1" ,~n 

I I - Y E A R  ENDOWMI NI INSURANCE ISSUED A"I AGE 3 0  

ORNSII IN-UHLENBI2CK d : 0 0 6 ,  6o=0  I, a = 0  I. O=001  

. . . . . . .  E l 3 , ,  ] # ; [ , / , ,  I E l &  I -  " " 

m = I m = 2 m = 3 m = I m =  2 m = 3 

I 0 90660 0 82196 0 74523 0 00000 0 00000 0 00000 
5 0 63471 0 40402 0 25792 0 00025 0 00027 0 00022 

10 043263 0 19026 008505 - 0 0 0 0 5 4  - 0 0 0 0 6 9  -000061  
15 0 30965 0 09980 0 03348 - 0 00056 - 0 00052 - 0 00034 
20 0 22975 0 05658 0 01494 0 00005 - 0 00027 - 0 00020 
25 0 17581 003415 000734 - 0 0 0 2 6 3  - 0 0 0 1 0 0  - 0 0 0 0 2 9  

T h e  e x a c t  m o m e n t s  o f  ;1,, a b o u t  the  o r i g i n  m a y  be  o b t a i n e d  by  u s i n g  the  

d e f i n i t i o n  o f  ~],, g i v e n  by  (2 2) Its ruth m o m e n t  a b o u i  the  o r i g i n  is t h e n  g i v e n  

by  

(7 .1 )  E[~];~'] = E , I q , . e - ~ ' + l )  + , p , . e  - ' ~ ' ' l  

t = 0  
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For example,  we obtain 

n -  I n -  I n -  1 

(7.2) EIP,,~,I = ~ ~ ~ , I q , , l q ,  ~lq, el~-""+"-":+"-'c~+"l 
t = 0  j = 0  ~.=0 

n - I  n - I  

+ 3 ~ ~ ,Iq, j lq ,  ,,P, Ele-~' l '+"-"(J+')- 'c") ]  
i = 0  . / = 0  

n - I  

+ 3 ~ , Iq , . ( , ,p , )  2 Ele -Y l ,+ , ) -2 , { , , )  1 + (,,p,)3 Ele-; , ,~, , )  1 
t=0  

The moments of (],, are exactly the hmmng moments of thc average cost per 
pohcy obtained by PARKER (1994d). 

For n--<25, the absolute difference between the exact and the approxmmte first 
three moments of ;],, ~s always less than 0.003 and the relative error is less than 
about 4%. 

A dlscretlzation of (3 3) and (3.4) was also tried. It generally gave very Sunllar 
results to those presented here, but on some occasions, the results were worse due to 
round-off errors 

8 A N N U A L  PREMIUMS 

The ~deas presented here are easily extended to more general types of  ,nsurance or 
anntuty contracts Note that for contracts where the benefits depend on the interest 
process, the application of these results may not be so strmghtforward 

As a simple lllustrauon of how to extend the approach presented here, consider a 
portfol,o o! n-yeai endowment contracts with a benefit of  I payable by annual 
prelnlUmS Jr,, t = 0, 1, ., n -  1 From proposmon 5 of FREES (1990), we know that 
the distribution of  the present value of the cash flows generated by this portfoho 
tends m d~stnbuuon to 

(8.1) ~,, = Y .  CF, e - ' l ' ) ,  
t=O 

whele 

(8.2) C F ,  = 

- ~ 0  t = 0  

, - x l q , - ~ z ,  ,p,  t = I, 2, 

n - l P ~  t z It 

, n - 1  

One can then show, with appropriate modff~cauons, that the cuznulatwe distribu- 
tion function of 3,, ,s g,ven by (3.3) and (3 4) but with the first argulnent of 17, _ 1 m 
(3 4) replaced by z,, - CF, ,  • e -  '". The condition for the non-zero starting value ,n 
(3 5) should also be changed to z,, >-- C F o + C F t "  e - "  
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Note  tha t  the m t e r m e d m r y  values  for h,,  t = I, 2 . . . . .  t ? - 1  are speci f ic  to 

po r t fohos  o f  n -yea r  e n d o w m e n t  cont rac ts .  They  relate  to the first  t annua l  cash  

f lows  gene ra t ed  by that  p o r t f o h o  and  shou ld  not be used for por t fo l ios  of  r-year  

e n d o w m e n t  con t rac t s  Th i s  ~s m con t ras t  wi th  the results  o f  sec t ions  3 and  5 where  

m t e r m e d m r y  h, can  be used to ob ta in  the resul ts  for  po r t fohos  of  e n d o w m e n t  

con t r ac t s  of  dura t ton  up to n. 

9. CONCLUSION 

In this  paper ,  we have  sugges t ed  two ways  o f  a p p r o x m a a t m g  the d t s tnbut~on  o f  

l imi t ing  po r t fohos  wh ich  can be used as long as the c o n d m o n a l  p r o b a b d l t y  dens i ty  
func t ion  o f  y (n) g w e n  y ( n -  1) and  some  c o v a n a n c e s  are known.  U s i n g  a Gauss ]an  

p rocess  for the in teres t  rates s~mphfies  th ings  cons ide rab ly .  

F r o m  the very  na ture  o f  the p r o b l e m  at hand ,  a p p r o x i m a t i o n  (3 4) appears  to be 

h igh ly  accep tab le  T he  wors t  poss ib le  case  for G a u s s m n  mtere,,t  rates ~s w h e n  they 

are independen t ,  L e a  W h i t e - N o i s e  process .  Even  m this  case,  the cor re la t ion  

resu l t ing  be tween  c o n s e c u t w e  presen t  va lue  functmons ~s fmrly hzgh 

Due to the r o u n d - o f f  errors  f requen t ly  e n c o u n t e r e d  w h e n  u smg  the me thod  

r evo lv ing  h,,, it ~s p re fe rab le  to use the re la t ionsh ip  be tween  t empora ry  and  

e n d o w m e n t  insu rance  cont rac ts ,  Le. (5.4) which  uses  the equa t ion  l inking g,, 

and  h ,  
The  d i s t r ibu t ion  of  the ave rage  cost  per  p o h c y  ~s useful  in p a c i n g ,  va lua t ion ,  

so lvency  and  r e insu rance  T he  jus t i f i ed  and  v a h d a t e d  approxmmt~on  we sugges t  m 
this  pape r  ~s ce r ta in ly  accura te  e n o u g h  for these  purposes .  
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